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1. Introduction

A subgraph H of an edge-colored graph G is called an rainbow subgraph if no two edges of H share the same color.
In 1973, Erdds, Simonovits, and Sés [5] introduced the anti-Ramsey number arp(n, H) as the maximum integer t such
that there exists an edge-coloring of K, using exactly t colors that contains no rainbow subgraph isomorphic to H. This
concept is closely related to the rainbow number rb(G, H), defined as the minimum number of colors k for which any
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edge-coloring of G with at least k colors guarantees a rainbow subgraph isomorphic to H. It follows directly from these
definitions that rb(K;,, H) = arp(n, H) + 1.

In wireless sensor networks or satellite communication, signal transmission may fail due to frequency conflicts or
malicious interference. By assigning distinct frequency bands (colors) to edges, the rainbow number rb(G, H) quantifies
the minimum number of bands required to guarantee an interference-resistant path (rainbow path) between any two
nodes. For instance, if rb(G, P3) = k, then at least k bands are needed to ensure a path without consecutive same-
frequency edges (P; denotes a 2-edge path). In encrypted networks, rainbow paths model multi-hop encrypted relays,
where each edge represents an encryption layer and colors denote unique keys; the minimality of rb(G, H) prevents
attackers from decrypting entire paths by intercepting monochromatic edges, enhancing security. In protein interaction
networks, vertices represent proteins, edges denote interactions, and colors signify functional categories (e.g., catalysis,
signaling); a small rb(G, K3) indicates stable triads of functionally diverse proteins (e.g., kinase-phosphatase-substrate
complexes), critical for understanding cellular regulation. In social networks, colors reflect topics (e.g., tech, entertainment,
politics), and rb(G, S4) (for star subgraphs) measures the difficulty of accessing diverse information via colorful paths; a
high rb(G, S4) suggests topic homogeneity among an influencer’s followers, necessitating algorithmic interventions to
diversify content and mitigate “filter bubbles”.

Rainbow numbers (or anti-Ramsey numbers) for some special graph classes have been studied in the literature [1,
4,6,9,12,13,31]; researchers have also investigated rainbow numbers in specific host graph families, including Kneser
graphs [16], bipartite graphs [21], complete multipartite graphs [2,19,33], planar graphs [8], bipartite planar graph [15,28,
29], plane triangulations [3,10,12,20,24-27], and outerplanar graphs [17,18,30]. Notably, the hypergraph variant of this
problem has received dedicated attention [7,14,22,23,32].

In particular, Jendrol’, Schiermeyer, and Tu [12] pioneered the study of rainbow numbers in plane triangulations by
focusing on matchings; for a matching of size k (denoted M), they established exact value for rb(T,, M;) when t < 4, and
derived lower/upper bounds for all t > 5 with n > 2t, where T, denotes the class of plane triangulations on n vertices
and rb(T,, M;) := max{rb(G, M;) | G € T,}. Subsequently, Qin, Lan, and Shi [24] determined the exact value of rb(T,, Ms)
for n > 11 and improved the upper bound to rb(T,, M;) < 2n+ 6t — 16 for all t > 5 and n > 2t. Chen, Lan, and Song [3]
further obtained the exact value of rb(T,, Ms) and refined lower/upper bounds for general rb(T,, M;). For sufficiently large
n relative to t > 7, Qin, Lan, Shi, and Yue [25] established a strengthened lower bound for rb(T,, M;).

In 2015, Hornak, Jendrol’, Schiermeyer, and Sotak [10] initiated the study of rainbow numbers for cycles in planar
graphs by establishing that rb(T,, C3) = [ 2| — 2 holds for all n > 4. Regarding the general case of rb(Ty, C), they
established lower bounds for all integers k > 4, and additionally derived upper bounds specifically for k = 4 and k = 5;
subsequently, Lan, Shi, and Song [20] improved the lower bound for k > 5 with n > k* —k, and determined explicit upper
bounds for rb(T,, Cs) and rb(T,, G;).

The study of rb(T,,, H) is closely related to the investigation of rb(W,, H), where W, denotes a wheel graph on d + 1
vertices; this connection arises from the structural property that any vertex with degree d > 3 in a plane triangulation
induces a Wy-subgraph via its closed neighborhood. Breakthroughs by Qin, Lei, and Li [26] have substantially advanced
this relationship by determining exact values for rainbow numbers in wheel graphs: they proved rb(Wy, C3) = d + 2
for triangles, and extended these results to pendant-augmented structures, obtaining rb(Wy, H) = d + 2 when H is a
triangle with a single pendant edge, rb(Wy, H) = d + 4 when H is a triangle with two concentrated pendant edges, and
rb(Wy, H) = | 4 | + 1 when H is a triangle with two disjoint pendant edges. Horiidk, Jendrol’, Schiermeyer, and Sotak [ 10]
further proved that rb(Wg, C4) = | % | + 1 and rb(Wq, Gs) = | 3 | + 1. Lan, Shi, and Song [20] subsequently determined
tb(Wy, Cg) = L%dj + 1 and established bounds for rb(W;, Cy) as follows:

Theorem 1.1. For integers d, k with d > k — 1 and k > 5, sz"_’; d| +1<rb(Wy, G) < [2,!‘_’25 d| +1.

Recently, Jakhar, Budden, and Moun [11] proved that for all integers d > 3, rb(Wj, CI) = LE‘Z—dJ + 1, and for all
d > 5, rb(Wy, C5+ ) = |_37dJ + 1, where C;" represents a t-cycle with an arbitrary chord. Moreover, they established that
rh(Wj, G3) =[]+ Tand | %] 42 < rb(W}, C4) < 2d + 1, where W; is a double-hubbed wheels, i.e., the join of 2K;
and Cg. These findings elucidate how the local wheel structures embedded in T, directly constrain the rainbow number
estimates for cycle-related subgraphs.

This paper deepens the research on rainbow numbers pertaining to cycle-related graphs within wheel graphs or wheel-
related graphs by broadening the range of graph classes under investigation and enhancing the established extremal
bounds.

The t-fan graph F; is constructed from a t-cycle C; with vertices labeled vq, v, ..., v; in sequential order (forming the
boundary cycle) by designating v; as the central vertex and adding all chords of the form vqv; for 3 <i < t — 1; for brevity,
we denote this construction as F; := [vq; v - - - v¢]. Let &, denote a class of graphs. For any graph 6; , within this class,
it consists of a t-cycle along with £ chords, and all these ¢ chords originate from the same vertex. It is worth noting that

0r0="0C, 61 = Ct+7 and Or.c—3 = Fr.

The wheel graph W, consists of a central hub vertex connected to all vertices of a d-cycle Cy. The s-hubbed wheel W(s)
is obtained by “blowing up” the hub of W; into s independent vertices (i.e., replacing the single hub with s non-adjacent
vertices, each connected to all vertices of the original d-cycle); we call these s vertices the hub or hub vertices and these
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5 5

Wy Ws(3)

Fig. 1. Examples of 6g 5, 063, Ws and Wjg(3).

d vertices of the cycle boundary vertices of Wy(s). In Wy(s), edges incident to one hub vertex are called spokes, while all
other edges are referred to as rim edges. Let E,, denote the set of spoke edges incident to the same hub vertex u,. Fig. 1
provides concrete instances that exemplify the concepts introduced here.

The following are two main theorems of this paper.

Theorem 1.2. Let d, t be integers such that d > 3t — 5. If t > 4, then the rainbow number of F; in Wy is given by

2t—5
th(Wy, F) = { — dJ +1.

Theorem 1.3. For integers d, s, £ and t such thatd > 3t — 5, if

es=1t>5and ¢ <t — 3, or
es=2t>6and{ =t — 3, or
es>3t>7,andl =1t—3,

then

(W), Or.c) = {wq T

for every 0; 4 € O .

The condition t > 4 stated in Theorem 1.2 is indeed necessary. This necessity stems from the fact that F; = C5 and
rb(Wy, C3) = d + 2 by Qin, Lei, and Li [26]. The conditions t > 6 and t > 7 stated in Theorem 1.3 are also essential, as
we will show

33

ID(Wa(2), F5) < {MaJ t1< BdJ 1

16

by Theorem 5.1 in Section 5.
Combining Theorem 1.2 (with t = 4) and 1.3 (with s = 1, t = 5, and £ = 1), we obtain the exact rainbow numbers:

rh(Wy(3), Fs) < FSdJ +1< r;dJ +1

3d
rb(Wg, C) = rb(Wy, C) = {ZJ 41,
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which coincides with the recent result by Jakhar, Budden, and Moun [11], who further proposed extending the study to
large cycles and large chorded cycles in wheel graphs. Interestingly, by specializing Theorem 1.3 to the case s = 1 and

¢ =0, 1, we derive the following.

Corollary 1.4. For integers d and t such that d > 3t — 5 and t > 5, we have

tb(Wy, C;) = tb(Wy, C;7) = ﬁt 37dJ + 1.

This result establishes that the lower bound stated in Theorem 1.1 of Lan, Shi, and Song [20] for the rainbow number
of C; (t > 5) in Wy is in fact exact, coinciding precisely with the value derived in Corollary 1.4. The conditions t > 5 in
Theorem 1.3 and Corollary 1.4 are necessary because rb(Wy, F4) = L%dj + 1 by Theorem 1.2 and rb(Wy, C4) = L%J +1
by Horndk, Jendrol’, Schiermeyer, and Sotdk [10]. Note that 41 = F4 = Cj and 049 = Cy.

This paper is structured as follows. Section 2 establishes a counting argument for the number of 6; ;-subgraphs that
cover specified edges in the s-hubbed wheel graph Wy(s). This enumeration serves as a foundational tool for subsequent
proofs. In Section 3, we establish upper bounds for rb(Wj(s), 6 ¢) under all cases considered, with the corresponding lower
bounds provided in Section 4. Finally, Section 5 summarizes our key findings and discusses potential directions for future
research in this domain.

2. Counting lemma

The structure of a graph 6; , is characterized as follows. There exists a t-cycle C;, with its vertices labeled vy, va, ..., v;
in order. Additionally, there are ¢ chords selected from the set {vv; | 3 <i <t — 1}. We call this C; be the boundary cycle
of 6; . For convenience, we represent 6; ; by a vector

X(6e) == (2,101,12, ..., 1, t)

with2 < iy <ip < --- <i, < t,where V1 is an edge for eachj € [£]. If ¢ = 0 orij+ip41—j = t+2 forevery j < (£+1)/2,
then we call that 6; , or X(6; ) is symmetric. For example, the first subfigure in Fig. 1 depicts an asymmetric 8¢ », while
the second subfigure shows an symmetric variant.

Lemma 2.1. Letd,s,t, ¢ be nonnegative integers such that d > 2t — 3 and t > max{4, £ + 3}. For any pair of edges in the
graph Wy(s), there exist at most N, copies of the graph 6, that contain both of these edges and exactly one hub vertex of
Wy(s), where

max({s(t —3),t —2}, if6,=F,
Ny = {s(t —3), if 6o # Fy and X(6; ) is symmetric,
2s(t — 3), if X(6;.¢) is asymmetric.

Proof. Let e; and e, be two fixed edges in the graph Wy(s). We define q as the quantity representing the number of copies
of the graph 6, , that simultaneously contain both e; and e, and exactly one hub vertex of Wy(s). The distribution of e,
and e, must fall into exactly one of the following mutually exclusive cases.

Case Al ey € E,, and e, € E,, for some a, b € [s].

If a # b, then it is clear ¢ = 0. Thus, we assume a = b. Let ey = ugv; and e; = uev; (i < j).Ifj—i >t -2
and (i —j)modd > t — 2, then ¢ = 0. Since d > 2t — 3, it is impossible two inequalities j —i < t — 2 and
(i—j) mod d < t —2 to hold simultaneously; thus, without loss of generality, we assume j—i < t — 2. Now, there are
exactly t —(j —i) — 1 copies of F; containing both e; and e,; they are Ftl = [ug; Vi~ - - Vige—2], Ff = [ug; vi_1 - - - Vige—3],
..., and Fff(’f'H = [Ug; Vjy2—¢...vj] (note that t — (j —i) — 1 >t — (t — 2) — 1 = 1). If a negative number occurs
as a subscript, replace it with the sum of this negative number and t. The same applies to subsequent similar cases.
For each h, we have Ft“ = [Ug; Vicnt1 - - - Viepte—1]. If X(6; ) is symmetric or asymmetric, then Ft" contains one or two
copies of 6 ¢, respectively. If Ft" contains a copy of 6, that covers e; and e, then v;_p4; corresponds to the first
component 2 and vj_p4;—1 corresponds to the last component t of vector X(6; ), or vj_p+¢—1 corresponds to the first
component 2 and v;_p11 corresponds to the last component t of vector X(6; (), which implies

(i) h+ 1and (h+ 1+ — i) mod ¢ are the components of vector X(6,,), or
(i) t—h+1—(G—1i)and (t —h+ 1) mod t are the components of vector X(6; ;).

Clearly, (i) and (ii) are equivalent if and only if 6; , is symmetric.

If (i) holds for every F", then 2, 3, ..., t are the components of vector X(6;.¢), and thus 6, , = F;, which is symmetric.
Similarly, if (ii) holds for every F", then we come to the same conclusion. Thus, if 6:¢ # Ft and 6, is symmetric,
then there is at least one value of h such that F[‘ does not contain two copies of 6; , that covers e; and e,. If 6; ¢ is
asymmetric, then for at least one value of h, (i) does not hold, and for at least one distinct value of h, (ii) does not
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hold. This implies that when X(6; ,) is asymmetric, there are at least two values of h such that Fth does not contain
two copies of 6; ; that covers e; and e,. Therefore,

t—(—-i)—1<t-2, if O =F,
g<{t-(G-i)—-1)—-1=<t-3, if 6 ¢ # F and X(6; () is symmetric,
20t —-(G—1i)—1)—2<2(t —3), ifX(6,)is asymmetric.
Case A2 e ¢ E,, and e, ¢ E,, for every a, b € [s].

Let eq = vjvi1 and e, = vjvj4q (indices modulo d), wherei <j. Ifj—i>t—2and (i—j) mod d > t — 2, then g = 0.
Since d > 2t — 3, it is impossible two inequalities j—i < t —2 and (i —j) mod d < t — 2 to hold simultaneously; thus,
without loss of generality, we assume j — i < t — 2. Now, there are exactly s(t — (j — i) — 2) copies of F; containing
both e; and e;,. If X(6; () is symmetric or asymmetric, then each Fth contains one or two copies of 6; 4, respectively.
Therefore,

s(t—(G—1)—2)<s(t—3), if X(6;,¢) is symmetric,
“l2s(t = (G —1)—2) <2s(t —3), if X(6,)is asymmetric.
Case A3 ey € E,, for some a € [s] and e, ¢ E,, for every b € [s].
Let e; = ugqv; for some a, i and e; = v;vj4; (indices modulo d) for some j. Note that i = j is possible. If j —i >t — 2
and (i —j)modd > t — 2, then g = 0. Since d > 2t — 3, it is impossible two inequalities j —i < t — 2 and
(i—j)mod d < t — 2 to hold simultaneously; thus, without loss of generality, we assume j — i < t — 2. Now, there
are exactly m :=t — (j — i) — 2 copies of F; containing both e; and e,. If X(6; ) is symmetric or asymmetric, then

each Fth contains one or two copies of 6; 4, respectively. Therefore, if j # i, then
- t—(—-i)—2<t-3, if X(6;¢) is symmetric,
4= 2(t —(j—1)—2) <2(t — 3), if X(6;,) is asymmetric.

If j =i, then m = t — 2. Following the similar line of reasoning as in Case A1, we obtain
t—2, if9u{ =Ftv

g=<J3(t—-2)—1=t-3, if 6; ¢ # F; and X(6; () is symmetric,

2(t —2)—2=2(t —3), ifX(6,) is asymmetric.

This completes the proof. O

Lemma 2.2. Let d,s,t, £ be nonnegative integers such that d > 3t — 5 and t > max{4, £ + 3}. For any three edges in the
graph Wy(s), there exist at most N, copies of the graph 6; , that contain at least two of these edges and exactly one hub vertex
of Wy(s), where

Noo = max{s(t — 2),t — 1}, if X(6.¢) is symmetric,
S max{2s(t — 2),2(t — 1)}, if X(6;.¢) is asymmetric.

Proof. Let ey, e; and ez be three fixed edges in the graph Wy(s). We define q as the quantity representing the number of
copies of the graph 6; , that contain at least two of these three edges and exactly one hub vertex of Wy(s). The distribution
of these three edges must fall into exactly one of the following mutually exclusive cases:

Case B1 ey € Ey,, e; € Ey, and e3 € E,. for some a, b, ¢ € [s].
If a, b, c are pairwise distinct, then it is clear ¢ = 0. Thus, we assume a = b. If ¢ # q, then q is the number of copies
of the graph 6, that contain both e; and e;, and exactly one hub vertex of Wy(s). By the same analysis as in Case
ATl of Lemma 2.1, we conclude

- t—2, if X(6; ) is symmetric,
1= 2(t —3), if X(6;,,) is asymmetric.

Thus, we further assume ¢ = a. Let e; = u,v;, €2 = uqvj, and e3 = uqv (i <j < k).

Since d > 3t —5 > 3(t —2), it is impossible all three inequalitiesj—i <t—2,k—j <t—2,and (i—k) mod d <t—2
to hold simultaneously; thus, without loss of generality, we assume (i — k) mod d > t — 2. This implies that if
Wy(s) contains a copy of the graph F; that covers both e; and es, then it must cover e,. Thus, there are at most
(t+j—2)—j+ 1 =1t — 1 copies of F; containing both e; and e, or both e, and es. If X(6; ) is symmetric or
asymmetric, then each copy of F; contains one or two copies of 6; 4, respectively. Therefore,

< t—1, if X(6¢,¢) is symmetric,
1= 2(t — 1), if X(6;,) is asymmetric.
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Case B2 ey ¢ Ey,, e; € Eyy, and e3 € E,_ for every a, b, ¢ € [s].
Let e; = vjviy1, €2 = vjvj4q and e3 = vk (indices modulo d), where i < j < k.
Since d > 3t — 5 > 3(t — 3), it is impossible for all three inequalities j —i < t — 3,k —j < t — 3, and
(i—k)mod d < t — 3 to hold simultaneously; thus, without loss of generality, we assume (i — k) modd > t — 3.
This implies that if Wy(s) contains a copy of the graph F; that covers both e; and es, then it must cover e;, yielding
at most s((t +j —2) — (j+ 1) + 1) = s(t — 2) copies of F; covering both e; and e, or both e, and es. If X(6; () is
symmetric or asymmetric, then each copy of F; contains one or two copies of 6; ¢, respectively. Therefore,

- sS((t+j—=2)—(+ 1D+ 1) <s(t—2), if X(6,¢) is symmetric,
“l2s((t+j—-2)-(G+ 1)+ 1) <2s(t —2), if X(6 ) is asymmetric.

Case B3 ey, e; € E,, for some a € [s] and e3 ¢ E,, for every b € [s].
Let e; = uqv;, €2 = Uqvj with i < j and e3 = vgvr41 (indices modulo d) for some k. Note that k = i or k = j is possible.
Suppose firsti < k < j. Since d > 3t —5 > 3t —7, it is impossible for all three inequalities k—i <t—2,j—k <t—2,
and (i —j) mod d < t — 2 to hold simultaneously; thus we consider three subcases.

e If k —i >t — 2, then any copy of F; in Wy(s) that covers both e; and e; must necessarily cover e,. Thus, there
are at most (t +j —2)—j+ 1 =t — 1 copies of F; covering both e, and e; or both e; and e,.

e Ifj— k > t — 2, then any copy of F; in Wy(s) that covers both e, and e; must necessarily cover e;. Thus, there
are at most (t +i—2)—i+ 1 =1t — 1 copies of F; covering both e; and e; or both e; and e,.

e If (i—j) mod d > t — 2, then any copy of F; in Wy(s) that covers both e; and e, must necessarily cover es. Thus,
there are at most (t +k —2) — (k+ 1)+ 1 =t — 2 copies of F; covering both e; and e3 or both e, and es.

The case where either k > j or k < i can be handled in a similar manner, leading to the same conclusion that there
exist at most t — 1 copies of F; that cover at least two of the three edges e;, e,, and e3. Because each Fth contains one
or two copies of 6; ; when X(6;, ) is symmetric or asymmetric, respectively, we have

- t—1, if X(6; ) is symmetric,
1= 2(t — 1), if X(6;,¢) is asymmetric.
Case B4 ey € E,, for some a € [s], and e, € Ey,, e3 € E, for every b, ¢ € [s].

Let e; = uqv;, €2 = vjvj41 and e3 = vgvkyq (indices modulo d) for some k, j, where j < k.

Analogous to the approach in Case B3, we partition the analysis into three primary cases based on the ordering of
i,j,and k: j <i < k,i>k, ori < j, with each further subdivided into three subcases (e.g., for j < i < k, these are
i—j>t—2,k—i>t—2,and (j — k) mod d > t — 2); across all nine subcases, we uniformly conclude that there
exist at most t — 1 copies of F; covering at least two of the edges e, e;, and e3. Because each Fth contains one or two
copies of 6; , when X(6; ¢) is symmetric or asymmetric, respectively, we have

- t—1, if X(6.¢) is symmetric,
4= 2(t — 1), if X(6,) is asymmetric.
Case B5 e € Ey,, e; € E,, for distinct a, b € [s], and e3 ¢ E,, for every c € [s].
Applying the same proof technique as in Case A3 of Lemma 2.1 twice, first for the edge pair {eq, e} and second for
{e1, e3}, we conclude
2t —2)<s(t—2), if6,=F,
q=<12(t—3)<s(t—3), if6:,#F: and X(6;,) is symmetric,
4(t — 3) < 2s(t — 3), if X(6,,) is asymmetric.
Note that s > 2 in this case.

This completes the proof. O

Lemma 2.3. Letd,s,t, £ be integers such thatd >t — 1 and t > £ + 3. For any i > 4 edges in the graph Wy(s), there exist
at most N, 3 copies of the graph 6, , that contain at least two of these edges and exactly one hub vertex of Wy(s), where

CU ifG =Foands=1,
Ny3 = {s(t —2)i if X(6;,) is asymmetric,
@, otherwise.

Proof. Let x and y denote the number of spokes and rim edges, respectively, among the given i edges (so x +y = i). The
following properties hold for Wy(s). If X(6; ) is symmetric, then each spoke appears in £ + 2 distinct 6; ,-subgraphs and
each rim edge in s(t — 2); if asymmetric, then each spoke appears in 2(£ 4 2) and each rim edge in 2s(t — 2). We define q
as the number of 6; ,-copies that contain at least two of the i edges and exactly one hub vertex from Wy(s). Additionally,
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we define g; as the number of such 6; (-copies that contain exactly j edges and exactly one hub vertex from Wy(s). Now,
the definition of q and g; implies

20<2q+q1 <) _jg

j=1
(t=1x+s(t—=2)y<(t—1Dx+y)=(t— 1), if6y=Fands=1,
(t=1x+s(t—2)y <s(t—2)x+y)=-s(t —2), if6; ¢ =F and s > 2,
(L+2x+s(t—2)y <s(t—2)x+y)=s(t—2)i, if 6 ¢ # Fr and X(6; () is symmetric,

200 4+ 2)x + 2s(t — 2)y < 2s(t — 2)(x +y) = 2s(t — 2)i, if X(6;,) is asymmetric.

This proves the lemma. O

Lemma 2.4. Suppose that Wy(s) contains a copy of the graph F;. If s =2 and t > 6, or s > 3 and t > 7, then this F; contains
exactly one hub vertex of Wy(s).

Proof. Suppose F; is embedded in Wy(s). Assume for contradiction that F; contains at least two hub vertices u; and u,
of Wy(s). Since hubs are independent (i.e., uju, ¢ E(Wy(s))), the central vertex v of F; cannot be a hub. Thus, v must lie
on the boundary cycle C of Wy(s), where it has exactly two neighbors w; and w; on C. The remaining t — 3 neighbors of
v (including u; and u,) in F; must then be hubs (as they cannot reside on C without violating the embedding). If s = 2,
then t — 3 < 2, implying t < 5, a contradiction. If s > 3, then these t — 3 hubs must form an independent set in the
boundary cycle of F;, implying t — 3 < |t/2] (since no two hubs can be adjacent in the cycle). This inequality simplifies
to t < 6, contradicting t > 7. Therefore, F; contains at most one hub vertex of Wjy(s). Given that the central vertex of F;
has degree t — 1 > 5, while every vertex on C has degree at most 3 in F;, the central vertex must be a hub itself. This
completes the proof. O

Let G be an edge-colored graph. For a positive integer i, we define A;(G) as the set of colors that appear on exactly i
edges of G. For any color ¢ and any subgraph H C G, we introduce the notation p;(c, G, H) to represent the number of
H-subgraphs within the graph G that contain exactly j edges colored with the color c. The total number of H-subgraphs
in G that have at least two edges colored with the color c is given by the following sum:

p(c. G H) =) _pj(c.G,H).
j=2

Applying Lemmas 2.1, 2.2, 2.3, and 2.4, we conclude the following.

Lemma 2.5. Letd, s, t, £ be nonnegative integers such that d > 3t — 5 and t > max{4, £ + 3}. Given an edge-colored W(s)
and a color c, we have

Bt —3+e€), ifceA(Wy),

plc, Wa, 0,¢) < { Bt — 1), if ¢ € Ay(Wy),
P2l ifc e A(Wo) fori > 4,
1, ifX i i
where § = if X(6. )ls symmetric,
2, if X(6) is asymmetric,
and ¢ — 0 lf€<t—3,

1, ife=t—-3.

Andifs=2andt >6, ors>3andt > 7, then
s(t —3), if c € Ax(Wy(s)),

plc, Wy(s), Fr) < §s(t —2), if c € A3(Wq(s)),

L2000 ifc e A(Wq(s)) fori>4. O

3. Optimal colorings with rainbow structures

Theorem 3.1. Let d and t be integers such that d > 3t — 5 and t > 4. Any edge-coloring of Wy with at least | 22d | + 1
colors contains a rainbow subgraph isomorphic to F;. In other words,

2t —5
b(Wy, F) < | ——d 1
rb(Wy t)_Lt—Z J-f-

Proof. Let ¢ be a k-edge-coloring of Wy, where k := th SdJ + 1. Suppose, for the sake of contradiction, that no rainbow
F¢-subgraph exists in Wy. Thus, each F; contained in Wy has a color ¢ with p(c) := p(c, Wy, F;) > 1. Set A; := Ai(Wy). Given
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that the number of F; contained in W; is exactly d and 2d = |[E(Wg)| = ) _;

i>1
d<Y ple)=Y > pe)=>) ple)+ Y plc)+ Y Y plc)

i|A;], we conclude

celk] i>2 ceh; ceAy ceAs i>4 ceA;
(t=1) .
< (6= 2)A] + (¢ = DlAs] + —— Z;w
(=
(t=1)
= (t = 2)|A2| + (t — 1)IAs| + 5 (2d — |A1] — 2|A2| — 31A5])

t—1 t—1
=— | —— A1l + Az + ——A3] | + (t — 1)d.
2 2
Here, the second inequality follows from Lemma 2.5. It follows

t—1 t—1
Al 1Al + ——As] = (£ —2)d. (3.1)
If t = 4, then (3.1) implies
3|A1] + 2|Az| + |A3| =< 4d.
Thus,

i
(31A1] + 2lAal + 1As]) + - 7 1A

i>1

o= [3a] +1= L i<

i>1

=

= Jk\'—\

1 3
4d+ - x 2d = >d,
XAt X 2

a contradiction.
If t > 5, then applying d > 5 Zl 1 1lA;], we reformulate (3.1) as follows:

t—1 t—1
T|A1| + |Az| +T|A3| <(t—-2)d=2t-7)d~—(t-5)d

t—5 t—3
<@ -7)d-—— 2i|Ai|.
i=

This implies

t—3

e
(2t = 7)d = (£ = 3)lA1| + (t — 4)|As] + (2t — 8)|As| + Z )l 1Al
i=4
t—-3 t—-3
> (t = 3)A1] + (t — 4)lAz| + (¢ = 5)|As| + Y (t —i—2)|Al = D (t —i—2)IAl.
i=4 i=1

Thus,

-3 .
k= Vt J+1—Z|A|_ Zt—i—2)|A,-|+Z$|A,»|

i>1 i>1

1 1 2%—5
< -+ —— x2d =
= x( Jt o x t—2

This contradiction completes the proof. O

d.

Theorem 3.2. Let d, s, t and ¢ be integers such that d > 3t — 5. If

es=1t>5and ¥l <t—3, or
es=2t>6and{ =t — 3, or
es>3t>7andf =t -3,
then any edge-coloring of Wy(s) with at least LMdJ + 1 colors contains a rainbow 6, 4. In other words,

(s+ 1)t — (35 + 4)

tb(Wy(s), 0c.e) = { f_3

| +1
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)dJ + 1. For convenience, we define H as follows:

Proof. Let ¢ be a k-edge-coloring of Wj(s), where k := L%

T Or¢e (£ <t—3) ifs=1andt >5,
R ifs=2andt>6, ors>3andt > 7.

Lemma 2.4 implies that each H contained in Wjy(s) contains exactly one hub vertex of W(s). Set
_Jo, ifs=1,
=, ifs> 2.

Suppose, for the sake of contradiction, that no rainbow H exists in Wy(s). Thus, each H contained in Wy(s) has a color
¢ with p(c) := p(c, Wy(s), H) > 1. Set A; := Ai(Wq(s)). The number of H contained in Wy(s) is exactly sd or 2sd, depending
on whether X(H) is symmetric or asymmetric, respectively, and

(s+ 1)d = [EWa(s)| = ) ilAil.
i>1
By Lemma 2.5, if X(H) is symmetric, then

sd< Yy ple)=Y > ple)=) ple)+ Y plc)+ Y Y plc)

celk] i>2 ceh; ceAy ceAs i>4 ceA;

s(t —2) .
<s(t = 3| +5(t — 1= plAs| + == JilA

i>4

= %(Z(t —3)Aa] +2(t — 1 — w)lAs| + (¢ = 2)((s + 1)d — |A¢] — 2]A| — 3|A3|)>

s
= 5<(S+ 1(t —2)d — (t —2)|A1] — 2|Az| — (¢ — 4+ ZM)|A3|>,
and if X(H) is asymmetric, then

25d < > plc) < s((s + 1)t —2)d — (£ = 2)|A1] — 2/As| — (t — 4+ 2m|A3|),
celk]
since in the asymmetric case, the function p(c) takes twice the value of its symmetric counterpart.
In either case, we have
(t = 2)|A1] + 2|A2] + (t — 44+ 2p)|A3] < ((s + 1)(t —2)— 2>d. (3.2)
If t =5, then (3.2) implies
31A1| + 2|A2| + (14 2u)|As] < (3s+ 1)d.

Thus,
2s+1 1 i
k= d 1= Ail < —(3|A 2|A 14+ 21)|A —A;
{ . J+ ;|,|_4(|1|+ Aol + (1 +2)| 3|)+;4| i
1 1 2s+1
SZX(Bs—l—l)d—i-Zx(s—i-l)d: + d,

a contradiction.
If t > 6, then applying d > S% Zl:f i|A;|, we reformulate (3.2) as follows:

(t = 2)|A1] 4 2|A2| + (t — 4+ 2u)|As3] < ((s—f- 1(t —2)— 2>d

_ ((25+ 2)t — (8 + 10)>d - ((s + 1) (65 + 6))d
< ((Zs 20— (8s + 10))d —(t—6) tf: ilA;].
This implies -
((25 +2)t — (8s+ 10)>d > (2t — 8)|A1]| + (2t — 10)|Az| + (4t — 22 4+ 2u)|As| + (t — 6)§i|A,~|.
-
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Sincet > 6, (t —6)i > 2(t —3 —i)fori> 4 and 4t — 22 + 2 >t — 6, we further have
t—4
((s+ 1)t — (4s+5))d > (£ — 4)|A1] + (£ = 5)lAz] + (£ — B)|As| + Y (£ — 3 — D)IA]
i=4

t—4
= (t—3-10Ail
i=1

Thus,
":{WdﬁEZmn
1 o
S lzl(t—3—z|A|+;7|A|
St_3><<(5+1)t—(4s+5)> X(S+1)d:wd’

a contradiction.
This completes the proof. O

4. Extremal graphs

Theorem 4.1. For integers d, s, t such thatd >t — 1 and t > 4, we have

2t —5
b(Wy, E;) > d 1.
rb(Wy, r)_\\t 5 J‘F

Proof. For Wy with hub u and boundary vertices vy, vy, ..., vg, we partition the spokes uvy, uvy, ..., uvg into q groups
starting from uvq, with each group containing consecutive t — 2 spokes (the last group may have fewer than t — 2 spokes).
For its mth group (1 < m < q — 1) of spokes UV(m—1)t—2)+1, UV(m—1)t—2)42, - - - » UVm(t—2), color the first two spokes

UV(m—1)t—2)+1 and Uvg_1yt—2)+2 With color d + (m — 1)(t —3) 4+ 1, and for 3 <i < t — 2, color uvm—_1)¢—2)+i With color
d+(m—1)(t —3)+4(i — 1). Thus, the last spoke uvy_») of the mth group is colored with d 4+ m(t — 3). For the last group
(the gth group):

o if the structure contains at least two spokes, then color the first two spokes uvg_1yt—2)+1 and uvg_1yr—2)+2 with
color d + (q — 1)(t — 3) + 1. For the remaining spokes, assign colors by incrementing the previous spoke’s color by
one;

o if the structure contains exactly one spoke uvy, then color it with the same color as uvg_1, which is d4 (g — 1)(t — 3).

The purpose of these rules is to ensure that among any t — 1 consecutive spokes, there are at least two spokes with the
same color. Therefore, while coloring the edges of each rim edge v;v; 1 of Wy with color i, we complete an edge-coloring
of Wy avoiding the rainbow F;. Since d = (¢ — 1)(t — 2) + p where 1 < p <t — 2, and this coloring uses

d+(q-1)t—=3)+d-(q-1)Nt—-2)-1)

—od —sg— 20— | 4| +1=[22d|, ifp<t-2,
S P ) ifp—rt—2

colors, we conclude the result of this theorem. O

Theorem 4.2. For integers d, t, s, £ such thatd >t — 1, If

es=1t>5and{ <t—3, or
es=2t>6and L=t — 3, or
es>3t>7,and =t —3,

then
s+1)t—(3s+4
ED(We(s), 6.) > {—( Lot )dJ 1.
Proof. For Wjy(s) with hub vertices uq, u;, ..., us and boundary vertices vy, v, ..., vg, we partition the rim edges
V1V, Vo3, ..., U4_1Vq, Vg¥1 iNto q groups starting from vqv,, with each group containing consecutive t — 3 rim edges

(the last group may have fewer than t — 3 rim edges).
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(b)

Fig. 2. (a) a 13-edge-coloring of Wy without any rainbow Fs; (b) a 21-edge-coloring of Wg(2) without any rainbow Fg, but with a rainbow Fs
(highlighted in gray).

For the mth group (1 < m < q — 1), the rim edges are v(n—1)(t—3)+1V(m—1)(t—3)}+2» V(m—1)(t—3)}4+2V(m—1)(t=3)+35 - - - » Um(t—3)
Um(t—3)+1. We color the first two rim edges vim—1yt—3)+1Vm—1)t—3)+2 and Vum—1yt—3)+2Vm—1)t—3)+3 With color sd 4 (m —
1)(t —4) 41, and for 3 <i <t — 3, color vm—1yt—3)+iVim—1)t—3)+i+1 With color sd 4+ (m — 1)(t —4) + (i — 1). Thus, the last
rim edge Vn(¢—3)Um(t—3)+1 Of the mth group is colored with sd + m(t — 4). For the last group (the gth group):

o if it contains at least two rim edges, then color the first two rim edges vig_1yt—3)+1V(g—1)t—3)+2 and vg_1yt—3)42
V(g—1)t—3)+3 With color sd + (q — 1)(t — 4) + 1, and the remaining rim edges with colors that are incremented by 1
one-by-one compared to the previous rim edge in the group;

e if it contains exactly one rim edge vqvy, then color it with the same color as vg_jvg, which is sd 4+ (g — 1)(t — 4).

The purpose of these rules is to ensure that among any t — 2 consecutive rim edges, there are at least two rim edges with
the same color. Therefore, while coloring the edges of each spoke ugv; of Wy(s) with color (a — 1)d + i for each a € [s],
we complete a coloring of Wy(s) such that

o there is no rainbow F; if s=2and t > 6, or s > 3 and t > 7, and furthermore;
e there is no rainbow 6; , ifs=1and £+ 3 #t > 5.

Sinced = (q — 1)(t — 3)+ p where 1 < p <t — 3, and this coloring uses

sd+(q—1)(t—4)+d—(@—-1)(t-3)-1)
B B (S+1)d L[ 3J_]_LMdJ ifp<t—3,
=(s+1)d—-q= {5+1)d_|_r 4] = st g ifp=t—3

colors, we conclude the result of the theorem. O

In Fig. 2(a), we present a 13-edge-coloring of Wg following the construction in Theorem 4.1, ensuring no rainbow
Fs-subgraph exists. Similarly, in Fig. 2(b), we apply the proof technique in Theorem 4.2 to construct a 21-edge-coloring
of Wg(2) that avoids rainbow Fg-subgraph. However, this coloring inadvertently contains a rainbow Fs (highlighted in
gray), implying that this is not an extremal graph for rb(Wg(2), Fs). Actually, as shown in Section 5, we will prove
rb(Wsg(2), F5) < 19. Thus, any 21-edge-coloring of Wg(2) must contain a rainbow Fs-subgraph.

5. Conclusions and remarks

Combining the results of Theorems 3.1 and 4.1, we establish Theorem 1.2. Furthermore, the synthesis of Theorems 3.2
and 4.2 yields Theorem 1.3. As promised, we demonstrate that the conditions t > 6 and t > 7 specified in Theorem 1.3
are critical, as evidenced by the following theorem, which is of independent interest.

Theorem 5.1. For integer d > 5, we have rb(Wy(2), |_ dJ + 1 and rb(Wy(3), Fg) < dJ + 1.

Proof. Let m € {5, 6}, ks = [ dJ + 1, and kg = L dJ + 1. Define Wy(m — 3) as an edge-colored graph with kp, colors.
Suppose, for the sake of contradlctlon that no rambow Fin subgraph exists in Wg(m — 3). Thus, each F,, contained in
W,y(m—3) has a color ¢ with p™(c) := p(c, Wy(m—3), F) > 1.Set A™ := A(W,(m—3)) and pj(-"')(c) = pj(c, Wy(m—3), Fp).

In the graph Wy(m — 2), each boundary vertex w is in 2m — 6 Fs- subgraphs centered at w. Thus, the number of F;
contained in Wy(m — 3) is exactly (3m — 9)d, and moreover, each spoke appears in «;, distinct F,-subgraphs and each
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rim edge in exactly 8, where a5 = 5 = 14, g = 19 and S = 24, For a color ¢ € A, let x := x(c) and y := y(c) be the
number of spokes and rim edges colored c. Thus, for any c € A; we have

2p™(c) = 2p™(c) + P(C) = 3 Jp™C) = ik + By < Bulx +) = . (5.1)
iz1

By employing the method analogous to those used in establishing Lemmas 2.1 and 2.2, we derive

pP(c)<9 foranyceA,
p®)c) < 15 for any c € AY,
p®(c) <15 for any c € AP (5.2)
p®(c) <27 forany c € AY,

where the bounds arise from four distinct configurations:

e when two consecutive spokes are colored c, there exist precisely nine Fs-subgraphs containing these spokes in Wy(2);

e when three consecutive spokes are colored c, at most fifteen Fs-subgraphs include at least two of these spokes in
Wa(2);

e when two consecutive rim edges are colored c, there exist at most fifteen Fg-subgraphs containing these rim edges
in Wq(3);

e when three consecutive rim edges are colored c, at most twenty-seven Fs-subgraphs include at least two of these
rim edges in Wy(3).

We require d > 5; otherwise, the first two bounds may become 10 and 16, disturbing the afterward calculations. Although
assuming d > 6 could reduce the last bound to 24, this adjustment does not strengthen our final conclusion. Besides, we
have

(m—2)d = [EWa(m —3))| = D _ilA™]. (53)
i>1

With these bounds in hand, we deduce

6d < Zp(S) Z Z 9(c) Z p9(c) + Z p9(c) + Z Z (¢
ceA ceA

celk] i>2 CEA i>4 E/L
(5.1)(5.2) )
< AP+ 151491 + > 7ilAY|

i>4
= 91AD) + 15145 + 7(3d — 1A — 21AS| - 31AS]) = 21d — (7IAT] + 5145 | + 61AT)).
It follows
3 2 1 3 45
(5) (5) (5) (5) (5) (5)
—lA —|A —Ay 1 < = 7|A 5|A; 6|A; —d.
2T+ A+ 1A < o <| | +5145” + 6| |> -
Thus,
33 ) = 3146 4 2046 4 LA L LN 40
ks = LdJ—i—l:ZME | < A+ ZIAD + 1A+ D ilAR)
14 -~ 4 4 4 44
(55 (5)
|A 4= |A 4 - |A | + d_§d+ d——d
For m = 6, we have
ZEDWECEDIDDELCED SELCED SELLES 3D AT
celk] i>2 A(G CEA(G ceA i>4 csAEG)

(5.1)(5.2) )
< 15A) + 2714 + ) 12147

i>4
215149 + 27149 + 12(4d — IAD)] - 24| — 31AY)) = 48d — (12147] + 9IAL| + 9IAT)).
It follows
3.6, 2.0, , 1,6 _ 3 ®) ®) ®) 39
2IA 1A 1A% < 2 (4)a 3/A 31491 ) < 4.
4|‘|+4|2|+4|3|_16 |AT7] + 31457 ] + 3|A57 =3
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Thus,
ke = { J+1 =3 1A% < 2A0 + 2 |A6)|+ |A‘6)|+ Zi|A§6)|

i>1 i>1
(53) 3

|A‘6>|+ |A<6>|+ |A<6’|+d< d+d—1—6d

These two contradictions complete the proof. O

We do not know whether the two bounds in Theorem 5.1 are tight. Thus, determining the exact values of rb(Wy(2), Fs)
and rb(Wj(3), Fs) remains an interesting open problem. More broadly, the problem of fixing rb(Wj(s), F;) is still open for
s=2andt <5,ors>3andt <6.
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