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 a b s t r a c t

For a class H of m hypergraphs {H1,H2, . . . ,Hm} sharing a common vertex set V , a
cooperative coloring is a partition {I1, I2, . . . , Im} of V  where each Ii is an independent
set in Hi for 1 ≤ i ≤ m. Let mk(d) denote the minimum number of k-uniform hypergraphs
on a shared vertex set, each with maximum degree at most d, that are guaranteed to
admit a cooperative coloring. We first prove mk(d) = Θ(d

1
k−1 ) for all integers k ≥ 2. In a

distinct line of inquiry, it is known that three graph cycles on the same vertex set admit
a cooperative coloring, though their result lacks a combinatorial proof. In contrast, for
k-uniform tight (or loose) cycles with k ≥ 3, we provide a combinatorial proof that two
such cycles on the same vertex set possess a cooperative coloring. This proof relies on a
newly established set partition theorem, which is of independent interest and provides
broader theoretical insights.

© 2026 Elsevier B.V. All rights are reserved, including those for text and data mining, AI
training, and similar technologies.

1. Introduction

A hypergraph is a pair (V , E) where V  is a set whose elements are called vertices, and E is a family of subsets of V
called edges. A hypergraph is k-uniform if every edge contains exactly k vertices. A proper coloring of a hypergraph involves 
assigning colors to its vertices in such a way that no edge in the hypergraph becomes monochromatic; meaning, no edge 
contains vertices of the same color. A vertex subset I of a hypergraph H = (V , E) is defined to be an independent set if it 
does not fully contain any edge e ∈ E.

A cooperative coloring in a family G1,G2, . . . ,Gm (not necessarily distinct) of graphs that all share the same vertex 
set V  is defined as a process of selecting one independent set Ii from each graph Gi for every i ∈ [m] := {1, 2, . . . ,m}, 
in such a way that the union of all these independent sets covers the entire vertex set V , i.e., 

⋃m
i=1 Ii = V . The notion 

of cooperative coloring was initially introduced by Aharoni, Holzman, Howard, and Sprüssel [2] and has since garnered 
significant attention and extensive research, with numerous studies conducted on the topic [1,2,4–7]. In this paper, we 
broaden the scope of the notion of cooperative coloring by generalizing it to hypergraphs.

Definition 1.1.  Given a family H1,H2, . . . ,Hm (not necessarily distinct) of hypergraphs with the same vertex set V , a 
cooperative coloring of them is a partition {I1, I2, . . . , Im} of V  such that Ii is an independent set in Hi for each i ∈ [m].

Clearly, for a fixed hypergraph, a family of its independent sets is monotone on taking subsets, so they form an abstract 
simplicial complex. A cooperative coloring of simplicial complexes (under sightly different name of cooperative cover) has 
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already been introduced (see [2]). It is also worth noting that the cooperative coloring is equivalent to an adapted coloring, 
with the definition stated below. Let H be a hypergraph and let ϕ : E(H) → {1, 2, . . . , k} be an edge k-coloring of H (not 
required to be proper). A vertex k-coloring c : V (H) → {1, 2, . . . , k} of H is adapted to ϕ if for every color i, the preimage 
c−1(i) does not contain any hyperedge of color i. In other words, if an edge e of H has color i, then it cannot have all its 
vertices colored with i (see [12]). For each i ∈ [k], let Hi denote the graph with vertex set V (H) and edge set ϕ−1(i). It can 
be verified that a cooperative coloring of the hypergraph family H1,H2, . . . ,Hk is equivalent to an adapted coloring of H .

The notion of cooperative coloring in a family of hypergraphs can be applied in various domains. The key idea is that by 
partitioning the vertex set in a way that respects the independence structure of each hypergraph, one can identify useful 
subsets of vertices that can be treated separately or together in a manner that satisfies the constraints or requirements 
imposed by the hypergraphs. For example, in data mining and machine learning, a hypergraph can represent complex 
relationships among data points. A cooperative coloring of a family of hypergraphs, each capturing a different aspect of 
the data, can be used to partition the data into clusters that are coherent within each hypergraph’s representation but also 
provide a balanced view across all representations. In cooperative game theory, where players form coalitions to achieve 
shared goals, a hypergraph can represent the possible coalitions among players. A cooperative coloring of a family of 
hypergraphs, each capturing different constraints or preferences among players, can be used to find stable partitions of 
players into coalitions that satisfy all relevant constraints and preferences.

Certainly, the concept of cooperative coloring in a family of hypergraphs represents an extension of the notion of 
proper coloring within a single hypergraph. In the special case where all Hi (i ∈ [k]) within the family are identical, being 
the same hypergraph H , a cooperative coloring of this family simply reduces to a proper coloring of H using k distinct 
colors. This means that each of the k color classes, or independent sets, forms a partition of the vertices of H such that 
no hyperedge within H consists of vertices of the same color class.

The renowned Brooks’ theorem establishes a fundamental fact that any graph having a maximum degree of d admits 
a proper coloring using at most d + 1 colors. This result has been extended to hypergraph by Kostochka, Stiebitz, and 
Wirth [14], demonstrating that d + 1 colors are sufficient to properly color any hypergraph with maximum degree of 
at most d. It is natural to explore degree conditions that ensure the existence of cooperative colorings, akin to how the 
maximum degree of a (hyper)graph serves to bound its cooperative chromatic number (we formalize it later). In this 
framework, Aharoni, Holzman, Howard, and Sprüssel [2] defined the parameter m(d) as the minimum number of graphs 
that share the same vertex set and have a maximum degree of at most d, all of which inherently possess a cooperative 
coloring. By utilizing the fundamental theorems on independent transversals established by Haxell [11, Theorem 2], it can 
be shown that any collection of 2d graphs, where each graph has a maximum degree of d, can always have a cooperative 
coloring, meaning m(d) ≤ 2d. For sufficiently large values of d, Loh and Sudakov [15] established that m(d) ≤ d + o(d). 
This result has since been extended and generalized in multiple directions (see, for instance, [8–10,13]).

Let mk(d) denote the smallest number of k-uniform hypergraphs that share an identical vertex set, each with a 
maximum degree of at most d, and all of which are guaranteed to admit a cooperative coloring. In Section 2, we show

mk(d) = Θ(d
1

k−1 )

for every k ≥ 2.
In the realm of graph coloring problems, researchers often focus on exploring the coloring properties within a distinct 

class of graphs. Consequently, we are able to restrict the cooperative coloring to specific classes of hypergraphs. For 
cycles and paths, Aharoni, Holzman, Howard, and Sprüssel [2] showed that three cycles on the same vertex set possess 
a cooperative coloring, which by extension, implies that three paths sharing the identical vertex set also possess a 
cooperative coloring. It is noteworthy to highlight that their proof does not follow a combinatorial approach.

In Section 3, we extend those results to the corresponding hypergraphs, roughly say, hypercycles, and hyperpaths. 
Denote Zn as the set of integers {0, 1, 2, . . . , n−1} with addition and multiplication defined in such a way that the result 
is always taken modulo n.

Definition 1.2.  A k-uniform tight cycle is a hypergraph with a sequence of n vertices v0, v1, . . . , vn−1 such that for each 
i ∈ Zn, the set {vi, vi+1, . . . , vi+(k−1)} (with indices taken modulo n) forms an edge. A k-uniform loose cycle is a hypergraph 
with a sequence of edges e0, e1, . . . , em−1 such that for each i ∈ Zm, ei ∩ ei+1 = vi, where em = e0, and all vi-s are distinct 
(non-consecutive edges do not share any vertices). A k-uniform tight or loose path can be defined using similar logical 
constructs.

We show that two k-uniform tight cycles (resp.  k-uniform loose cycles, k-uniform tight paths, or k-uniform loose 
paths), where k ≥ 3, on the same vertex set possess a cooperative coloring. Instead of proving them separately, we prove 
a conclusion on a set partition problem, which can be used to deduce any of these results. Moreover, this conclusion itself 
also has independent interest.

In Section 4, we wrap up the paper by highlighting some interesting open questions that are worth pursuing further.
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2. General bounds

Lemma 2.1 (Symmetric Lovász Local Lemma, [3]).  Let A1, . . . , An be events such that P[Ai] ≤ p for all i and each Ai is 
independent of all but at most d of the other Aj. If ep(d + 1) ≤ 1, then

P

(
n⋂

i=1

Ai

)
> 0.

Now we are ready to prove the following.

Theorem 2.2. mk(d) = Θ(d
1

k−1 ).

Proof.  Choose n such that d =
(n−1
k−1

)
. Let H be a class of hypergraphs {H1,H2, . . . ,Hm} sharing a common vertex set V

such that each Hi is isomorphic to K (k)
n , the complete k-uniform hypergraph on n vertices (thus it has a maximum degree 

of d). Suppose that H has a cooperative coloring. In other words, there is a partition {I1, I2, . . . , Im} of V  where each Ii is 
an independent set in Hi for each 1 ≤ i ≤ m. Since |Ii| ≤ k − 1 for each 1 ≤ i ≤ m, we have

n = |V | ≤

m∑
i=1

|Ii| ≤ m(k − 1).

Combining this with the fact that

d ≤

(
e(n − 1)
k − 1

)k−1

,

we deduce1

m ≥
n

k − 1
>

n − 1
k − 1

≥ e−1d
1

k−1 ,

and therefore, mk(d) = Ω(d
1

k−1 ).
On the other hand, we prove the upper bound. Set m = (ke)

1
k−1 d

1
k−1  and let H be a class of hypergraphs 

{H1,H2, . . . ,Hm} sharing a common vertex set V  on n vertices. We show that H always has a cooperative coloring. 
Therefore, mk(d) ≤ m and thus mk(d) = O(d

1
k−1 ).

For each vertex vi ∈ V  (1 ≤ i ≤ n), we represent the corresponding vertex in Hj (1 ≤ j ≤ m) by vj
i . For each 1 ≤ i ≤ n, 

set Vi := {v1
i , v

2
i , . . . , v

m
i }. We randomly and independently select a single vertex from each set Vi, adhering to a uniform 

distribution. Define I as the random set composed of the vertices thus chosen.
Let H :=

⋃m
i=1 Hi. For each edge f  of H , let Af  be the event that all vertices of f  are contained in I . Clearly,

P[Af ] ≤ m−k.

Moreover, if the vertices of f  are in Vi1 , Vi2 , . . . , Vik , then the event Af  is mutually independent of all events corresponding 
to hyperedges disjoint from 

⋃k
ℓ=1 Viℓ . Consequently, the event Af  is independent of all other events, except possibly for 

at most kmd − 1 of them. Since

e · m−k
· kmd = ked ·

(
(ke)

1
k−1 d

1
k−1

)1−k
= 1,

by Lemma  2.1, with positive probability, none of the event Af  occurs, equivalently meaning that I is an independent set 
of H containing a vertex from each Vi.

Finally, let Ii = V (Hi)∩ I for each 1 ≤ i ≤ m. This gives a partition {I1, I2, . . . , Im} of V  where each Ii is an independent 
set in Hi for each 1 ≤ i ≤ m. □

3. Cycle-related hypergraphs

The following is the main result of this paper.

Theorem 3.1.  Let a0, a1, . . . , an−1 be a permutation of Zn. Define Ni = {i, i+1, . . . , i+ki−1} and Ai = {ai, ai+1, . . . , ai+ji−1}

for each i ∈ Zn, where all indices are taken modulo n to ensure they remain within Zn. Furthermore, suppose that the size of 
each set Ni and Ai is at least 3, with the exception that |N0| and |A0| are at least 2. Then, there exists a partition {B, R} of Zn
such that no set Ni is fully contained within B and no set Ai is fully contained within R for any i ∈ Zn.

1 A more meticulous and precise calculation yields the inequality m >
(k−1)!

1
k−1 d

1
k−1 .
k−1
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Proof.  Construct a graph G defined by the vertex set V := Zn and an edge set E that comprises all the edges belonging 
to two cycles: the first cycle C1 traversing vertices in the order 0, 1, . . . , n − 1 in a continuous loop, and the second 
cycle C2 following the sequence of vertices a0, a1, . . . , an−1 in a similar continuous fashion. Observe that the graph G can 
potentially be a multigraph. For the purpose of clarity and simplified description, color the edges of C1 blue, and the edges 
of C2 red. Consequently, every vertex in G is incident with exactly two blue edges (from C1) and two red edges (from C2). 
To achieve the desired partition of the vertex set V , we utilize a proper coloring of certain subgraphs of G. This approach 
necessitates the consideration of two distinct cases.

If n = 2ℓ for some ℓ, then we proceed by removing a maximum matching from C1, comprising ℓ blue edges, none of 
which is the edge {0, 1}. Similarly, from C2, we delete a maximum matching consisting of ℓ red edges, ensuring that the 
edge {a0, a1} is not included in this matching. Denote the resulting graph by G′. Then, in G′, every vertex is incident with 
precisely one blue edge and one red edge. Furthermore, the two edges {0, 1} and {a0, a1} remain as part of the edge set 
of G′, i.e., {0, 1}, {a0, a1} ∈ E(G′). Consequently, every connected component of G′ is an even cycle, and therefore G′ has 
a proper 2-coloring, which in turn partitions V  into two disjoint subsets, denoted by B and R. The partition {B, R} of V
ensures that no two adjacent vertices in G′ are simultaneously contained within either B or R. Since {0, 1} ∈ E(G′), N0 ̸⊆ B. 
For any i ∈ Zn \ {0}, either {i, i + 1} or {i + 1, i + 2} is an edge of G′. This implies {i, i + 1, i + 2} ̸⊆ B, and thus Ni ̸⊆ B. By 
symmetry, we can analogously argue that Ai ̸⊆ R for any i ∈ Zn.

If n = 2ℓ + 1, then we divide the proof into two subcases according to whether D := {2, 4, . . . , 2ℓ} ∩ {a2, a4, . . . , a2ℓ}
is empty or not.

• If D ̸= ∅, then choose v ∈ D. Upon removing v, the cycle C1 (resp.  C2) transforms into a path denoted as P1 (resp.
P2), which comprises 2ℓ−1 edges all colored blue (resp. red). The maximum matching in P1 (resp.  P2) is unique and 
comprises ℓ blue (resp. red) edges, which we denote by M1 (resp.  M2). Observe that {0, 1} ∈ M1 and {a0, a1} ∈ M2. 
Let G′′ be the subgraph of G induced by the vertex set V \ {v} and the edge set M1 ∪ M2. Since M1 and M2 are 
two perfect matchings of G′′, G′′ can be expressed as a union of even cycles, which implies that G′′ is 2-colorable. 
Assume v = aj for some 2 ≤ j ≤ 2l and u = aj−1, i.e., u is a vertex in V  such that {u, v} is a red edge (i.e., an edge 
of C2). Then {aj+1, aj+2} ∈ M2. As in the previous case, we obtain a partition {B′, R′

} of V \ {v} with the property 
that Ni ̸⊆ B′ and Ai ̸⊆ R′ for any i ∈ Zn, and furthermore, u ∈ B′. Let B = B′ and R = R′

∪ {v}. Subsequently, we 
demonstrate that {B, R} constitutes the desired partition of the graph G as outlined below. It suffices to show that 
for any set A ∈ {A1, A2, . . . , An−1} that includes v, it holds that A ̸⊆ R. If u ∈ A, then A ̸⊆ R as u ∈ B. If u ̸∈ A, then 
{aj, aj+1, aj+2} ⊆ A. Since {aj+1, aj+2} is an edge of M2, aj+1 and aj+2 cannot belong to B′ or R′ at the same time. It 
follows A ̸⊆ R.

• If D = ∅, then {a2, a4, . . . , a2ℓ} ⊆ {0, 1, 3, 5, . . . , 2ℓ − 1}.
Suppose first that there exists k ∈ {2, 4, . . . , 2ℓ−2}\{a0, a1} such that k+1 ∈ {a2, a4, . . . , a2l}\{0, 1}. Assume k = ax
and k+1 = ay. We assume x < y, and it is reasonable to infer that the case where x > y can be demonstrated through 
an analogous approach. Since k and y are both even, we can always choose M3 and M4 be maximum matchings 
of C1 \ {k, k + 1} and C2 \ {ax, ay} such that {0, 1}, {k − 2, k − 1} ∈ M3 and {a0, a1}, {ay+1, ay+2} ∈ M4. Let G′′′

be the subgraph of G with edge set M3 ∪ M4 and vertex set V \ {k, k + 1}. Subsequently, each vertex in G′′′ is 
adjacent to at most one blue edge and at most one red edge. Analogous to the first case, a partition {B′′, R′′

} of 
V \ {k, k + 1} emerges neither Ni is fully contained within B′′ nor Ai within R′′ for any i ∈ Zn. We set ay−1 ∈ B′′

if y − 1 ̸= x. Let R = R′′
∪ {k + 1} and B = B′′

∪ {k}. We now demonstrate that the pair {B, R} constitutes the 
desired partition of G, as follows. Since {0, 1} ∈ M3 and {a0, a1} ∈ M4, it is impossible for 0 and 1 to both belong 
to B or R simultaneously, and similarly, it is impossible for a0 and a1 to both belong to B or R simultaneously. 
This implies N0 ̸⊆ B and A0 ̸⊆ R. Let A ∈ {A1, A2, . . . , An−1}. If ay ̸∈ A, then it is clear that A ̸⊆ R. So we 
assume ay ∈ A. Since ay−1 ∈ B (if y − 1 = x, then ax ∈ B definitely) and {ay+1, ay+2} ∈ M4, we conclude that 
{ay−2, ay−1, ay}, {ay−1, ay, ay+1}, {ay, ay+1, ay+2} ̸⊆ R. This implies A ̸⊆ R. Let N ∈ {N1,N2, . . . ,Nn−1}. If k ̸∈ N , then it 
is clear that N ̸⊆ B. If k ∈ N , then {k− 2, k− 1, k}, {k− 1, k, k+ 1}, {k+ 1, k, k+ 2} ̸⊆ B because {k− 2, k− 1} ∈ M3
and k + 1 ∈ R. This concludes N ̸⊆ B.
On the other hand, suppose that for each k ∈ {2, 4, . . . , 2ℓ − 2} \ {a0, a1}, we have k + 1 ̸∈ {a2, a4, . . . , a2ℓ} \ {0, 1}. 
If ℓ = 1 (i.e., n = 3), then we can trivially find the desired partition {B, R}, so we assume ℓ ≥ 2 below.
If 0 or 1 is missing in {a2, a4, . . . , a2ℓ}, then {3, 5, . . . , 2ℓ − 1} ⊆ {a2, a4, . . . , a2l}. If ℓ ≥ 4, then {2, 4, . . . , 2ℓ − 2} \

{a0, a1} is nonempty and contains a k such that k + 1 ∈ {3, 5, . . . , 2ℓ − 1}, contradicting our assumption. Hence 
ℓ ≤ 3.

– If ℓ = 2, then 2 ∈ {a0, a1}. Given B = {0, 2, 3} and R = {1, 4}, we derive a desired partition.
– If ℓ = 3, then {a0, a1} = {2, 4}. Let {α, β} = {0, 1} such that β ∈ {a2, a4, a6}. Setting B = {α, 2, 4, 6} and 

R = {β, 3, 5}, we arrive at a desired partition.

If some odd t ≥ 3 is missing in {a2, a4, . . . , a2ℓ}, then {a2, a4, . . . , a2ℓ} = {0, 1, 3, 5, . . . , 2ℓ − 1} \ {t}. If ℓ ≥ 5, then 
{2, 4, . . . , 2ℓ − 2} \ {a0, a1} has at least two elements and contains a k such that k + 1 ∈ {3, 5, . . . , 2ℓ − 1} \ {t}, 
contradicting our assumption. Hence ℓ ≤ 4.

– If ℓ = 2, then {a , a } = {0, 1}. By defining B = {0, 2, 3} and R = {1, 4}, we achieve a desired partition.
2 4
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– If ℓ = 3, then {a2, a4, a6} = {0, 1, 3} and 2 ∈ {a0, a1}, or {a2, a4, a6} = {0, 1, 5} and 4 ∈ {a0, a1}. In the former 
case, setting B = {2, 4, 5, 6} \ {γ } and R = {0, 1, 3, γ }, where γ ∈ {a0, a1} \ {2} (thus γ ∈ {4, 5, 6}), we achieve 
a desired partition; in the latter case, B = {2, 3, 6} and R = {0, 1, 4, 5} give a desired partition.

– If ℓ = 4 and t = 3 (resp.  5), then {a2, a4, a6, a8} = {0, 1, 5, 7} and {a0, a1} = {4, 6} (resp.  {a2, a4, a6, a8} =

{0, 1, 3, 7} and {a0, a1} = {2, 6}). Setting B = {2, 3, 6, 8} and R = {0, 1, 4, 5, 7} (resp. B = {2, 4, 5, 8} and 
R = {0, 1, 3, 6, 7}), we obtain a desired partition.

– If ℓ = 4 and t = 7, then {a2, a4, a6, a8} = {0, 1, 3, 5}. It follows {a0, a1} = {2, 4} and {a3, a5, a7} = {6, 7, 8}. If 
3 ∈ {a4, a6}, then B = {2, 3, a3, a7} and R = {0, 1, 4, 5, a5} give a desired partition; If 3 = a2 (resp.  3 = a8), 
then B = {2, 3, a5, a7} and R = {0, 1, 4, 5, a3} (resp.  B = {2, 3, a3, a5} and R = {0, 1, 4, 5, a7}) give a desired 
partition.

This completes the proof. □

Based on Theorem  3.1, we have the following.

Corollary 3.2.  If H1 and H2 are two k-uniform tight cycles (resp. loose cycles, tight paths, or loose paths) with k ≥ 3 on the 
same vertex set, then they possess a cooperative coloring.

Proof.  According to the definition of a tight cycle or path, its vertices can be arranged into a sequence such that each of 
its hyperedges consists of a consecutive subset of vertices in this sequence. Similarly, for a loose cycle or path, although 
not necessarily adhering to the strict consecutive property as in tight structures, we can still order its vertices into a 
sequence where each hyperedge encompasses a consecutive subset of these vertices. Therefore, Theorem  3.1 is applicable 
to conclude the result. □

4. Concluding remarks and open problems

In Section 2, we obtained

(k − 1)!
1

k−1

k − 1
d

1
k−1 < mk(d) ≤ (ke)

1
k−1 d

1
k−1

for every k ≥ 2 and every d ≥ 1. For a sufficiently large d, we make the following conjecture.

Conjecture 4.1.  For a class H of k-uniform hypergraphs {H1,H2, . . . ,Hm} sharing a common vertex set, each with a maximum 
degree of at most d, if

m =

(
(k − 1)!

1
k−1

k − 1
+ o(1)

)
d

1
k−1 ,

then H has a cooperative coloring.
It is noteworthy that this conjecture holds for the case when k = 2, as established by the result of Loh and Sudakov [15].
In a hypergraph, a k-edge signifies a hyperedge precisely consisting of k vertices. After completing Section 3, it is 

noteworthy that all the hypergraphs mentioned in Corollary  3.2 share a common characteristic: they do not contain any 
2-edges. Nevertheless, Theorem  3.1 offers a broader perspective and has the potential to yield additional insights.

We define a necklace as follows: 

Definition 4.2.  A necklace is a hypergraph such that the vertices can be lined up in a circle, and each hyperedge connects 
a sequence of consecutive vertices along this circle.

Upon revisiting Theorem  3.1, we discover that it permits |A0| = |N0| = 2. This revelation leads us to a far more 
universal conclusion, stated as follows:

Theorem 4.3.  If H1 and H2 are two isomorphic necklaces on the same vertex set such that each of them contains at most one 
2-edge (with all other hyperedges having a size of at least 3), then they possess a cooperative coloring.

An interesting open question is to determine the maximum number of 2-edges allowed in each necklace while still 
preserving the validity of the aforementioned conclusion. Presently, our understanding limits this count to a maximum of 
two. Should there exist three 2-edges, it becomes feasible to construct two distinct paths, designated as P1 and P2, such 
that V (P1) = V (P2) = {1, 2, 3, 4}, E(P1) = {{1, 2}, {2, 3}, {3, 4}} and E(P2) = {{1, 3}, {3, 2}, {2, 4}}. One can easily see that 
P1 and P2 do not admit a cooperative coloring. Therefore, the following question is natural.

Question 4.4.  If H1 and H2 are two isomorphic necklaces on the same vertex set such that each of them contains two 2-edges 
(with all other hyperedges having a size of at least 3), then do they possess a cooperative coloring?
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Data availability

No data was used for the research described in the article.
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