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 a b s t r a c t

Motivated by frequency assignment problems in wireless broadcast networks, Goddard,
Hedetniemi, Hedetniemi, Harris, and Rall introduced the notion of S-packing coloring
in 2008. Given a non-decreasing sequence S = (s1, s2, . . . , sk) of positive integers, an
S-packing coloring of a graph G is a partition of its vertex set into k subsets {V1, V2, . . . ,

Vk} such that for each 1 ≤ i ≤ k, the distance between any two distinct vertices u, v ∈ Vi
is at least si+1. In this paper, we study the S-packing coloring problem for Halin graphs
with maximum degree ∆ ≤ 5. Specifically, we present a linear-time algorithm that
constructs a (1, 1, 2, 2, 2)-packing coloring for any Halin graph satisfying ∆ ≤ 5. It is
worth noting that there are Halin graphs that are not (1, 2, 2, 2)-packing colorable.

© 2026 Elsevier B.V. All rights are reserved, including those for text and data mining, AI
training, and similar technologies.

1. Introduction

Let S = (s1, s2, . . . , sk) be a non-decreasing sequence of positive integers (i.e., s1 ≤ s2 ≤ · · · ≤ sk). An S-packing 
coloring of a simple graph G = (V (G), E(G)) is a partition of V (G) into k disjoint subsets V1, V2, . . . , Vk such that for each 
i ∈ [k] := {1, 2, . . . , k}, any two distinct vertices u, v ∈ Vi satisfy dG(u, v) ≥ si + 1, where dG(u, v) denotes the distance 
between u and v in G. The packing chromatic number of G, denoted χp(G), is the smallest integer k for which G admits a 
(1, 2, . . . , k)-packing coloring (also called a k-packing coloring). The concept of packing chromatic number was introduced 
by Goddard, Hedetniemi, Hedetniemi, Harris, and Rall [15] in 2008 under the original name broadcast chromatic number, 
motivated by frequency assignment problems in wireless broadcast networks.

A proper k-coloring of G is a mapping ϕ : V (G) → [k] such that for any adjacent vertices u, v ∈ V (G), ϕ(u) ̸= ϕ(v); 
if such a mapping exists, then G is said to be k-colorable. In contrast, a 2-distance coloring of G is a vertex coloring 
ϕ : V (G) → [k] such that for any two distinct vertices u, v ∈ V (G) with dG(u, v) ≤ 2, ϕ(u) ̸= ϕ(v); the minimum k
for which this is possible is the 2-distance chromatic number χ2(G). Notably, these concepts relate to packing colorings:
a (1, 1, . . . , 1)-packing coloring corresponds to an ordinary proper coloring, while a (2, 2, . . . , 2)-packing coloring aligns 
with 2-distance coloring. Furthermore, the (2, 2, . . . , 2)-packing coloring is closely related to, but strictly stronger than, 
the concept of exact 2-distance coloring [26, Section 11.9]: while an exact 2-distance coloring requires only that vertices 
at distance exactly 2 receive distinct colors (allowing adjacent vertices to share colors), a (2, 2, . . . , 2)-packing coloring 
enforces that all pairs of vertices within each color class are at distance at least 3, thereby implying a valid exact 2-distance 
coloring but not vice versa. If graphs are restricted to be triangle-free, then exact 2-distance coloring becomes equivalent 
to an injective coloring—a coloring where any two vertices sharing a common neighbor receive distinct colors [9,10]. It 
follows that even in triangle-free graphs, (2, 2, . . . , 2)-packing coloring remains strictly stronger than injective coloring. 
It is worth noting that Bu, Qi and Zhu [11] proved that Halin graphs with maximum degree at most five have an injective 
7-coloring. We refer the readers to further reading on these relative topics [13,27,28,31].
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We define S(G) as the graph obtained by subdividing each edge of G, i.e., replacing each edge uv ∈ E(G) with a path 
u-w-v through a new vertex w. The problem of bounding χp(G) and χp(S(G)) for subcubic graphs (where each vertex has 
degree at most 3) has been investigated in several studies [7,14]. Gastineau and Togni [14] were the first to ask whether 
χp(S(G)) ≤ 5 holds for all subcubic graphs G. This question was later formalized as a conjecture by Brešar et al. [7], who 
proposed the following:

Conjecture 1.1.  If G is a subcubic graph, then χp(S(G)) ≤ 5.

For a graph G and its subdivision S(G), Gastineau and Togni [14] established a fundamental relationship between their 
packing colorability: if G is (s1, s2, . . . , sk)-packing colorable, then S(G) is (1, 2s1+1, 2s2+1, . . . , 2sk+1)-packing colorable. 
They further observed that when G is (12, 22)-packing colorable (pr  in a sequence means p is repeated r times), this 
immediately implies χp(S(G)) ≤ 5. Consequently, to verify Conjecture  1.1 for any subclass of subcubic graphs, it suffices 
to demonstrate (12, 22)-packing colorability within that subclass.

Toward this goal, Liu, Zhang, and Zhang [20] proved that every subcubic graph G is (12, 22, 3)-packing colorable, thus 
establishing χp(S(G)) ≤ 6. This result is just one parameter shy of the conjectured bound and significantly improved an 
earlier result by Balogh, Kostochka, and Liu [2], who showed that the packing chromatic number of the 1-subdivision of 
subcubic graphs is bounded by 8.

Several studies have investigated diverse packing S-colorings of subcubic graphs [1,4–6,8,17–19,21,24]. In partic-
ular, Gastineau and Togni [14] demonstrated that every subcubic graph admits both (12, 23)-packing colorings and
(1, 26)-packing colorings. Balogh, Kostochka, and Liu [2] further showed that any subcubic graph has a (12, 22, 32, k)-
packing coloring where color k ≥ 4 is used at most once, and that every 2-degenerate subcubic graph is (12, 22, 32)-
packing colorable.

For cubic graphs specifically, Cranston and Kim [12] proved that all cubic graphs except the Petersen graph admit 
(28)-packing colorings. This result was complemented by Thomassen [30] and independently by Hartke, Jahanbekam, and 
Thomas [16], who established that cubic planar graphs are (27)-packing colorable.

To systematically refine these results, researchers have focused on i-saturated subcubic graphs, a family defined by 
structural constraints on high-degree vertices. A k-degree graph is a graph G satisfying ∆(G) ≤ k, and an i-saturated subcubic 
graph is one where each vertex of degree 3 is adjacent to at most i other degree-3 vertices. This classification has yielded 
significant progress: Yang and Wu [33] proved that all 0-saturated subcubic graphs admit (12, 3)-packing colorings; 
Bazzal [3] extended this to 1-saturated graphs with (12, 2)-colorings; Mortada and Togni [23] further generalized to 
2-saturated graphs with (12, 2, 3)-colorings; and their subsequent work [22] established the (12, 22)-colorability for
(3, 0)-saturated variants (a refined subclass where (3, 0)-saturated denotes 3-saturated graphs with non-adjacent heavy 
vertices, defined as degree-3 vertices whose neighbors are all degree-3 vertices).

Despite the limited exploration of S-packing coloring in graphs with larger maximum degrees, Mortada and Togni [25] 
recently advanced this field by analyzing k-degree graphs under varying saturation constraints, where a k-degree graph G
is t-saturated if every vertex of degree k has at most t neighbors of degree k. Their results are as follows: for 0-saturated 
k-degree graphs, G admits a (1k−1, 3)-packing coloring; when saturation increases to 1 ≤ t ≤ k − 2, it transitions to 
(1k−1, 2)-packing colorability. Further, (k − 1)-saturated k-degree graphs (k ≥ 4) require a (1k−1, 2k−1)-packing coloring, 
while all k-degree graphs (k ≥ 3) universally satisfy (1k−1, 2k)-packing colorability. These findings not only generalize 
prior work on subcubic graphs but also offer a unified framework for analyzing degree-constrained graph colorability.

A Halin graph is a plane graph constructed from a tree T  (called characteristic tree) without vertices of degree two by 
connecting all leaves through a cycle C (called adjoint cycle). Halin graphs exhibit distinct S-packing colorability patterns. 
Tarhini and Togni [29] proved cubic Halin graphs are (12, 2, 3)-packing colorable, while Wang, Hu, and Wang [32] showed 
5-degree Halin graphs require (26)-packing colorings due to their square graphs’ chromatic number 6. We strengthen this 
bound in this paper, proving that 5-degree Halin graphs actually admit (12, 23)-packing colorings, improving the state-
of-the-art for this graph class. It is worth noting that the wheel graph W5 (with maximum degree 5) is a Halin graph that 
does not admit a (1, 23)-packing coloring.

Theorem 1.2.  Halin graphs with maximum degree at most 5 are (12, 23)-packing colorable.
The proof of Theorem  1.2 is algorithmic: it provides an explicit procedure to construct the desired (12, 23)-packing 

coloring in O(n) time, where n denotes the number of vertices in the Halin graph. The algorithm is introduced in Section 2 
and verified in Section 3. In Section 4, we compile a list of open problems concerning S-packing colorings of Halin graphs.

2. A quick algorithm

Let G be a Halin graph with maximum degree at most 5, where T  is the characteristic tree and C := a1a2 · · · ana1 is 
the adjoint cycle of G. The set of colors that we are going to use is {1, 1′, 2a, 2b, 2c}.

First, we properly color the tree T  using two colors 1 and 1′, and denote this coloring by ϕ. Next, we remove all colors 
from C and recolor the vertices a1, a2, . . . , an according to the RECOLORING algorithm. In this algorithm, we introduce the 
boolean variable all_same (initialized to True) to distinguish between two cases. If either ϕ(a1) ̸= ϕ(an) initially holds 
or there exists an index 2 ≤ i ≤ n such that ϕ(a ) ̸= ϕ(a ), we perform a cyclic relabeling of the vertices a , a , . . . , a  to 
i i−1 1 2 n
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Algorithm 1: RECOLORING(ϕ(a1), ϕ(a2), · · · , ϕ(an))
Input: Colors ϕ(a1), ϕ(a2), · · · , ϕ(an) of vertices a1, a2, · · · , an
Output: Colors of a1, a2, · · · , an after recoloring

1 all_same← True
2 if ϕ(a1) = ϕ(an) then
3 for i← 2 to n  do
4 if ϕ(ai) ̸= ϕ(ai−1) then
5 for j← 0 to n− 1 do
6 aj+1 ← a(i+j−1 mod n)+1

7 all_same← False
8 break

9 else
10 all_same← False

11 if all_same = False then
12 CASE-1(a1, a2, · · · , an, ϕ(a1), ϕ(a2), · · · , ϕ(an))
13 else
14 CASE-2(a1, a2, · · · , an, ϕ(a1), ϕ(a2), · · · , ϕ(an))

Algorithm 2: CASE-1(a1, a2, · · · , an, ϕ(a1), ϕ(a2), · · · , ϕ(an))
Input: Colors ϕ(a1), ϕ(a2), · · · , ϕ(an) of vertices a1, a2, · · · , an
Output: Colors of a1, a2, · · · , an after recoloring

1 m← ⌊n/4⌋ ∗ 4 // Ensure m is the largest multiple of 4 less than or equal to n
2 for k← 1 to m do
3 if k ≡ 1 (mod 2) then
4 ϕ(ak)← 1k // Color ak from {1, 1′} avoiding the color on bk
5 else if k ≡ 2 (mod 4) then
6 ϕ(ak)← 2a
7 else
8 ϕ(ak)← 2b // Covers n ≡ 0 (mod 4) case
9 switch (n−m) do

10 case 1 do
11 ϕ(an)← 1n // Covers n ≡ 1 (mod 4) case
12 case 2 do
13 ϕ(an−1)← 2a; ϕ(an)← 1n // Covers n ≡ 2 (mod 4) case
14 case 3 do
15 ϕ(an−2)← 1n−2; ϕ(an−1)← 2a; ϕ(an)← 1n // Covers n ≡ 3 (mod 4) case

ensure ϕ(a1) ̸= ϕ(an), reset all_same to be False, and apply CASE-1. Otherwise (i.e., when ϕ(ai) = 1 for all i ∈ [n]), the 
value of all_same remains True and we directly apply CASE-2. Note that each ai is a leaf in T , and let bi be its unique 
neighbor in T . For any i, denote by 1i the color in {1, 1′} \ ϕ(bi), and let N [bi] denote the set of vertices aj adjacent to bi.

Lemma 2.1.  For each bi with i ∈ [n], N [bi] contains at most three vertices.

Proof.  Suppose, for the sake of contradiction, that {ai, aj, ak, aℓ} ⊆ N [bi], where i < j < k < ℓ. Given that 
{ϕ(ai), ϕ(aj), ϕ(ak), ϕ(aℓ)} ⊆ {2a, 2b, 2c}, by the RECOLORING algorithm, at most one of the differences j − i, k − j, and 
ℓ − k can be equal to 1. Without loss of generality, assume that j − i ̸= 1 and k − j ̸= 1. This implies the existence of 
vertices ai′  and aj′  such that i < i′ < j < j′ < k. Since ai′  and aj′  are leaves of the tree T , there must exist paths from bi to 
ai′  and from bi to aj′  within T . Consequently, bi must be incident with at least six edges, which contradicts the condition 
∆(G) ≤ 5. □

For a sequence of n vertices a1, a2, . . . , an, its color sequence is a string ℓ1ℓ2 · · · ℓn ∈ Σn, where Σ ⊆ N is a finite set of 
colors, and ℓ  denotes the color of vertex a . In this paper, if the index i appears in a color sequence as ℓ  (i.e., ℓ = i), its 
j j j j
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Algorithm 3: CASE-2(a1, a2, · · · , an, ϕ(a1), ϕ(a2), · · · , ϕ(an))
Input: Colors ϕ(a1), ϕ(a2), · · · , ϕ(an) of vertices a1, a2, · · · , an
Output: Colors of a1, a2, · · · , an after recoloring

1 m← ⌊n/4⌋ ∗ 4 // Ensure m is the largest multiple of 4 less than or equal to n
2 for k← 1 to m do
3 if k ≡ 1 (mod 2) then
4 ϕ(ak)← 1k // Color ak from {1, 1′} avoiding the color on bk
5 else if k ≡ 2 (mod 4) then
6 ϕ(ak)← 2a
7 else
8 ϕ(ak)← 2b // Covers n ≡ 0 (mod 4) case
9 switch (n−m) do

10 case 1 do
11 ϕ(an)← 2c // Covers n ≡ 1 (mod 4) case
12 case 2 do
13 ϕ(an−1)← 1n−1; ϕ(an)← 2c // Covers n ≡ 2 (mod 4) case
14 case 3 do
15 ϕ(an−2)← 2a; ϕ(an−1)← 1n−1; ϕ(an)← 2b // Covers n ≡ 3 (mod 4) case

// Check for specific condition and modify colors accordingly
16 for i← 1 to n− 2  do
17 if ϕ(an) = 2c and ϕ(an−1) = ϕ(ai) = 2b and bn = bn−1 = bi  then
18 ϕ(a2)← 2c ; ϕ(an−1)← 2c ; ϕ(an)← 2a
19 break 
20 not_separated← True
21 if ϕ(an) = 2c then
22 for i← 1 to n− 1 do
23 if ϕ(ai) ∈ {2a, 2b} and bn = bi then
24 not_separated← False
25 break

26 if not_separated then
27 for i← 4 to n− 1 do
28 if ϕ(ai) = 2a and bi = b2 then
29 ϕ(a2)← 2c;ϕ(an)← 2a
30 break 

interpretation is determined by the color of vertex bj: i represents the color 1 if bj has color 1′, and otherwise represents 
the color 1′.

The following lemma is a direct consequence of Algorithms CASE-1 and CASE-2, and is presented here without proof. 
It is worth noting that CASE-2 first generates a color sequence for vertices a1, a2, . . . , an, following which certain vertices 
are recolored under distinct conditions.

• If there exists a unique vertex bi ∈ V (T ) (guaranteed by Lemma  2.1) with N [bi] = {ai, an−1, an} and the color 
sequence of ai, an−1, an is 2b2b2c , we perform the following recoloring in lines 16–19 of CASE-2: reassign 2c to both 
ai and an−1, and 2a to an (see Fig.  1(c) for illustration).
• If N [bn] contains no vertices colored with 2a or 2b, and b2 is adjacent to some aj ̸= a2 colored 2a, then we 

recolor a2 to 2c and an to 2a (see Figs.  1(d) or 1(g) for examples). In the algorithm, we introduce a Boolean 
variable not_separated (initialized to True) to determine whether N [bn] contains no vertices colored 2a or 2b: 
if not_separated becomes False, the algorithm terminates without action; otherwise, it checks if b2 is adjacent to 
some aj ̸= a2 colored 2a, and if this condition holds, performs the recoloring operation (see lines 20–30 of CASE-2
for implementation details).

Lemma 2.2.  If the CASE-1 algorithm is applied, the colors assigned to a1, a2, . . . , an are as follows:

when n ≡ 0 (mod 4): the color sequence is i2ai2b · · · i2ai2b.

when n ≡ 1 (mod 4): the color sequence is i2 i2 · · · i2 i2 i.
a b a b
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Fig. 1. The (re)coloring procedure involved in Algorithm CASE-2.

when n ≡ 2 (mod 4): the color sequence is i2ai2b · · · i2ai2b2ai.

when n ≡ 3 (mod 4): the color sequence is i2ai2b · · · i2ai2bi2ai.

If the CASE-2 algorithm is applied, the colors are determined by more complex conditions:
when n ≡ 0 (mod 4): the color sequence is i2ai2b · · · i2ai2b.

when n ≡ 1 (mod 4): the color sequence is one of the following, depending on the graph structure:

• i2ai2b · · · i2ai2b2c , which occurs if and only if

– either N [bn] has a vertex aj colored with 2a or 2b, and when j = n−1, no other vertex in N [bn] is colored with 
2b (see Fig.  1(a)),

– or b2 is not adjacent to an aj ̸= a2 colored with 2a (see Fig.  1(b));

• i2c i2bi2ai2b · · · i2ai2bi2ai2c2a, which occurs if and only if bn is adjacent to both an−1 and an, and also to another vertex 
aj colored with 2b (see Fig.  1(c));
• i2c i2bi2ai2b · · · i2ai2b2a, which occurs if and only if N [bn] has no vertex colored with 2a or 2b, and b2 is adjacent to 

an aj ̸= a2 colored with 2a (see Fig.  1(d));

when n ≡ 2 (mod 4): the color sequence is one of the following:

• i2ai2b · · · i2ai2bi2c , with conditions identical to the first case of n ≡ 1 (mod 4) (see Fig.  1(e) and (f));
• i2c i2bi2ai2b · · · i2ai2bi2a, with conditions identical to the third case of n ≡ 1 (mod 4) (see Fig.  1(g)).

when n ≡ 3 (mod 4): the color sequence is i2ai2b · · · i2ai2b2ai2b. □

Lemma 2.3.  For each bi with i ∈ [n], if N [bi] contains exactly three vertices, then at least two of them are neighbor to each 
other on C, and they are not in the same color.

Proof.  Let N [bi] = {ai, aj, ak}. Without loss of generality, assume i < j < k. Now, either j− i = 1 or k− j = 1 must hold. 
Otherwise, by an argument analogous to that in Lemma  2.1, we would deduce that bi must have a degree of at least six, 
which contradicts the given condition ∆(G) ≤ 5. Given that {ϕ(ai), ϕ(aj), ϕ(ak)} ⊆ {2a, 2b, 2c}, the RECOLORING algorithm 
implies that the colors assigned to a , a , a  are one of the following by Lemma  2.2:
i j k
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Algorithm 4: CONFLICTS-RESOLVING(ϕ(a1), ϕ(a2), · · · , ϕ(an))
Input: Colors ϕ(a1), ϕ(a2), · · · , ϕ(an) of vertices a1, a2, · · · , an
Output: Colors of a1, a2, · · · , an after recoloring

1 L← {(a1, b1), (a2, b2), . . . , (an, bn)}
2 N ← ∅ // Initialize an empty dictionary
3 foreach (a, b) ∈ L and ϕ(a) /∈ {1, 1′} do
4 if b ∈ dom(N ) then

// Check if b is a key in N
5 N [b] ← N [b] ∪ {a} // Add a to the set of b’s neighbors
6 else
7 N [b] ← {a} // Initialize b’s neighbor set with {a}
8 return N // Return the constructed dictionary
9 a0 ← an

10 for i← 1 to n  do
11 if i ≡ 0 (mod 2) then
12 J ← {j | aj ∈ N [bi]} \ {i}
13 foreach j in J do
14 if ϕ(ai) = ϕ(aj) and ϕ(ai) ̸= 2c then
15 if ϕ(ai−2) ̸= 2c then
16 ϕ(ai)← 2c

17 if ϕ(ai−2) = 2c  then
18 ϕ(aj)← 2c

// Exit the inner loop after processing
19 break

when n ≡ 1 (mod 4), j = n− 1, and k = n: the color sequence is either 2a2b2c or 2b2c2a;

when n ≡ 2 (mod 4), j = n− 1, and k = n: the color sequence is either 2a2b2a or 2b2b2a;

when n ≡ 3 (mod 4), i = n− 3, j = n− 2, and k = n: the color sequence is 2b2a2b;

when n ≡ 3 (mod 4), j = n− 3, and k = n− 2: the color sequence is either 2a2a2b or 2b2a2b.

In either case, elements in N [bi] are not in the same color. □

Next, we apply the CONFLICTS-RESOLVING algorithm to resolve potential pairs of conflicts arising from the colors 2a
or 2b by recoloring additional vertices with the color 2c . In the beginning of the CONFLICTS-RESOLVING algorithm, we 
determine N [bi] for every 1 ≤ i ≤ n by building a dictionary N . Given a dictionary N : K → Y  (where K  is the set of 
keys and Y  is the set of values), the domain is defined as:

dom(N ) = {k ∈ K | ∃y ∈ Y ,N (k) = y}.

This means dom(N ) is the set of all keys k for which N [k] has an associated value. One can easily see that the keys for 
the dictionary N  here are b1, b2, . . . , bn. After this, we check for every even i whether N [bi] contains a pair of vertices ai
and aj such that they are both colored 2a or 2b. Note that if such a pair exists, then j is uniquely determined by i according 
to Lemma  2.3; thereafter, we recolor ai with 2c if ϕ(ai−2) ̸= 2c , or aj with 2c otherwise.

Finally, we integrate the RECOLORING algorithm and the CONFLICTS-RESOLVING algorithm to formulate the
PACKING-COLORING algorithm. This ultimately yields the desired S-packing coloring of the Halin graph G, satisfying 
all distance constraints specified by the sequence S := (12, 23). However, this conclusion is not self-evident. This will be 
verified in the next section.

3. Algorithm verification and complexity

The PACKING-COLORING algorithm outputs a coloring of G using colors from {1, 1′, 2a, 2b, 2c}. To verify this is a 
(12, 23)-packing coloring, we show a series of lemmas as follows.

Lemma 3.1.  Vertices colored with 1 (or 1′) induce an independent set.

Proof.  The PACKING-COLORING algorithm begins by properly coloring the characteristic tree T  using two colors, 1 and 1′. 
Upon reaching line 12, the algorithm proceeds to recolor all vertices on the adjoint cycles according to two distinct cases. 
20
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Algorithm 5: PACKING-COLORING(G)
Input: A Halin graph G = T ∪ C with ∆(G) ≤ 5, where T  is the characteristic tree and C := a1a2 · · · ana1 is the 

adjoint cycle of G.
Output: A (12, 23)-packing coloring of G

// Construct a 2-coloring ϕ of T  by two colors 1 and 1′
1 Initialize an empty coloring ϕ for all vertices in T
2 Choose an arbitrary root vertex r in T
3 Perform a BFS starting from r to traverse the tree T
4 foreach vertex v in T  in the order of traversal do
5 if v is the root r then
6 ϕ(v)← 1
7 else
8 if the parent of v has color 1 then
9 ϕ(v)← 1′

10 else
11 ϕ(v)← 1

12 RECOLORING(ϕ(a1), ϕ(a2), · · · , ϕ(an)) 
13 CONFLICTS-RESOLVING(ϕ(a1), ϕ(a2), · · · , ϕ(an)) 

In each case, when a vertex ak from the set {1, 1′} is recolored using either the CASE-1 or CASE-2 algorithm, the color 
chosen is distinct from the one currently assigned to bk. Throughout the execution of the algorithms CASE-1, CASE-2, 
and RECOLORING, no two consecutive vertices in the adjoint cycle C are assigned the same color. It is noteworthy that, in 
the CASE-1 algorithm, vertex a1 is reassigned the color 11, while vertex an is always reassigned the color 1n. Given that 
the original colors of a1 and an, as determined by lines 1–11 of the PACKING-COLORING algorithm and lines 3–6 of the
RECOLORING algorithm, are distinct, it follows that ϕ(b1) ̸= ϕ(bn) and thus 11 ̸= 1n. Consequently, the vertices colored 
with 1 (or 1′) induce an independent set.

Given that the CONFLICTS-RESOLVING algorithm does not introduce any new vertices colored with 1 or 1′, the 
conclusion that vertices colored with 1 (or 1′) induce an independent set remains valid even after executing line 13. □

A 2-independent set is defined as a vertex subset in which the distance between any pair of vertices is at least 3.

Lemma 3.2.  Once the execution of the CONFLICTS-RESOLVING algorithm is finished,
1. vertices colored with 2a (or 2b) induce a 2-independent set;
2. for every i ∈ [n], the set N [bi] does not contain two vertices colored with the color 2c .

Proof.  Upon completing line 12 of the PACKING-COLORING algorithm, the color 2a or 2b is present exclusively within 
the adjoint cycle C .

Now, it is straightforward to observe that if two vertices ai and aj are both colored with 2a (or 2b) and are located at 
a distance of at most 2 from each other, then bi = bj. In this case, we simply say that vertex ai has an AB-conflict caused 
by bi.

We now show that the CONFLICTS-RESOLVING algorithm can resolve all AB-conflicts. Suppose that ai has an 
AB-conflict caused by bi. It follows |N [bi]| ≥ 2.

If |N [bi]| = 2, then there is another vertex aj adjacent to bi that has the same color with ai. The CONFLICTS-
RESOLVING algorithm would recolor one of ai or aj with the color 2c , thus resolving the AB conflict caused by 
bi.

If |N [bi]| ̸= 2, then |N [bi]| = 3 by Lemma  2.1. Let ai, aj, and ak be the three vertices on C that are adjacent to vertex bi. 
The proof of Lemma  2.3 specifies the initial colors assigned to ai, aj, and ak. Upon executing the CONFLICTS-RESOLVING
algorithm, exactly one of these vertices (ai, aj, or ak) is recolored. Consequently, after the algorithm completes, the colors 
of ai, aj, and ak will consist of 2a, 2b, and 2c . This resolves the AB-conflict caused by bi.

On the other hand, the CONFLICTS-RESOLVING algorithm would not introduce new AB-conflicts, because N [bi] ∩
N [bj] = ∅ for every bi ̸= bj. Therefore, when the PACKING-COLORING algorithm is applied, every pair of vertices colored 
with 2a or 2b will be at a distance of at least 3 from each other. This proves the first conclusion.

Next, we can prove the second conclusion in a similar manner. Suppose that, at this stage, there exists some bi such 
that N [bi] contains two vertices colored with the color 2c . Then, there must have been an AB-conflict caused by bi and 
|N [bi]| = 3. However, the previous proof demonstrates that upon applying the CONFLICTS-RESOLVING algorithm, the 
three vertices in N [bi] are respectively colored with 2a, 2b, and 2c . This contradicts our assumption, thus ruling out such 
a case. □
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Fig. 2. Illustrations of Properties I,II, and III.

If the color of a vertex ai is 2c before applying the CONFLICTS-RESOLVING algorithm, then we refer to ai as an original 
C-vertex. If a vertex ai is an original C-vertex, and N [bi] contains either vertices in color 2a or 2b, then we say that ai is 
separated.

If the color of a vertex ai is not 2c before applying the CONFLICTS-RESOLVING algorithm, but it is recolored to 2c after 
the algorithm is applied, then we refer to ai as a newly introduced C-vertex. For a newly introduced C-vertex ai, it must 
have an AB-conflict caused by bi before applying the CONFLICTS-RESOLVING algorithm. Therefore, we let aj ∈ N [bi] be 
a vertex such that ai and aj have the same color. Note that j is uniquely determined by i according to Lemmas  2.1 and
2.3. For convenience, we set i∗ := j.

Lemma 3.3.  Suppose that ai and aj are both colored with 2a or 2b prior to the execution of the CONFLICTS-RESOLVING 
algorithm, and bi = bj where i < j. If aj is a newly introduced C-vertex, then prior to applying the CONFLICTS-RESOLVING 
algorithm, at least one of the following properties must hold:
Property I Either ai−2 is an original C-vertex (see Fig.  2(a)) or a newly introduced C-vertex with (i− 2)∗ > j (see Fig.  2(b)); 

or
Property II Property I does not hold, and there exist an original C-vertex ak0  and a sequence of newly introduced C-vertices 

{akℓ : 1 ≤ ℓ ≤ r} along the clockwise path from an to ai on C (k0 = n is possible) such that:

• kr = i− 2,
• k∗ℓ = kℓ−1 + 2 for all 1 ≤ ℓ ≤ r, and
• Vertices in {akℓ+1} are colored 1 or 1′ for every 1 ≤ ℓ ≤ r (see Fig.  2(c)); or

Property III Neither I nor II holds, and there exists a sequence of newly introduced C-vertices {akℓ : 0 ≤ ℓ ≤ r} along the 
clockwise path from an to ai on C such that:

• k∗0 > j,
• kr = i− 2,
• k∗ℓ = kℓ−1 + 2 for all 1 ≤ ℓ ≤ r, and
• Vertices in {akℓ−1+1} are colored 1 or 1′ for every 1 ≤ ℓ ≤ r (see Fig.  2(d)).

Proof.  Since aj is a newly introduced C-vertex, we have i = j∗. By lines 17 and 18 of CONFLICTS-RESOLVING, when the 
loop at line 10 reaches this specific i, the color of a  must be 2 . If a  is an original C-vertex or an newly introduced 
i−2 c i−2
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C-vertex with (i− 2)∗ > j, the process terminates and we are done. Otherwise, ai−2 is a newly introduced C-vertex with 
(i− 2)∗ < i. By List  2 the color of ai−1 must be 1 or 1′.

By replacing ai−2 (i.e., aj∗−2) with aj in the prior analysis, we deduce the existence of another newly introduced C-vertex 
encountered earlier along C (leveraging the property that the Halin graph has no edge crossings). Again, by lines 17 and 
18, when the loop reaches (i− 2)∗, the color of a(i−2)∗−2 must be 2c .

− If a(i−2)∗−2 is an original C-vertex or a newly introduced C-vertex with ((i − 2)∗ − 2)∗ > j, the process terminates 
with r = 1. By Lemma  2.2, a(i−2)∗−1 has color 1 or 1′.

− Otherwise, we replace the newly introduced C-vertex a(i−2)∗−2 with ai−2 and identify a((i−2)∗−2)∗−2. This vertex is 
either:

• an original C-vertex or a newly introduced C-vertex with (((i − 2)∗ − 2)∗ − 2)∗ > j (terminating the process 
with r = 2), or
• a newly introduced C-vertex with (((i− 2)∗ − 2)∗ − 2)∗ < j (necessitating further iteration).

However, this iteration cannot proceed indefinitely since n is finite, ensuring termination. □

Lemma 3.4.  Once the execution of the CONFLICTS-RESOLVING algorithm is finished, vertices colored with 2c induce a 
2-independent set.

Proof.  We prove this result by contradiction. Suppose that as and at (1 < s < t) are colored with 2c by the PACKING-
COLORING algorithm and they are in a distance of at most 2. According to Lemma 3.3, the distance between as and at
along C must be at most 2.

If both as and at are not newly introduced C-vertices, then Lemma  2.2 tells us that we are in the unique case that the 
color sequence assigned to a1, a2, . . . , an is i2c i2bi2ai2b · · · i2ai2bi2ai2c2a. Thus, the distance between as and at along C is 
3, a contradiction.

Next, we consider three distinct cases for further analysis.
Case 1. as is not a newly introduced C-vertex, whereas at is a newly introduced C-vertex.
In this case, we have s ̸= n. Consequently, according to Lemma  2.2, the colors assigned to a1, a2, . . . , an fall into one 

of the following three subcases:
(i) i2c i2bi2ai2b · · · i2ai2bi2ai2c2a;
(ii) i2c i2bi2ai2b · · · i2ai2b2a;
(iii) i2c i2bi2ai2b · · · i2ai2bi2a.

For subcase (i), there are two possibilities: either s = 2 and t = 4, or s = n− 1 and t = n.
In the situation where s = 2 and t = 4, by referring to the last six lines of the CONFLICTS-RESOLVING algorithm, a4

cannot be a newly introduced C-vertex. This is because ϕ(a2) = 2c .
In the case where s = n− 1 and t = n, an cannot be a newly introduced C-vertex. The reason is that bn is adjacent to 

both an−1 and an, and it is also adjacent to another vertex aj that is colored with 2b. As a result, there is no AB-conflict 
caused by bn.

For subcase (ii) or (iii), we have s = 2 and t = 4. Similarly, a4 cannot be a newly introduced C-vertex because 
ϕ(a2) = 2c .

Case 2. as is a newly introduced C-vertex, whereas at is not a newly introduced C-vertex
In this case, we have t ̸= 2 (because ϕ(a1) ̸∈ {2a, 2b, 2c} and thus it cannot be a newly introduced C-vertex). 

Consequently, according to Lemma  2.2, the colors assigned to a1, a2, . . . , an fall into one of the following three subcases:
(i) i2ai2b · · · i2ai2b2c , where N [bn] has a vertex aj colored with 2a or 2b and N [bn] has no other vertex besides aj colored 

with 2b when j = n− 1, or b2 is not adjacent to an aj ̸= a2 colored with 2a;
(ii) i2c i2bi2ai2b · · · i2ai2bi2ai2c2a, where there exists a vertex bj adjacent to both an−1 and an, and also adjacent to 

another vertex aj colored with 2b.
(iii) i2ai2b · · · i2ai2bi2c , where N [bn] has no vertex colored with 2a or 2b and b2 is adjacent to an aj ̸= a2 colored with 

2a.

For subcase (i), we have s = n−1 and t = n. Since an is colored with 2c , it follows that i∗ ̸> n−1 for all i. Additionally, 
an−1 is a newly introduced C-vertex, and an−3 is not colored with 2c . Thus, we do not satisfy Properties I or III of Lemma 
3.3 (with j := n − 1 and i := (n − 1)∗). Instead, we are in Property II of the lemma, which requires the existence of an 
original C-vertex ak0 , and a sequence of newly introduced C-vertices {akℓ : 1 ≤ ℓ ≤ r} along the clockwise path from an
to ai on C , such that kr = i− 2 and k∗ℓ = kℓ−1 + 2 for all 1 ≤ ℓ ≤ r .

Since an is the unique original C-vertex, we must have k0 = n. The sequence then satisfies k∗1 = 2 and that b2 is 
adjacent to some vertex other than a2 colored with 2a. This implies N [bn] ∩ {2a, 2b} ̸= ∅ by the condition of the subcase 
(i). Suppose b  is adjacent to a  (x ̸= n) colored with 2  or 2 . Since G is a Halin graph, it must satisfy k∗ > x. Given 
n x a b 1
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k∗1 = 2, the only possible x is x = 1. However, a1 is colored with 1 or 1′, contradicting the assumption that ax is colored 
with 2a or 2b.

For subcase (ii), we have s = n− 3 and t = n− 1 since a1 cannot be a newly introduced C-vertex. In this subcase, bn
does not cause any AB-conflict, and an−2 is colored either with 1 or 1′. Consequently, i∗ ≱ n− 3 for all i. Thus, following 
a similar rationale as before, we find ourselves in Property II of Lemma  3.3 (where j := n − 3 and i := (n − 3)∗). This 
property necessitates the presence of an original C-vertex ak0 , along with a sequence of newly introduced C-vertices 
{akℓ : 1 ≤ ℓ ≤ r} along the clockwise path from an to ai on C . This sequence must satisfy kr = i− 2 and k∗ℓ = kℓ−1+ 2 for 
all 1 ≤ ℓ ≤ r .

There are only two original C-vertices. If k0 = n, then k∗1 = 2, which is impossible because a2 is an original C-vertex. 
If k0 = 2, then k∗1 = 4. Since aj has the color 2b and N [bj] = {aj, an−1, an}, we deduce that k∗1 > j by the fact that G is 
a Halin graph. It follows that j ≤ 3. However, a1 and a3 are colored either with 1 or 1′, and a2 is colored with 2c . This 
contradicts the assumption that aj is colored with 2b.

For subcase (iii), we can handle it similarly to how we dealt with subcase (i).
Case 3. as and at are both newly introduced C-vertex.
First, we have t∗ < s. Otherwise, by lines 17–18 of the CONFLICTS-RESOLVING algorithm, at would not be recolored 

with 2c . By the definition of t∗, we know that bt causes an AB-conflict and at∗  is colored with 2a or 2b. By Lemma  2.2, 
regardless of the situation, a1 is colored with 1 or 1′, and original C-vertices can exist at most among a2, an−1, and an. 
Thus, t∗ ≥ 2 and at∗  is not an original C-vertex. If there exists an original C-vertex aj with t∗ < j < s, then j = 2. This 
implies t∗ = 1, a contradiction.

Now, since each aj with t∗ < j < s is not an original C-vertex, it follows that as−2 is also not an original C-vertex. 
Given that G is a Halin graph, we have t∗ < s∗ < s and x∗ ≤ s for every t∗ < x < s.

Applying Lemma  3.3 with j = s and i = s∗, we observe that its Property I does not hold.
If Property II holds instead, then there exist an original C-vertex ak0  and a sequence of newly introduced C-vertices 

{akℓ : 1 ≤ ℓ ≤ r} along the clockwise path from an to ai on C , such that kr = i − 2 and k∗ℓ = kℓ−1 + 2 for all 1 ≤ ℓ ≤ r . 
Since G is a Halin graph, k0 + 2 (mod n) = k∗1 > t∗ ≥ 2. By Lemma  2.2, k0 must be one of {2, n− 1, n}. Thus, k0 = 2 and 
consequently k∗1 = 4. This forces t∗ = 3. However, a3 is always colored with 1 or 1′ by Lemma  2.2, contradicting the fact 
that at∗  is colored with 2a or 2b.

We now consider the final case where Property III of Lemma  3.3 holds. That is, there exists a sequence of newly 
introduced C-vertices {akℓ : 0 ≤ ℓ ≤ r} along the clockwise path from an to ai on C , satisfying: k∗0 > s, kr = i − 2, and 
k∗ℓ = kℓ−1+2 for all 1 ≤ ℓ ≤ r . Since G is a Halin graph, its structural properties imply t∗ < k0 < s. However, this directly 
contradicts the established condition that x∗ ≤ s for every t∗ < x < s. □

Theorem 3.5.  The PACKING-COLORING algorithm returns a (12, 23)-packing coloring.

Proof.  This follows directly from Lemmas  3.1, 3.2, and 3.4. □

Theorem 3.6.  The PACKING-COLORING algorithm operates in linear time, i.e., it has a time complexity of O(|G|).

Proof.  First, the 2-coloring process applied to the characteristic tree T  using a Depth-First Search (BFS) traversal operates 
in O(t) time, where t represents the number of vertices in T . The RECOLORING algorithm, which encompasses the CASE-1
and CASE-2 subroutines, processes each case in O(n) time, with n being the number of vertices in the adjoint cycle C . The
CONFLICTS-RESOLVING algorithm, crucial for resolving color conflicts, also operates within O(n) time. This is because 
constructing the set L and the dictionary N  each take O(n) time. The conflict resolution loop iterates over each even index 
i from 1 to n. For each even i, the algorithm computes the set J . Given that the size of J is roughly bounded by 4 (note 
that N [bj] has at most 5 vertices because the maximum degree of G is at most 5), the inner loop iterating over J runs in 
constant time O(1), as it performs at most 4 iterations. Therefore, the entire conflict resolution loop retains a linear time 
complexity of O(n), since the outer loop is O(n) and the inner loop is O(1). Consequently, the overall time complexity of 
the PACKING-COLORING algorithm is O(t + n) = O(|G|). □

4. Open questions

When applying the PACKING-COLORING algorithm to color a Halin graph G with ∆(G) ≤ 5, we observe that color 2c
is assigned to relatively few vertices. This observation leads us to investigate whether the algorithm can be modified to 
ensure that the minimum distance between any two vertices colored with 2c exceeds the current constraint. We formalize 
this inquiry as follows:

Question 4.1.  Are Halin graphs with maximum degree at most 5 (12, 22, 3)-packing colorable?

In the PACKING-COLORING algorithm, all non-leaf vertices of the characteristic tree of a Halin graph G are colored 1 
or 1′. This actually gives a special (12, 23)-packing coloring of G. Perhaps the following question is interesting:
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Question 4.2.  Let G be a Halin graph with maximum degree ∆, where T  is the characteristic tree and C is the adjoint cycle. 
What is the minimum ℓ := ℓ(∆) such that G admits a (12, 2ℓ)-packing coloring where all vertices in V (T ) \ V (C) (the internal 
vertices of T  not on C) are colored with the first two colors labeled by 1 in the sequence?

For Halin graphs with maximum degree ∆ ≥ 6, we pose the following fundamental problem in packing coloring 
theory:

Question 4.3.  Determine the optimal parameters (k, ℓ) such that every Halin graph G with maximum degree ∆ admits a 
(1k, 2ℓ)-packing coloring. Specifically, how does the feasible region of (k, ℓ) expand as ∆ increases?
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