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 a b s t r a c t

In this paper, we introduce the notion of 2-boundary planar graphs. A graph is 2-
boundary planar if it has an embedding in the plane so that all vertices lie on the
boundary of at most two faces and no edges are crossed. A proper coloring of a graph
is odd if every non-isolated vertex has some color that appears an odd number of times
on its neighborhood. Petruševski and Škrekovski conjectured in 2022 that every planar
graph admits an odd 5-coloring. We confirm this conjecture for 2-boundary planar
graphs. Moreover, we present several questions regarding 2-boundary planar graphs that
are of independent interest.

© 2025 Elsevier B.V. All rights are reserved, including those for text and data mining, AI
training, and similar technologies.

1. Introduction

Recently, Petruševski and Škrekovski [19] introduced the new notion of odd coloring. An odd k-coloring of a graph G
is a vertex coloring ϕ : V (G) −→ [k] such that

• ϕ(u) ̸= ϕ(v) for each pair of adjacent vertices u and v;
• for every non-isolated vertex v ∈ V (G) there is a color i ∈ [k] such that the size of {u ∈ NG(v) | ϕ(u) = i} is odd,

where [k] := {1, 2, . . . , k}. Let
χo(G) = min{k | G has an odd k-coloring}

be the odd chromatic number of G. Petruševski and Škrekovski [19] showed that if G is a planar graph then χo(G) ≤ 9, and 
made the following conjecture.

Conjecture 1. χo(G) ≤ 5 for every planar graph G.
It is easy to see that χo(C5) = 5, so the bound in this conjecture is sharp if it was correct. Recently, Petr and Portier [18] 

improved the bound for the odd chromatic number of planar graphs to 8, which is best known until now.
Towards Conjecture  1, Caro, Petruševski, and Škrekovski [4] showed that every outerplanar graph is odd 5-colorable. 

Kashima and Zhu [12] showed that a connected outerplanar graph G is odd 4-colorable if and only if G contains a block 
which is not a copy of the cycle of length 5. This strengthens the result by Caro, Petruševski, and Škrekovski, and gives 
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Fig. 1. 2-boundary planar graphs.

a complete characterization of odd 4-colorable outerplanar graphs. Besides, it is natural to consider planar graphs with 
girth or cycle restriction. For each integer t ≤ 7, let gt be the minimum integer such that every planar graph with girth at 
least gt has an odd t-coloring. Cranston [6] showed g6 ≤ 6 and g5 ≤ 7. Cho, Choi, Kwon, and Park [5] showed g4 ≤ 11 and 
g7 ≤ 5. Note that g3 = +∞ as cycles of length not multiple of 3 are not odd 3-colorable. Wang and Yang [23] showed 
that if G is a planar graph without 4−-cycles adjacent to 7−-cycles, then G is odd 6-colorable.

The average degree ad(G) of a graph G is 2|E(G)|/|V (G)|. The maximum average degree mad(G) of a graph G is the value of 
max{ad(H) | H ⊆ G}. From the well-known Euler’s formula, one can conclude that mad(G) < 2g/(g − 2) for every planar 
graph G with girth at least g . So a natural way to generate the above results on planar graphs with girth restriction is to 
investigate the same problem for graphs with bounded maximum average degree. In view of this, Cranston [6] showed 
χo(G) ≤ 5 if mad(G) < 20/7, and χo(G) ≤ 6 if mad(G) < 3. Cho, Choi, Kwon, and Park [5] proved χo(G) ≤ t if t ≥ 7 and 
mad(G) < 4t/(t − 2), and χo(G) ≤ 4 if G is an induced 5-cycle-free graph with mad(G) ≤ 22/9. Note that the latter result 
implies g4 ≤ 11 that was mentioned before.

Apart from Conjecture  1, it is noteworthy that numerous research groups have delved into the study of odd coloring 
of 1-planar graphs, which are graphs that can be embedded in the plane so that each edge is crossed at most once. 
Cranston, Lafferty, and Song [7] proved χo(G) ≤ 23 for every 1-planar graph G. This bound was improved to 16 by Niu 
and Zhang [17], and later to 13 by Liu, Wang, and Yu [16].

In this paper, we introduce a subclass of planar graphs that generalizes outplanar graphs. A 2-boundary planar graph
is a graph that has an embedding in the plane so that all vertices lie on the boundary of at most two faces and no edge is 
crossed, and we call such an embedding 2-boundary plane graph. Fig.  1 gives some examples of 2-boundary plane graphs; 
note that they are not outerplanar, as we can find a K4-minor in each graph.

In this paper, we verify Conjecture  1 for 2-boundary planar graphs by the following theorem. The bound 5 is sharp as 
C5 is 2-boundary planar and χo(C5) = 5. 

Theorem 2.  Every 2-boundary planar graph has an odd 5-coloring.
Origination: In Section 2, we begin by delineating the structures of 2-boundary planar graphs. Subsequently, in 

Section 3, we introduce the concept of odd non-k-colorable minimal graphs. We then proceed to prove Theorem  2 by 
demonstrating that every configuration derived in Section 2 is odd k-reducible (see its definition in Section 3) for all 
integers k ≥ 5. In Section 4, we offer some concluding observations. In particular, we propose several intriguing problems 
related to 2-boundary planar graphs, which hold independent significance.

2. Structural properties

For a graph G and a vertex set S ⊆ V (G), G − S denotes the graph obtained from G by removing all vertices of S. If 
S = {v}, then we write G − v instead of G − {v}. For a graph G and two vertices u, w ∈ V (G), G + uw denotes the graph 
obtained from G by connecting u with w with an edge if uw ̸∈ E(G), or denotes G itself otherwise.

In this section, we focus on 2-boundary planar graphs embedded in the plane without crossings and all vertices lie on 
the boundaries of exactly two faces,3 one of which is unbounded and the other is bounded. We call the unbounded face 
outer face and the bounded face inside face, denoted by fout and fin respectively. Other faces are called interior faces. By 
V (fout ) (resp.  V (fin)) we denote the set of vertices on fout (resp.  fin). Note that it is possible that V (fout ) ∩ V (fin) ̸= ∅ (see 
the last three pictures of Fig.  1). If this occurs, we call vertices in V (fout ) ∩ V (fin) shared vertices. Let

∆̃(G) = max
{
dG(u)

⏐⏐ u ∈ V (G) \
(
V (fout ) ∩ V (fin)

)}
.

For an edge uv ∈ E(G) such that {u, v} ⊆ V (fout ) or {u, v} ⊆ V (fin), it is a chordal edge if u and v are not consecutive on 
fout or fin, respectively, and boundary edge otherwise. An edge uv ∈ E(G) is an interconnected edge if u ∈ V (fout ), v ∈ V (fin), 
and {u, v} ∩ V (fout ) ∩ V (fin) = ∅.

3 When there is just one boundary face, the graphs are outerplanar, and Theorem  2 applies based on the findings of Caro, Petruševski, and 
Škrekovski [4]. So, this is not the case we are focusing on.
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Fig. 2. 4-regular 2-boundary planar graphs.

A k-vertex is a vertex v ∈ V (G) with dG(v) = k. A vertex with odd (resp. even) degree is an odd vertex (resp.  even 
vertex). A neighbor of a vertex is odd neighbor if it is an odd vertex (see Fig.  3). A k-fan with center v is a graph on vertices 
v, u0, . . . , uk−1 such that vui and uiui+1 are edges for each possible i, denoted by F [v; u0 · · · uk−1].

Lemma 3.  Every 2-boundary planar graph G contains one of the following configurations unless G is isomorphic to P as 
described in Fig.  2:
(a3) a vertex v of degree 1;
(b3) a triangle uvwu with dG(v) = 2;
(c3) a path uvw with dG(v) = 2 and uw ̸∈ E(G) such that G − v + uw is 2-boundary planar;
(d3) a 3-vertex v with two odd neighbors;
(e3) a triangle vxyv such that dG(v) = 4, dG(x) = dG(y) = 3, and all neighbors of v are odd;
(f3) a triangle vxyv adjacent to two triangles uxvu and wvyw such that u ̸= w, dG(v) = dG(x) = dG(y) = 4, and dG(u) = 3;
(g3) two adjacent triangles xuvx and yuvy with dG(u) = dG(v) = 3;
(h3) two adjacent triangles xuvx and yuvy with dG(u) = 4 and dG(v) = dG(x) = 3;
(i3) two adjacent triangles xuvx and yuvy with dG(u) = dG(v) = 4, dG(x) = 3 and dG(y) being odd;
(j3) a 5-fan F [v; u0u1u2u3u4] such that dG(v) = 5, dG(u1) = dG(u3) = 4, and dG(u2) = 3;
(k3) a 5-fan F [v; u0u1u2u3u4] such that dG(v) = 6, dG(u1) = 4, and dG(u2) = dG(u3) = 3;
(l3) two 5-fans F [v; u0u1u2u3u4] and F [u1; u2vu0xy] such that dG(v) = dG(u1) = 6, dG(u0) = dG(x) = dG(u2) = dG(u3) = 3, 

and the vertex in NG(v) \ {u0, u1, u2, u3, u4} is an odd vertex,
see Fig.  3.

Proof.  Suppose by contradicting that G is a 2-boundary planar graph such that it contains none of the above configurations 
and |V (G)| is as small as possible.

If G is an outerplanar graph, then G contains (a3), (b3), or (c3) (see [3,15]), a contradiction. Hence G has an outer face 
fout and an inside face fin.

Clearly, G is connected and δ(G) ≥ 2 by the absence of (a3).

Claim 1. δ(G) ≥ 3.

Proof.  Let v be a 2-vertex in G such that NG(v) = {u, w}. If v is a shared vertex, then uv and vw are boundary edges and 
uw ̸∈ E(G). This implies the occurrence of (c3). If v is not a shared vertex, then assume w.l.o.g.  that v ∈ V (fout ) \ V (fin). 
Now u, w ∈ V (fout ). If uw ∈ E(G), then (b3) occurs. If uw ̸∈ E(G), then G − v + uw is 2-boundary planar and thus (c3) 
occurs. Hence δ(G) ≥ 3. □

Claim 2. G does not have any chordal edge.

Proof.  If G has a chordal edge, then choose one, say uv, such that there is no other chordal edge xy such that u, x, y, v
lies in this ordering on fout (or fin). This implies that there is a 2-vertex z such that uz ∈ E(G), contradicting Claim  1. □

Claim 3.  If v is a shared vertex then dG(v) ≤ 4.

Proof.  Assume w.l.o.g.  v ∈ V (fout )∩ V (fin). By Claim  2, v has at most two neighbors in V (fout ) and at most two neighbors 
in V (f ). Hence d (v) ≤ 2 + 2 = 4. □
in G
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Fig. 3. This figure shows Configurations (e3)–(l3), where solid vertices have degrees equal to their incident edges, hollow vertices have degrees at 
least their incident edges, and ‘‘odd’’-marked vertices have odd degrees in G.

Claim 4.  If v ∈ V (fout ) \ V (fin) (resp.  v ∈ V (fin) \ V (fout )) and u1, u2, . . . , ud−2 (d ≥ 4) are all neighbors of v in V (fin) (resp.
V (fout )) lying in this ordering on V (fin) (resp.  V (fout )), then uiui+1 is a boundary edge for each 1 ≤ i ≤ d − 3, and moreover, 
dG(ui) = 3 for each 2 ≤ i ≤ d − 3.

Proof.  Suppose that there is some vertex w such that ui, w, ui+1 lie in this ordering on fin (resp.  fout ) for some 1 ≤ i ≤ d−3. 
Since G does not have any chordal edge by Claim  2, w has at most two neighbors in V (fin) (resp.  V (fout )). Further, since 
dG(w) ≥ 3 by Claim  1, w has at least one neighbor in V (fout ) (resp.  V (fin)). Since no edge is crossed in G, the neighbor of 
w in V (fout ) (resp.  V (fin)) must be v. This is a contradiction as w is not a neighbor of v.

So ui and ui+1 are consecutive on V (fin) (resp.  V (fout )) for each 1 ≤ i ≤ d− 3. If uiui+1 ̸∈ E(G), then uivui+1 would be a 
path on V (fin) (resp.  V (fout )). This implies v ∈ V (fin) (resp  v ∈ V (fout )), a contradiction. Hence uiui+1 ∈ E(G), i.e., uiui+1 is 
a boundary edge. It gives NG(ui) = {ui−1, ui+1, v} for each 2 ≤ i ≤ d − 3, implying dG(ui) = 3. □

Now we divide the main proof into a series of cases.
Case 1: ∆̃(G) ≥ 6.

Choose w.l.o.g. a vertex v ∈ V (fout ) \ V (fin) such that dG(v) = ∆̃(G) := d ≥ 6. Since G does not have any chordal edge, 
there are d− 2 neighbors of v, say u1, u2, . . . , ud−2, in V (fin) \ V (fout ). We assume that u1, u2, . . . , ud−2 lie in this ordering 
on fin. Note that by our assumption none of ui is a shared vertex.

By Claim  4, d(ui) = 3 for each 2 ≤ i ≤ d − 3. If d ≥ 7, then u3 is a 3-vertex with two odd neighbors u2 and u4, and 
thus a configuration (d3) appears. Hence d = 6. Similarly, u1 is an even vertex as otherwise u2 is a 3-vertex with two 
odd neighbors u1 and u3, implying the appearance of (d3). By Claims  1 and 3, u1 has degree 4 or 6. By symmetry, u4 has 
degree 4 or 6, too.

If dG(u1) = 4, then there is a vertex u0 ∈ V (fout ) such that u0u1 ∈ E(G). If vu0 ̸∈ E(G), then by Claim  2 there would 
a 2-vertex w such that vw ∈ E(G), contradicting Claim  1. Hence vu0 ∈ E(G) and a 5-fan F [v; u0u1u2u3u4] as depicted by 
(k3) appears. By symmetry, if dG(u4) = 4 then another copy of (k3) appears in G. Hence dG(u1) = dG(u4) = 6.

By Claims  2 and 4, there are vertices u0, x, y ∈ V (fout ) such that vu0xy is a path with dG(u0) = dG(x) = 3. By symmetry, 
there is a vertex z ∈ V (fout ) such that vz, zu4 ∈ E(G) and dG(z) = 3. Hence two 5-fans F [v; u0u1u2u3u4] and F [u1; u2vu0xy]
as depicted by (l3) appear.
Case 2: ∆̃(G) = 5.

Choose w.l.o.g. a vertex v ∈ V (fout ) \ V (fin) such that dG(v) = 5. Since G does not have any chordal edge by Claim  2, 
there are three neighbors of v, say u1, u2, u3, in V (fin) \ V (fout ). We assume that u1, u2, u3 lie in this ordering on V (fin). By 
Claim  4, u1u2u3 is a path on fin and dG(u2) = 3. By the absence of the configuration (d3), dG(u1) and dG(u3) are even. Since 
u , u ̸∈ V (f ), they are not shared vertices and thus d (u ) = d (u ) = 4 as ∆̃(G) = 5.
1 3 out G 1 G 3
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Since chordal edges are forbidden in G, u1 or u3 has a neighbor u0 or u4 on V (fout ) \ V (fin) such that vu0 and vu4 are 
both boundary edges on fout by Claim  4. Hence a 5-fan F [v; u0u1u2u3u4] as depicted by (j3) appears.
Case 3: ∆̃(G) = 4.

Choose w.l.o.g. a vertex v ∈ V (fout ) \ V (fin) such that dG(v) = 4. Since G does not have any chordal edge by Claim  2, 
there are two neighbors of v, say u1, u2, in V (fin)\V (fout ). By Claim  4, u1u2 is a boundary edge on fin. Since u1, u2 ̸∈ V (fout ), 
they are not shared vertices and thus dG(u1), dG(u2) ≤ ∆̃(G).

We claim that either dG(u1) = 4 or dG(u2) = 4. Otherwise, dG(u1) = dG(u2) = 3. Let {v1} = NG(u1) \ {v, u2}

and {v2} = NG(u2) \ {v, u1}. If v1 ∈ V (fout ), then vv1 is a boundary edge by Claim  2, and thus (h3) appears. Hence 
v1 ∈ V (fin) \ V (fout ) and by symmetry v2 ∈ V (fin) \ V (fout ). It follows that v1 and v2 are not shared vertices. Hence 
dG(v1) = dG(v2) = 4 by Claim  1 and by the absence of the configuration (d3). By Claim  2, for each i = 1, 2, vi has two 
neighbors xi and wi on fout such that x1w1vw2x2 is a path of G. It follows that dG(w1) = dG(w2) = 3 and thus (e3) appears.

We now assume by symmetry that dG(u2) = 4. Since chordal edges are forbidden in G, there is another vertex besides 
v, say w2, acting as a neighbor of u2 on V (fout ) \ V (fin). By Claim  4, vw2 is a boundary edge on fout .

If dG(u1) = 3 and dG(w2) is odd, then the configuration (i3) appears.
If dG(u1) = 3 and dG(w2) is even, then dG(w2) = 4 as w2 is not a shared vertex. So there is a vertex u3 on V (fin)\V (fout )

such that w2u3 ∈ E(G). By Claim  4, u2u3 is a boundary edge on fin, and thus the configuration (f3) appears.
If dG(u1) = 4, then there is a vertex w0 on V (fout )\V (fin) such that w0u1 ∈ E(G). By Claim  4, w0v is a boundary edge on 

fout . If dG(w2) = 3, then the configuration (f3) appears. Hence dG(w2) = 4. So there is a vertex u3 on V (fin) \ V (fout ) such 
that w2u3 ∈ E(G). By Claim  4, u2u3 is a boundary edge on fin. If dG(u3) = 3, then the configuration (f3) appears. Hence 
dG(u3) = 4.

Let w1 := v. For each i ≥ 1, we repeat the above arguments via letting wi+1, ui+1, ui+2 play the roles of 
wi, ui, ui+1, respectively, and would find two non-shared 4-vertices wi+2 and ui+3 such that wi+2ui+2, wi+2ui+3 ∈ E(G)
and wi+1wi+2, ui+2ui+3 are boundary edges unless (f3) occurs. Since the graph G is finite, if we forbid the configuration 
(f3) then this iterative process would finally end without finding any new vertex only if G ∼= P .

Case 4: ∆̃(G) = 3.
Choose w.l.o.g. a vertex v ∈ V (fout ) \ V (fin) such that dG(v) = 3. Since G does not have any chordal edge by Claim  2, 

there is one neighbor of v, say u, in V (fin)\V (fout ). As u is not a shared vertex, dG(u) = 3 by Claim  1. Let {x, y} ⊆ NG(u)\{v}. 
Clearly, x and y are on fin.

If x is not a shared vertex, then 3 ≤ dG(x) ≤ ∆̃(G) = 3 by Claim  1. This implies that the 3-vertex u has two odd neighbors 
v and x and then (d3) occurs. Hence x is a shared vertex and so does y by symmetry. It follows that x, y ∈ V (fout ) and 
therefore vx, vy are boundary edges on fout by Claim  2. Now, two adjacent triangles xuvx and yuvy as depicted by (g3) 
appear. □

3. Proof of Theorem  2

For two graphs H and G, we write H < G if |V (H)| + |E(H)| < |V (G)| + |E(G)|. Let G be a class of graphs G such that 
H ∈ G for every subgraph H of G. An odd non-k-colorable minimal graph (w.r.t.  G) is a graph G ∈ G such that

• χo(G) > k and
• χo(H) ≤ k for every graph H ∈ G with H < G.

A configuration is odd k-reducible in G if it cannot occur in an odd non-k-colorable minimal graph (w.r.t.  G).
Let H,G ∈ G with H < G and V (H) ⊆ V (G). For a coloring τ  of H and for a vertex v ∈ V (G) (note that v may not 

be colored at this moment), if there is a unique color i such that the size of {u ∈ NH (v) | ϕ(u) = i} is odd, then we set 
τo(v) = i, and otherwise we set τo(v) = 0. Note that τo(v) ̸= 0 implies dH (v) is odd.

For a set S of vertices we denote τ (S) = {τ (u) | u ∈ S} and τo(S) = {τo(u) | u ∈ S}. We say a color i is odd or even on 
S if the size of {u ∈ S | τ (u) = i} is odd or even.

Given an odd k-coloring τ  of H , if we extend it to G then the set of colors that cannot be used by a being colored vertex 
v ∈ V (G) \ V (H) is therefore

F τ (v) = [k] ∩

(
τ (NH (v)) ∪ τo(NH (v))

)
.

Formally, the set F τ (v) is called the forbidden set for v, and the set
Aτ (v) = [k] \ F τ (v)

is called the available set for v.
Note that we shall always check the oddness of v (i.e.whether there is some color that is odd on the neighborhood of 

v) after the extension.

Lemma 4.  A vertex v of degree 1 is odd k-reducible in G for every integer k ≥ 3.
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Proof.  If G is an odd non-k-colorable minimal graph containing such a configuration, then G′
:= G − v has an 

odd k-coloring τ . Let u ∈ NG(v). We extend τ  to G by coloring v with a color in [k] \ F τ (v). This is possible since 
F τ (v) = [k] ∩ {τ (u), τo(u)}. □

Lemma 5.  A triangle uvwu with dG(v) = 2 is odd k-reducible in G for every integer k ≥ 5.

Proof.  If G is an odd non-k-colorable minimal graph containing such a configuration, then G′
:= G − v has an odd 

k-coloring τ . Since F τ (v) = [k] ∩ {τ (u), τ (w), τo(u), τo(w)}, we can color v with a color in [k] \ F τ (v). This results in an 
odd k-coloring of G □

Lemma 6.  A path uvw with dG(v) = 2 and uw being a non-edge is odd k-reducible in G for every integer k ≥ 5 if 
G − v + uw ∈ G.

Proof.  If G is an odd non-k-colorable minimal graph containing such a configuration, then G′
:= G−v+uw admits an odd 

k-coloring τ  as G′
∈ G. Clearly, τ (u) ̸= τ (w). Assume w.l.o.g. that τ (u) = 1 and τ (w) = 2. Note that NG′ (u)\{w} = NG(u)\{v}

and NG′ (w) \ {u} = NG(w) \ {v}. We divide the proofs into three cases by symmetry.
Case 1. τo(u) = 2 and τo(w) = 1
Now every color in {3, 4, . . . , k} is even on both NG(u) \ {v} and NG(w) \ {v}. Hence we color v with 3 to obtain an odd 

k-coloring of G.
Case 2. τo(u) = 2 and τo(w) ̸= 1
Similarly, every color in {3, 4, . . . , k} is even on NG(u) \ {v}. If τo(w) = 0, then there is a color different from 1, say 3, 

that is odd on NG(w) \ {v}. If τo(w) ̸= 0, then assume w.l.o.g. that τo(w) = 3. In each case we color v with 4 to obtain an 
odd k-coloring of G.

Case 3. τo(u) ̸= 2 and τo(w) ̸= 1
If τo(u) ̸= 0 (assume w.l.o.g.  τo(u) = 3), then the colors 2 and 3 are odd on NG(u)\{v}. If τo(u) = 0, then there is a color 

different from 1 and 2 that is odd on NG(u) \ {v}. Hence in each case we find a color a ̸= 1, 2 that is odd on NG(u) \ {v}. 
Similarly, we can find a color b ̸= 1, 2 that is odd on NG(w) \ {v}. So we color v with a color in {3, 4, . . . , k} \ {a, b} to 
obtain an odd k-coloring of G. □

Lemma 7.  A 3-vertex v with two odd neighbors is odd k-reducible in G for every integer k ≥ 5.

Proof.  If G is an odd non-k-colorable minimal graph containing a 3-vertex v with NG(v) = {x, y, z} such that x and y are 
odd vertices of G, then G′

:= G−v admits an odd k-coloring τ . Now F τ (v) = [k]∩{τ (x), τ (y), τ (z), τo(x), τo(y), τo(z)}. Since 
x and y are even vertices of G′, τo(x) = τo(y) = 0. It follows |Aτ (v)| ≥ k − 4 ≥ 1. Hence we color v with a color in Aτ (v)
to obtain an odd k-coloring of G. Note that the oddness of v can be always guaranteed as v is an odd vertex of G. □

Lemma 8.  A triangle vxyv such that dG(v) = 4, dG(x) = dG(y) = 3, and all neighbors of v are odd is odd k-reducible in G for 
every integer k ≥ 5.

Proof.  If G is an odd non-k-colorable minimal graph containing such a configuration with NG(x) = {v, y, x′
}, NG(y) =

{v, x, y′
}, and NG(v) = {x, y, v1, v2}, then G′

:= G − {x, y} has an odd k-coloring τ .
Now F τ (x) = [k] ∩ {τ (x′), τ (v), τo(x′)}, and |Aτ (x)| ≥ k − 3 ≥ 2. We assume w.l.o.g.  Aτ (x) = {1, 2}.
We extend τ  to a k-coloring φ of G′′

= G−y by coloring x with 1. It follows that Aφ(y) = [k]\ {φ(y′), φo(y′), φ(v), φo(v),
φ(x)}. If |Aφ(y)| ≥ 1, then we extend φ to an odd k-coloring of G by coloring y with a color in Aφ(y). Hence we assume that 
k = 5 and {φ(y′), φo(y′), φ(v), φo(v)} = {2, 3, 4, 5}. Now we adjust the coloring φ to φ′ by recoloring x with 2. A similar 
argument as above implies {φ′(y′), φ′

o(y
′), φ′(v), φ′

o(v)} = {1, 3, 4, 5}.
Since φ(y′) = φ′(y′) and φ(v) = φ′(v), we assume w.l.o.g.  φ(y′) = 3 and φ(v) = 4. It follows φo(v) ∈ {2, 5}.
If φo(v) = 5, then {φ′(v1), φ′(v2)} = {φ(v1), φ(v2)} = {1, 5}, implying φ′

o(v) = 0, a contradiction.
If φo(v) = 2, then {φ′(v1), φ′(v2)} = {φ(v1), φ(v2)} = {1, 2}, implying φ′

o(v) = 1 and φo(y′) = φ′
o(y

′) = 5. Now we color 
y with 4 and recolor v with 5. This results in an odd 5-coloring of G. □

Lemma 9.  A triangle vxyv adjacent to two triangles uxvu and wvyw such that u ̸= w, dG(v) = dG(x) = dG(y) = 4, and 
dG(u) = 3 is odd k-reducible in G for every integer k ≥ 5.

Proof.  If G is an odd non-k-colorable minimal graph containing such a configuration, then G′
:= G − u has an odd 

k-coloring τ . Let x′
∈ NG(x) \ {u, v, y}, y′

∈ NG(y) \ {x, v, w}, and u′
∈ NG(u) \ {x, v}.

Now F τ (u) = [k] ∩ {τ (x), τ (v), τ (u′), τo(x), τo(v), τo(u′)}. If k ≥ 7, or k = 6 and |F τ (u)| ≤ 5, or k = 5 and |F τ (u)| ≤ 4, 
then we color u with a color in [k] \ F τ (u) to obtain an odd k-coloring of G. If k = 6 and |F τ (u)| = 6, then assume w.l.o.g.
τo(x) = 1, τo(v) = 2, τ (x) = 3, and τ (v) = 4. However τo(x) = 1 implies τ (y) = 1 but τo(v) = 2 implies τ (y) = 2, a 
contradiction. Hence k = 5 and [5] ⊆ {τ (x), τ (v), τ (u′), τo(u′), τo(x), τo(v)}. It follows that τo(x) ̸= 0 or τo(v) ̸= 0.

Case 1. τ (v) ̸= 0.
o

73



W. Liu, M. Qi and X. Zhang Discrete Applied Mathematics 380 (2026) 68–79
Assume w.l.o.g.  τ (v) = 1 and τo(v) = 2. It follows τ (y) = 2 and τ (w) = τ (x). Assume τ (x) = 3.
Subcase 1.1 τo(x) ̸= 0.
This situation implies {τo(x), τ (x′)} = {1, 2}. Since

[5] = {τ (x), τ (v), τ (u′), τo(x), τo(v), τo(u′)} = {1, 2, 3, τ (u′), τo(u′)},

{τ (u′), τo(u′)} = {4, 5}. Recolor x with a color in {4, 5} \ {τo(x′)} and then color u with 3. One can check that the resulting 
coloring is an odd 5-coloring of G.

Subcase 1.2 τo(x) = 0.
This situation implies |{τ (x′), τ (y), τ (v)}| = 3. So we assume w.l.o.g.  τ (x′) = 4. Since

[5] = {τ (x), τ (v), τ (u′), τo(x), τo(v), τo(u′)} = {1, 2, 3, τ (u′), τo(u′)},

{τ (u′), τo(u′)} = {4, 5}. If τo(x′) ̸= 5, then recolor x with 5 and color u with 3. If τo(x′) = 5, then recolor x with 1 and v
with a color in {4, 5} \ {τo(w)}, and color u with 3. In each case we obtain an odd 5-coloring of G.

Case 2. τo(v) = 0.
In this situation we have [5] = {τ (x), τ (v), τ (u′), τo(u′), τo(x)}. So we assume w.l.o.g.  that τ (x) = 1, τo(x) = 2, τ (v) = 3, 

τ (u′) = 4, and τo(u′) = 5. Now τo(x) = 2 forces τ (y) = 2 and τ (x′) = 3.
Since τo(v) = 0, |{τ (w), τ (x), τ (y)}| = 3. So τ (w) ∈ {4, 5}. Let τ (w) = a and b ∈ {4, 5} \ {a}.
If τo(x′) = a, then recolor x with b and color u with 1. If τo(x′) ̸= a and τ (y′) ̸= 3, then recolor x with a and color u

with 1. If τo(x′) ̸= a and τ (y′) = 3, then recolor x with a and v with a color in {1, b} \ {τo(w)}, and color u with 3. In each 
case we obtain an odd 5-coloring of G. □

Lemma 10.  The configuration comprising two adjacent triangles xuvx and yuvy with dG(u) = dG(v) = 3 is odd k-reducible 
in G for every integer k ≥ 5.

Proof.  If G is an odd non-k-colorable minimal graph containing such a configuration, then G′
:= G − v admits an 

odd k-coloring τ . Now Aτ (v) = [k] \ {τ (x), τ (y), τ (u), τo(x), τo(y)}. If |Aτ (v)| ≥ 1, then it is possible to color v with 
a color in Aτ (v) to complete an odd k-coloring of G. So we assume below that k = 5 and assume further w.l.o.g.
τ (x) = 1, τ (y) = 2, τ (u) = 3, τo(x) = 4, τo(y) = 5. Now we recolor u with 4 and color v with 5. The resulting coloring of 
G is an odd 5-coloring of G as the color 3 is odd on the neighborhood of both x and y. □

Lemma 11.  The configuration comprising two adjacent triangles yuvy and xuvx with dG(u) = 4 and dG(v) = dG(x) = 3 is 
odd k-reducible in G for every integer k ≥ 5.

Proof.  If G is an odd non-k-colorable minimal graph containing such a configuration, then G′
:= G − v admits an odd 

k-coloring τ .
Now Aτ (v) = [k] \ {τ (x), τ (y), τ (u), τo(y), τo(u)} as dG′ (x) = 2 and τo(x) = 0. If |Aτ (v)| ≥ 1, then we color v with 

a color in Aτ (v) to obtain an odd k-coloring of G. So we assume below that k = 5 and assume further w.l.o.g.  τ (x) =

1, τ (y) = 2, τ (u) = 3, τo(y) = 4, τo(u) = 5. However, since x and y are neighbors of u, 5 = τo(u) ∈ {τ (x), τ (y)} = {1, 2}, a 
contradiction. □

Lemma 12.  The configuration comprising two adjacent triangles xuvx and yuvy with dG(u) = dG(v) = 4, dG(x) = 3 and dG(y)
being odd is odd k-reducible in G for every integer k ≥ 5.

Proof.  If G is an odd non-k-colorable minimal graph containing such a configuration, then G′
:= G − x admits an odd 

k-coloring τ . Let x′
∈ NG(x) \ {u, v}, u′

∈ NG(u) \ {x, y, v}, and v′
∈ NG(v) \ {x, y, u}.

If we are able to color x with a color a ∈ [k] \ {τ (u), τ (v), τ (y), τ (x′), τo(x′)}, then we obtain an odd k-coloring of G. 
Note that the oddnesses on u and v can be guaranteed as |{a, τ (v), τ (y)}| = 3 and |{a, τ (u), τ (y)}| = 3.

So we assume below that k = 5 and assume further w.l.o.g.  τ (u) = 1, τ (v) = 2, τ (y) = 3, τ (x′) = 4, τo(x′) = 5. If 
τ (u′) ̸= 2 and τ (v′) ̸= 1, then we complete an odd 5-coloring of G by coloring x with 3. Otherwise, we assume w.l.o.g.
τ (u′) = 2.

Now erase the color on u and denote the resulting odd k-coloring of G′′
= G′

− u = G − {u, x} by φ. Since dG′′ (y)
and dG′′ (v) are even, φo(y) = φo(v) = 0. Hence Fφ(u) = [5] ∩ {φ(y), φ(v), φ(u′), φo(u′)} = [5] ∩ {2, 3, φo(u′)} and 
Aφ(u) = {1, 4, 5} \ {φo(u′)}. We color u with a color a ∈ Aφ(u) \ {1} and x with 1 to finish an odd 5-coloring of G. □

Lemma 13.  A 5-fan F [v; u0u1u2u3u4] such that dG(v) = 5, dG(u1) = dG(u3) = 4, and dG(u2) = 3 is odd k-reducible in G for 
every integer k ≥ 5.

Proof.  If G is an odd non-k-colorable minimal graph containing such a configuration, then G′
:= G − u2 has an odd 

k-coloring τ . Let x ∈ NG(u1) \ {u2, v, u0} and y ∈ NG(u3) \ {u2, v, u4}. Note that τo(v) = 0 as dG′ (v) = 4.
Now F τ (u2) = [k]∩ {τ (u1), τ (v), τ (u3), τo(u1), τo(u3)}. If k ≥ 6, then we color u2 with a color in [k] \ F τ (u2) to complete 

an odd k-coloring of G. So we assume F τ (u2) = [k] = [5] and assume further w.l.o.g.  τ (u1) = 1, τ (v) = 2, τ (u3) =

3, τ (u ) = 4, and τ (u ) = 5. It follows τ (x) = τ (y) = 2, τ (u ) = 4, and τ (u ) = 5.
o 1 o 3 0 4
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If {τo(x), τo(u0)} ̸= {3, 5}, then recolor u1 with a color in {3, 5} \ {τo(x), τo(u0)} and color u2 with 1. If {τo(y), τo(u4)} ̸=

{1, 4}, then recolor u3 with a color in {1, 4} \ {τo(y), τo(u4)} and color u2 with 3. In each case one can easily check that 
the resulting coloring is an odd 5-coloring of G.

If {τo(x), τo(u0)} = {3, 5} and {τo(y), τo(u4)} = {1, 4}, then the color 2 is even (appearing at least twice) on NG′ (u0)
and NG′ (u4). We recolor u1 with τo(u0) and change the color of v from 2 to 1. Note that τo(u0) ̸= τo(x) and the color 2 is 
now odd on NG(u0) and NG(u4) no matter which color is assigned to u2. Hence we can color u2 with 2 to obtain an odd 
5-coloring of G. □

Lemma 14.  A 5-fan F [v; u0u1u2u3u4] such that dG(v) = 6, dG(u1) = 4, and dG(u2) = dG(u3) = 3 is odd k-reducible in G for 
every integer k ≥ 5.

Proof.  If G is an odd non-k-colorable minimal graph containing such a configuration, then G′
:= G − {u2, u3} has an odd 

k-coloring τ . Let v0 ∈ NG(v) \ {u0, u1, u2, u3, u4}.
Now F τ (u2) = [k] ∩ {τ (u1), τ (v), τo(u1)}, and |Aτ (u2)| ≥ k − 3 ≥ 2. We assume w.l.o.g.  {1, 2} ⊆ Aτ (u2).
We extend τ  to a k-coloring φ of G′′

= G − u3 by coloring u2 with 1. It follows that Aφ(u3) = [k] \ {φ(u4),
φo(u4), φ(v), φo(v), φ(u2)}. If |Aφ(u3)| ≥ 1, then we extend φ to an odd k-coloring of G by coloring u3 with a color in 
Aφ(u3). Hence we assume that k = 5 and {φ(u4), φo(u4), φ(v), φo(v)} = {2, 3, 4, 5}. We now adjust the coloring φ to φ′ by 
recoloring u2 with 2. A similar argument as above would imply {φ′(u4), φ′

o(u4), φ′(v), φ′
o(v)} = {1, 3, 4, 5}.

Since φ(u4) = φ′(u4), φo(u4) = φ′
o(u4), and φ(v) = φ′(v), we conclude that {φ(u4), φo(u4), φ(v)} = {3, 4, 5} and thus 

φo(v) = 2. Assume w.l.o.g.  φ(v) = 5, φ(u4) = 4, and φo(u4) = 3.
Since φ(u1) = τ (u1) ̸∈ {1, 2} and φo(v) = 2, we have {φ(u0), φ(v0)} = {1, 2} and φ(u1) = φ(u4) = 4. We now color u3

with 1 and recolor u2 with 3. One can check that the resulting coloring is an odd 5-coloring of G. Note that the oddness of 
v is satisfied as u2 is the unique neighbor of v that is colored with 3, and the oddness of u1 is also guaranteed as v, u0, u2
are colored with different colors. □

Lemma 15.  The configuration comprising wo 5-fans F [v; u0u1u2u3u4] and F [u1; u2vu0xy] such that dG(v) = dG(u1) = 6, 
dG(u0) = dG(x) = dG(u2) = dG(u3) = 3, and the vertex in NG(v) \ {u0, u1, u2, u3, u4} is an odd vertex is odd k-reducible in G
for every integer k ≥ 5.

Proof.  If G is an odd non-k-colorable minimal graph containing such a configuration, then G′
:= G − {u2, u3} has an odd 

k-coloring τ . Let NG(v) = {w1, u0, u1, u2, u3, u4} and NG(u1) = {w2, u2, v, u0, x, y}.
Now F τ (u2) = [k] ∩ {τ (u1), τ (v), τo(u1)}, and |Aτ (u2)| ≥ k − 3 ≥ 2. We assume w.l.o.g.  {1, 2} ⊆ Aτ (u2). We extend τ

to a k-coloring φ of G′′
= G − u3 by coloring u2 with 1. It follows that Aφ(u3) = [k] \ {φ(u4), φo(u4), φ(v), φo(v), φ(u2)}. 

If |Aφ(u3)| ≥ 1, then we extend φ to an odd k-coloring of G by coloring u3 with a color in Aφ(u3). Hence we assume that 
k = 5 and {φ(u4), φo(u4), φ(v), φo(v)} = {2, 3, 4, 5}. We adjust the coloring φ to φ′ by recoloring u2 with 2. A similar 
argument as above implies {φ′(u4), φ′

o(u4), φ′(v), φ′
o(v)} = {1, 3, 4, 5}.

Since φ(u4) = φ′(u4), φo(u4) = φ′
o(u4), and φ(v) = φ′(v), we conclude that {φ(u4), φo(u4), φ(v)} = {3, 4, 5} and 

therefore φo(v) = 2 and φ′
o(v) = 1. Assume w.l.o.g.  φ(v) = 5, φ(u4) = 3, and φo(u4) = 4. Since φ(u1) = τ (u1) ̸∈ {1, 2}

and φo(v) = 2, φ(u1) = φ(u4) = 3 and {φ(u0), φ(w1)} = {1, 2}. Let φ(u0) = a and b ∈ {1, 2} \ {a}.
We now, starting from φ again, recolor v with 4 and u2 with 5, and then color u3 with 2. Denote the resulting coloring 

by θ . Note that the color 5 is even (appearing at least twice) on NG(u4) \ {u3} under φ, and thus it is odd on NG(u4) under 
θ , so the oddness of u4 is satisfied.

If {θ (x), θ (y), θ (w2)} ̸= {a, 4, 5}, then the oddness of u1 is guaranteed as {θ (v), θ (u0), θ (u2)} = {a, 4, 5}. If {θ (x), θ (y),
θ (w2)} = {a, 4, 5}, then recolor u0 with b, and thus the oddness of u1 is also satisfied as u0 is the unique neighbor of u1
that is colored with b.

In each case, the oddness of v is satisfied as u2 is the unique neighbor of v that is colored with 5, and the oddnesses 
of x, u0, u2, u3 and w1 are preserved definitely as they are odd vertices. Hence θ is an odd 5-coloring of G, as desired. □

Now we are ready to prove Theorem  2. Suppose by contradiction that there is an odd non-5-colorable minimal 
2-boundary planar graph G.

If G ∼= P , then assume V (fout ) = {u1, u2, . . . , un}, V (fin) = {v1, v2, . . . , vn}, NG(v1) = {un, u1, vn, v2}, NG(vn) =

{un−1, un, vn−1, v1}, and NG(vi) = {ui−1, ui, vi−1, vi+1} for each i = 2, 3, . . . , n − 1. If n is even, we construct an odd 
4-coloring τ  of G by letting τ (ui) = 1, τ (ui+1) = 2, τ (vi) = 3, and τ (vi+1) = 4 for i = 1, 3, . . . , n − 1. If n is odd, we 
construct an odd 5-coloring τ  of G by letting τ (ui) = 4, τ (ui+1) = 5 for i = 1, 3, . . . , n − 4, n − 1, τ (un−2) = 3, τ (vi) = 1, 
τ (vi+1) = 2 for i = 1, 3, . . . , n − 2, and τ (vn) = 3. Hence χo(G) ≤ 5, a contradiction.

It follows G ̸∼= P and thus G contains at least one configuration among (a3), (b3), (c3), (d3), (e3), (f3), (g3), (h3), (i3), 
(j3), (k3), and (l3) by Lemma  3. However, (a3), (b3), (c3), (d3), (e3), (f3), (g3), (h3), (i3), (j3), (k3), and (l3) are respectively 
odd 5-reducible by Lemmas  4–14, and 15, a contradiction.  ■

We end this section with the following open problem:

Problem 1.  Characterize all 2-boundary planar graphs that have odd chromatic number exactly 5.
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Fig. 4. A 2-boundary planar graph with minimum degree 3 and 4n edges.

In addressing Problem  1, it is significant to observe that both C5 and the octahedron exemplify 2-boundary planar 
graphs with an exact odd chromatic number of 5. Notably, while C5 is a minimal case, the octahedron demonstrates that 
such properties extend to more complex planar structures.

4. Concluding remarks

This paper introduces the concept of 2-boundary planar graphs. While our primary objective is to verify the conjecture 
of Petruševski and Škrekovski for this particular class of graphs, it is worth noting that this new graph class possesses its 
own independent interest.

First, we focus on a Turán-type problem, which ask for the maximum number of edges a 2-boundary planar graph can 
have.

Theorem 4.1.  Every 2-boundary planar graph on n vertices has at most 2n edges, and this bound is tight.

Proof.  Given a 2-boundary planar graph G, we iteratively perform the following operations until no further operations 
can be applied:

• delete a vertex of degree 1;
• delete a vertex of degree 2;
• for each vertex u of degree 3,

– if u is not incident with any chordal edge, then u is incident with two boundary edges uv and uw, and an 
interconnected edge ux. In this case, we delete u and create a new edge vw;

– if u is incident with a chordal edge uz, then u is incident with two boundary edges ux and uy. In this case, we 
delete u and create a new edge xy.

Let H be the resulting graph, which has n′ vertices. Clearly, H is 2-boundary planar and δ(H) ≥ 4, and the above 
operation implies e(H) ≥ e(G) − 2(n − n′). Without loss of generality, assume that H is connected.

Assume that u is a vertex of degree at least 5. If there exists a chordal edge uv, then there must be a vertex w that 
lies on the path from u to v along either fout or fin, and w has a degree of 2, a contradiction. Hence we assume that u is 
not incident with any chord, and thus u ̸∈ V (fout )∩ V (fin). In this case, u is incident with two boundary edges and at least 
three interconnected edges. Without loss of generality, let ux, uy, uz be three interconnected edges such that z lies on the 
path from x to y along either fout or fin. Now, if z is incident with a chordal edge, then similarly we would see a vertex of 
degree 2, and if not, then z itself has degree of 3. Both are contradictions. Therefore, ∆(H) ≤ 4, and thus H is 4-regular. 
It follows e(H) = 2n′, and thus e(G) ≤ e(H) + 2(n − n′) = 2n, as desired.

For the tightness of this bound 2n, see Fig.  2. □

According to Lemma  3, every 2-boundary planar graph, except for the 4-regular 2-boundary planar graph P illustrated 
in Fig.  2, has a vertex with a degree of at most 3. A natural question is whether we can lower the bound 2n in Theorem 
4.1 if we prohibit the graph P . However, this is not the case, as we have another types of extremal graphs which have 
minimum degree 3 or 2, see Figs.  4 and 5. We now proceed to provide a complete characterization of all extremal graphs.

A 2-boundary planar graph G is maximal if the addition of any edge would result in the graph no longer being 
2-boundary planar.

Theorem 4.2.  A 2-boundary planar graph G has exactly 2n edges if and only if it is maximal.
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Fig. 5. A 2-boundary planar graph with minimum degree 2 and 4n edges.

Fig. 6. A class 2 2-boundary planar graph with maximum degree 4.

Proof.  Suppose that G is a maximal 2-boundary planar graph. We claim V (fout)∩V (fin) = ∅. Assume for contradiction that 
v ∈ V (fout)∩V (fin), and let vu, vw be boundary edges with u, w ∈ V (fout). Since v is incident to both faces, uw /∈ E(G). Now, 
adding uw to G yields a 2-boundary planar graph G′

= G+uw where the outer face becomes fout − v +uw and the inside 
face structure is preserved. This increases |E(G′)| = |E(G)|+1, contradicting the maximality of G. Hence, V (fout)∩V (fin) = ∅.

Since G is maximal, any interior face with ≥ 4 edges would allow a non-crossing edge addition preserving 2-boundary 
planarity, contradicting maximality. Thus all interior faces are triangles. We now add |fout| − 3 edges outside fout to 
triangulate fout and |fin| − 3 edges inside fin to triangulate fin. The resulting graph is a planar triangulation, which has 
exactly 3n−6 edges. Therefore, the number of edges in G is exactly (3n−6)−(|fout |−3)−(|fin|−3) = 2n, as |fout |+|fin| = n.

On the other hand, if an n-vertex 2-boundary planar graph has exactly 2n edges, then it must be maximal, because 
otherwise there would be an n-vertex 2-boundary planar graph with more than 2n edges, contradicting Theorem  4.1. □

Theorem  4.1 finds an interesting application in edge coloring. The celebrated Vizing’s theorem asserts that for any 
graph G the chromatic index χ ′(G) is either ∆(G) or ∆(G) + 1. Graphs G are classified as class 1 if χ ′(G) = ∆(G), and as 
class 2 if χ ′(G) = ∆(G) + 1. A graph G is critical if it is connected, belongs to class 2, and satisfies χ ′(G − e) < χ ′(G) for 
every edge e in G. When a graph G is critical and has a maximum degree of ∆, we refer to it as ∆-critical. Yap [24] showed 
that if G be a ∆-critical graph with ∆ ≥ 5, then G has at least 2|G| + 1 edges. Now it is sufficient to prove the following.

Theorem 4.3.  If G is a 2-boundary planar graph and ∆(G) ≥ 5, then χ ′(G) = ∆(G).

Proof.  If not, then G is of class 2 and thus has a ∆(G)-critical subgraph G′. The result of Yap implies that G′ has at 
least 2|G′

| + 1 edges. However, G′ is a 2-boundary planar graph and thus has at most 2|G′
| edges by Theorem  4.1. This 

contradiction ends the proof. □

The maximum degree bound 5 in Theorem  4.3 is tight because there exist 2-boundary planar graphs with maximum 
degree 4 and chromatic index 5, see Fig.  6.

The dual G∗ of a plane graph G is a graph formed by placing a vertex in each face of G and connecting vertices 
corresponding to adjacent faces with edges. The weak dual of a plane graph G is constructed by removing specific vertices 
from its dual graph G∗. For an outerplane graph G, this involves deleting the vertex in G∗ corresponding to the outer face 
(unbounded face) of G. In the case of a 2-boundary plane graph G, the weak dual is formed by removing both vertices in 
G∗ that represent the outer face fout and inside face fin of G. It is well-known that the weak dual of any outerplane graph 
is a forest, while the weak dual of a biconnected outerplane graph is a tree. In the following, we show that weak dual of 
any 2-boundary plane graph is a forest or a unicyclic graph, a graph possessing exactly one cycle.
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Theorem 4.4.  The weak dual of a 2-boundary plane graph is a forest or a unicyclic graph.

Proof.  We divide our proof into two cases as follows:
Case 1: V (fout ) ∩ V (fin) ̸= ∅.
Let v ∈ V (fout ) ∩ V (fin). We perform a vertex splitting operation on graph G at vertex v, creating a new graph G′ by 

replacing v with two non-adjacent vertices v1 and v2, ensuring that if v1 and v2 are subsequently merged (identified as a 
single vertex), the original graph G is recovered. This process merges the outer face fout and inside face fin into a unified 
face. The constructed graph G′ is an outerplane graph, implying its weak dual is a forest. Critically, under the specific 
transformation applied, the weak dual structure of G′ remains identical to that of the original graph G. This equivalence 
establishes that the weak dual of G itself must also form a forest,

Case 2: V (fout ) ∩ V (fin) = ∅.
If G has no interconnected edge, then it is easy to check that the weak dual of G is a tree. So we assume that G has an 

interconnected edge uv such that u ∈ V (fout ) and v ∈ V (fin). We perform an edge-based graph dissection along the edge 
uv, constructing a new graph G′ through vertex splitting operations. Specifically, vertex u is divided into two non-adjacent 
vertices u1, u2, and vertex v into two non-adjacent vertices v1, v2. In this construction, edges u1v1 and u2v2 are explicitly 
added to G′. This transformation preserves the original structure such that merging u1 with u2, and v1 with v2, in G′

perfectly reconstructs the original graph G. Again, we come to an outerplane graph G′ whose weak dual F  is a forest. 
Moreover, since V (fout ) ∩ V (fin) = ∅, F  is actually a tree. Let f1 and f2 be the two faces incident with uv in G. Since f1 and 
f2 correspond to two adjacent vertices w1 and w2 in the weak dual of G, now, the weak dual of G is F + w1w2, which is 
a unicyclic graph. □

Remark 1.  The proof of Theorem  4.4 also implies that if the weak dual of a 2-boundary plane graph is not a cycle, then it 
contains at least one leaf. The weak dual of an outerplane graph has numerous applications in the literature, including the 
subgraph isomorphism problem [20], the induced matching problem [11], the outerplanar Turán number problem [9,13], 
the edge-coloring problem [14], and the square coloring problem [1,22]. We believe that the weak dual of a 2-boundary 
planar graph will also have similar applications in the future.

A graph property is minor-closed if it remains unchanged under vertex deletion, edge deletion, and edge contraction. 
In other words, if a graph has a minor-closed property P , then all of its minors will also exhibit property P . For instance, 
Kuratowski’s Theorem states that a graph is planar if and only if it contains no minors isomorphic to K5 or K3,3, from 
which one can deduce that a graph is outerplanar if and only if it contains no minors isomorphic to K4 or K2,3. Hence, 
both planarity and outerplanarity are examples of minor-closed properties. For 2-boundary planarity, we propose the 
following question:

Question 1.  Can 2-boundary planarity be characterized as a minor-closed property? Furthermore, if it is, does there exist a 
finite set G of graphs, such that a graph is 2-boundary planar if and only if it does not contain any minors isomorphic to any 
graph within G?

It is important to note that for three classes of graphs, namely Ga, Gb, and Gc , where Ga ⊂ Gb ⊂ Gc , the fact that 
both Ga and Gc are minor-closed does not necessarily imply that Gb is minor-closed. For example, let Ga, Gb, and Gc be 
the class of outerplanar graphs, outer-1-planar graphs, and planar graphs. A graph is outer-1-planar if it can be drawn in 
the plane such that all vertices are in the outer face and each edge is crossed at most once. Outer-1-planar graphs were 
first introduced by Eggleton [8] under the notion of outerplanar graphs with edge crossing number one [8]. They were also 
known as pseudo-outerplanar graphs [21,25,26] in the literature. Hong et al. [10] showed that every outer-1-planar graph 
is planar. Nevertheless, outer-1-planar graphs are not closed under either edge contraction or subdivision. Consequently, 
it is impossible to characterize outer-1-planar graphs by prohibiting certain minors [2]. However, Auer et al. [2] revealed 
that if a graph is not outer-1-planar, then it must contain at least one of the six graphs in a specific set as a minor.

Remark 2.  Now that we have mentioned outer-1-planar graphs, let us talk about the odd coloring of outer-1-planar 
graphs briefly. Li and Zhang [15] showed that every outer-1-planar graph G contains
(a2) a vertex v of degree 1, or
(b2) a vertex v with NG(v) = {u, w} such that uw ∈ E(G), or
(c2) a vertex v with NG(v) = {u, w} such that uw ̸∈ E(G) and G − v + uw is outer-1-planar, or
(d2) two adjacent triangles xuvx and yuvy with dG(u) = dG(v) = 3.

With this in hand, we show that every outer-1-planar graph has an odd 5-coloring, confirming Conjecture  1 for this 
planar subclass. Suppose by contradiction that there is an odd non-5-colorable minimal outer-1-planar graph G, which 
contains at least one configuration among (a2), (b2), (c2), and (d2). However, (a2), (b2), (c2), and (d2) are respectively 
odd 5-reducible by Lemmas  4–6, and 10, a contradiction.

An additional interesting problem regarding 2-boundary planar graphs pertains to the testing algorithm, leading us to 
pose the following question:
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Question 2.  Can there be a linear-time algorithm that not only tests whether a given graph is 2-boundary planar but also, if 
it exists, produces a 2-boundary planar embedding in linear time?

Data availability

No data was used for the research described in the article.
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