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A proper conflict-free coloring, often termed as PCF-coloring, of a graph refers to a proper vertex 
coloring wherein each vertex’s open neighborhood contains at least one color appearing exactly 
once. PCF-coloring boasts a wide range of applications, from theoretical graph analysis to practical 
applications in networking, geographic information systems, scheduling, and constraint satis
faction problems. Caro, Petruševski, and Škrekovski conjectured in 2023 that every graph with 
maximum degree Δ ≥ 3 has a PCF-(Δ + 1)-coloring. In this paper, we validate this conjecture for 
the Mycielskians of 1-subdivided graphs. Additionally, we determine the PCF-chromatic number 
for Mycielskians of paths, cycles, complete graphs, complete bipartite graphs, and wheels, and 
provide efficient algorithms that produce optimal PCF-colorings for these graphs.

1. Introduction

We use 𝑉 (𝐺) and 𝐸(𝐺) to represent the vertex set and edge set of a graph 𝐺, and by 𝛿(𝐺) and Δ(𝐺) we denote the minimum 
and the maximum degree of 𝐺, respectively. For 𝑣 ∈ 𝑉 (𝐺), let 𝑁𝐺(𝑣) ∶= {𝑢 | 𝑢𝑣 ∈ 𝑉 (𝐺)} and 𝑁𝐺[𝑣] ∶= 𝑁𝐺(𝑣) ∪ {𝑣}. We call 𝑁𝐺(𝑣)
(resp. 𝑁𝐺[𝑣]) the open (resp. closed) neighborhood of 𝑣.

A proper 𝑘-coloring of a graph 𝐺 is a function 𝜑 ∶ 𝑉 (𝐺)→ [𝑘] where [𝑘] ∶= {1,2,… , 𝑘} such that 𝜑(𝑣) ≠ 𝜑(𝑢) iff 𝑢𝑣 ∈ 𝐸(𝐺). A 
conflict-free coloring of a graph 𝐺 refers to a vertex coloring where, for every vertex 𝑣 ∈ 𝑉 (𝐺), there exists at least one color that 
is uniquely used in 𝑁𝐺(𝑣). We call such a coloring CF-coloring for short. The notion of CF-coloring was introduced by Even [4] in 
2003. In 2023, Fabrici, Lužar, Rindošová, and Soták [5] defined a hybrid coloring by combining the proper coloring with the CF
coloring. Specifically, a coloring is a proper conflict-free coloring, say PCF-coloring for short, if it is both proper and conflict-free. Such 
hybrid assumptions often stem from practical problems. For instance, consider the coloring of sensors in a wireless network. Each 
sensor can be represented as a vertex in a graph, and the communication range between sensors can be represented as edges between 
vertices. If two sensors are within each other’s communication range (i.e., they are adjacent), they should use different frequencies 
to avoid interference. This is the requirement of proper coloring. On the other hand, to guarantee that every sensor can receive at 
least one distinct signal originating from beyond its communication radius (aiding in its position determination or detection of crucial 
information), we must ensure that every sensor’s open neighborhood includes at least one unique color. This is the requirement of 
conflict-free coloring.
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The first theoretical results for PCF-coloring of graphs were due to Fabrici, Lužar, Rindošová, and Soták [5]. They proved that every 
planar graph is PCF-8-colorable and every outerplanar graph is PCF-5-colorable. An interesting proposition due to them states that 
the PCF-coloring with respect to closed neighborhood is equivalent to the proper coloring, and thus we only care about PCF-coloring 
with respect to open neighborhood. From now on, whenever neighborhood is mentioned, it refers to open neighborhood.

The minimum number of colors needed in a PCF-coloring of a graph 𝐺, denoted by 𝜒PCF(𝐺), is the PCF-chromatic number. Caro, 
Petruševski, and Škrekovski [2] showed 𝜒PCF(𝐺) ≤ 5Δ(𝐺)∕2 for every graph 𝐺. They also determined the PCF-chromatic number for 
several fundamental graph classes, including trees, cycles, hypercubes, and subdivisions of complete graphs.

Conjecture 1.1. [2] If Δ(𝐺) ≥ 3, then 𝜒PCF(𝐺) ≤Δ(𝐺) + 1.

Towards Conjecture 1.1, Cranston and Liu [3] showed that 𝜒PCF(𝐺) ≤ 2Δ(𝐺) + 1, improving the previously mentioned result of Caro, 
Petruševski, and Škrekovski [2].

Given a graph 𝐺 = (𝑉 ,𝐸), the Mycielskian 𝑀(𝐺) of is a supergraph of 𝐺 with vertex set 𝑉 ∪ 𝑉 ′ ∪ {𝑤}, where 𝑉 ′ = {𝑣′ | 𝑣 ∈ 𝑉 }, 
and edge set 𝐸 ∪ {𝑢′𝑣 | 𝑢𝑣 ∈ 𝐸} ∪ {𝑢′𝑤 | 𝑢′ ∈ 𝑉 ′}. According to this definition, a vertex 𝑣 ∈ 𝑉 corresponds to a vertex 𝑣′ ∈ 𝑉 ′, and 
we call 𝑣′ the copy vertex of 𝑣. The vertex 𝑤 in 𝑀(𝐺) is called the sink vertex. The structure and coloring problems of Mycielskians 
were studied in many papers [1,6--8]. Note that

Δ(𝑀(𝐺)) = max{|𝑉 (𝐺)|,2Δ(𝐺)} ≥ 2Δ(𝐺). (1.1)

Thus, it is interesting to do a weaker conjecture than Conjecture 1.1.

Conjecture 1.2. 𝜒PCF(𝑀(𝐺)) ≤Δ(𝑀(𝐺)) + 1 for every graph 𝐺.

The 1-subdivision of a graph 𝐺, denoted by 𝑆(𝐺), is obtained from 𝐺 by replacing every edge with a path of two edges. Note that

Δ(𝑀(𝑆(𝐺))) = max{|𝑉 (𝑆(𝐺))|,2Δ(𝐺)} ≥ 2Δ(𝐺).

This paper validates Conjectures 1.1 and 1.2 for 𝑀(𝑆(𝐺)) and 𝑆(𝐺), respectively. Specifically, we prove the following:

Theorem 1.1. 𝜒PCF(𝑀(𝑆(𝐺))) ≤Δ(𝑀(𝑆(𝐺))) + 1.

This paper is organized as follows. In Sections 2 and 3, we complete the proof of Theorem 1.1. In Sections 3 and 4, we establish 
the PCF-chromatic number of Mycielskian of paths, cycles, complete graphs, complete bipartite graphs, and wheels. Additionally, we 
present efficient algorithms that yield optimal PCF-colorings for these graphs.

Notations. For a PCF-coloring 𝜑 of 𝐺, the color appearing only once in 𝑁𝐺(𝑣) is a PCF-color of 𝑣. Note that 𝑣 may have two or more 
PCF-colors under 𝜑. Thus, we use a set CF𝜑(𝑣) to collect all PCF-colors of 𝑣 under 𝜑. Using this language, a proper coloring 𝜙 is a 
PCF-coloring iff CF𝜙(𝑣) ≠ ∅ for every 𝑣 ∈ 𝑉 (𝐺). For a subset 𝑈 ⊆ 𝑉 (𝐺), set CF𝜑(𝑈 ) ∶= {CF𝜑(𝑢) | 𝑢 ∈ 𝑈}. Let 𝐴 = {𝑠𝑖 | 𝑖 ∈ [𝑘]} and 
𝐵 = {𝑆𝑖 | 𝑖 ∈ [𝑘]}, where each 𝑠𝑖 is a number and each 𝑆𝑖 is a number set. If 𝑠𝑖 ∈ 𝑆𝑖 for each 1 ≤ 𝑖 ≤ 𝑘, then we say that 𝐴 realizes 𝐵.

2. Proof of Theorem 1.1 for graphs 𝑮 with 𝚫(𝑮)≥ 𝟑

Theorem 2.1. If 𝐺 is PCF-𝑘-colorable, then 𝑀(𝐺) is PCF-(𝑘+3)-colorable. Furthermore, if 𝑘 > 2𝛿(𝐺), then 𝑀(𝐺) is PCF-(𝑘+2)-colorable.

Proof. Since 𝑃2 is the unique PCF-2-colorable connected graph, we assume 𝑘 ≥ 3 in the following.
Let 𝑣1,… , 𝑣𝑛 be vertices of 𝐺 wherein 𝑣1 is of minimum degree. Since 𝐺 is PCF-𝑘-colorable, we color 𝐺 with colors 1,… , 𝑘 so that 

each vertex 𝑣𝑖 has one PCF-color 𝛼𝑖. Now we color 𝑣′1 with 𝑘+ 3, 𝑣′2,… , 𝑣′
𝑛

with 𝑘 + 1, and 𝑤 with 𝑘 + 2. This completes a coloring 
𝜑 of 𝑀(𝐺) and one can see that 𝛼𝑖 ∈ CF𝜑(𝑣𝑖), 𝑘+ 2 ∈ CF𝜑(𝑣′𝑖), and 𝑘+ 3 ∈ CF𝜑(𝑤). So this (𝑘+ 3)-coloring is a PCF-coloring.

Let

𝑆 ∶= {𝜑(𝑣𝑖) | 𝑣𝑖 ∈ 𝑁𝐺(𝑣1)} ∪ {𝛼𝑖 | 𝑣𝑖 ∈ 𝑁𝐺(𝑣1)}.

If 𝑘 > 2𝛿(𝐺), then we recolor 𝑣′1 with a color in [𝑘] ⧵ 𝑆 , which has size at least 𝑘 − 2𝛿(𝐺) ≥ 1. This results in a (𝑘+ 2)-coloring of 
𝑀(𝐺), denoted by 𝜏 . Since 𝛼𝑖 ∈ CF𝜏 (𝑣𝑖), 𝑘+ 2 ∈ CF𝜏 (𝑣′𝑖), and 𝜑(𝑣′1) ∈ CF𝜏 (𝑤), 𝜏 is a PCF-(𝑘+ 2)-coloring of 𝑀(𝐺). □

Since 𝜒PCF(𝐺) ≤ 2Δ(𝐺) + 1 [3], by (1.1) and by Theorem 2.1,

𝜒PCF(𝑀(𝐺)) ≤ (2Δ(𝐺) + 1) + 2 ≤Δ(𝑀(𝐺)) + 3.

Similarly, if we know 𝜒PCF(𝐺) ≤ 2Δ(𝐺) − 2 for every graph 𝐺, then Theorem 2.1 implies

𝜒PCF(𝑀(𝐺)) ≤ 2Δ(𝐺) − 2 + 3 ≤Δ(𝑀(𝐺)) + 1,
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which would resolve Conjecture 1.2.

Proposition 2.1. Conjecture 1.2 holds for graphs 𝐺 with 𝜒PCF(𝐺) ≤ 2Δ(𝐺) − 2. □

For graphs with small maximum degree, Caro, Petruševski, and Škrekovski [2] showed the following:

Theorem 2.2. [2] Every subcubic graph is PCF-4-colorable.

Therefore, Conjecture 1.2 holds for all subcubic graphs by Proposition 2.1.

Lemma 2.3. [9] If  is a hypergraph with maximum degree Δ, then  has a (Δ + 1)-coloring so that there is at least one color appearing 
only once in each hyperedge.

Lemma 2.4. 𝜒PCF(𝑆(𝐺)) ≤ 𝜒(𝐺) + 3.

Proof. We properly color 𝐺 with 𝜒(𝐺) colors. Let (𝐺) be a hypergraph with vertex set 𝑉 (𝑆(𝐺))⧵𝑉 (𝐺) and edge set {𝑁𝑆(𝐺)(𝑢) | 𝑢 ∈
𝑉 (𝐺)}. Since Δ((𝐺)) = 2, we can color (𝐺) with three new colors so that there is at least one color appearing only once in 𝑁𝑆(𝐺)(𝑢)
for each 𝑢 ∈ 𝑉 (𝐺) by Lemma 2.3. This gives a proper (𝜒(𝐺) + 3)-coloring of 𝑆(𝐺) such that each vertex 𝑢 ∈ 𝑉 (𝐺) has at least one 
PCF-color. For each vertex 𝑣 ∈ 𝑉 (𝑆(𝐺)) ⧵ 𝑉 (𝐺), it has degree two in 𝑆(𝐺), and its two neighbors in 𝑆(𝐺) are adjacent in 𝐺, so their 
colors are distinct. This implies that 𝑣 has two PCF-colors. □

Lemma 2.5. [2] If 𝐺 is a tree on at least three vertices, then 𝜒PCF(𝐺) = 3.

Now assume Δ(𝐺) ≥ 3. It is natural to assume further that 𝐺 is connected. Since 𝑆(𝐺) is neither a complete graph nor an odd 
cycle, by Lemma 2.4 and Brooks’ Theorem, we have

𝜒PCF(𝑆(𝐺)) ≤Δ(𝑆(𝐺)) + 3. (2.1)

Since Δ(𝐺) ≥ 3, Δ(𝑆(𝐺)) + 3 ≥ 3 + 3 = 6 ≥ 2𝛿(𝑆(𝐺)). Thus, applying Theorem 2.1, we have

𝜒PCF(𝑀(𝑆(𝐺))) ≤ 𝜒PCF(𝑆(𝐺)) + 2 ≤Δ(𝑆(𝐺)) + 5

≤
1
2
Δ(𝑀(𝑆(𝐺))) + 5 ≤Δ(𝑀(𝑆(𝐺))) + 1

by (1.1) and (2.1), if Δ(𝑀(𝑆(𝐺))) ≥ 8. On the other hand, if Δ(𝑀(𝑆(𝐺))) ≤ 7, then |𝑉 (𝑆(𝐺))| ≤ 7, and thus |𝑉 (𝐺)|+ |𝐸(𝐺)| ≤ 7. It 
follows that 𝐺 ≅ 𝐾1,3, as Δ(𝐺) ≥ 3. Now, 𝑆(𝐾1,3) is a tree with 7 vertices, so by Theorem 2.1 and Lemma 2.5,

𝜒PCF(𝑀(𝑆(𝐾1,3))) ≤ 𝜒PCF(𝑆(𝐾1,3)) + 2 = 5 < Δ(𝑀(𝑆(𝐾1,3))) + 1.

3. Proof of Theorem 1.1 for graphs 𝑮 with 𝚫(𝑮)≤ 𝟐

Theorem 1.1 holds directly for graphs 𝐺 with Δ(𝐺) ≤ 1. So in this section we assume Δ(𝐺) = 2, i.e., 𝐺 is a path or cycle on at 
least three vertices. In order to complete the proof of Theorem 1.1, it is sufficient to show

𝜒PCF(𝑀(𝑆(𝑃𝑛))) = 𝜒PCF(𝑀(𝑃2𝑛−1)) ≤ 5 ≤Δ((𝑀(𝑆(𝑃𝑛)))) + 1

𝜒PCF(𝑀(𝑆(𝐶𝑛))) = 𝜒PCF(𝑀(𝐶2𝑛)) ≤ 5 ≤Δ((𝑀(𝑆(𝐶𝑛)))) + 1

Beyond merely proving the aforementioned inequalities, we calculate the PCF-chromatic number specifically for the Mycielskian 
of every path and cycle. Furthermore, we offer efficient algorithms that generate optimal PCF-colorings for these graphs.

Theorem 3.1. 

𝜒PCF(𝑀(𝑃𝑛)) =
{

5, if n=2;

4, otherwize;

Proof. Let 𝑃𝑛 ∶= 𝑣1⋯𝑣𝑛 be a path. If 𝑛 = 2, then 𝑀(𝑃2) ≅ 𝐶5 and the result holds as 𝜒PCF(𝐶5) = 5. If 𝑛 ≥ 3, then we use the following 
Algorithm 1 to construct a PCF-4-coloring 𝜑 of 𝑀(𝑃𝑛).

If 𝑛 ≡ 0 (mod 3), then the color 2,1,2,2,3,2 appears exactly once, respectively, in the neighborhood of 𝑣3𝑖−2, 𝑣3𝑖−1, 𝑣3𝑖, 𝑣′3𝑖−2, 𝑣
′
3𝑖−1, 

𝑣′3𝑖 for each 1 ≤ 𝑖 ≤ ⌊ 𝑛 
3⌋ in 𝑀(𝑃𝑛), and the color 3 appears exactly once among the neighbors of 𝑤 in 𝑀(𝑃𝑛). This implies that 𝐴11

realizes CF𝜑(𝐵11) and 𝐴12 realizes CF𝜑(𝐵12), where
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Algorithm 1: A PCF-Coloring of Mycielskian of 𝑃𝑛.

Input: An integer 𝑛≥ 3 and a path 𝑃𝑛

Output: A PCF-coloring 𝜑 of 𝑀(𝑃𝑛) using minimum number of colors
1 for 𝑖 = 1 to ⌊ 𝑛 

3
⌋ do

2 {𝜑(𝑣3𝑖−2), 𝜑(𝑣3𝑖−1), 𝜑(𝑣3𝑖), 𝜑(𝑣′3𝑖−2), 𝜑(𝑣
′
3𝑖−1), 𝜑(𝑣

′
3𝑖)}← {1,2,3,4,4,4}

3 if 𝑛 ≡ 0 (mod 3) then

4 {𝜑(𝑣′
𝑛
), 𝜑(𝑤)}← {3,1}

5 if 𝑛 ≡ 1 (mod 3) then

6 {𝜑(𝑣𝑛), 𝜑(𝑣′𝑛), 𝜑(𝑤)}← {1,2,1}

7 if 𝑛 ≡ 2 (mod 3) then

8 {𝜑(𝑣𝑛−1), 𝜑(𝑣𝑛), 𝜑(𝑣′𝑛−1), 𝜑(𝑣
′
𝑛
), 𝜑(𝑤)}← {1,2,4,2,3}

𝐴11 ={ 2,1,2
⏟ ⏟ ⏟

,… , 2,1,2
⏟ ⏟ ⏟

};

𝐵11 ={𝑣1, 𝑣2, 𝑣3
⏟ ⏞⏟ ⏞⏟

,… , 𝑣𝑛−2, 𝑣𝑛−1, 𝑣𝑛
⏟ ⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏟

};

𝐴12 ={ 2,3,2
⏟ ⏟ ⏟

,… , 2,3,2
⏟ ⏟ ⏟

,3};

𝐵12 ={𝑣′1, 𝑣
′
2, 𝑣

′
3

⏟ ⏞⏟ ⏞⏟
,… , 𝑣′

𝑛−2, 𝑣
′
𝑛−1, 𝑣

′
𝑛

⏟ ⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏟
,𝑤}.

If 𝑛 ≡ 1 (mod 3), then the color 2,1,1,2,3,2 appears exactly once, respectively, among the neighbors of 𝑣3𝑖−2, 𝑣3𝑖−1, 𝑣3𝑖, 𝑣′3𝑖−2, 𝑣
′
3𝑖−1, 

𝑣′3𝑖 for each 1 ≤ 𝑖 ≤ ⌊ 𝑛 
3⌋ in 𝑀(𝑃𝑛), and the color 3,3,2 appears exactly once among the neighbors of 𝑣𝑛, 𝑣

′
𝑛
,𝑤 in 𝑀(𝑃𝑛), respectively. 

This implies that 𝐴21 realizes CF𝜑(𝐵21) and 𝐴22 realizes CF𝜑(𝐵22), where

𝐴21 ={ 2,1,1
⏟ ⏟ ⏟

,… , 2,1,1
⏟ ⏟ ⏟

,3};

𝐵21 ={𝑣1, 𝑣2, 𝑣3
⏟ ⏞⏟ ⏞⏟

,… , 𝑣𝑛−3, 𝑣𝑛−2, 𝑣𝑛−1
⏟ ⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏟

, 𝑣𝑛};

𝐴22 ={ 2,3,2
⏟ ⏟ ⏟

,… , 2,3,2
⏟ ⏟ ⏟

,3,2};

𝐵22 ={𝑣′1, 𝑣
′
2, 𝑣

′
3

⏟ ⏞⏟ ⏞⏟
,… , 𝑣′

𝑛−3, 𝑣
′
𝑛−2, 𝑣

′
𝑛−1

⏟ ⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏟
, 𝑣′

𝑛
,𝑤}.

If 𝑛 ≡ 2 (mod 3), then the color 2,1,1,2,1,1 appears exactly once, respectively, among the neighbors of 𝑣3𝑖−2, 𝑣3𝑖−1, 𝑣3𝑖, 𝑣′3𝑖−2, 𝑣
′
3𝑖−1, 

𝑣′3𝑖 for each 1 ≤ 𝑖 ≤ ⌊ 𝑛 
3⌋ in 𝑀(𝑃𝑛), and the color 4,4,2,1,2 appears exactly once among the neighbors of 𝑣𝑛−1, 𝑣𝑛, 𝑣

′
𝑛−1, 𝑣

′
𝑛
,𝑤 in 𝑀(𝑃𝑛), 

respectively. This implies that 𝐴31 realizes CF𝜑(𝐵31) and 𝐴32 realizes CF𝜑(𝐵32), where

𝐴31 ={ 2,1,1
⏟ ⏟ ⏟

,… , 2,1,1
⏟ ⏟ ⏟

,4,4};

𝐵31 ={𝑣1, 𝑣2, 𝑣3
⏟ ⏞⏟ ⏞⏟

,… , 𝑣𝑛−4, 𝑣𝑛−3, 𝑣𝑛−2
⏟ ⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏟

, 𝑣𝑛−1, 𝑣𝑛};

𝐴32 ={ 2,1,1
⏟ ⏟ ⏟

,… , 2,1,1
⏟ ⏟ ⏟

,2,1,2};

𝐵32 ={𝑣′1, 𝑣
′
2, 𝑣

′
3

⏟ ⏞⏟ ⏞⏟
,… , 𝑣′

𝑛−4, 𝑣
′
𝑛−3, 𝑣

′
𝑛−2

⏟ ⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏟
, 𝑣′

𝑛−1, 𝑣
′
𝑛
,𝑤}.

Therefore, Algorithm 1 outputs a PCF-4-coloring 𝜑 of 𝑀(𝑃𝑛).
Now we show that 𝑀(𝑃𝑛) is not PCF-3-colorable. This is trivial for 𝑛 = 2. Assume 𝑛 ≥ 3. Suppose to the contrary that 𝜑 is a 

PCF-3-coloring of 𝑀(𝑃𝑛) with 𝜑(𝑤) = 1. Since CF𝜑(𝑤) ≠ ∅, we assume the color 2 appears exactly once among 𝑣′1,… , 𝑣′
𝑛
. Assume 

𝜑(𝑣′𝑡) = 2 for some 𝑡. It follows 𝜑(𝑣′
𝑠
) = 3 for all 𝑠 ≠ 𝑡.

If 3 ≤ 𝑡 ≤ 𝑛−2, then 𝜑(𝑣𝑡−1) = 𝜑(𝑣𝑡+1) = 1, and thus CF𝜑(𝑣′𝑡) = ∅, a contradiction. If 𝑡 = 𝑛−1, then 𝜑(𝑣𝑛−1) = 2 as CF𝜑(𝑣′𝑛) ≠ ∅. This 
implies that all neighbors of 𝑣𝑛 are colored with 2 and CF𝜑(𝑣𝑛) = ∅, a contradiction. The case of 𝑡 = 2 can be dealt with by symmetry. 
If 𝑡 = 𝑛, then 𝜑(𝑣𝑛−1) = 3 as CF𝜑(𝑣′𝑛) ≠ ∅. This implies that all neighbors of 𝑣𝑛 are colored with 3 and CF𝜑(𝑣𝑛) = ∅, a contradiction. 
The case of 𝑡 = 1 can be dealt with by symmetry. □

Theorem 3.2. 

𝜒PCF(𝑀(𝐶𝑛)) = 4

for all 𝑛 ≥ 3.
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Proof. Suppose that 𝐶𝑛 is a cycle with 𝑉 (𝐶𝑛) = {𝑣𝑖 | 1 ≤ 𝑖 ≤ 𝑛} and 𝐸(𝐶𝑛) = {𝑣𝑖𝑣𝑖+1 | 1 ≤ 𝑖 ≤ 𝑛} where 𝑣𝑛+1 ∶= 𝑣1. We use the 
following Algorithm 2 to construct a PCF-4-coloring of 𝑀(𝐶𝑛).

Algorithm 2: A PCF-Coloring of Mycielskian of 𝐶𝑛.

Input: An integer 𝑛≥ 3 and a cycle 𝐶𝑛

Output: A PCF-coloring 𝜑 of 𝑀(𝐶𝑛) using minimum number of colors
1 for 𝑖 = 1 to ⌊ 𝑛 

3
⌋ do

2 {𝜑(𝑣3𝑖−2), 𝜑(𝑣3𝑖−1), 𝜑(𝑣3𝑖), 𝜑(𝑣′3𝑖−2), 𝜑(𝑣
′
3𝑖−1), 𝜑(𝑣

′
3𝑖)}← {1,2,3,4,4,4}

3 if 𝑛 ≡ 0 (mod 3) then

4 {𝜑(𝑣′
𝑛
), 𝜑(𝑤)}← {3,1}

5 if 𝑛 ≡ 1 (mod 3) then

6 {𝜑(𝑣𝑛), 𝜑(𝑣′𝑛), 𝜑(𝑤)}← {2,2,1}

7 if 𝑛 ≡ 2 (mod 3) then

8 {𝜑(𝑣𝑛−1), 𝜑(𝑣𝑛), 𝜑(𝑣′𝑛−1), 𝜑(𝑣
′
𝑛
), 𝜑(𝑤)}← {1,2,1,2,3}

If 𝑛 ≡ 0 (mod 3), then the color 2,1,1,1,3,2 appears exactly once among the neighbors of 𝑣3𝑖−2, 𝑣3𝑖−1, 𝑣3𝑖, 𝑣′3𝑖−2, 𝑣
′
3𝑖−1, 𝑣

′
3𝑖 for each 

1 ≤ 𝑖 ≤ ⌊ 𝑛 
3⌋ in 𝑀(𝐶𝑛), respectively, and the color 3 appears exactly once among the neighbors of 𝑤 in 𝑀(𝐶𝑛). This implies that 𝐴11

realizes CF𝜑(𝐵11) and 𝐴12 realizes CF𝜑(𝐵12), where

𝐴11 ={ 2,1,1
⏟ ⏟ ⏟

,… , 2,1,1
⏟ ⏟ ⏟

};

𝐵11 ={𝑣1, 𝑣2, 𝑣3
⏟ ⏞⏟ ⏞⏟

,… , 𝑣𝑛−2, 𝑣𝑛−1, 𝑣𝑛
⏟ ⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏟

};

𝐴12 ={ 1,3,2
⏟ ⏟ ⏟

,… , 1,3,2
⏟ ⏟ ⏟

,3};

𝐵12 ={𝑣′1, 𝑣
′
2, 𝑣

′
3

⏟ ⏞⏟ ⏞⏟
,… , 𝑣′

𝑛−2, 𝑣
′
𝑛−1, 𝑣

′
𝑛

⏟ ⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏟
,𝑤}.

If 𝑛 ≡ 1 (mod 3) and 𝑛 ≥ 7, then the color 2,1,1,2,3,2 appears exactly once among the neighbors of 𝑣3𝑖−2, 𝑣3𝑖−1, 𝑣3𝑖, 𝑣′3𝑖−2, 𝑣
′
3𝑖−1, 𝑣

′
3𝑖

for each 2 ≤ 𝑖 ≤ ⌊ 𝑛 
3⌋ − 1 in 𝑀(𝐶𝑛), respectively. The color 4,1,1,2,1,4,1 appears exactly once among the neighbors of 

𝑣1, 𝑣2, 𝑣3, 𝑣𝑛−3, 𝑣𝑛−2, 𝑣𝑛−1, 𝑣𝑛 in 𝑀(𝐶𝑛), respectively, and the color 1,3,2,1,3,1,3,2 appears exactly once among the neighbors of 
𝑣′1, 𝑣

′
2, 𝑣

′
3, 𝑣

′
𝑛−3, 𝑣

′
𝑛−2, 𝑣

′
𝑛−1, 𝑣

′
𝑛
,𝑤 in 𝑀(𝐶𝑛), respectively. This implies that 𝐴21 realizes CF𝜑(𝐵21) and 𝐴22 realizes CF𝜑(𝐵22), where

𝐴21 ={4,1,1, 2,1,1
⏟ ⏟ ⏟

… , 2,1,1
⏟ ⏟ ⏟

,2,1,4,1};

𝐵21 ={𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6
⏟ ⏞⏟ ⏞⏟

,… , 𝑣𝑛−6, 𝑣𝑛−5, 𝑣𝑛−4
⏟ ⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏟

, 𝑣𝑛−3, 𝑣𝑛−2, 𝑣𝑛−1, 𝑣𝑛};

𝐴22 ={1,3,2, 2,3,2
⏟ ⏟ ⏟

,… , 2,3,2
⏟ ⏟ ⏟

,1,3,1,3,2};

𝐵22 ={𝑣′1, 𝑣
′
2, 𝑣

′
3, 𝑣

′
4, 𝑣

′
5, 𝑣

′
6

⏟ ⏞⏟ ⏞⏟
,… , 𝑣′

𝑛−6, 𝑣
′
𝑛−5, 𝑣

′
𝑛−4

⏟ ⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏟
, 𝑣′

𝑛−3, 𝑣
′
𝑛−2, 𝑣

′
𝑛−1, 𝑣

′
𝑛
,𝑤}.

If 𝑛 = 4, then the color 4, 1, 4, 1, 1, 3, 1, 3, 2 appears exactly once among the neighbors of 𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣′1, 𝑣
′
2, 𝑣

′
3, 𝑣

′
4,𝑤, respectively. 

This implies that 𝐴4 realizes CF𝜑(𝐵4), where

𝐴4 ={4,1,4,1,1,3,1,3,2};

𝐵4 ={𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣′1, 𝑣
′
2, 𝑣

′
3, 𝑣

′
4,𝑤}.

If 𝑛 ≡ 2 (mod 3) and 𝑛 ≥ 8, then the color 2,1,1,2,1,1 appears exactly once among the neighbors of 𝑣3𝑖−2, 𝑣3𝑖−1, 𝑣3𝑖, 𝑣′3𝑖−2, 𝑣
′
3𝑖−1, 𝑣

′
3𝑖

for each 2 ≤ 𝑖 ≤ ⌊ 𝑛 
3⌋ − 1 in 𝑀(𝐶𝑛), respectively. The color 4,1,1,2,1,2,3,4 appears exactly once among the neighbors of 

𝑣1, 𝑣2, 𝑣3, 𝑣𝑛−4, 𝑣𝑛−3, 𝑣𝑛−2, 𝑣𝑛−1, 𝑣𝑛 in 𝑀(𝐶𝑛), respectively, and the color 3,1,1,2,1,1,2,3,2 appears exactly once among the neighbors 
of 𝑣′1, 𝑣

′
2, 𝑣

′
3, 𝑣

′
𝑛−4, 𝑣

′
𝑛−3, 𝑣

′
𝑛−2, 𝑣

′
𝑛−1, 𝑣

′
𝑛
,𝑤 in 𝑀(𝐶𝑛), respectively. This implies that 𝐴31 realizes CF𝜑(𝐵31) and 𝐴32 realizes CF𝜑(𝐵32), 

where

𝐴31 ={4,1,1, 2,1,1
⏟ ⏟ ⏟

… , 2,1,1
⏟ ⏟ ⏟

,2,1,2,3,4};

𝐵31 ={𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6
⏟ ⏞⏟ ⏞⏟

,… , 𝑣𝑛−7, 𝑣𝑛−6, 𝑣𝑛−5
⏟ ⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏟

, 𝑣𝑛−4, 𝑣𝑛−3, 𝑣𝑛−2, 𝑣𝑛−1, 𝑣𝑛};

𝐴32 ={3,1,1, 2,1,1
⏟ ⏟ ⏟

,… , 2,1,1
⏟ ⏟ ⏟

,2,1,1,2,3,2};
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𝐵32 ={𝑣′1, 𝑣
′
2, 𝑣

′
3, 𝑣

′
4, 𝑣

′
5, 𝑣

′
6

⏟ ⏞⏟ ⏞⏟
,… , 𝑣′

𝑛−7, 𝑣
′
𝑛−6, 𝑣

′
𝑛−5

⏟ ⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏟
, 𝑣′

𝑛−4, 𝑣
′
𝑛−3, 𝑣

′
𝑛−2, 𝑣

′
𝑛−1, 𝑣

′
𝑛
,𝑤}.

If 𝑛 = 5, then the color 4, 1, 2, 3, 4, 3, 1, 2, 2, 3, 2 appears exactly once among the neighbors of 𝑣1 , 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣′1, 𝑣
′
2, 𝑣

′
3, 𝑣

′
4, 𝑣

′
5,𝑤, 

respectively. This implies that 𝐴5 realizes CF𝜑(𝐵5), where

𝐴5 ={4,1,2,3,4,3,1,2,2,3,2};

𝐵5 ={𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣′1, 𝑣
′
2, 𝑣

′
3, 𝑣

′
4, 𝑣

′
5,𝑤}.

Therefore Algorithm 2 outputs a PCF-4-coloring 𝜑 of 𝑀(𝐶𝑛).
Now we show that 𝑀(𝐶𝑛) is not PCF-3-colorable. Suppose to the contrary that 𝜑 is a PCF-3-coloring of 𝑀(𝐶𝑛) with 𝜑(𝑤) = 1. 

Since CF𝜑(𝑤) ≠ ∅, we assume, without loss of generality, that 𝜑(𝑣′2) = 2 and 𝜑(𝑣′
𝑠
) = 3 for all 𝑠 ≠ 2. It follows 𝜑(𝑣1) = 𝜑(𝑣3) = 1. This 

implies that all neighbors of 𝑣′2 are colored with 1 and thus CF𝜑(𝑣′2) = ∅, a contradiction. □

4. PCF-color other Mycielskians efficiently

First of all, we investigate the PCF-coloring of Mycielskian of complete graphs and complete bipartite graphs.

Theorem 4.1. 

𝜒PCF(𝑀(𝐾𝑛)) = 𝑛+ 1

for all 𝑛 ≥ 3.

Proof. Suppose that 𝐾𝑛 is a complete graph with 𝑉 (𝐾𝑛) = {𝑣𝑖 | 1 ≤ 𝑖 ≤ 𝑛} and 𝐸(𝐾𝑛) = {𝑣𝑖𝑣𝑗 | 1 ≤ 𝑖, 𝑗 ≤ 𝑛, 𝑖 ≠ 𝑗}. We use the following 
Algorithm 3 to construct a PCF-(𝑛+ 1)-coloring of 𝑀(𝐾𝑛).

Algorithm 3: A PCF-Coloring of Mycielskian of 𝐾𝑛.

Input: An integer 𝑛 and a complete graph 𝐾𝑛

Output: A PCF-coloring 𝜑 of 𝑀(𝐾𝑛) using minimum number of colors
1 for 𝑖 = 1 to 𝑛 do

2 𝜑(𝑣𝑖)← 𝑖

3 𝜑(𝑣′
𝑖
)← 𝑛+ 1

4 𝜑(𝑣′1)← 1
5 𝜑(𝑤)← 2

The color 𝑛 appears exactly once among the neighbors of each 𝑣𝑖 and 𝑣′
𝑖

with 1 ≤ 𝑖 ≤ 𝑛− 1 in 𝑀(𝐾𝑛), and the color 2,1,1 occurs 
exactly once among the neighbors of 𝑣𝑛, 𝑣

′
𝑛
,𝑤, respectively. This implies that 𝐴1 realizes CF𝜑(𝐵1) and 𝐴2 realizes CF𝜑(𝐵2), where

𝐴1 ={𝑛,… , 𝑛,2};

𝐵1 ={𝑣1,… , 𝑣𝑛−1, 𝑣𝑛};

𝐴2 ={𝑛,… , 𝑛,1,1};

𝐵2 ={𝑣′1,… , 𝑣′
𝑛−1, 𝑣

′
𝑛
,𝑤}.

Therefore, Algorithm 3 outputs a PCF-(𝑛+ 1)-coloring 𝜑 of 𝑀(𝐾𝑛).
Now we show that 𝑀(𝐾𝑛) is not PCF-𝑛-colorable (indeed not 𝑛-colorable). Suppose to the contrary that 𝜑 is a proper 𝑛-coloring 

of 𝑀(𝐾𝑛). Since both 𝑣𝑖 and 𝑣′
𝑖

are adjacent to 𝑣𝑗 in 𝑀(𝐾𝑛) whenever 𝑖 ≠ 𝑗, we assume, without loss of generality, that 𝜑(𝑣𝑖) = 𝑖. It 
follows that 𝜑′(𝑣𝑖) = 𝑖 for each 1 ≤ 𝑖 ≤ 𝑛, and thus 𝜑(𝑤) = 𝜑(𝑣𝑗 ) for some 1 ≤ 𝑗 ≤ 𝑛, a contradiction. □

Theorem 4.2. 

𝜒PCF(𝑀(𝐾𝑚,𝑛)) =
{

4, if one of m and n is 2;

5, otherwize;

Proof. Let 𝑋 = {𝑣1, 𝑣2,⋯ , 𝑣𝑚} and 𝑌 = {𝑢1, 𝑢2,⋯ , 𝑢𝑛} be two parts (i.e., maximal independent sets) of 𝐾𝑚,𝑛, and let 𝑋′ =
{𝑣′1, 𝑣

′
2,⋯ , 𝑣′

𝑚
} and 𝑌 ′ = {𝑢′1, 𝑢

′
2,⋯ , 𝑢′

𝑛
}.

If 𝑚 + 𝑛 ≤ 3, then the result follows by Theorem 3.1. If 𝑚 + 𝑛 > 3, then we use the following Algorithm 4 to construct a PCF-4
coloring of 𝑀(𝐾𝑚,𝑛) if 𝑚 = 2 and a PCF-5-coloring of 𝑀(𝐾𝑚,𝑛) if 𝑚,𝑛 ≠ 2. The case when 𝑛 = 2 can be dealt with by symmetry.

If 𝑚 = 2, then the color 2 appears exactly once among the neighbors of 𝑣𝑖 and 𝑣′
𝑖

for each 1 ≤ 𝑖 ≤ 𝑚 in 𝑀(𝐾𝑚,𝑛). The color 4 and 3 
appears exactly once among the neighbors of 𝑢𝑗 and 𝑢′

𝑗
with 1 ≤ 𝑗 ≤ 𝑛 in 𝑀(𝐾𝑚,𝑛), respectively, and the color 1 appears exactly once 

among the neighbors of 𝑤. This implies that 𝐴11 realizes CF𝜑(𝐵11) and 𝐴12 realizes CF𝜑(𝐵12), where
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Algorithm 4: A PCF-Coloring of Mycielskian of 𝐾𝑚,𝑛.

Input: A complete bipartite graph 𝐾𝑚,𝑛 with 𝑚 ≤ 𝑛

Output: A PCF-coloring of 𝑀(𝐾2,𝑛) or a PCF-coloring of 𝑀(𝐾𝑚,𝑛) with 𝑚,𝑛 ≠ 2 using minimum numbers of colors
1 for 𝑖 = 1 to 𝑚 do

2 { 𝜑(𝑣𝑖), 𝜑(𝑣′𝑖)}← {1,1}

3 for 𝑗 = 1 to 𝑛 do

4 {𝜑(𝑢𝑖), 𝜑(𝑢′𝑖)}← {3,4}

5 if m=2 then

6 { 𝜑(𝑣′
𝑚
), 𝜑(𝑢𝑛), 𝜑(𝑤)}← {4,2,3}

7 else

8 { 𝜑(𝑣𝑚), 𝜑(𝑢𝑛), 𝜑(𝑢′𝑛), 𝜑(𝑤)}← {2,4,5,3}

𝐴11 ={2,2,4,… ,4};

𝐵11 ={𝑣1, 𝑣2, 𝑢1,… , 𝑢𝑛};

𝐴12 ={2,2,3,… ,3,1};

𝐵12 ={𝑣′1, 𝑣
′
2, 𝑢

′
1,… , 𝑢′

𝑛
,𝑤}.

If 𝑚,𝑛 ≠ 2, then the color 5 and 4 appears exactly once among the neighbors of 𝑣𝑖 and 𝑣′
𝑖
for each 1 ≤ 𝑖 ≤ 𝑚 in 𝑀(𝐾𝑚,𝑛), respectively. 

The color 2 appears exactly once among the neighbors of 𝑢𝑗 and 𝑢′
𝑗

for each 1 ≤ 𝑗 ≤ 𝑛 in 𝑀(𝐾𝑚,𝑛) and the color 5 appears exactly 
once among the neighbors of 𝑤. This implies that 𝐴21 realizes CF𝜑(𝐵21) and 𝐴22 realizes CF𝜑(𝐵22), where

𝐴21 ={5,… ,5,2,… ,2};

𝐵21 ={𝑣1,… , 𝑣𝑚, 𝑢1,… , 𝑢𝑛};

𝐴22 ={4,… ,4,2,… ,2,5};

𝐵22 ={𝑣′1,… , 𝑣′
𝑚
, 𝑢′1,… , 𝑢′

𝑛
,𝑤}.

Therefore, Algorithm 4 outputs a PCF-4-coloring of 𝑀(𝐾𝑚,𝑛) if 𝑚 = 2 and a PCF-5-coloring of 𝑀(𝐾𝑚,𝑛) if 𝑚,𝑛 ≠ 2.
Now we show that 𝑀(𝐾2,𝑛) is not PCF-3-colorable. We may assume 𝑛 ≥ 2 by Theorem 3.1. Suppose to the contrary that 𝜑1 is a 

PCF-3-coloring of 𝑀(𝐾2,𝑛) with 𝜑1(𝑤) = 1. Since CF𝜑1
(𝑤) ≠ ∅, we assume, without loss of generality, that 2 is the PCF-color of 𝑤. 

If the color 2 appears in 𝑋′, say, 𝜑1(𝑣′1) = 2, then 𝑣′2 and all vertices of 𝑌 ′ are colored with 3. It follows that 𝜑1(𝑢𝑗 ) = 1 for each 
1 ≤ 𝑗 ≤ 𝑛, and therefore all neighbors of 𝑣′2 in 𝑀(𝐾2,𝑛) are colored with 1, a contradiction. If the color 2 appears in 𝑌 ′, say, 𝜑1(𝑢′1) = 2, 
then 𝑣′1, 𝑣

′
2 and 𝑢′

𝑖
with 𝑖 ≥ 2 are colored with 3. It follows that 𝑣1 and 𝑣2 are colored with 1, and therefore all neighbors of 𝑢′1 in 

𝑀(𝐾2,𝑛) are colored with 1, a contradiction.
Next we show that 𝑀(𝐾𝑚,𝑛) is not PCF-4-colorable if neither 𝑚,𝑛 ≠ 2. The case of 𝑚 = 𝑛 = 1 was resolved by Theorem 3.1. Hence 

we may assume 𝑚 = 1 and 𝑛 ≥ 3, or 𝑛 ≥ 𝑚 ≥ 3.
Suppose to the contrary that 𝜑2 is a PCF-4-coloring of 𝑀(𝐾𝑚,𝑛). Since every vertex of 𝑋 is adjacent to all vertices of 𝑌 ∪𝑌 ′, there 

are at most three colors in 𝑌 ∪ 𝑌 ′. If 𝑌 ∪ 𝑌 ′ occupies only one color, then all neighbors of 𝑣1 are colored the same, a contradiction. 
So there are at least two colors in 𝑌 ∪ 𝑌 ′.

If 𝑌 ∪ 𝑌 ′ occupies three colors, say 1,2, and 3, then vertices in 𝑋 are colored with 4.
If 1,2, and 3 appear in 𝑌 , then vertices of 𝑋′ are colored with 4. This implies that all neighbors of 𝑢1 are colored with 4, thus 

CF𝜑2
(𝑢1) = ∅, a contradiction.

If two colors among 1,2,3, say 2 and 3, appear in 𝑌 , then vertices of 𝑋′ are colored with 1 or 4. Since CF𝜑2
(𝑢1) ≠ ∅, all vertices of 

𝑋′ cannot be simultaneously colored with 4. Hence we may assume 𝑣′1 is colored with 1. If 𝑚 ≥ 3, then 1 must be the PCF-color of 𝑢1, 
which implies that vertices of 𝑋′ ⧵{𝑣′1} are colored with 4 and thus 𝜑2(𝑤) ≠ 4. If 𝑚 = 1, then CF𝜑2

(𝑢′1) ≠ ∅ implies 𝜑2(𝑤) ≠ 𝜑2(𝑣1) = 4. 
By the symmetry between the colors 2 and 3, we may assume that 𝜑2(𝑤) = 2. Now, all neighbors of 𝑣′1 are colored with 2 and 3, 
and the color 2 is used at least twice. This implies that all vertices of 𝑌 but one with color 3, say 𝑢′1, are colored with 2. If 3 is the 
PCF-color of 𝑣1, then all vertices of 𝑌 ′ are colored with 1, implying CF𝜑2

(𝑤) = ∅, a contradiction. If 3 is not the PCF-color of 𝑣1, then 
all vertices of 𝑌 ′ but one with color 1 are colored with 3. This case again implies CF𝜑2

(𝑤) = ∅, a contradiction.
Hence all vertices of 𝑌 are colored with the same color, say 1. This implies that the colors 2 and 3 appear in 𝑌 ′. Since CF𝜑2

(𝑢′1) ≠ ∅
implies 𝜑2(𝑤) ≠ 4, and thus 𝜑2(𝑤) = 1. This gives a contradiction that all neighbors of 𝑣′1 are colored with 1.

If 𝑌 ∪ 𝑌 ′ occupies two colors, say 1 and 2, then all vertices of 𝑋 are colored with 3 or 4. By symmetry, we assume that 1 is the 
PCF-color of 𝑣1.

If the color 1 appears in 𝑌 , then all vertices of 𝑌 ′ are colored with 2. Since CF𝜑2
(𝑣′1) ≠ ∅, 𝜑2(𝑤) ≠ 1. Now by the symmetry between 

the colors 3 and 4, we may assume 𝜑2(𝑤) = 3. Since both the colors 1 and 2 appear in 𝑌 and 𝑤 is colored with 3, all vertices of 𝑋′

are colored with 4. Since CF𝜑2
(𝑢1) ≠ ∅, all vertices of 𝑋 cannot be simultaneously colored with 4. So we may assume 𝜑2(𝑣1) = 3. 

Since CF𝜑2
(𝑢′1) ≠ ∅ and the color 3 appears at least twice among the neighbors of 𝑢′1, 𝑚 ≠ 1 and all vertices of 𝑋 but one with color 

4 are colored with 3. Now all neighbors of 𝑢1 are colored with 3 or 4, and each of them are used at least twice, a contradiction.
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On the other hand, we assume that all vertices of 𝑌 ∪ 𝑌 ′, but one in 𝑌 ′, say 𝑢′1, are colored with 2. Note that under this situation 
we have 𝜑2(𝑢′1) = 1. Again, we may assume 𝜑2(𝑤) = 3 by symmetry. This implies that all vertices of 𝑋′ are colored with 1 or 4. Since 
CF𝜑2

(𝑢′1) ≠ ∅, all vertices of 𝑋 cannot be simultaneously colored with 3. So we may assume 𝜑2(𝑣1) = 4 and 𝜑2(𝑣𝑖) = 3 for each 𝑖 ≠ 1. 
If 1 is a PCF-color of 𝑤, then all vertices of 𝑋′ are colored with 4, and thus CF𝜑2

(𝑢1) = ∅, a contradiction. If 4 is a PCF-color of 𝑤, 
then 𝑚 ≠ 1 and all vertices of 𝑋′ but one with color 4 are colored with 1. In this case, all neighbors of 𝑢1 are colored with 1,3, or 4, 
each of them are used at least twice, a contradiction. □

Given two graphs 𝐺 and 𝐻 , the join of them, denoted by 𝐺 ∨ 𝐻 , is a graph with vertex set 𝑉 (𝐺) ∪ 𝑉 (𝐻) and edge set 𝐸(𝐺) ∪
𝐸(𝐻) ∪ {𝑢𝑣 | 𝑢 ∈ 𝑉 (𝐺), 𝑣 ∈ 𝑉 (𝐻)}. An wheel graph 𝑊𝑛 is the join of 𝑃1 and 𝐶𝑛−1.

Theorem 4.3. 

𝜒PCF(𝑀(𝑊𝑛)) = 5

for all 𝑛 ≥ 4.

Proof. Suppose that 𝑊𝑛 is a wheel graph with 𝑉 (𝑊𝑛) = {𝑣𝑖 | 0 ≤ 𝑖 ≤ 𝑛−1} and 𝐸(𝑊𝑛) = {𝑣𝑖𝑣𝑖+1, 𝑣0𝑣𝑖 | 1 ≤ 𝑖 ≤ 𝑛−1} where 𝑣𝑛 ∶= 𝑣1. 
We use the following Algorithm 5 to construct a PCF-5-coloring of 𝑀(𝑊𝑛).

Algorithm 5: A PCF-Coloring of Mycielskian of 𝑊𝑛.

Input: An integer 𝑛 and a wheel graph 𝑊𝑛

Output: A PCF-coloring 𝜑 of 𝑀(𝑊𝑛) using minimum number of colors
1 for 𝑖 = 1 to ⌊ 𝑛−1

2 ⌋ do

2 {𝜑(𝑣2𝑖−1), 𝜑(𝑣2𝑖), 𝜑(𝑣′2𝑖−1), 𝜑(𝑣
′
2𝑖)}← {1,2,5,5}

3 {𝜑(𝑣𝑛−1), 𝜑(𝑣0), 𝜑(𝑣′𝑛−1), 𝜑(𝑣
′
1), 𝜑(𝑣

′
0), 𝜑(𝑤)}← {3,4,5,1,5,2}

The color 4 appears exactly once among the neighbors of 𝑣𝑖 and 𝑣′
𝑖

for each 1 ≤ 𝑖 ≤ 𝑛− 1 in 𝑀(𝑊𝑛). The color 3 appears exactly 
once among the neighbors of 𝑣0 and 𝑣′0 in 𝑀(𝑊𝑛) and the color 1 appears exactly once among the neighbors of 𝑤. This implies that 
𝐴1 realizes CF𝜑(𝐵1) and 𝐴2 realizes CF𝜑(𝐵2), where

𝐴1 ={4,… ,4,3};

𝐵1 ={𝑣1,… , 𝑣𝑛−1, 𝑣0};

𝐴2 ={4,… ,4,3,1};

𝐵2 ={𝑣′1,… , 𝑣′
𝑛−1, 𝑣

′
0,𝑤}.

Therefore, Algorithm 5 outputs a PCF-5-coloring 𝜑 of 𝑀(𝑊𝑛).
Now we show that 𝑀(𝑊𝑛) is not PCF-4-colorable. Since 𝑊4 ≅ 𝐾4, we may assume 𝑛 ≥ 5 by Theorem 4.1. Suppose to the contrary 

that 𝜑 is a PCF-4-coloring of 𝑀(𝑊𝑛). Let 𝑆 = {𝑣1, 𝑣2,… , 𝑣𝑛−1} and 𝑆′ = {𝑣′1, 𝑣
′
2,… , 𝑣′

𝑛−1}. Clearly, the number of colors occupied by 
𝑆 is either two or three, as 𝑣0 is adjacent to every 𝑣𝑖 with 𝑖 ∈ [𝑛− 1] and 𝑣1 is adjacent to 𝑣2.

Suppose first that there are three colors, say 1, 2, and 3, appearing in 𝑆 . It follows that 𝜑(𝑣0) = 𝜑(𝑣′0) = 4 and the color 4 does 
not appear in 𝑆′. Furthermore, there are at least one color among 1,2,3, say 3, would not appear in 𝑆′, as otherwise 𝑤 cannot be 
properly colored. Since 𝑣1𝑣2⋯𝑣𝑛−1𝑣1 forms a cycle, we may assume, without loss of generality, that 𝑣1 , 𝑣2, 𝑣3 are colored with 1, 
2, 3, respectively. Since 𝑣′2 is adjacent to 𝑣1 and 𝑣3, 𝑣′2 is colored with 2. This implies 𝜑(𝑣′1) = 𝜑(𝑣′3) = 1. Since 𝑣4 is adjacent to 
𝑣3 and 𝑣′3, 𝜑(𝑣4) = 2. Now 𝑣3 is adjacent to three vertices colored with 2 and two vertices colored with 4, so CF𝜑(𝑣3) ≠ ∅ implies 
𝜑(𝑣′4) = 1. If 𝑛 = 5, then two adjacent vertices 𝑣1 and 𝑣′4 are both colored with 1, a contradiction. If 𝑛 ≥ 6, then 𝜑(𝑣5) = 3 as 𝑣5 is 
adjacent to 𝑣4 and 𝑣′4. This results in a contradiction that every color other than 4 appears at least twice among the neighbors of 𝑣0
in 𝑀(𝑊𝑛).

Now, suppose that 1 and 2 appear in 𝑆 , and 3 and 4 do not appear there. It follows that vertices of the cycle 𝑣1𝑣2⋯𝑣𝑛−1𝑣1 are alter
natively colored with 1 and 2. Without loss of generality, assume that 𝜑(𝑣0) = 4. If 𝜑(𝑣′0) = 4, then CF𝜑(𝑣0) ≠ ∅ implies that 3 appears in 
𝑆′ and CF𝜑(𝑣′0) ≠ ∅ implies 𝜑(𝑤) = 3, which violates the properness of 𝜑. If 𝜑(𝑣′0) = 3, then CF𝜑(𝑣′0) ≠ ∅ implies 𝜑(𝑤) = 4. Now 𝑣′2 has 
four neighbors 𝑣1, 𝑣3, 𝑣0,𝑤 in 𝑀(𝑊𝑛). Among them, 𝑣1, 𝑣3 are colored the same and 𝑣0,𝑤 are colored the same, a contradiction. □
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