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ARTICLE INFO ABSTRACT

Section Editor: Pinyan Lu A proper conflict-free coloring, often termed as PCF-coloring, of a graph refers to a proper vertex
coloring wherein each vertex’s open neighborhood contains at least one color appearing exactly
once. PCF-coloring boasts a wide range of applications, from theoretical graph analysis to practical
applications in networking, geographic information systems, scheduling, and constraint satis-
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Proper conflict-free coloring faction problems. Caro, Petrusevski, and Skrekovski conjectured in 2023 that every graph with
Mycielskian maximum degree A >3 has a PCF-(A + 1)-coloring. In this paper, we validate this conjecture for
Fast algorithm the Mycielskians of 1-subdivided graphs. Additionally, we determine the PCF-chromatic number

for Mycielskians of paths, cycles, complete graphs, complete bipartite graphs, and wheels, and
provide efficient algorithms that produce optimal PCF-colorings for these graphs.

1. Introduction

We use V(G) and E(G) to represent the vertex set and edge set of a graph G, and by §(G) and A(G) we denote the minimum
and the maximum degree of G, respectively. For v € V(G), let Ng(v) :={u | uv € V(G)} and Ngs[v] := Ng(v) U {v}. We call Ng(v)
(resp. Ng[v]) the open (resp. closed) neighborhood of v.

A proper k-coloring of a graph G is a function ¢ : V(G) — [k] where [k] :={1,2,...,k} such that @(v) # @(u) iff uv € E(G). A
conflict-free coloring of a graph G refers to a vertex coloring where, for every vertex v € V(G), there exists at least one color that
is uniquely used in Ng(v). We call such a coloring CF-coloring for short. The notion of CF-coloring was introduced by Even [4] in
2003. In 2023, Fabrici, LuZar, RindoSové4, and Sotdk [5] defined a hybrid coloring by combining the proper coloring with the CF-
coloring. Specifically, a coloring is a proper conflict-free coloring, say PCF-coloring for short, if it is both proper and conflict-free. Such
hybrid assumptions often stem from practical problems. For instance, consider the coloring of sensors in a wireless network. Each
sensor can be represented as a vertex in a graph, and the communication range between sensors can be represented as edges between
vertices. If two sensors are within each other’s communication range (i.e., they are adjacent), they should use different frequencies
to avoid interference. This is the requirement of proper coloring. On the other hand, to guarantee that every sensor can receive at
least one distinct signal originating from beyond its communication radius (aiding in its position determination or detection of crucial
information), we must ensure that every sensor’s open neighborhood includes at least one unique color. This is the requirement of
conflict-free coloring.
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The first theoretical results for PCF-coloring of graphs were due to Fabrici, Luzar, RindoSov4, and Sotédk [5]. They proved that every
planar graph is PCF-8-colorable and every outerplanar graph is PCF-5-colorable. An interesting proposition due to them states that
the PCF-coloring with respect to closed neighborhood is equivalent to the proper coloring, and thus we only care about PCF-coloring
with respect to open neighborhood. From now on, whenever neighborhood is mentioned, it refers to open neighborhood.

The minimum number of colors needed in a PCF-coloring of a graph G, denoted by ypcp(G), is the PCF-chromatic number. Caro,
Petrusevski, and Skrekovski [2] showed ypcp(G) < SA(G)/2 for every graph G. They also determined the PCF-chromatic number for
several fundamental graph classes, including trees, cycles, hypercubes, and subdivisions of complete graphs.

Conjecture 1.1. [2] If A(G) > 3, then ypcr(G) < A(G)+ 1.

Towards Conjecture 1.1, Cranston and Liu [3] showed that ypcr(G) < 2A(G) + 1, improving the previously mentioned result of Caro,
Petrusevski, and Skrekovski [2].

Given a graph G = (V, E), the Mycielskian M (G) of is a supergraph of G with vertex set V U V' U {w}, where V' ={J' |veV},
and edge set EU {v'v | uv€ E}YU {t'w | v’ € V'}. According to this definition, a vertex v € V' corresponds to a vertex v’ € V/, and
we call v’ the copy vertex of v. The vertex w in M(G) is called the sink vertex. The structure and coloring problems of Mycielskians
were studied in many papers [1,6-8]. Note that

A(M(G)) = max{|V(G)],2A(G)} = 2A(G). 1.1

Thus, it is interesting to do a weaker conjecture than Conjecture 1.1.
Conjecture 1.2. ypcp(M(G)) < A(M(G)) + 1 for every graph G.

The 1-subdivision of a graph G, denoted by .S(G), is obtained from G by replacing every edge with a path of two edges. Note that

AM(S(G)) = max{|[V(S(G))],2A(G)} = 2A(G).
This paper validates Conjectures 1.1 and 1.2 for M (S(G)) and S(G), respectively. Specifically, we prove the following:

Theorem 1.1. ypcp(M(S(G))) < A(M(S(G))) + 1.

This paper is organized as follows. In Sections 2 and 3, we complete the proof of Theorem 1.1. In Sections 3 and 4, we establish
the PCF-chromatic number of Mycielskian of paths, cycles, complete graphs, complete bipartite graphs, and wheels. Additionally, we
present efficient algorithms that yield optimal PCF-colorings for these graphs.

Notations. For a PCF-coloring ¢ of G, the color appearing only once in N (v) is a PCF-color of v. Note that v may have two or more
PCF-colors under ¢. Thus, we use a set CF,(v) to collect all PCF-colors of v under ¢. Using this language, a proper coloring ¢ is a
PCF-coloring iff CF,(v) # @ for every v € V(G). For a subset U C V(G), set CF,(U) :={CF,(w) |ueU}. Let A={s; | i € [k]} and
B ={S, | i €[k]}, where each s; is a number and each S, is a number set. If 5s; € S; for each 1 <i <k, then we say that A realizes B.

2. Proof of Theorem 1.1 for graphs G with A(G) >3
Theorem 2.1. If G is PCF-k-colorable, then M (G) is PCF-(k + 3)-colorable. Furthermore, if k > 26(G), then M (G) is PCF-(k +2)-colorable.

Proof. Since P, is the unique PCF-2-colorable connected graph, we assume k > 3 in the following.

Let vy, ..., v, be vertices of G wherein v, is of minimum degree. Since G is PCF-k-colorable, we color G with colors 1, ..., k so that
each vertex v; has one PCF-color ;. Now we color U’l with k + 3, v’z, ,u; with k + 1, and w with k + 2. This completes a coloring
@ of M(G) and one can see that o; € CF,(v), k+2€ CF(’,(U”.), and k+3 € CF,(w). So this (k + 3)-coloring is a PCF-coloring.

Let

S :={p) | v; € Ng()}U{a; | v; € Ng(v))}.

If k > 256(G), then we recolor U’l with a color in [k] \ .S, which has size at least k — 26(G) > 1. This results in a (k + 2)-coloring of

M (G), denoted by 7. Since a; € CF,(v;), k+2 € CFT(UI’.), and (p(v’l) € CF,(w), 7 is a PCF-(k + 2)-coloring of M(G). []

Since ypcp(G) <2A(G)+1 [3], by (1.1) and by Theorem 2.1,

Xpcr(M(G)) < 2A(G)+ 1) +2 < AM(G)) +3.
Similarly, if we know ypcp(G) < 2A(G) — 2 for every graph G, then Theorem 2.1 implies

2pcr(M(G)) <2A(G) -2+ 3 <AM(G) + 1,
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which would resolve Conjecture 1.2.
Proposition 2.1. Conjecture 1.2 holds for graphs G with ypcp(G) <2A(G)—2. [
For graphs with small maximum degree, Caro, Petruevski, and Skrekovski [2] showed the following:
Theorem 2.2. [2] Every subcubic graph is PCF-4-colorable.
Therefore, Conjecture 1.2 holds for all subcubic graphs by Proposition 2.1.

Lemma 2.3. [9] If H is a hypergraph with maximum degree A, then H has a (A + 1)-coloring so that there is at least one color appearing
only once in each hyperedge.

Lemma 2.4. ypcp(S(G)) < x(G) + 3.

Proof. We properly color G with y(G) colors. Let H(G) be a hypergraph with vertex set V' (S(G))\ V(G) and edge set { N g, () | u €
V(@)}. Since A(H(G)) = 2, we can color H(G) with three new colors so that there is at least one color appearing only once in N g, (1)
for each u € V(G) by Lemma 2.3. This gives a proper (y(G) + 3)-coloring of .S(G) such that each vertex u € V' (G) has at least one
PCF-color. For each vertex v € V(S(G)) \ V(G), it has degree two in S(G), and its two neighbors in .S(G) are adjacent in G, so their
colors are distinct. This implies that v has two PCF-colors. []

Lemma 2.5. [2] If G is a tree on at least three vertices, then ypcp(G) =3

Now assume A(G) > 3. It is natural to assume further that G is connected. Since S(G) is neither a complete graph nor an odd
cycle, by Lemma 2.4 and Brooks’ Theorem, we have

2pcr(S(G)) S A(S(G)) + 3. (2.1)
Since A(G) >3, A(S(G))+3 >3+3=62>26(S(G)). Thus, applying Theorem 2.1, we have

2pcr(M(S(G))) < xpcp(S(G) +2 < A(S(G) +5
< %A(M(S(G))) +5<AM(SG) +1
by (1.1) and (2.1), if A(M(S(G))) > 8. On the other hand, if A(M(S(G))) <7, then |V (S(G))| <7, and thus |V(G)| + |E(G)| <7. It
follows that G = K, 3, as A(G) > 3. Now, S(K 3) is a tree with 7 vertices, so by Theorem 2.1 and Lemma 2.5,
2pcr(M(S(K3)) < xpcr(S(K3) +2=5 <AM(S(K;3)) + 1.

3. Proof of Theorem 1.1 for graphs G with A(G) <2

Theorem 1.1 holds directly for graphs G with A(G) < 1. So in this section we assume A(G) =2, i.e., G is a path or cycle on at
least three vertices. In order to complete the proof of Theorem 1.1, it is sufficient to show

xpcE(M (S(P,))) = xpcp(M (Py,_1)) £5 S A(M(S(P))) + 1
Xpcr(M(S(C))) = xpcp(M(Cy,)) <5 < A(M(S(C)))) + 1

Beyond merely proving the aforementioned inequalities, we calculate the PCF-chromatic number specifically for the Mycielskian
of every path and cycle. Furthermore, we offer efficient algorithms that generate optimal PCF-colorings for these graphs.

Theorem 3.1.

_[5, ifn=2
xecp(M(P)) = { 4, otherwize;

Proof. Let P, :=uv; ---v, be a path. If n =2, then M (P,) = Cs and the result holds as ypcp(Cs) = 5. If n > 3, then we use the following
Algorithm 1 to construct a PCF-4-coloring ¢ of M(P,).

If =0 (mod 3), then the color 2,1,2,2,3,2 appears exactly once, respectively, in the neighborhood of vs;_,, v3;_;, V3, ’3[ 00 ’3, 1
1)3 foreach 1 <i < L | in M(P,), and the color 3 appears exactly once among the neighbors of w in M (P,). This implies that A,
realizes CF, (B, ;) and Ay, realizes CF,(B,,), where
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Algorithm 1: A PCF-Coloring of Mycielskian of P,.
Input: An integer n >3 and a path P,
Output: A PCF-coloring ¢ of M(P,) using minimum number of colors
fori=1to[] do
| (032 03 1) 0W3). 0y ) 0y p(0y)) < (1.2.3,4,4.4)
if n=0 (mod 3) then
| fe@), o)} (3,1}
if n=1 (mod 3) then
| (0@ 0. p(w)) < {1.2.1)
if n=2 (mod 3) then
| (0@, 00,0 _ ), pW)), pw)} < {1,2,4,2,3}

® N o« S W No=

A ={212,...,212}
N~ Y~

By ={v},0p,03, ..., 0,2, 0,1, 0, )3

Ap={2.3.2...., 23,2 3};
——

——
/ / / / / /
B, ={U1,U2, Usseves Uy 50150y, w}l.
——
Ifn=1 (mod 3), then the color 2,1, 1,2, 3, 2 appears exactly once, respectively, among the neighbors of v3;_,,v3;_1, 03;, U’Si_z, ugi_] ,

0’31. foreach 1 <i< L%J in M(P,), and the color 3,3,2 appears exactly once among the neighbors of v,,, v, w in M(P,), respectively.

This implies that A,, realizes CF,(B,)) and A, realizes CF,(B,,), where

Ay ={2,1,1,...,2,1,1,3}
N—— N~——

By ={v1, 02,03, ..., 043, Uy, U1 Un 13

Ay ={232,...,23,2,32}
N—— N——

WA ' ' '
By ={v), 05,03, 00y 3.0, 5.0,y

——

If n=2 (mod 3), then the color 2,1, 1,2, 1, 1 appears exactly once, respectively, among the neighbors of v3;_,, v3;_;, V3, u’zF

Ul

11’w}'

/

v,
20731
U;l. foreach 1 <i < Lg] in M (P,), and the color 4,4,2, 1,2 appears exactly once among the neighbors of v,,_;, v,,, UL] LU win M(P,),

respectively. This implies that A3, realizes CF,(Bj3,) and A3, realizes CF,(Bj3,), where

Ay ={2,1,1,..., 2,1,1,4,4};
N—— ~——
By ={v1, 09,03, ..., U445 053, Uy 25 U1, U )

Ay ={2,1,1,...,2,1,1,2,1,2};
N—— N——

/

2N / ! / /
By, ={v}, 05,05, ...,0 00 0 0o w).

——

Therefore, Algorithm 1 outputs a PCF-4-coloring ¢ of M (P,).

Now we show that M (P,) is not PCF-3-colorable. This is trivial for n = 2. Assume n > 3. Suppose to the contrary that ¢ is a
PCF-3-coloring of M(P,) with p(w) = 1. Since CF,(w) # @, we assume the color 2 appears exactly once among v’l, ,v;. Assume
@(v}) =2 for some 1. It follows (v)) =3 for all s #1.

If3<t<n-2,then (v,_;) = @(v,4) = 1, and thus CF,(v}) = @, a contradiction. If t = n — 1, then ¢(v,,_,) = 2 as CF,(v/,) # @. This
implies that all neighbors of v, are colored with 2 and CF ,(v,) = ¥, a contradiction. The case of t =2 can be dealt with by symmetry.
If t = n, then @(v,_;) =3 as CF(p(v;) # @. This implies that all neighbors of v, are colored with 3 and CF,(v,) = @, a contradiction.
The case of t = 1 can be dealt with by symmetry. []

Theorem 3.2.

Jpcp(M(Cp)) =4

forall n > 3.
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Proof. Suppose that C, is a cycle with V(C,) = {v; | 1 <i <n} and E(C,) = {v;v;y; | 1 £i <n} where v, :=v;. We use the
following Algorithm 2 to construct a PCF-4-coloring of M (C,).

Algorithm 2: A PCF-Coloring of Mycielskian of C,,.

Input: An integer n> 3 and a cycle C,
Output: A PCF-coloring ¢ of M(C,) using minimum number of colors
fori=1to [ ] do

| oy D903, P03, W) @, @(Wh)} < (1,2,3,4,4,4)
if n=0 (mod 3) then
| (o), 0w)} < (3,1}
if n=1 (mod 3) then
| (o). o), pw)} < {2,2,1}
if n=2 (mod 3) then
8 | {pW,_1), 0w, 0t _), o)), p(w)} < {1,2,1,2,3}

N o1 »Hh W N =

5 ugl » ug for each
1<i< L | in M(C,), respectively, and the color 3 appears exactly once among the neighbors of w in M(C,). This implies that A,

realizes CF »(B11) and A, realizes CF,(B,), where

If n=0 (mod 3), then the color 2,1,1,1,3,2 appears exactly once among the neighbors of v3;_,,v3;_1,03;, gl

A ={21,1,..., 2,11}
— =

By ={v},05,03,...,0,5,0,_1, 0, };

A,={132,..., 1,3,2,3}
N——

——
! ! /
B, —{v vz,ug, e Uy oy Uy s vy, w}.
%,_J

If n=1 (mod 3) and n > 7, then the color 2, 1, 1,2, 3,2 appears exactly once among the neighbors of v3;_,, v3;_1,U3;, v’3i_2, U;[_l , U’Si
for each 2 <i < L%J — 1 in M(C,), respectively. The color 4,1,1,2,1,4,1 appears exactly once among the neighbors of
01,02,03, - 3.Up_2,U,_1, 0, in M(C,), respectively, and the color 1,3,2,1,3,1,3,2 appears exactly once among the neighbors of
vl, u2, u3, un 3 u; Y u; _;» Uy, w in M(C,), respectively. This implies that A,, realizes CF,(B,,) and Ay, realizes CF,(B,,), where

Ay ={4,1,1, 21,1 ..., 2,1,1,2,1,4 1}
N~—— Y=

By ={v},0),03,04, U5, Vg5 -, Uy U5 Un—ts Un—35 U2 Un—1, U 3
— —_—

Ay ={1,3,2,2,3,2,..., 2,3,2,1,3,1,3,2};
N—— N~——

/ ! ’ / / / / / / /
By ={], 00, 0, U U, Uf o U)oU) U)o U5 U0 Uy U W0
S——
If n=4, then the color 4,1, 4, 1, 1, 3, 1, 3, 2 appears exactly once among the neighbors of vy, v,,v3, vy, UI ) u 03, 4, w, respectively.

This implies that A, realizes CF, (B4), where
Ay={4,1,4,1,1,3,1,3,2};

By ={v}, 05,03, 04,0}, 05,05, 0, w}.

/ /
-2 V3 Y3
for each 2 <i < [%J — 1 in M(C,), respectively. The color 4,1,1,2,1,2,3,4 appears exactly once among the neighbors of
vy, Uy, v3, =4 Uy_3>Up_nsUy_1, U, in M(C,), respectively, and the color 3,1,1,2, 1, 1,2,3,2 appears exactly once among the neighbors
ofhu U2, U3, vn o 02_3, U:,_z’ vl .U, w in M(C,), respectively. This implies that A3, realizes CF,(B3;) and Az, realizes CF,(Bs,),
where

If n=2 (mod 3) and n > 8, then the color 2,1,1,2,1, 1 appears exactly once among the neighbors of v3;_,,v;;_1,v3;, U;’,

Az ={4,1,1, 2,1,1 ..., 2,1,1,2,1,2,3,4};
N~ Y~

B3y ={0}, 09, 03,04, 05,065 s U7, Uy 65 Up5> Up—gs Un—3> Un—2> U 15 Un 5

A3 ={3,1,1, 2,1,1,..., 2,1,1,2,1,1,2,3,2};
N~—— N——
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— ’ / / / ! / / / / / / / / /
By ={0}, 0, 03,0, U5, Vg, o, 07,00, 5,0, 40, 3,0, 50,150, W}
—_——
If n =35, then the color 4, 1, 2, 3, 4, 3, 1, 2, 2, 3, 2 appears exactly once among the neighbors of v}, v,, 3,04, Vs, U’l, Ulz, 0’3, Ui, U/S, w,

respectively. This implies that A5 realizes CF,,(Bs), where
As={4,1,2,3,4,3,1,2,2,3,2};
Bs ={vy,0,,03,04, US,U'],U'z,U;, v;,ug,w}.

Therefore Algorithm 2 outputs a PCF-4-coloring ¢ of M(C,,).

Now we show that M(C,) is not PCF-3-colorable. Suppose to the contrary that ¢ is a PCF-3-coloring of M(C,) with ¢(w) =1.
Since CF,(w) # @, we assume, without loss of generality, that (p(l)’z) =2 and @(v}) =3 for all s # 2. It follows @(v;) = @(v3) = 1. This
implies that all neighbors of v’2 are colored with 1 and thus CF(p(v’z) =, a contradiction. []

4. PCF-color other Mycielskians efficiently
First of all, we investigate the PCF-coloring of Mycielskian of complete graphs and complete bipartite graphs.

Theorem 4.1.

rcp(M(K))=n+1

foralln>3.

Proof. Suppose that K, is a complete graph with V(K,,) = {v; | | <i<n}and E(K,) ={v;v; | 1 <i,j <n,i# j}. We use the following
Algorithm 3 to construct a PCF-(n + 1)-coloring of M (K,).

Algorithm 3: A PCF-Coloring of Mycielskian of K,,.

Input: An integer n and a complete graph K,
Output: A PCF-coloring ¢ of M(K,) using minimum number of colors
fori=1tondo
L P, —i
@) <n+1

o) <1
o(w) <2

The color n appears exactly once among the neighbors of each v; and v} with 1 <i <n—1in M(K,), and the color 2, 1,1 occurs
exactly once among the neighbors of v,, v/, w, respectively. This implies that A; realizes CF,(B,) and A, realizes CF,(B,), where

A ={n,...,n2};
By ={vy,...,v,_1,0,};
Ay ={n,...,n,1,1};
i ’ ’
B, —{vl, RN Ty wi.
Therefore, Algorithm 3 outputs a PCF-(n + 1)-coloring ¢ of M(K,,).
Now we show that M (K,) is not PCF-n-colorable (indeed not n-colorable). Suppose to the contrary that ¢ is a proper n-coloring
of M(K,). Since both v; and U:. are adjacent to v; in M(K,) whenever i # j, we assume, without loss of generality, that ¢(v;) =i. It

J
follows that ¢'(v;) =i for each 1 <i < n, and thus (w) = (v ) for some 1 < j <n, a contradiction. []

Theorem 4.2.

_ [ 4, ifoneofmandnis 2;
recp(M (K, ) = { 5, otherwize;

Proof. Let X = {vy,0p,+,v,,} and Y = {uy,uy,-,u,} be two parts (i.e., maximal independent sets) of K, ,, and let X' =
{U’l,v’z, vt Yand Y = (il ul ).

If m+ n <3, then the result follows by Theorem 3.1. If m + n > 3, then we use the following Algorithm 4 to construct a PCF-4-
coloring of M(K,, ) if m=2 and a PCF-5-coloring of M (K, ,) if m,n # 2. The case when n =2 can be dealt with by symmetry.

If m =2, then the color 2 appears exactly once among the neighbors of v; and u; for each 1 <i <min M(K,,,). The color 4 and 3
appears exactly once among the neighbors of u; and ; with 1 < j <n in M(K,, ,), respectively, and the color 1 appears exactly once
among the neighbors of w. This implies that A}, realizes CF,(B);) and A, realizes CF,,(B,,), where

6
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Algorithm 4: A PCF-Coloring of Mycielskian of K, ,,.

Input: A complete bipartite graph K,,,, with m <n

Output: A PCF-coloring of M(K, ) [’JnI"na PCF-coloring of M(K,,,) with m,n # 2 using minimum numbers of colors
fori=1tomdo
| € o), o)}« {1,1}
for j=1tondo
| {ow), o)} < (3,4}
if m=2 then
| € o)), o), p(w)} — {4,2,3}
else
| { 0@, 0,) o), w)} < {2,4,5,3)

® N o H W [

Ay ={2,2,4,...,4};
By ={v,0p,uq, ... u,};

Ap={2,2,3,....3,1};

T A ’
Blz_{ul,uz,ul,...,un,

w}.
If m, n # 2, then the color 5 and 4 appears exactly once among the neighbors of v; and ”:,' foreach 1 <i <min M(K,,,), respectively.
The color 2 appears exactly once among the neighbors of u; and u’. for each 1 < j <nin M(K,,,) and the color 5 appears exactly

once among the neighbors of w. This implies that A, realizes CF ,(B,;) and A,, realizes CF,(By,), where

Ay =1{5,...,5,2,...,2};
By ={vy, ..., 05Uy, ..., u, )5

Ay ={4,...,4,2,...,2,5};

/ / /! ’
B, ={vl,...,vm,u],...,un,w}‘

Therefore, Algorithm 4 outputs a PCF-4-coloring of M (K, ,) if m =2 and a PCF-5-coloring of M(K,, ,) if m,n # 2.

Now we show that M (K, ,) is not PCF-3-colorable. We may assume n > 2 by Theorem 3.1. Suppose to the contrary that ¢, is a
PCF-3-coloring of M (K, ,) with ¢,(w) = 1. Since CF(p] (w) # @, we assume, without loss of generality, that 2 is the PCF-color of w.
If the color 2 appears in X', say, ¢ l(u’l) =2, then 0’2 and all vertices of Y’ are colored with 3. It follows that ¢, (u ;) =1 for each
1 <j < n, and therefore all neighbors of U’2 in M (K, ,) are colored with 1, a contradiction. If the color 2 appears in Y/, say, (pl(u’l) =2,
then v},v} and ] with i > 2 are colored with 3. It follows that v; and v, are colored with 1, and therefore all neighbors of 4] in
M (K, ,) are colored with 1, a contradiction.

Next we show that M (K, ,) is not PCF-4-colorable if neither m, n # 2. The case of m =n =1 was resolved by Theorem 3.1. Hence
we may assume m=1and n >3, or n>m>3.

Suppose to the contrary that ¢, is a PCF-4-coloring of M (K, ). Since every vertex of X is adjacent to all vertices of Y UY”, there
are at most three colorsin Y UY’. If Y UY’ occupies only one color, then all neighbors of v, are colored the same, a contradiction.
So there are at least two colors in Y UY’.

If Y UY’ occupies three colors, say 1,2, and 3, then vertices in X are colored with 4.

If 1,2, and 3 appear in Y, then vertices of X’ are colored with 4. This implies that all neighbors of u, are colored with 4, thus
CF(/,2 (u) =, a contradiction.

If two colors among 1,2,3, say 2 and 3, appear in Y, then vertices of X’ are colored with 1 or 4. Since CF,pz(u 1) # 8, all vertices of
X' cannot be simultaneously colored with 4. Hence we may assume U’l is colored with 1. If m > 3, then 1 must be the PCF-color of u,
which implies that vertices of X'\ {U’l } are colored with 4 and thus @, (w) #4.If m =1, then CFq,2 (u’l) # @ implies @, (w) # @,(v)) =4.
By the symmetry between the colors 2 and 3, we may assume that ¢,(w) = 2. Now, all neighbors of 1/l are colored with 2 and 3,
and the color 2 is used at least twice. This implies that all vertices of Y but one with color 3, say u’, are colored with 2. If 3 is the
PCF-color of v;, then all vertices of Y’ are colored with 1, implying CF,(,2 (w) =0, a contradiction. If 3 is not the PCF-color of v;, then
all vertices of Y’ but one with color 1 are colored with 3. This case again implies CF(pz(w) = (), a contradiction.

Hence all vertices of Y are colored with the same color, say 1. This implies that the colors 2 and 3 appear in Y’. Since CFq,,2 (“’1) +0
implies ¢,(w) # 4, and thus ¢,(w) = 1. This gives a contradiction that all neighbors of Ull are colored with 1.

If Y UY' occupies two colors, say 1 and 2, then all vertices of X are colored with 3 or 4. By symmetry, we assume that 1 is the
PCF-color of v;.

If the color 1 appears in Y, then all vertices of Y’ are colored with 2. Since CF(ﬂ2 (u’l) # @, p,(w) # 1. Now by the symmetry between
the colors 3 and 4, we may assume ¢,(w) = 3. Since both the colors 1 and 2 appear in Y and w is colored with 3, all vertices of X’
are colored with 4. Since CF(/,2 (uy) # @, all vertices of X cannot be simultaneously colored with 4. So we may assume @, (v;) = 3.
Since CF(,,2 (”’1) # ¢ and the color 3 appears at least twice among the neighbors of ”’1’ m # 1 and all vertices of X but one with color
4 are colored with 3. Now all neighbors of u; are colored with 3 or 4, and each of them are used at least twice, a contradiction.



Y. Wu and X. Zhang Theoretical Computer Science 1054 (2025) 115482

On the other hand, we assume that all vertices of Y UY’, but one in Y’, say «, are colored with 2. Note that under this situation
we have (pz(u’l) = 1. Again, we may assume @, (w) =3 by symmetry. This implies that all vertices of X’ are colored with 1 or 4. Since
CF(p2 (u’l) # @, all vertices of X cannot be simultaneously colored with 3. So we may assume ¢,(v,) =4 and ¢,(v;) =3 for each i # 1.
If 1 is a PCF-color of w, then all vertices of X’ are colored with 4, and thus CF P (u;) =, a contradiction. If 4 is a PCF-color of w,
then m # 1 and all vertices of X’ but one with color 4 are colored with 1. In this case, all neighbors of u; are colored with 1,3, or 4,
each of them are used at least twice, a contradiction. []

Given two graphs G and H, the join of them, denoted by G Vv H, is a graph with vertex set V(G) U V' (H) and edge set E(G) U
EH)U{uv | ueV(G), ve V(H)}. An wheel graph W, is the join of P; and C,_,.

Theorem 4.3.

xece(M (W) =5
foralln>4.

Proof. Suppose that W), is a wheel graph with V(W,)={v; | 0<i<n—1} and EW,) = {v;v;41,090; | 1 £i <n—1} where v, :=v,.
We use the following Algorithm 5 to construct a PCF-5-coloring of M (W),).

Algorithm 5: A PCF-Coloring of Mycielskian of W,.

Input: An integer n and a wheel graph W,

Output: A PCF-coloring ¢ of M (W,) using minimum number of colors
1 fori=1to [%J do
2 | ApWy_p) @), (Wh,_ ), o))} — {1,2,5,5)

3 {0(0,). 0(00). @(,_)). 0(t}). @(0)). ()} « (3.4,5,1,5.2)

The color 4 appears exactly once among the neighbors of v; and ul’, for each 1 <i<n—1in M(W,). The color 3 appears exactly
once among the neighbors of v, and v(’) in M (W,,) and the color 1 appears exactly once among the neighbors of w. This implies that
A realizes CF,(B,) and A, realizes CF ,(B,), where

A ={4,...,4,3};
By ={v,...,0,_1,09};
Ay={4,....4,3,1};

_ / /
B, —{Ul,...,l)n_l,

v(/), w}.

Therefore, Algorithm 5 outputs a PCF-5-coloring ¢ of M (W,).

Now we show that M (W,,) is not PCF-4-colorable. Since W, =~ K,, we may assume n > 5 by Theorem 4.1. Suppose to the contrary
that ¢ is a PCF-4-coloring of M(W,,). Let S = (v}, 0,,...,0,_1} and S’ = {v, 1), ..., v }. Clearly, the number of colors occupied by
S is either two or three, as v, is adjacent to every v; with i € [n — 1] and v; is adjacent to v,.

Suppose first that there are three colors, say 1, 2, and 3, appearing in S. It follows that ¢(v) = ¢(06) =4 and the color 4 does
not appear in .S’. Furthermore, there are at least one color among 1,2,3, say 3, would not appear in .S’, as otherwise w cannot be
properly colored. Since v v, ---v,_ v; forms a cycle, we may assume, without loss of generality, that v, v,,v; are colored with 1,
2, 3, respectively. Since 0’2 is adjacent to v, and vs, 0’2 is colored with 2. This implies (p(v’l) = (p(v;) = 1. Since v, is adjacent to
vz and 0’3, @(v4) = 2. Now v3 is adjacent to three vertices colored with 2 and two vertices colored with 4, so CF,(v3) # @ implies
(p(u;) =1. If n =35, then two adjacent vertices v; and vg are both colored with 1, a contradiction. If n > 6, then @(vs) =3 as vs is
adjacent to v, and U;. This results in a contradiction that every color other than 4 appears at least twice among the neighbors of v,
in M(W,).

Now, suppose that 1 and 2 appear in .S, and 3 and 4 do not appear there. It follows that vertices of the cycle v; v, --- v,,_; v; are alter-
natively colored with 1 and 2. Without loss of generality, assume that ¢(vy) = 4. If (p(116) =4, then CF,,(vy) # @ implies that 3 appears in
S’ and CF q,(v{)) # @ implies ¢(w) = 3, which violates the properness of ¢. If (p(v{)) =3, then CF, (P(Ué)) # @ implies g(w) = 4. Now U’2 has
four neighbors v, v3, vy, w in M (W,). Among them, v}, v; are colored the same and v, w are colored the same, a contradiction. []
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