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Abstract

An equitable tree-k-coloring of a graph is a vertex coloring using k distinct colors such
that every color class induces a forest and the sizes of any two color classes differ by
at most one. The equitable vertex arboricity conjecture states that every graph with
maximum degree A has an equitable tree-m-coloring for every m > [AT'H]. In this
paper, we verify this conjecture for graphs with maximum degree at most 6.
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1 Introduction

We only consider simple and fiite graphs in this paper. For a graph G, V(G), E(G),
A(G), and 6(G) denote the vertex set, the edge set, the minimum degree, and the
maximum degree of G, respectively. By |G|, we denoted the value of |V (G)|. For two
disjoint subsets U, W C V(G), e(U, W) denotes the number of edges that have one
end-vertex in U and the otherin W. Foravertex v € V(G)andasetS C V(G), Ns(v)
is the set of vertices in S that are adjacent to v, and dg(v) is the number of vertices
in S that are adjacent to v. For convenience, we write Ng(v) and dg(v) instead of
Ny G)(v) and dy(G)(v). For § € V(G), G[S] denotes the subgraph of G induced by
S.

An equitable tree-k-coloring of a graph is a vertex k-coloring such that each color
class induces a forest and the size of any color class is [|G|/k] or ||G|/k]. The
minimum integer k such that G has a equitable tree-k-coloring is the equitable vertex
arboricity of G, denoted by va,,(G). The equitable vertex arboricity threshold of
G is the smallest k such that G has an equitable tree-k’-coloring for every k' > k,
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denoted by vajq (G). The difference between va., (G) and vajq (G) can be any large,
see K, , for an easy example.

The equitable tree-k-coloring was initially introduced by Wu, Zhang and Li [14] in
2013. They conjectured that there is a constant ¢ independent of G such that va;"q (G) <
¢ for every planar graph G. In 2016, Esperet, Lemoine, and Maffray verified this
conjecture by proving vag, (G) < 4 for every planar graph G. It is still open whether
every planar graph can be equitably partitioned into three induced forests. Concerning
this problem, Kim, Oum, and Zhang [7] proved that every planar graph can be equitably
partitioned into three induced graphs, two of which are forests; and every planar
graph can be equitably partitioned into three induced 2-degenerate graphs. Another
interesting conjecture posed by Wu, Zhang and Li [14] is the following so-called
equitable vertex arboricity conjecture (EVAC for short).

Conjecture 1.1 If G is a graph with maximum degree A, then G has an equitable
tree-m-coloring for every m > (%1. In other words, Uajq (G) < ’7%—‘ for

every graph G.

In 2014, Zhang and Wu [20] proved that every graph G has an equitable tree-
[29+1 coloring provided A(G) > |G|/2. Later in 2020, Zhang and Niu [20]
verified EVAC for graphs G with A(G) > (|G| — 1)/2. For graphs with small
maximum degree, Zhang [18] showed that every subcubic graph has an equitable
tree-m-coloring for every m > 2. In 2017, Chen, Gao, Shan, Wang, and Wu [1]
considered EVAC for degenerate graphs. They proved that EVAC holds for every 5-
degenerate graphs. For graphs with larger degeneracy, Zhang, Niu, Li, and Li [19]
proved that every d-degenerate graph with maximum degree at most A has an equi-
table tree-m-coloring for every m > [%1 provided that A > 9.818d. Other specific
problems related to the equitable tree coloring of graphs have also been investigated
by numerous authors [2—-6, 8—13, 15-17].

Following this line of thought, in this paper, we prove the following, which implies
that EVAC completely holds for graphs with maximum degree 6.

Theorem 1.1 If G is a graph with maximum degree A < 6, then G has an equitable
tree-m-coloring for every m > max{ (ATHT, 4}.

2 The Proof of the Maim Theorem

Lemma 2.1 Let m > 4 be an integer and G be the class of graphs with A(G) < 6. If
G has an equitable tree-m-coloring for every graph G € G with |G| divisible by m,
then G has an equitable tree-m-coloring for every graph G € G.

Proof We prove this Lemma by induction on the order n of G. We assume m { n
because otherwise we are already done. Let ¢ be an integer such that mt < n <
m(t 4+ 1). Let u € V(G). By the induction hypothesis, G — u has an equitable tree-
m-coloring ¢ with color classes Vi, Vo, ..., V,, such that |V;| = ¢ or ¢t + 1 for all
i €[m].
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Since dg (1) < 6, we may assume that each of the colors 4, 5, ..., m appears at
most once among N¢g (u). If |V;| = ¢ for some i > 4, then by adding u to V;, we get
an equitable tree-m-coloring of G. Hence we assume that |V;| = ¢ + 1| forall i > 4.
It follows

mit+D)—1>n>1+m—-3)C+1)+3t=m@+1)—2,

andthusn =m(t+1)—lorn=m(t + 1) — 2.

Ifn =m(t+1)—1,then G’ := GUK isagraphof orderm(z+1) and A(G’) < 6.
By our assumption, G’ has an equitable m-tree coloring ¢’ with the size of each color
class being exactly ¢ + 1. Restricting ¢’ to G, we obtain an equitable tree-m-coloring
of G.

If n = m( + 1) — 2, then let G’ := G U K>, where the K, is denoted as vw.
By our assumption, G’ has a tree-m-coloring ¢’ with color classes Vi, ..., V,, such
that |V;| = t + 1 for each i € [m]. If v and w are in different color classes of ¢/,
then restricting ¢’ to G, we obtain an equitable tree-m-coloring of G. If v and w are
in a same color class of ¢’, say Vi, then we look into two cases. First, if there exist
avertex x € V; forsomei € {2,...,m}, say i = 2, such that dy,(x) < 1, then G
has an equitable tree-m-partition (V1 U {x} \ {v, w}, Vo \ {x}, V3, ..., Vj). Next, if
dy,(x) > 2 foreach x € U;":2V,~, then

6(t—1)=6(Vi| =2) = e(V1,UL,Vi) = 2(m — 1)(t + 1) = 6(t + 1),
a contradiction. O

By Lemma?2.1, itis sufficient to verify Theorem 1.1 for graphs G withm | |G|. Now
we set |G| = mt, where ¢ is a positive integers, and prove the theorem by induction
on |E(G)|.

Choose a vertex x € V(G) such that d := dg(x) = §(G) < 6. Let Ng(x) =
{x1, ..., x4}. By induction, the graph G \ {xx1} has an equitable tree-m-coloring ¢
with color classes Vi, ..., V,, such that |V;| = ¢ for each 1 < i < m. Clearly, ¢ is
also an equitable tree-m-coloring of G unless x and x| belong to a same color class,
say Vi, and meanwhile, there is a cycle passing through xx; in G[V1]. Let x» be the
other neighbor of x on that cycle. Since x has at most 4 neighbors among U7 , V;, we
may assume

dy,(x) <1, 4<i<m. 2.1

Let I; be a set of isolated vertices in G[V;], and let Vl’ = Vi \ {1 U {x}}. Since
xi,x2 ¢ I, V] #@and thus 2 < |V]| <1 — 1.

A vertex v € V; is movable to a color class V; with j # i if G[V; U {v}] contains
no cycles. In other words, if v is not movable to V;, then dv_ ; (v) > 2 and there is a
vertex u € Ny, (v) such that dy, (u) > 1. For vertices u € V; and v € V;, exchanging
u and v refers to moving u into V; and v into V;.

Lemma 2.2 Vertices in U, V; are not movable to V.
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Proof Suppose, to the contrary, that v € U, V; that is movable to V. Now, exchang-
ing the vertices x and v, we obtain an equitable tree-m-coloring of G. O

Lemma 2.3 There exists a vertex w € Vo U V3 that is movable to Vl’.

Proof Otherwise, dvl/(w) > 2 for each w € V, U V3. By Lemma 2.2, dvl/(v) > 2 for
eachv € Ul’.”:4V,-. For every vertex v € V{ s dV]/(v) > 1 by the definition of Vl/ . So
dG\V,’(U) < A — 1. Hence

(A= D)t —1) = e(V], U, Vi) = 20n — 1)t = (A — Dy,

a contradiction. O

By Lemma 2.3, we assume, without loss of generality, that V, has a vertex w; that
is movable into V. Let V; = V2 \ {w}
n

Lemma 2.4 Every vertices in UL, V; are not movable to V.

Proof Otherwise, there is a vertex v € U/, V; movable to VZ’. For convenience, we
assume v € V4. Moving wo, v, x into Vi, Va, V4, respectively, we obtain an equitable
tree-m-coloring of G. O

For two vertices x € V; and y € V; withi # j, if both G[V; U {y} \ {x}] and
G[V;U{x}\{y}] are forests, then we say that (x, y) is an exchangeable pair between
V,' and V,

Lemma 2.5 Suppose that dvzf(v) = 2 for every vertex v € V; with4 < i < m. Let
zeV,

(a) Letv € Vi, where 4 <i < m. If G[V, U {v}\ {z}] has no cycles, then

(al) dy;(z) = I;

(a2) dv{(z) > 2 provided vwy ¢ E(G);

(a3) dy,(z) < 3 provided vwy ¢ E(G), and moreover, the equality implies zx ¢
E(G).

(b) Ifthereis avertexv € V; with4 <i < m such that zv € E(G) and vwy ¢ E(G),
then dy,(z) < 2 and (z, v) forms an exchangeable pair.

(c) Let y1 and y» be two nonadjacent vertices in V; such that (z, y1) and (z, y2) are
exchangeable pairs.

(cl) If4 <i <m,ori = 3 and dvz/(v) = 2 for every vertex v € V3, then
GV, U {y1, y2} \ {z}] is a forest provided dy,(x) < 1.
(c2) Suppose 4 < i < m and suppose y\wy ¢ E(G) or yywy ¢ E(G). Ifdy,(z) #
1, or dvy,(z) = 1 and the neighbor of z in V; is not adjacent to w, then
(c2.1) G[V; U {z, w3} \ {y1, y2}] is a forest for each vertex wz € V3 such that
dy,(w3) < 1;
(c2.2) dvz/(x) +dy,(x) <3.
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Proof (al) Since G[V, U {v} \ {z}] has no cycles, if there is a cycle in G[V; U {v}]
then it would pass z. This is impossible if de’ (z) = 0. Hence, moving w3, v, x into
Vi, Va, Vi, respectively, we obtain an equitable tree-m-coloring of G, a contradiction.
(a2) Suppose that dVI/ (z) < landvw; ¢ E(G).If G[V,U{v}\ {z}] is a forest, then
moving z, x, v into Vi, V;, Vs, respectively, we obtain an equitable tree-m-coloring of
G, a contradiction. Hence G[ V> U {v} \ {z}] contains a cycle C, and by the symmetry
of z and wy (note that both z and w, are movable to V), G[V> U {v} \ {w2}] contains
acycle C;. Since G[V, U {v} \ {z}], G[V2 \ {z}], and G[V> \ {w2}] have no cycles,

e (| passes v, wp, and does not pass z;
e () passes v, z, and does not pass wy.

Since vwy ¢ E(G) and dvz/ (v) =2, dy,(v) =2 and we set Ny, (v) = {a, b}. Clearly,
the path avb are on both C| and C5. This implies that G[V (C1) UV (C3) \ {v}] contains
a cycle, a contradiction.

(a3) By (al) and (a2), dy,(z) < A — 1 —2 < 3. Moreover, if dy,(z) = 3, then
dvz/ (z) = 1and dVl/ (z) = 2, which implies zx ¢ E(G).

(b) Since dvz/(v) = 2and zv € E(G), G[VZ/ U {v} \ {z}] has no cycles.

By (a3), dv.(z) < 3.If dy,(z) = 3, then z has two neighbors y; and y> in V; such
that they are not adjacent (otherwise there would be a triangle in the graph induced by
Vi) and zx ¢ E(G) by (a3). Now, moving wy into Vi, y1, y2 into V2, and z, x into V;,
we obtain an equitable tree-m-coloring of G, a contradiction. Hence dy;(z) < 2 and
therefore (z, v) forms an exchangeable pair between V, and V;.

(c1) Suppose that G[V,;U{y1, y2}\ {z}] contains a cycle C. Since (z, y1) and (z, y2)
are exchangeable pairs, G[V, U {y1} \ {z}] and G[V; U {y2} \ {z}] have no cycles. This
concludes that

e (C passes y1 and y».

If zy1 € E(G), then dvz/(yl) = 2 and y;y» ¢ E(G) implies that y; has degree
one in G[V, U {y1, y2} \ {z}], and thus it cannot be contained in any cycles there, a
contradiction. Hence zy; ¢ E(G), and by symmetry, zy2 ¢ E(G).

If G[V2/ U {y1}] has no cycles, then we move wy, y1, x to Vi, V2, V;, respectively.
This gives an equitable tree-m-coloring of G. Hence G[V; U {y;}] contains a cycle
C1, and by symmetry, G[Vz/ U {y2}] contains a cycle Cs.

Since G[V, U {y1} \ {z}] and G[V; U {y2} \ {z}] have no cycles, we conclude the
following:

e (1 passes y1 and z;
e () passes y» and z.

Denote C by ajy1by ---axy2bs - - - ay (it is possible that a; = by or ap = by). Since
dvz/(yl) = dVZ/(yz) = 2,wehave a;, by € V(Cy) and ap, br € V(C3). Let P(z, ay)
be the path on C; from z to a; that does not pass yi, P (b2, z) be the path on C; from
by to z that does not pass y»2, and P (ay, by) be the path on C from a; to b, that does
not pass y; and y,. We walk along a trail that connects by turn P(z, ay), P(ay, b2)
and P (by, z), and find a cycle in G[Vz/], a contradiction.

(c2.1) Suppose that G[V; U {z, w3} \ {y1, y2}] has a cycle C. Since (z, y1) is an
exchangeable pair, G[V; U {z} \ {y1, y2}] has no cycles. Therefore, C passes w3, and
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thus w3 has degree at least two in G[V; U{z, w3} \ {y1, ¥2}]. This implies zw3 € E(G),
as dy,(w3) < 1. On the other hand, dy, (w3) < 1 implies that G[V; U {w3} \ {y1, y2}]
has no cycles. Therefore, C passes z, and thus z has degree at least two in G[V; U
{z, w3} \ {y1, ¥2}]. Now, since zw3 € E(G), we conclude dy; (z) > 1, and by (al) and
(a2), we further have dy, (z) <A —-(1+4+24+1) <2.

If dv,(z) = 2, then zx ¢ E(G). We obtain an equitable tree-m-coloring of G by
moving w, into Vi, y1, yz into V3, and x, z into V;, respectively. Note that G[V, U
{y1, y2} \ {z, wa}] is a forest by (c1).

Ifdy,(z) = 1,thenlety € V; suchthat yz € E(G) (itis possible that y € {y;, y2}).
By Lemmas 2.2 and 2.4, dv{()’) > 2 and dvz/(y) > 2. If yy1, yy2 € E(G), then
dvi\{y;,y,}(¥) = 0 and yws ¢ E(G). This implies that G[V; U {z, w3} \ {y1, y2}] has
no cycles, a contradiction. Hence we assume by symmetry that yy; ¢ E(G). By (b),
(z, y) is an exchangeable pair because yw, ¢ E(G), and thenby (cl), G[VoU{y, y1}\
{z, w}] is a forest. Since dy,(z) = 1 and zy € E(G), G[V; U {x,z} \ {y, n}lisa
forest. Therefore, we obtain an equitable tree-m-coloring of G by moving w, into V7,
v, y1 into V», and x, z into V;, respectively.

(c2.2) Suppose that dvz’ (x) +dy,(x) > 4 for some 4 < i < m. Since dv{(x) >2
and A < 6, dvz/(x) +dy, (x) = 4. If dy,(x) = 0, then we move w into Vi, yi, y»
into V5, and z, x into V;. This gives an equitable tree-m-coloring of G by (cl). So
dy,(x) = 1, which follows dvz/ (x) = 3 and dy, (x) = 0. Note that dV]/ (x) > 2.

Letv € V3. If dvz/ (v) < 1, then we move w», x, v into V1, V3, V5, respectively.
This gives an equitable tree-m-coloring of G, a contradiction. If dy/(v) < 1, then
exchanging x and v also results in an equitable tree-m-coloring of G, a contradiction.
Hence dv{(v) > 2 and dvz/(v) > 2.If dy,(v) > 3, then dy, (v) < 1. We move w; into
Vi, ¥1, y2 into V5, x into V3, and z, v into V;. This gives an equitable tree-m-coloring
of G by (cl) and (c2.1), a contradiction. Therefore, dy, (v) = 2 for every v € V3. If
vwy € E(G), then dvz’ (v) = 1. We move w», v, x into Vq, Vs, V3, respectively, and
obtain an equitable tree-m-coloring of G, a contradiction. Hence vw, ¢ E(G) and
dvz/(v) =2.

We now count the number f of exchangeable pairs between V, and V3.

Letv € Vzandletu € VZ’ such thatuv € E(G).Ifdvl/(u) < 1,thenwe move u, v, x
into Vi, Vs, V3, respectively. If dvz’ (u) = 0, then we move wy, v, x into Vi, V>, Vs,
respectively. In either case we obtain an equitable tree-m-coloring of G, a contradiction.
So dv{(”) > 2, dvz/(u) > 1,and thus dy; (1) < A — 2+ 1) < 3. Ifdy;(u) = 3,
then u has two neighbors u1 and u> in V3 such that they are not adjacent. Move w»
into V7, uy, up into Vo, and u, x into V3. This gives an equitable tree-m-coloring of G
by (c1) and by the fact that dy, (x) = 0. Hence dy;(#) < 2 and thus (u, v) forms an
exchangeable pair between V, and V3. This implies f > 2|V3| = 21.

Now we count f in another direction. Let u € V. If there are three vertices
uy, uz, u3 € V3 such that (u, u ;) forms an exchangeable pair between VZ/ and V3 for
each j € [3], then we assume, without loss of generality, thatujus ¢ E(G). We move
wy into Vi, u1, up into Vo, and u, x into V3. Since G[ Vo U{uy, us}\ {u, wa}] is a forest
by (c1) and dy; (x) = 0, this gives an equitable tree-m-coloring of G, a contradiction.
So there are at most two vertices in V3 forming exchangeable pairs with u. This gives
f =2|Vy] =2(t — 1), a contradiction. O
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Lemma 2.6 There exists y € V; for some 4 < i < m such that dy,(y) > 3 and
dV3 (y) < 1.

Proof Arbitrarily fix an integer i so that 4 < i < m. Suppose dy, (v) < 2 for every
vertex v € V;.

Letv € V;. If vw, € E(G), then dvzf(v) < 1. We move w», v, x into Vi, V», V;,
respectively, and obtain an equitable tree-m-coloring of G, a contradiction. Hence
vwy ¢ E(G). If de’ (v) < 1, then we obtain an equitable tree-m-coloring by moving
w2, v, x into Vi, V2, V;, respectively. Hence 2 > dy, (v) > dVZ/ (v) > 2. Therefore,
for every vertex v € V;, we have vw;, ¢ E(G) and dvz/(v) =2.

We count the number f of exchangeable pairs between V; and V; as follows. For
eachv € V; andeachz € N Vz/(v), (z, v) is an exchangeable pair by Lemma 2.5(b),
which implies f > 2|V;| = 2t.

On the other hand, let z € Vz’. If there are vertices y1, y2, y3 € V; such that (z, y;)
forms an exchangeable pair between V; and V; for each j € [3], then we assume,
without loss of generality, that y1y, ¢ E(G). Since dy,(x) < 1, G[V2 U {y1, y2} \
{z, wp}]is aforest by Lemma 2.5(cl). If we further have that G[V; U{z, x}\ {y1, y2}]11is
aforest, then we obtain an equitable tree-m-coloring of G by moving w; into Vi, y1, y2
into V3, and z, x into V;. If we come to the case that G[V; U{z, x}\{y1, y2}]1 hasacycle,
thenzx € E(G)anddy,\(y,,y,)(x) = 1.1tfollows thatxy; ¢ E(G).Ifdvz/(x) < 2,then
we move w» into Vi, x, y into V;,and z into V;. This gives an equitable tree-m-coloring
of G. Hence dvz/ (x) > 3, and thus dvz/ (x)+dy,(x) > 34+ 1 = 4, contradicting Lemma
2.5(c2.2) (note that all conditions needed by this lemma are satisfied as vw, ¢ E(G)
for every vertex v € V;). So there are at most two vertices in V; forming exchangeable
pairs with z, and therefore, f < 2|V2’| = 2(t — 1), a contradiction.

This proves that there is a vertex y € V; such that dy,(y) > 3. Finally, since
dy/(y) = 2by Lemma 2.2, dy,(y) = A - (2+3) = L. O

In the following, we set y be a vertex in V; with 4 <i < m such that dy,(y) < 1,
which exists by Lemma 2.6.

Lemma 2.7 dVZ/ (v) > 2 for every vertex v € V3.

Proof If there exists v € V3 such that dy/(v) < 1, then we move w», v, y, x into
Vi, Vo, V3, Vi, respectively, and obtain an equitable tree-m-coloring of G, a contra-
diction. O

Let
A={v|veVUlyV;, dy(v) =2},
A/ = {U | v e U:n:?,‘/lvdvz/(v) = 2}7
B = A"\ Ny v, (w),
S = NV2(A)a
S = Ny;(B).

Lemma 2.8 de (z) = 2 foreveryz € S.
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Proof Suppose, to the contrary, that de (z) < 1 for some z € S. It follows that there
is a vertex v € V; for some 3 < j < m such that zv € E(G).

If j = 3, then we move z, v, y, x into Vi, V», V3, V; (4 < i < m), respectively.
If 4 < j < m, then we move z, v, x into Vi, V2, V;, respectively. In either case we
obtain an equitable tree-m-coloring of G, a contradiction. O

Lemma29 S’ C S.

Proof Lets € S'. It follows that there is a vertex b € B such that bs € E(G). Since
b¢ Nyr v, (w2), dy,(b) = dvz’(b) = 2. Therefore, b € A and thus s € S. O

We are ready to complete the proof of Theorem 1.1. Since dU:.n:ng. (z)<A-2<4
for every z € S’ by Lemmas 2.8 and 2.9, 2| B| = e(B, S’) < 4|5’| by the definition of
B, implying

|B| <2|S|. (2.2)
Also, we have

3(m =2yt — |A'] = 2|A"| + 3(| ULy Vil — 1A'

Lemmas 2.4 and 2.7
<

e(Vy, U3 Vi)

Lemmas 2.8 and 2.9 p ’ ’
< (A=2D)IS T+ AV \ S'))

=Ar—1) —-2|5]. (2.3)
Since A < 6,
|A'| — |B| < 6. 2.4

Combing (2.2), (2.3) and (2.4) together, we deduce

, 2.2) Q2.4 ,
6(r—1)—2|§] < 6t—(|B|+6) < 6r—|A"
2.3 S 2.3 ,
< e(V,,Ul3Vi) < 6@ —1) —2[S] (2.5)
asm > 4 and A < 6. This implies that all qualities in (2.5) holds and therefore

o dyr v, (z) = A —2forevery vertex z € §', and
® de-":3V,- (z) = A for every vertex z € V5 \ §'.

Combining this with Lemmas 2.8 and 2.9, we conclude that dy,(z) = 0 for every
z € Vj,ie., Vj is an independent set. Exchanging x and w,, we finally receive an
equitable tree-m-coloring of G, a contradiction.
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