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1. Introduction

In wireless communication systems, devices communicate with each other wirelessly, often operating on different
frequency channels to avoid interference. However, with the increasing density of devices and the complexity of modern
networks, efficient frequency allocation has become a challenging task.

Proper conflict-free coloring provides a mathematical framework to address this issue. By modeling the wireless
network as an undirected graph, where the vertices represent devices and the edges represent potential interference
between them, we can assign colors (frequency channels) to the vertices in a conflict-free manner.

Specifically, a proper conflict-free coloring ensures that no two adjacent vertices (interfering devices) are assigned
the same color (frequency channel), and each vertex (device) has at least one color (frequency channel) in its open
neighborhood that appears only once. This ensures that devices can communicate without interference, and moreover,
each device can communicate on a unique frequency channel without interference from its immediate neighbors.

Such a coloring scheme significantly improves the performance and reliability of wireless networks, as it reduces the
chances of frequency collisions and interference. Furthermore, it allows for more efficient utilization of available frequency
resources, enabling higher throughput and better network capacity.

In addition to wireless networks, proper conflict-free coloring has potential applications in other domains as well, such
as scheduling problems, resource allocation in distributed systems, and conflict resolution in social networks. Its ability
to handle complex graph structures and ensure conflict-free assignments makes it a valuable tool for optimization and
decision-making in these areas.

For networks that require the efficient allocation of resources or the minimization of interference, limiting the number
of crossing edges per vertex is essential. For example, in wireless communication systems, where devices communicate
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with each other over shared channels, having too many crossing edges would indicate potential interference points. By
ensuring that each vertex has at most one crossing edge, we can minimize the chances of interference and ensure a more
reliable communication system. In addition, limiting each vertex to have no more than one crossing edge significantly
aids in the design and refinement of the topology of wireless networks. By embedding the network into the plane as such
a graph, it becomes easier to visualize and analyze the spatial distribution of devices and potential interference zones.
This information can then be used to make informed decisions regarding the placement of base stations, the adjustment
of transmission power, and the selection of antenna configurations, all aimed at improving network performance and
reducing interference.

Now we use the language of graph theory to describe the mathematical concepts involved in the above applications.
A graph G is defined as an ordered pair G = (V(G), E(G)) comprising a set V(G) representing the vertices and a set E(G)
representing the edges connecting those vertices. For v € V(G), the open neighborhood of v in G is the set of vertices u
such that uv € E(G), denoted by Ng(v). A proper k-coloring of a graph refers to a mapping ¢ from the vertex set V(G)
to the set {1, 2, ..., k} with the condition that ¢(u) and ¢(v) must be distinct whenever u and v are adjacent vertices in
the graph. A graph G has a conflict-free (vertex) coloring if, for every non-isolated vertex, there exists at least one color
that appears exactly once in the open neighborhood of that vertex; we call such a coloring a CF-coloring for short. By
combining the aforementioned two colorings, we define a proper conflict-free coloring (abbreviated as PCF-coloring) as
a coloring that satisfies the criteria of being both proper and conflict-free. The smallest value of k for which a graph G
admits a PCF-k-coloring is referred to as the proper conflict-free chromatic number (or PCF-chromatic number) of G, denoted
by xpcr(G).

The concept of CF-coloring was initially proposed by Even [5]. Later, Fabrici et al. [6] embarked on an investigation
of PCF-coloring, particularly focusing on the neighborhood properties within planar and outerplanar graphs. They proved
that planar graphs have PCF-chromatic number at most 8 and outerplanar graphs have PCF-chromatic number at most 5.
The first upper bound for the PCF-chromatic number of general graph was given by Caro, Petrusevski, and Skrekovski [2],
who showed xpcp(G) < 5A(G)/2 for every graph G. This bound was decreased to 2A(G) + 1 by Cranston and Liu [4]. Here
A(G) denotes the maximum degree of a graph G.

IC-planar graphs are graphs that can be embedded in a plane so that no edge crosses more than once, and each
vertex is incident with no more than one crossing edge. IC-planar graphs, initially referred to as “plane graphs with
independent crossings”, were first examined by Kral’ and Stacho in their study [7]. The term “IC-planar graphs” was first
coined by Zhang in 2014 [15], and since then, most papers (e.g., [1,3,8-10,12-14]) have begun to use the name “IC-planar
graph” consistently. Specifically, Pan, Wang, and Liu [11] established that any IC-planar graph admits a proper 10-coloring
wherein every non-isolated vertex possesses a color that occurs an odd number of times in its open neighborhood.

In this paper, we consider only simple graphs, and explore the proper conflict-free coloring of IC-planar graphs by
presenting the following. Actually, our arguments in this paper also work for the list version of this theorem.

Theorem 1.1. Every IC-planar graph is PCF-20-colorable.

Notations: Denote the degree of a vertex v in G as dg(v). If dg(v) = k, then we say v is a k-vertex; if dg(v) > k or dg(v) < k,
then v is called a k*-vertex or a k™ -vertex in G. When provided with a properly embedded IC-planar graph G, we transform
all its crossings into new 4-vertices, thereby generating a new graph called G* that we designate as the associated plane
graph of G. Vertices of V(G*) \ V(G) are called false vertices and other vertices of G* are called true vertices. Notice that
false vertices comprise an independent set in G*. A face of G* incident with false vertices is called a false face, and any
other face of G* is a true face. The notation dg«(f) represents the degree of a face f in the graph G*, i.e., the number of
incident vertices. A face of G* is a k-face or k*-face if it has degree exactly k or at least k. An (a*, b™, ¢™)-face of G* refers
to a true 3-face [uvw] with the properties that u, v, w has degree at least a, b, c, respectively. An (a, b+, 4%)-face of G*
denotes a false 3-face [uvw] where u has degree a, v has degree at least b, and w is false. Let G be a graph and let ¢ be
a (vertex) coloring of a subgraph H of G. Let

Co(v) = {o(u) | u € Ng(v) N V(H)}.

For a vertex v € V(G), no matter whether it is colored under ¢, We refer to a color that occurs only once in the
neighborhood Ng(v) of vertex v as a PCF-color of v. Based on the number of PCF-colors of v, we define the following
notation:

—1, if v possesses a minimum of two PCF-colors;
opcr(v) =4 0O, if v lacks any PCF-color;
o, if v possesses a unique PCF-color, namelyc.

Let
Fy(v) = {@pcr(u) | u € Ng(v)} \ {—1, 0}.
2. Proof of the main result

Let G be a minimal counterexample to Theorem 1.1, meaning it is a counterexample with the smallest possible number
of vertices, and subjected to this G* has the smallest possible number of crossings.
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Lemma 2.1. dg(v) > 2 for every v € V(G).

Proof. Contrary to our assumption, suppose that there is a vertex v € V(G) with a unique neighbor v,. By the minimality
of G, G — v has a PCF-20-coloring ¢. We color v with a color in [20] \ {C,(vo) U F,(vo)}, which has size at least 20-1-1=18.
Now, the PCF-color of v is ¢(vg), which implies that ¢pcp(v) # @. Thus, the new coloring is a PCF-20 coloring of G. O

Lemma 2.2. Let v be a vertex of a 3-face f in G*. If f is true, then dg(v) > 4; and if f is false, then dg(v) > 3.

Proof. Denote f by [uvw]. Assuming f is true and dg(v) < 3, the minimality of G guarantees that the graph G— v possesses
a PCF-20-coloring ¢. Since d¢(v) < 3 and ¢(u) # ¢(w), v has at least one PCF-color under ¢. We color v with a color in
[20] \ {Cy(v) U Fy(v)}, which has size at least 20 — 2dg(v) > 14. Assuming that f is a false 3-face, we consider u to be
false, and further postulate that vx intersects wy in G at the point u. If dg(v) = 2, then we pull v into the interior of the
face incident with the path wux. This avoids the crossing u and thus the number of crossing in the drawing decreases, a
contradiction. O

Lemma 2.3. Let v be a k-vertex in G. If 2 < k < 4, then the neighbors of v in G are 11T -vertices; whereas, if 5 < k < 8, then
the neighbors of v in G are 10" -vertices.

Proof. Contrary to our assumption, let us suppose that v is adjacent to some vertex vg in G such that

10, if2<k<4
dg(vo) < { 9, ifs5<k<S8. -

Due to the minimality of G, G — {v, vo} admits a PCF-20-coloring ¢.
To extend this coloring to a 20-coloring ¢ of G — v, we color vg in the manner described below.

o If gpcp(v) = —1, then color vy with a color in [20]\ {Cy(vo) U Fy(vg)}. Since v is uncolored under ¢ and gpcp(v) = —1,
[{Cy(v0) U Fy(vo)}| < 2(dg(vo) — 1) < 18. Hence the above coloring of vy is possible. Since @pcr(v) = —1, ¢pcr(v) # 0.

e If ppce(v) = 0, then each distinct color has a frequency of at least two occurrences in Ng(v) \ {vo}, which implies
[Co(v)] < L(k — 1)/2]. We color vy with a color in [20] \ {C,(vo) U Fy(vo) U Cy(v)}, which has size at least
20 — 2(dg(vg) — 1) — [(k — 1)/2] = 1 by (2.1). Given that ¢(vg) is chosen such that it occurs uniquely in the
neighborhood of v, it follows that ¢pce(v) # 0.

o If ppcr(v) = a ¢ {0, —1}, then we assign a color to vy from [20] \ {C,(vo) U Fy(vp)}, which has size at least
20 — (dg(vo) — 1+ dg(vo)) = 1. Since a € F,(vo), ¢(vo) # a and thus ¢pcr(v) = a.

Next, we color v to a PCF-20-coloring 7 of G in the following way.

o If ¢pcp(vo) = —1, then |Fy(v)| < k— 1. We color v from [20] \ {C4(v) U F4(v)}, which has size at least 20 — (2k—1) >
5 > 1. Since (bpcp(vo) = -1, ﬂpcp(vo) ;ﬁ 0.

o If ¢pcr(vg) = O, then each distinct color has a frequency of at least two occurrences in Ng(vg) \ {v}, which
implies [Cy(vo)l < [(dg(vo) — 1)/2]. We color v from [20] \ {Cp(v) U Fg(v) U Cy(vo)}, which has size at least
20 — (2k — 1) — [(dg(vo) — 1)/2] = 1 by (2.1). Since 7 (v) & Cy(vo), Trcr(vo) = 7(v).

o If ¢pcr(vo) = b ¢ {0, —1}, then we designate a color for v from [20] \ {C4(v) U F4(v)}, which has size at least
20 — (k4 k) =20 — 2k > 4 > 1. Since b € F4(v), m(v) # b and thus mpcr(vo) # 0.

This completes the proof. O
Lemma 2.4. A k-vertex in G, where 11 < k < 20, can have at most 2k — 20 neighbors with degrees not exceeding 3.

Proof. Let v denote a vertex of degree k in the graph G. Let V, = {w | wv € E(G), dg(w) = 2}, V3 = {u | uv € E(G), dg(u) =
3}, and V4+ = Ng(v) \ (V5 U V3). Suppose to the contrary that [V,| + |V3| > 2k — 19. By the minimality of G, H .= G — v
has a PCF-20-coloring ¢. We erase colors on all 2-neighbors of v in G and still denote the coloring by ¢.

If u is a 3-vertex adjacent to v in G, then dy(u) = 2. Let {x, y} = Ng(u) \ {v}. Since ¢ is a PCF-coloring, ¢(x) # ¢(y).
Hence, as long as v is colored differently from u, u must have at least one PCF-color. If w is a 2-vertex adjacent to v in G,
then let z € Ng(w) \ {v}. As long as v is colored differently from z, w must have at least one PCF-color no matter which
colored is assigned to w later. As a result, we extend ¢ by assigning a color to v that is not present in

{p(u) | ue V3 U{p(z) | z € No(w) \ {v}, w € V2}
U {p(s) | s € Vy+}
U {@pcr(s) | s € Va+},

which has size at most |V,| + |V3]| 4 2|V4+ | = 2k — (|V2| + |V5]) < 19.

If [V2] > 1, then let w € V; and z € Ng(w) \ {v}. For each w’ € V5 \ {w}, we let z/ € Ng(w’) \ {v} and extend ¢ by
assigning a color to w’ that differs from ¢(v), ¢(z'), ¢pcr(z’). Now ¢ becomes a coloring of G — w, and besides v, every
vertex has at least one PCF-color.
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If ppcr(v) # 0, then we proceed to color w with a color distinct from ¢(v), @pce(v), ¢(2), @pcr(z). This gives a PCF-20-
coloring of G. If ppcr(v) = 0, then every color appears at least twice in the neighborhood of v in G, i.e., |C,(v)| < [(k—1)/2].
We proceed to color w using a color that is distinct from ¢(v), ¢(z), ¢pce(z) and colors used by C,(v), which contains at
most 3 + [(k — 1)/2] < 12 colors. In this scenario, the color assigned to w will constitute a PCF-color for v in the final
coloring of G.

If V2| = 0, then choose a vertex u € V3 and remove its color. We still denote this coloring by ¢. Let {x, y} € Ng(u)\ {v}.
If ppce(v) # 0, then we proceed to color u using a color that is distinct from ¢(v), @pcr(v), @(x), @pce(X), ©(¥), @pce(y). This
gives a PCF-20-coloring of G. If gpce(v) = 0O, then every color appears at least twice in the neighborhood of v in G, i.e.,
[Co(v)] < |(k — 1)/2]. Now we color u with a color different from ¢(v), ¢(x), @pce(X), @(¥), ¢pce(y) and colors used by
C,(v), where are at most 5 4 [(k — 1)/2] < 14 colors. Under the final coloring of G, the color assigned to u qualifies as a
PCF-color of v. O

Lemma 2.5. Let f be a 3-face in G*.
(1) Iff is true, then it is either a (47, 117, 11%)-face, (5T, 10%, 10™)-face, or (97, 9%, 97)-face.
(2) Iff is false, then it is either a (d, 117, 4%)-face with 3 < d < 4, (d, 10", 4%)-face with 5 < d < 8, or (9%, 9T, 4*)-face.

Proof. By Lemma 2.2, true faces do not contain 3~ -vertices, and (1) is a direct consequence of Lemma 2.3, whereas false
faces lack 27 -vertices, resulting in (2) according to Lemma 2.3. O

Lemma 2.6. Every 4-face in G* is incident with at most one 2-vertex, and every k-face in G* with k > 5 is incident with at
most | ¥ | 2-vertices.

Proof. Given that no two 2-vertices are adjacent in G as stated in Lemma 2.3, the number of 2-vertices incident to a face
f in G*, denoted by ny(f), is upper-bounded by L@J. If de+(f) = 4 and ny(f) = 2, then we write f as [uvwx] where
dg(u) = dg(w) = 2. If x is false, then v is true. Redrawing G in such a way that u is placed in the original position of
w, and w is placed in the original position of u, we obtain a new embedding so that the number of crossings decreases,
a contradiction. Hence x and v are both true. The minimality of G implies that H := G — u has a PCF-20-coloring ¢,
which can be extended to G by coloring u with a color in [20] \ {¢(x), ¢(v), gpcr(X), ¢pcr(v)}. Since w has degree two in
H, ¢(x) # ¢(v). Hence u has two PCF-colors in that extended coloring. O

Lemma 2.7. If f is face of G* such that vx, vy are edges on f and d¢(x) = dg(y) = 2, then dg+(f) > 5.

Proof. This statement serves as a direct consequence of Lemma 2.6. O

For v € V(G), denote by ni(v) the count of k-vertices adjacent to v in G and my(v) the count of k-faces incident with
v in G*. A v-special face in G* is a 51 -face that contains a path xvy on its boundary, where both x and y have degree 2
in G. We denote the count of v-special faces as ms+(v). We use ny, my and ms+ instead of ny(v), mi(v) and ms+(v) if the
vertex v is clear from the context.

Lemma 2.8. For v € V(G), if m3 = 0, then we set s := 0, and otherwise we set s to be an integer such that

1 1 2 2 s s
Uiy eons Uy ,v1,...,va2,...,v],...,vas

are vertices adjacent to v in G in such a way that viv} ., € E(G*) and [vv}v} ] is a true 3-face for every 1 < i < s and

1 <j; < a; — 1. Now the following statements are true.
(1) ny +n3 < dg(v) —ms —s.

(2) m3 — ms+ < dg(v) — 2n,.

Proof. (1) If mz = 0, then it is clear that n, + n3 < dg(v). If m3 > 1, then by the definition of s, we have

N
ms = Z a; —s.
i=1
Since a 3~ -vertex does not have any true 3-faces incident with it by Lemma 2.2,

S
ny +n3 < dg(v) — Zai =dg(v) —m3 —s.
i=1

(2) If n, = 0, then ms+ = 0 and the result is trivial. If n, > 1, then let

1 1 1 1 2 2 2 2 k k k k
Wiy ey Wy Uy ey Uy WY ey W Uy ey Uiy ey W e, Wy Uy, Uy
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be all vertices adjacent to v in G such that w}i is a 2-vertex for each 1 <i < k and 1 <j; < t;. This implies

k
ny = Z ti,
i=i
and
k
Mms+ =Zt,-—k=n2—k
1=1

by the definition of ms+. By Lemma 2.2, we have
k k
my <Y xi—k= (dc(v) - Zt,») —k=dc(v) — ny — k = dg(v) + mg+ — 2n,.
i=i i=i
This proves (2). O

To prove the main theorem, we utilize the discharging method on G*. Specifically, we assign an initial charge u(x) =
dg+(x) — 4 to each vertex or face x € V(G*) U F(G*). According to Euler’s formula, the total sum of these initial charges
is —8. Subsequently, we redistribute the charges of G* based on a predefined set of rules, aiming to ensure that the new
charge ©*(x) is non-negative for all x € V(G*) U F(G*). This redistribution, however, leads to a clear contradiction, as
demonstrated by the following equation: the initial sum of —8 equates to the sum of the redistributed charges w*(x),
which is non-negative by design, resulting in an impossibility. We define A(x — y) as the charge transferred from x to y
for any x, y € V(G*) U F(G*), based on a set of prescribed rules.

R1. Given an edge vw, where dg(v) > 11, let
)1, ifde(w) =2;
M”_’w)—{ 1 ifdo(w) = 3.

R2. Given a false 3-face f = [uvw], where w is a false vertex and dg(u) < dg(v), let

M= )= M=) =5, o) = 9

v — f)=1, if de(u) < 8.

R3. Given a true 3-face f = [uvw], where dg(u) < dg(v) < dg(w), let

Mu—>fl=iv—>f)=Mw—f)= 3, ifde(u) = 9;

My = f)=Mw — f)= =, ifdg(u) < 8.

N[ = W=

R4. Given a face f and a path xvy on it, where dg(x) = dg(y) = 2, let

}\(f—>v)=%.

Claim 2.1. u*(f) > 0 for every f € F(G*).

Proof. If f is a 3-face, then its incident true vertices send 1 in total to f by R2 and R3. This implies u*(f) > 3—4+4+1=0.
If f is a face and xvy is a path on f such that dg(x) = dg(y) = 2, then dg«(f) > 5 by Lemma 2.7. This implies
W (f)=de(f)— 4 — %(dc*(f) —2) > 0by R4. If f is an another type of face not mentioned above, then f is not involved
in any rules and thus u*(f) = u(f) = de+(f) —4 > 0. O

Claim 2.2. u*(v) > 0 for every 10~ -vertex v € V(G*).

Proof. Since u*(v) = u(v) = 0 for every false vertex v, for the subsequent discussion, we shall assume that v is true. If
dg(v) = 2, by R1, every 11" -vertex gives 1 to each adjacent 2-vertex, so u*(v) > 2—4+1x2 = 0.1f d¢(v) = 3, by R1, every
11" -vertex gives % to each adjacent 3-vertex, so u*(v) > 3—4—}—% x3 =0.1f4 < dg(v) < 8, by R1,R2 and R3, v gives 0 to
other vertices and faces and receives 0 from other vertices and faces. So u*(v) > dG(U)1_4 >4—-4=0.If9 < dg(v) < 10,

by R2 and R3, v gives at most 3 to each incident face, so y*(v) > dg(v)—4— 3dg(v) = 3dg(v)—4 > 3 x9—-4 =3 > 0. O

Claim 2.3. If dg(v) = 11, s = 1, m3 = 8, n; = 2, and n3 = 0, then v sends out at most 1 to its incident false 3-faces by R2.

221



Y. Wu and X. Zhang Discrete Applied Mathematics 373 (2025) 217-223

Proof. Suppose that vy, v,, ..., v17 are vertices adjacent to v in G, arranged in a cyclic order. Since s = 1 and m3 = 8, we
may assume v;v;r1 € E(G*) for each 1 < i < 8. Since n, = 2, vyp and vq; are 2-vertices. If v is incident with two false
3-faces, then either vvig crosses vgvq; Or vvyy crosses vqvqg. Therefore, either v{; or vy is incident with a false 3-face
in G*, contradicting Lemma 2.2. Hence v is incident with at most one false 3-face, and thus it sends out at most 1 to its
incident false 3-faces by R2. O

Claim 2.4. 1*(v) > O for every 117 -vertex v € V(G¥).
Proof. By R2, v sends out at most % to its incident false 3-faces. According to R1, v transfers a charge of 1 to each of its

2-neighbors and a charge of % to each of its 3-neighbors. By R3, v gives at most % to each of its incident true 3-faces. By
R4, v receives % from each of its incident 5% -faces f whenever f has a path xvy with dg(x) = dg(y) = 2. Therefore,

1 1 1 3
w(v) = de(v) =4 —ny — §”3 - 5"”3 + §m5+ 5 (2.2)
1 1 1 11

> dg(v) —ny — 5”3 - 5"13 + g(ma +2ny — dg(v)) — > (2.3)
2 1 1 11

= gdc(v) — 3+ ns) — Ry (2.4)
2 1 1 11

= gdc(v) - g(dc(v) —m3—S)— Ema ) (2.5)
1

= =(2dg(v) + m; + 25 - 33). (2.6)

Note that (2.3) is implied by Lemma 2.8(2) and that (2.5) is implied by Lemma 2.8(1).
If m3 > 9, then s > 1 and thus by (2.6),

1
wi(v) = E(ch(v) +m3 +2s—33) > 0.
If m3 <7 and 11 < dg(v) < 20, then n; 4+ n3 < 2dg(v) — 20 by Lemma 2.4, thus by (2.4),

W) 2 2do(v) — ~(2de(v) —20) = 2my — =T L s o)
-3 3 6 2 6 6 -
If m3 <7 and dg(v) > 21, then n; + n3 < dg(v) along with (2.4) imply
W) = 2do(v) — ~do(v) — oms — 2 = Lacy = Ly = oo,
-3 3 6 2 3 6 2

If ms = 8 and dg(v) > 12, then s > 1, and thus by (2.6),

1
wr(v) > E(ch(v) + m3 + 2s — 33) > 0.
If m3 = 8 and s > 2, then by (2.6),

1
w(v) > E(ch(v) +m3 + 2s — 33) > 0.

Now we consider the situation when ms = 8, dg(v) = 11 and s = 1. In this case n, + n3 < 2dg(v) — 20 = 2 by Lemma
2.4,
If n, < 1, then by (2.2),
1 3 3 1

1
,u*(v)zdc(v)—4—n2—§n3—§m3—5:5—n2—§n3>0

If n, = 2, then n3 = 0. Hence by Claim 2.3, we have

1 1 1
w(v) = dg(v) —4 —ny — 3™~ M+ 3Ms+ — 1>0.

This completes the proof. O
Data availability
No data was used for the research described in the article.
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