Acta Mathematicae Applicatae Sinica, English Series Acta Mathematicae Applicatae Sinica

Vol. 36, No. 3 (2020) 737-752 English Series
https://doi.org/10.1007/s10255-020-0940-5 © The Editorial Office of AMAS &

http://www.ApplMath.com.cn & www.SpringerLink.com Springer-Verlag GmbH Germany 2020

List Edge Coloring of Outer-1-planar Graphs
Xin ZHANG

School of Mathematics and Statistics, Xidian University, Xi’an 710071, China (E-mail: xzhang@xidian.edu.cn)

Abstract A graph is outer-1-planar if it can be drawn in the plane so that all vertices are on the outer
face and each edge is crossed at most once. It is known that the list edge chromatic number x;(G) of any
outer-1-planar graph G with maximum degree A(G) > 5 is exactly its maximum degree. In this paper, we prove
X (G) = A(G) for outer-1-planar graphs G with A(G) = 4 and with the crossing distance being at least 3.
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1 Introduction

In this paper, all graphs are finite, simple and undirected. By V(G), E(G), 6(G) and A(G), we
denote the vertex set, the edge set, the minimum degree and the maximum degree of a graph
G, respectively. The order |G| of a graph G is |[V(G)| and the size of G is |E(G)|. The distance
de(u, w) between two vertices v and w of a connected graph G is the minimum length of the
path (i.e., the number of edges on the path) connecting them.

The problem of coloring a graph arises in many practical areas such as pattern matching,
sports scheduling, designing seating plans, exam timetabling, the scheduling of taxis, and solving
Sudoku puzzles!”). There are many types of colorings of graphs, and in this paper we mainly
focus on the edge coloring. Precisely, an edge coloring of a graph G is an assignment of colors to
the edges of G such that every pair of adjacent edges receive different colors. An edge k-coloring
of a graph G is an edge coloring of G from a set of k£ colors. The minimum positive integer k
for which G has an edge k-coloring, denoted by x'(G), is the edge chromatic number of G. The
well-known Vizing’s Theorem states that A(G) < x'(G) < A(G) + 1 for any simple graph G.

Suppose that a set L(e) of colors, called a list of e, is assigned to each edge e € E(Q).
L-coloring an edge e means coloring e with a color in L(e). An edge L-coloring of G is an edge
coloring ¢ so that c(e) € L(e) for every e € E(G). We say that G is edge k-choosable if G has
an edge L-coloring whenever |L(e)| = k for every e € E(G). The minimum integer k for which
G is edge k-choosable is the list edge chromatic number of G, denoted by x;(G).

The most famous open problem concerning list edge coloring is probably the list edge coloring
conjecture (LECC for short):

x1(G) = X'(G)
for any graph G. This conjecture has a fuzzy origin. Jensen and Toft overview its history in

their book [6].

LECC is regarded to be very difficult, and is still widely open. Some partial results were
however obtained in the special case of planar graphs. For example, LECC is true for planar
graphs with maximum degree at least 1203, series-parallel graphs!”, outerplanar graphs!'!,
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near-outerplanar graphs!®l
gree at least 5119,

A graph is outer-1-planar if it can be drawn in the plane so that all vertices are on the
outer face and each edge is crossed at most once. For example, Ky 3 and K, are outer-1-
planar graphs. Outer-1-planar graphs were first introduced by Eggleton!¥ who called them
outerplanar graphs with edge crossing number one, and were also investigated under the notion
of pseudo-outerplanar graphs by Zhang, Liu and Wul'3: 14,

In this paper, we use elementary notions and notations from [15]. A drawing of an outer-
1-planar graph in the plane preserving its outer-1-planarity is an outer-1-plane graph, and we
call it good if the number of its crossings is as small as possible. Note that every crossing in
an outer-1-plane graph G is generated by two mutually crossed edges, thus every crossing c
corresponds to a vertex set Mg(c) of size four, where M¢(c) consists of the end-vertices of
the two edges that generate c. For crossings c¢; and co in an outer-1-plane graph G, define
dg(c1,c2) = min{dg(vi,v2) | v1 € Mg(c1) and v € Mi(c2)} to be the distance in the drawing
G between c¢; and cy. By

, and pseudo-outerplanar (outer-1-planar) graphs with maximum de-

Y(G) = min{dg (c1,c2) | G' is a good drawing of G, and c1,ca are distinct crossings of G'}

we denote the crossing distance of an outer-1-planar graph G. Note that we will set 9(G) = 0o
if G has a good drawing with at most one crossing.

For every outer-1-planar graph G, it was proved in [14, Theorem 5.3] that x'(G) = A(G) if
A(G) > 4, and in [10, Theorem 2.5] that x;(G) = x'(G) = A(G) if A(G) > 5. In this paper we
will prove the following results.

Theorem 1.1. Let G be an outer-1-planar graph. If A(G) =4 and I(G) > 3, then x)(G) =
X(G) = 4.
Theorem 1.2. If G is an outer-1-planar graph with A(G) = 3, then x}(G) < 4.

The following corollary from Theorem 1.2 is immediate.

Corollary 1.1. If G is an outer-1-planar graph with A(G) = 3 and x'(G) = 4, then x;(G) =
X'(G).

Note that there exist infinitely many outer-1-planar graph G with A(G) = 3 and x/(G) = 4,

see [16, Theorem 3.2].

2 Preliminaries

Throughout this section, G will be a 2-connected good outer-1-plane graph, and by v1,- -+ ,v|g
we denote the vertices of G with clockwise ordering on the boundary.
Let Vv, v;] = {vs, vig1,- -+ ,v;} and V(vi,v5) = V]vs, v;]\{vi, v;}, where the subscripts are

taken modulo |G|. Set V[v;,v;] = V(G) and V(v;,v;) = V(G) \ {vi}. By Glv;,v;] and G(v;,v;),
we denote the subgraph of G induced by V[v;, v;] and V(v;, v;), respectively. If there is no edge
between V(v;,v;) and V(vj, v;), then Gm denotes the graph obtained from G[v;,v;] by adding
edge vyv; if it does not exist in G[uv;,v;] (otherwise G; ; is Glvy, v;] itself). Clearly, G ; is a
2-connected good outer-1-plane graph if G is such a graph.

A vertex set V[v;,v;] with i # j is a non-edge if j =i+ 1 and v;v; ¢ E(G), and is a path
if vpvp41 € E(G) for all i < k < j. An edge v;v; in G is a chord if |j —i] # 1 or |G| — 1. By
Clvi, v;], we denote the set of chords xy with z,y € V[v;, v;].

In any figure of this paper, the degree of a solid (or hollow) vertex is exactly (or at least) the
number of edges that are incident with it, respectively, and a solid vertex is distinct to every
another vertex but two hollow vertices may be identified unless stated otherwise.

We now collect some useful results that will be applied in the next sections.
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Lemma 2.1. [14, Claim 1] Let v, and vy, be vertices of G. If there are no crossed chords in
Clve, vp] and no edges between V(vg,vp) and V(vp, V), then V{v,, vp] is either non-edge or path.

In what follows, when mentioning the configuration G; with 1 <7 <14 or S; with 1 <¢ <3
we always refer to the corresponding picture in Figures 2.1 or 3.1.

Saying that G contains G; or S;, we mean that G contains a subgraph isomorphic to G; or
S; such that the degree in G of any solid (resp. hollow) vertex in that picture is exactly (resp. at
least) the number of edges that are incident with it there.

For two distinct vertices v, and v, on the outer boundary of G, saying G[v,,vs] properly
contains G; or S;, we mean that G[v,, vp] contains G; or S; so that neither v, nor v, corresponds
to a solid vertex or a hollow vertex with a degree restriction in the picture of G; or S; (e.g., the
vertices y in G1, Gy and G1g, and the vertex z in Sy).

Hﬂm@%dﬁ'@

G, : d(»)<3

G S e T

Gy:d(y)<3  Gy:d(y)<3

2 5

Gll

Figure 2.1. Local structures in outer-1-plane graph with ¢(G) > 1 and A(G) < 4

Lemma 2.2. Let V[v,, vp] with b—a > 3 be a path in G. If A(G) < 4 and there are no crossed
chords in Clvg, vs] and no edges between V(vq, vp) and V(vy, v,), then Glug, vp] properly contains
G1 or Gs.

Proof. If Clvg, vp) \ {vevs} = 0 (note that the chord v,v, may not really exist), then d(vg41) =
d(vg42) = 2 and G is properly contained. If there is at least one chord in Clvg, vs] \ {vavs},
then choose one, say vg vy with a < a’ < b < b, so that there is no other chord in Clvg, vp].
If o —a' > 3, then d(ver41) = d(ver42) = 2 and G; is properly contained. If ' — o' = 2,
then d(vg/4+1) = 2. Choose t € {a’,b'} such that vy # vq,vp. If d(v:) < 3, then Gy is properly
contained. If d(v;) = 4, then there is another one chord viv. with a < ¢ <band ¢ # o', 0. If
|¢" —t| = 2, then d(vi—1) = d(veq1) = 2, and thus G is properly contained. If |¢' —¢t| > 3, then
let @ := min{c/,t}, b := max{c,t} and come back to the first line of this proof. Since ¢ # a,b,
|¢" — t] < |b— al|, which implies that this iterative process will terminate. O

Lemma 2.3. Let v;v; cross vipv in G with @ < k < j < so that there are no other crossed
chords besides v;vj and vivy in Clug,vy]. If A(G) < 4 and max{|V[v;, vi]|, |[V[vk, v;]], [V[v;, vi]|} >
4, then Glv;,v;] properly contains G1 or Gs.

Proof. Without loss of generality, assume that V[v;, vg] > 4. This implies that k — i > 3. Note
that there are no edges between V(v;,vi) and V(vg,v;), since G is outer-1-planar. By Lemma
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2.1, V[v;, vg] is a path. By Lemma 2.2, G[v;, vg] properly contains Gy or Gs. Since for any
vertex in V(v;, vy ), its degree in G[v;, vi] is the same as that in Gluv;, v;]. Hence G[v;, v;] properly
contained G, or Gs. O

3 Local Structures

% w
v p W v w
x y
p Vv x f 4 e >

Figure 3.1. Three special configurations

Lemma 3.1. Let G be a good 2-connected outer-1-plane graph with vertices vy, va, -+ , vy lying
clockwise on its outer boundary, where n = |G|. If A(G) < 4 and 9(G) > 1, then Glv1,vy]
properly contains one of the configurations (see Figures 2.1 and 3.1)

(1) G1, Gs if n =4, unless V[v1,v4] is a path and vivs,vavy € E(G);

(2) G1,--+ ,Gq,Gro, G12 if n =5, unless V[v1,vs] is a path and vivg, vavg, v2v5 € E(G);

(3) G, ,G4,G¢,Gg, -+ ,G12,G1q if n = 6;

(4) G1,-- ,Gua if n > 7;

(5) G1,- -+ ,G10,G12,G13, G4, S1, Sz if n > 8 and ¥(G) > 3.

Proof. If there is no crossing in G, then vyvs - - - v,, forms a path since G is 2-connected. Under
this condition, one can easily show, by Lemma 2.2, that G[vy, v,,] properly contains Gy if n = 4,
and G or Gs if n > 5. Hence in the following we always assume that there is at least one
crossing in G.

Case 3.1.1. n=4.

Suppose that vivs crosses vavy. Since G is good and 2-connected, at least two of viva, vov3
and vsvy belong to E(G). If vavg & E(G), then v1vg,v3v4 € E(G) and G is properly contained.
If vovs € E(G) and {viva,v3v4} € E(G), then Gy is properly contained. If vive, vovs, v3v4 €
E(G), then Vv, v4] is a path.

Case 3.1.2. n=>5.

By symmetry, we consider three cases. First, if vivs crosses vovy, then at least two of
V102, V2v3 and vzvy belong to F(G), since G is good and 2-connected. If vovs ¢ E(G), then
v1vg,v3v4 € E(G) and Gj is properly contained. If vovs € E(G) and {vivs,v3vs} € E(G),
then G is properly contained If vivg, vovs,v3vs € E(G), then Gio is properly contained if
vivg € E(G), and G is contained if vivy € E(G).

Second, if v1v3 crosses vous, then vvg, v4vs € E(G) and d(vs) = 2, since G is 2-connected.
If {vavs, v3v5} € E(G), then d(vs) < 3 and Gy is properly contained. If {vovs,vzvs} C E(G),
then G[v1,vy,] properly contains G if v1ve € E(G), or G4 if v1v2 € E(G).

Third, if vyvy crosses vous, then vovs, v3vy € E(G) and d(v3) = 2, since G is 2-connected.
If {v1v2,v204,v4v5} € E(G), then min{d(vs),d(vs)} < 3 and G; is properly contained. If
{v1va, vavg, v4u5} C E(G), then the excluded case occurs.

Case 3.1.3. n==6.

Suppose that v;v; crosses vy, with 1 < i < k < j <1 < 6. In what follows, we consider

three major cases. Note that there is no edge between V(v;,v;) and V(v;,v;), since G is an
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outer-1-plane graph. So, the graph (A}'i,l is a 2-connected good outer-1-plane graph, and thus
the results (1) and (2) can be applied to G ;.
Subcase 3.1.3.1. |V[v;,v]| = 4.

By (1), V[v;, v] is a path, because otherwise éi,l[vi, v;] properly contains Gy or G3 , and so
does Gy, vg].

If v;uy € E(G), then Gio is properly contained. Therefore, we consider the case that
v;u; € E(G). By symmetry, we discuss the following two subcases.

If i = 1, then vyvs, v4v € E(G), because otherwise d(v4) < 3 and Gy is properly contained.
This implies that vsvs € E(G) since G is 2-connected. Therefore, G4 is properly contained.

If ¢ = 2, then d(v2) < 3 or d(vs) < 3, because otherwise vyvg crosses v1vs, contradicting the
fact that 9(G) > 1. Therefore, Gyg is properly contained.

Subcase 3.1.3.2. |V[v;,v]| = 5.

Assume, without loss of generality, that i = 1. By (2), V[vy1, v5] is a path and vy vy, vav4, v2v5 €
E(G), because otherwise Gy 5[v1,vs] (and thus G[v1,vs]) properly contains one configurations
from the list in (2). If viv5 € E(G), then Gy is properly contained. If vivs € E(G), then
d(vs) < 3 and Gy is properly contained.

Subcase 3.1.3.3. |V[v;,v]| = 6.

If max{|V[v;, vk, [V[vk, v;]], [V[v;, vi]|} > 4, then by the fact that J(G) > 1 and by Lemma
2.3, G[v;,v;] properly contains G or Ga, and so does G[v,v,].

Hence we assume that max{|V[v;, vi]|, |V[vi, vj], [V[vj, vi]|} < 3. By symmetry we consider
two subcases.

First, if viv4 crosses vavg, then by the 2-connectedness of G, we have vovs, v3vy, VU5, V56 €
E(G). This implies that d(vs) = 2. If {v1v2, v2v4} € E(G), then d(ve) < 3 and G is properly
contained. If {v1v2,vov4} C E(G), then vyvs & E(G) since A(G) < 4, which implies that Gy is
properly contained.

Second, if vyvy crosses vsvg, then by the the 2-connectedness of G, we have vyvs, vavs, V45,
vsvg € E(G) and d(ve) = d(vs) = 2. If {v1vs, v30v4,v4v6} € E(G), then vs or vy has degree
at most 3 and G is properly contained. If {vivs,vsvys,v4v6} C E(G), then Gg is properly
contained.

Case 3.1.4. n>T1.

We prove (4) by induction on n. First, we prove it for n = 7 in Case 3.1.4.1, and then
assume that the result holds for good 2-connected outer-1-plane graphs G with order n’, where
7<n' <n.In Case 3.1.4.2, we prove (4) for n > 8, where the above induction hypothesis will
be frequently applied.

Case 3.1.4.1. n=T.

Suppose that v;v; crosses vyy;, with 1 < ¢ < k < j < [ < 7. Three major cases are
considered as follows. Again, note that there is no edge between V(v;, v;) and V(v v;), since G
is an outer-1-plane graph. So, the graph C;’“ is a 2-connected good outer-1-plane graph, and
thus the results (1), (2) and (3) can be applied to G ;.

Subcase 3.1.4.1.1. |V[v;,v]| = 4.

By (1), we assume that V[v;,v;] is a path and v;v;,vpv; € E(G) (the reason for this is the
same as the one we stated in Subcase 3.1.3.1. Here and below, we do not repeatedly explain why
and how the previous results can be applied). If v;v; € E(G), then Gys is properly contained.
Therefore, we consider the case that v;v; € E(G). By symmetry, the following two subcases are
considered.

If i = 1, then d(v4) = 4 (otherwise Gyg is properly contained), which implies that v4vg €
E(G) or vyvy € E(G). It vqvg € E(G), then by the 2-connectedness of G, vyvs,v5v6 € E(G) and
d(vs) = 2, which implies that G14 is properly contained. If v4vs ¢ E(G) and vqv7 € E(G), then
V405, V5Vg, VU7 € E(G) since G is 2-connected, which implies that d(vg) = 2 and d(vs) < 3.
Hence G is properly contained in G[vq, vr].
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If i = 2, then d(ve) = d(vs) = 4, because otherwise Go is properly contained. This case
appears only if v1vs, V27, V56, VU7, V5U7 € E(G) since ¥(G) > 1, and thus Gy4 is properly
contained.

Subcase 3.1.4.1.2. |V[v;,v]| = 5.

By symmetry, we consider two subcases.

First, if ¢ = 1, then by (2), we assume that V[vy,vs] is a path and v1vy, v2v4, V205 € E(G).
If vivs € E(G), then Gy is properly contained. Therefore we assume that vivs ¢ E(G). If
d(vs) < 3, then Gy is properly contained. If d(vs) = 4, then vsvg,vsv7 € E(G), and by the
2-connectedness of G, we also have vgv; € E(G) and d(vg) = 2. This implies that Gi3 is
properly contained.

Second, if i = 2, then by (2), we assume that V[ve, vg] is a path and vevs, vsvs, v3vs € E(Q).
If vovg € E(G), then G is properly contained. If vavg & E(G), then d(v2) < 3 or d(v7) < 3,
because otherwise vjvg crosses vavy, contradicting the fact that ¥(G) > 1. Therefore, Gy is
properly contained.

Subcase 3.1.4.1.3. |V[v;,v]| = 6.

By (3), G[v;,v;] properly contains Gy, - - ,G4,Gg,Gs, - -, G12, G14, and so does Glvy, vr).
Subcase 3.1.4.1.4. |V[v;,v]| =7.

If max{|V[v;, vi]|, |V[vk, v5]|, |V[vj, vi]|} > 4, then by Lemma 2.3, G[v;, v;] properly contains
G or G, and so does G[v1,v,]. Here, note that there is no other crossed chords besides v;v;
and vgv; in Clvg, vy], since 9(G) > 1.

Hence we leave an unique case, that is, the case when wvyvs crosses vsvy. Since G is 2-
connected, V[vy,v7] is a path and d(vy) = d(vs) = d(vs) = 2. If {vivs,v5v7} € E(G), then
G|v1,v7] properly contains Gy if vsvs € E(G), and G7 otherwise. If {vyv3,v5v7} C E(G), then
v3vs € E(G) since A(G) < 4, and thus G is properly contained.

Case 3.1.4.2. n > 8.

Choose two mutually crossed chords v;v; and vy, with 1 <4 <k < j <l <mso that [ —1
is as minimum as possible. Clearly, there is no other crossed chord besides v;v; and viv; in
Clv;, v;] by this choice.

If max{|V[v;, vi]|, |V[vk, v5]|, |V[vj, vi]|} > 4, then by Lemma 2.3, G[v;, v;] properly contains
Gh or G, and so does G[vy, v,,]. Hence we assume that max{|V[v;, vi]|, |[V[vk, v,]|, [V[v;, vi]|} <
3 (i.e., max{k —i,j — k,l — j} < 2). This implies that |V[v,v]| < 7. If [V[v;,v]| = 7
(vesp. [V[vi, v1]| = 6), then by Case 3.1.4.1 (resp. by (3)), Gi.1[vs, vi] properly contains one of the
required configurations, and so does G[v1, v,].

If [V]vi,v]| = 5 (resp. |[V[vi, vi]| = 4), then by (2) (resp.by (1)), we only consider the case
that V[v;,v] is a path with j — k = 2 and vyv; € E(G) (resp.with j — k = 1). If v,u; € E(G),
then G171 (resp.Gi2) is properly contained. Therefore, we assume that v,v; € E(G).

Since ¢ # 1 or [ # n, we assume, by symmetry, that [ # n. If d(v;) < 3, then Gg (resp. G1)
is properly contained. If d(v;) = 4, then by the fact that ¥(G) > 1, there is a non-crossed chord
vvs with 1 < s <nand s #1,k.

Subcase 3.1.4.2.1. i # 1.

It is easy to see that | < s < mor 1 < s < i Ifl < s < i then d(v;) = 4, because
otherwise Gg (resp. Gg) is properly contained. This implies that there is a non-crossed chord
vug with s <t < 4, since ¥(G) > 1. Therefore, we shall consider two major cases: (a) there is
a non-crossed chord vjvs with [ < s <n, or (b) there is non-crossed chord v;v; with s <t < .
Clearly, this two cases are symmetry. Hence we just need consider one, say (a).

Choose one s from those satisfying the condition (a) so that s —{ is as large as possible. At
this moment, there is no chord in the form v;v; with 1 <t < ¢, because otherwise v; would be
a cut vertex separating V(vs, vs) from V(vs, vs). Hence by the choice of s and by the fact that
v, is non-crossed, there is no edge between V(v;,vs) and V(vs, v;).

If s—1 = 2, then by the 2-connectedness of G, vjv;41, vi+1vs € E(G) and d(v;4+1) = 2, which
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implies that G13 (resp. G14) is properly contained. If s —1 > 3, then C;‘Z-,S is a 2-connected good
outer-1-plane graph with order n’, where 7 < n’ = s—i+1 < s < n (note that l —i > 3).
By the induction hypothesis, CA?LS[UZ»,US] properly contains one of the configurations among
G1,- -+ ,G14. Since there is no edge between V(v;,vs) and V(vs, v;), any configuration properly
contained in Giys[vl-, vs] is properly contained in Glv;, vs], and then in Gvy,vy,].

Subcase 3.1.4.2.2. i=1.

In this case we have [ < s < n. Choose such an s so that s — [ is as large as possible. If
s — 1 = 2, then by the 2-connectedness of G, vv;+1,vi+1vs € E(G) and d(vi+1) = 2, which
implies that G135 (resp. G14) is properly contained. If s — 1 > 3 and s # n, then applying the
induction hypothesis to the graph G'i’s and we can obtain the required result as we have done
in Subcase 3.1.4.2.1. Note that there is no edge between V(v;,v,) and V(vs, v;) by the choice
of s. At last, we are left the case that s — [ > 3 and s = n.

If there is a pair of crossed chords vyvj and vpvy with I < < k' < j <l < s, then
before augmenting, we can properly choose such a pair in advance so that I’ — ¢’ is as minimum
as possible. Now, we come back to the first line of Case 3.1.4.2 by setting ¢ :=4',j := j/', k := k'
and [ := I’. Note that i # 1, and thus the new i is not 1. Therefore, this second round of
arguments will not involve the current subcase and thus one of the required configurations can
be properly contained in Glvy,v,].

Hence we assume that there are no crossed chords in Clv, vs]. Since vjvs is not crossed,
there are no edges between V(v;, vs) and V(vs, v;). Since s —1 > 3, V[v;, v;] is a path by Lemma
2.1. So, by Lemma 2.2, G[v;, vs] properly contains Gy or Ga, and so does G[v1, v,].

Case 3.1.5. n > 8 and ¥(G) > 3.

We prove (5) for by induction on n. First, we prove it for n = 8 in Case 3.1.5.1, and then
assume that the result holds for good 2-connected outer-1-plane graphs G with order n/, where
8 <n' < n. In Case 3.1.5.2, we prove (5) for n > 9, where the above induction hypothesis will
be frequently applied.

Case 3.1.5.1. n=238.

We assume that G[v1,v,] properly contains G11, as otherwise the result follows from (4).
Let Glv;,v] = Gi1, where ¢ < i <! < n. Since G is 2-connected, v;,v; both have degree 4
(otherwise one of them is a cut-vertex of G), and there exist chords vjvs and vv; such that
s#iand t # 1. If s < i, then vy becomes a cut-vertex of G unless s = 1 and | = n, since v;v,
is non-crossed by the face that ¥(G) > 1. Hence | < s <n if l # n. Similar, 1 <t < iifi# 1.
Since | — i = 4, either i # 1 or [ # n. Without loss of generality, we assume the latter, and
thus I < s <n. If s =1 > 2, then vy is a cut-vertex separating v; from v;41, contradicting the
2-connectedness of G. Hence s =1+ 1.

If v;us € E(G), then vy is a cut-vertex separating V[v;, v;] from V(G)\V[v;, vs], contradicting
the 2-connectedness of G. Hence v;v; ¢ E(G) and d(vs) < 3, since n = 8. This implies that
G|v1,vg] properly contains Si.

Case 3.1.5.2. n>09.

As in Case 3.1.5.1, we may assume that G[v;, v;] = G117, wherel < i <[ <mn. Sincel—i =4,
either ¢ # 1 or [ # n. Without loss of generality, assume that [ # n. By the same argument as
in Case 3.1.5.1, we can prove that vjv;41 € E(G), vivi—1 € E(G) if i > 2, and vyv, € E(G) if
.= 1.

If we meet the case that i = 1 and viv, € E(G), then [ +1 = 6 < n. By relabelling the
vertices of G from vy, v, - ,Vy_1,Vp tO V2, V3, -+ , Uy, V1, We translate this case to the one that
1> 2,1 #n and v, vv-1 € E(G).

Therefore, we assume ¢ > 2 and v;v;—1 € E(G) in the following.

Since n > 9 and |V[v;_1,vi41]| = 7, either i —1 # 1 or [ + 1 # n. Without loss of generality,
assume the latter. If d(v;41) < 3, then S; is properly contained. If d(v;i41) = 4, then there
is a chord vjyivs with 1 < s < nsothat s >+ 1or s < i—1. Since 9(G) > 3, vj41v0s is
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non-crossed.

If s <i—1, then i—1# 1 and thus d(v;—1) = 4 as otherwise S; is properly contained. This
implies that there is a chord v;_jv; with s <t < ¢ — 1. Therefore, there is either (a) a chord
v410s with I +1 < s < n, or (b) a chord v;_1v; with 1 <t < i — 1. By symmetry, we assume
that (a) exists. Among those s satisfying (a), choose one s so that s — (I 4+ 1) is as large as
possible.

If there is a chord v;v;11 so that 1 < ¢ < i — 1, then vsv;41 is non-crossed since 9(G) > 3,
which implies that there is no edge between V(vy,vi11) and V(vjy1,v¢). Therefore, CA}“H is a
2-connected good outer-1-planar graph with order n/, where 8 <n’ = (I4+1) —t+ 1 < n (note
that ¢ <i—1 and | —i = 4), and then by the induction hypothesis, Gt’l+1[vt7vl+1} properly
contains one of the configurations from the list in (5). Since no edge exists between V(v¢, vi41)
and V(vi41,v¢), any configuration properly contained in Gt7l+1[vt,vl+1] is properly contained
in Glvt, vi41], and then in Glvy,v,].

Hence we assume that there is no chord vsv;41 with 1 <t < i — 1. At this stage, there
is no edge between V(v;_1,vs) and V(vs,v;—1) by the choice of s and the fact that v;41vs in
non-crossed.

If s =1+ 3, then vy 41v142,U112vs € E(G) and d(vi12) = 2 by the 2-connectedness of G.
Since v;4+1 has degree 4, by the choice of s, we shall have v;_1v;41 € E(G), which implies that
S3 is properly contained in G[v;_1,v;], and thus in Glvy,v,].

If s =1+ 4, then by (1), G[vj41,vs] (and so does G[vy,v,]) properly contains Gy or Gs,
unless ;410,43 Crosses V4205, which case contradicts the fact that 9(G) > 3.

If s = 1+5, then by (2), G[vj41, vs] (and so does G[vy,v,,]) properly contains one of the con-
figurations among G1,--- ,Gy4, G19,G12, unless v;11v;44 crosses v;42vs, which case contradicts
the fact that 9(G) > 3.

If s =1+ 6, then by (3), G[vi+1,vs] (and so does G[v1,v,]) properly contains one of the
configurations among Gy, - - , G4, Gg, Gs, G, G10, G12, G14, unless Glvjyo,vs] = Gy, which
case contradicts the fact that J(G) > 3..

If s =1+7, then by (4), G[vi41, vs] (and so does G[vy,v,,]) properly contains one of the con-
figurations among G1,- - - , G10, G12, G13, G14, unless Gvj 2, v146] = G11 and v11042, Vi46Vs €
E(G). This contradicts the fact that ¢(G) > 3.

If s > 148, then applying the induction hypothesis to the graph G[v;41,vs], which has order
8 < s —1 < n, we then conclude that G[v;41,vs] properly contains at least one configuration
from the list in (5), and so does G[vy, vy]. O

Theorem 3.1. Every outer-1-planar graph G with crossing distance at least 3 contains one of
the configurations Gq,- - , G0, G12, G13, G14, S1,52 or S3 as long as A(G) < 4 and §(G) > 2.

Proof. If G is 2-connected, then let H = G, otherwise let H be an end-block of G (i.e., a
2-connected subgraph having only one cut-vertex of G). Clearly |H| > 3 since §(G) > 2. Let
u1,ug, - ,u g be the vertices of H with clockwise ordering on the boundary, where w; is the
cut-vertex of G if H is an end-block of G.

If |[H| > 8, then by Lemma 3.1(5), H[u1, uy, ] properly contains one of those configurations,
which is also contained in G.

If 6 < [H| < 7, then by Lemmas 3.1(3) and 3.1(4), H[u1,uy,,, ] properly contains the
configurations Gy, - -+, G19,G12,G1s or G14 (and then G contains one of them) if it does not
properly contain G1;. Suppose that H[ul,uu‘m] properly contains G1y. Let Hlu;,u] = Gy
and assume, without loss of generality, that ¢ < . Suppose there is an edge v;vs € E(H) with
s # 1, j, k, because otherwise v; has degree 3 in G and thus G contains Gg. If s # 1, then u, has
degree at most 3 in G since |H| < 7, and thus G contains S;. If s =1 and |H| =7, then ¢ = 3
and [ = 7, because otherwise u; would be a cut-vertex of H, contradicts the 2-connectedness
of H. This implies ujug,ugus € E(H) and thus H[ul,uu‘m] properly contains S7, which is
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also contained in G. If s =1 and |H| = 6, then by the 2-connectedness of H, i = 2,1 = 6 and
ujus € FE(H), which implies that H is isomorphic to the graph Sy with u; corresponding to
the vertex z in that picture of S in Figure 3.1, and then G contains Ss.

If |H| = 5, then by Lemma 3.1(2), H{[uj,us] properly contains Gy, --- , G4 or G1a, and then
G contains one of them, or V[uy,us] is a path and ujug, ugug, usus € E(G). In the latter case,
we have d(us) < 3 and then G contains Gy.

If |H| = 4, then by Lemma 3.1(1), H][ui,us] properly contains G; or Gs, and then G
contains one of them, or V[uj,u4] is a path and ujugz,ugus € E(G). In this case, we have
d(ug) < 3 and then G contains Gig.

If |[H| = 3, then uz and ug are two adjacent vertices of degree 2 in G. Hence G contains
Gi. O

4 List coloring results

Figure 4.1. Six edge-choosable graphs

Each of the graphs T; in Figure 1 is assumed to have an associated function L; that assigns
a list of colors to each edge, of the size indicated by that edge.

Theorem 4.1. (a) If L1 (wz) N Li(vy) =0, then Ty can be Li-colored.
(b) For each integer 2 < i < 6, the graph T; is L;-colorable.

Proof. We consider each graph separately.

Case 4.1.1. Tj. If the edges wzx,wy,vy are Li-colored with colors a,b,c, say, and this
coloring cannot be extended to wz and yz, then there is a color d such that L;(wz) = {a,b,d}
and L (yz) = {b,c,d}. These lists then determine a and ¢ uniquely, as {a} = Li(wz) \ L1(yz)
and {c} = L1(yz) \ L1(wz).

There are four different ways in which the edges wx and vy can be Li-colored. Since
Li(wz) N Ly(vy) = 0, at most one of these four colorings uses both colors in Li(vx), at most
one uses both colors in Ly (wy), and (as we have just seen) at most one can be extended to wy
and vz but cannot then be extended to wz and yz. Thus at least one of the four L-colorings
of wx and vy can be extended to an Li-coloring of T7.

Case 4.1.2. T5. If we can give vw and xy the same color, or alternatively give wy a color not
in Lo(vw), then the remaining edges are easily colored. So we may assume Lo(vw) N Lo(zy) =0
and Lo(vw) = La(wy). But then Lo(wy) N Lo(zy) = 0, and any La-coloring of the three edges
at w can be extended to zy.

Case 4.1.3. T5. Let P denote the path uzvyw. Ls-color the edges in order along P. Then
there is at least one color available for each of uv and vw, and the only problem is if there is
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exactly one and it is the same color, say d, in each case. If this happens, then the colors along
P take the form a,b,c,a’ and Ls(uv) = {a,b,c,d} and Lz(vw) = {a’,b,¢,d}, where possibly
a’ = a but otherwise the colors are distinct. We may assume that Lz(wy) = {a’, ¢}, as otherwise
we could change the color of wy and color uv and vw with d and a’; and we may assume that
L3(vy) = {b,c}, as otherwise we could change the color of vy and color wv and wy with ¢
and vw with an available color. In a similar way, we may assume that Ls(uz) = {a,b} and
Ls(vx) = {b,c}. But then we can recolor the edges of P with b, ¢, b, ¢ and uv,vw with a, d.
Case 4.1.4. Ty. If possible, Ls-color vy and wx with the same color, and then color vz;
the remaining edges can then be colored since T, is Lso-colorable. So we may assume that
Ly(vy) N Ly(wz) = 0.

If possible, L4-color v and wy with the same color, and then color wz; the remaining edges
can then be colored since they form a 4-cycle with at least two colors available for each edge,
and a 4-cycle is edge-2-choosable. So we may assume that Ly(vz) N Ly(wy) = 0.

If possible, Ly-color vw with a color not in Ly(vz) U Ly(wx); the remaining edges can then
be colored since Tj is Lj-colorable. So we may assume that Ly(vw) = Ly(va) U Ly(wx), say
Ly(vz) = {a,b}, Ly(wz) = {¢,d}, and Ly(vw) = {a, b, c,d}.

If possible, L4-color vy and wy with distinct colors not in Ly (vw); then ve and wz are easily
colored (they can be treated as non-adjacent, as their lists are disjoint), and the remaining edges
can be colored in the order yz,wz,vw. So we may assume that there is a color e such that
Ly(vy) ={a,b,e} and L4(wy) = {c,d, e}.

Now choose a color p € {a,b,c,d,e} \ Ly(wz). It is easy to see that the edges not incident

with z can be Ly-colored so that p is used on an edge at w. (If p € {a,b,¢,d} then we can use
p on vw, and if we use ¢ or d on vw then e is used on wy.) Then the remaining edges yz, wz
can be colored in this order.
Case 4.1.5. T5. If possible, Ls-color vy and wz with the same color, leaving at least three
possible colors for vw. Since T is Ls-colorable, at most one of these colors for vw cannot be
extended to the triangle on the right, and at most one cannot be extended to the triangle on
the left, and so at least one can be extended to both triangles, giving an Ls-coloring of T5.

So we may assume that Ls(vy) N Ls(wz) = . There are then nine different ways in which
the two edges vy and wz can be Ls-colored. At most four of these ways use two colors from
Ls(vw), the worst case being when Ls(vw) contains two colors from Ls(vy) and two from
Ls(wz). Similarly, at most two of these ways use two colors from Ls(vz) and at most two use
two colors from Ls(wy). So there is at least one way of Ls-coloring vy and wz with two colors
that are not both in Ls(vw), not both in Ls(vz), and not both in Ls(wy). The remaining edges
can then be colored in the same way as before.

Case 4.1.6. Tj. Asin Case 4.1.5, Lg-color vy and wax either with the same color, or with two
different colors that are not both in Lg(vz) and not both in Lg(wy). The remaining edges can
be colored by applying Case 4.1.2 twice. O

Theorem 4.2. (a) Ry is L-colorable unless each color in L(vw) is in the lists of exactly two
adjacent edges of F';
(b) Each of the graphs Ry, Ra, R3 is L-colorable.

Each of the graphs in Figure 4.2 is assumed to have an associated function, which for
convenience we denote by the same letter L in each case, that assigns a list of colors to each
edge, of the size indicated by that edge. In each graph, let F' denote the 4-cycle vzwy, with
edges vz, wx, wy, vy in that order. Note that F' will be frequently used in the next proofs.

Proof. We consider each graph separately.

Case 4.2.1. Rj. Since a 4-cycle is edge-2-choosable, the edges of F' can be L-colored, with
colors a, b, ¢, d, say. Assume that vw cannot now be colored. Then a, b, ¢, d are all different and
L(vw) = {a,b,c,d}. If the list of some edge of F has a color not in {a,b,c,d} then we can
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recolor that edge with such a color and use the freed color for vw; this contradiction shows that
all lists are subsets of {a, b, ¢, d}. If the lists of two opposite (i.e., non-adjacent) edges of F have
a color in common, then we can color those two edges with that color and the coloring is easily
completed; this contradiction shows that each color occurs in the lists of two adjacent edges of
F', which proves (a).

R, v 4 W R : v 4 W R,: v 4 W
2 ) 2 3 2 3
2 2 2 2 2 3
x v X y X y
2
R3 v 4 W R4 . \4 4 W z
3 3 2 4
3 3 2 4
x 2 y x Y4
2 S
2
z
a u N u . u
R, : 4 4 R, : 4 4 R, 4 4
v, 4 W v, 4 w 2% 4 w
3 4 4 4 4 4
3 4 4 4 4 4
X 3 Y X 4 y X 4 y
2 2 2 2 4
z 2 !
¢z ot 4
2 s
¢ 2
zZ

Figure 4.2. More graphs for list-edge-coloring

Case 4.2.2. R;. Delete a color from L(wy) so that the list of every edge of F' now has two
colors. If these lists are of the form described in (a), delete a different color from L(wy) instead;
the coloring can now be completed.
Case 4.2.3. Ry. We will color yz first; for e € {vy,wy}, let Lo(e) be obtained from L(e) by
deleting the color of yz; for every other edge of Ry — yz, let Lo(e) = L(e). We must color yz
so that Ry — yz has an Lg-coloring. We may assume that L(yz) C L(vy) N L(wy), as otherwise
we can color yz so that at least one of Lg(vy) and Lo(wy) contains three colors, and the result
will follow by Case 4.2.2 (possibly with v and w interchanged).

Let L(yz) = {p,q}. Color yz with p. If the coloring cannot be completed, then the lists
Lg have the form described in (a), with L(vw) = Lo(vw) = {a, b, ¢,d} and each of these colors
being in the lists of two adjacent edges of F'. Note that ¢ is in both Lo(vy) and Lo(wy), and
p is in neither of these lists, so that either (i) p € Lo(vz) N Lo(wz) or (ii) p € {a,b,c,d}. If
we recolor yz with ¢ then we can complete the coloring, either by using p on two nonadjacent
edges of F', in case (i), or by using it on one edge, in case (ii).
Case 4.2.4. Rj3. Let L(vw) = {a,b,c,d}. If possible, use the same color on zy and vw; the
edges of the 4-cycle vrwy can then be colored from the remaining lists of at least two colors.
So we may assume that L(zy) = {p,q}, where p,q & {a,b,c,d}.

If the list of some edge of the 4-cycle F' contains p, first color zy with ¢ and then extend the
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coloring to F' so that some edge has color p; now we can color vw. If no edge of F' has p in its
list, color xy with color p, and extend this coloring to the remaining edges by Case 4.2.2. [

For each graph R; in Figure 4.2, let }A%i denote the graph obtained from R; by adding a new
vertex w with neighbors v and w, and let L be extended to R; by giving lists of size 4 to the
new edges uv and uw.

Theorem 4.3. (a) Ry is L-colorable;
(b) Ry is L-colorable if (i) some color is in the lists of two opposite (non-adjacent) edges of F,

or (ii) L(vy) = L(wy).

Proof. We know from Theorem 4.2 that R1 and Ry are L-colorable; so consider an L- coloring
of one of them; we will try to extend it to R1 or R2 as appropriate. Let p be the color given to yz
in Ry. Fore € {vy, wy} in Ry, let Lo(e) = L(e)\ {p}; for every other edge of Ry, and every edge
of Ry, let Lo(e) = L(e). As in Theorem 4.2, we will assume in R, that L(yz) C L(vy) N L(wy),
as otherwise we can color yz so that at least one of Lg(vy) and Lo(wy) contains three colors,
which is covered by the proof for }Ail.

Let the edges vz, zw, wy, yv of F have colors a, b, a’, b’ in this order, and let vw have color c,
where possibly @ = a’ and/or b = b’ but the colors are otherwise distinct. There is at least one
color available for each of uv and uw, and the only problem arises if it is the same color, say d,
in each case, i.e., L(uv) = {a,V',¢,d} and L(uw) = {d’, b, ¢, d}, where clearly d & {a,a’,b,b?c}.
Assume that this problem cannot be avoided by recoloring one or more of the edges of F' and/or
vw. Then the following hold.

(01) Ly(e) C {a,d’,b,V,c} for each e € E(F), and L(vw) C {a,a’,b,V,c,d}; otherwise we
can avoid the problem by recoloring a single edge.

(02) If d € L(vw) then Lo(e) C {a,a’,b,b'} for each e € E(F). To see this, recolor vw with d
and apply (O1) with ¢ and d interchanged.

(08) If b # b then b & Lo(vy) and b & Lo(wz), as otherwise we can avoid the problem by
recoloring vy with b (the same as wz) or wx with b’ (the same as vy).

(04) If b #£ b and b € L(vw) then ¢ € Lo(vy), as otherwise we can avoid the problem by
swapping the colors of vy, vw from ¥, ¢ to ¢, b'.

(05) In Ry, L(yz) = {p,q} where, for each e € {vy,wy}, p € L(e) \ Lo(e), ¢ € Lo(e), and
L(e) = Lo(e) U {p}.

We now consider four cases.

Case 4.3.1. a=d'and b =1"V". Then L(uv) = L(uw) = L(vw) = {a,b,¢,d}, and Ly(e) = {a, b}
for every edge e € E(F) by (O1) and (02). This is impossible in Ry (where |Lo(wy)| = 3), and
it can be avoided in R» by changing the color of yz. In the latter case, by (05), L(yz) = {a,p}
or {b,p}, where p ¢ {a,b}. If L(yz) = {a,p} then we can swap the colors of wy,yz from
a,p to p,a and (re)color wv,vw,wu with ¢,d,a if p = ¢ and with d,c,a otherwise; the case
L(yz) = {b,p} is similar.

Case 4.3.2. a=ad' and b # V. Then L(vw) C {a,b,b',c,d}. Thus ¢ & Lo(vy) by (02) and
(04), and b & Lo(vy) by (03), and so Lo(vy) = {a,b'}. Similarly, Lo(wz) = {a,b}. Now we
can avoid the problem by recoloring vy and wz with a, and then recoloring vz and wy, unless
Lo(vx) = Lo(vy) = {a,V'} and Lo(wz) = Lo(wy) = {a,b}. This is impossible in Ry, and it can
be avoided in Ry by changing the color of yz. In the latter case, by (O5), L(yz) = {a,p} for
some color p & {b,b'} (since p & Lo(vy) U Lo(wy)), and we can swap the colors of wy and yz
and (re)color uv, vw, wu exactly as described at the end of Case 4.3.1.
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Case 4.3.3. a #a and b=1V'. This is equivalent to Case 4.3.2. (Interchange v and w.)
Case 4.3.4. a # d’ and b # b'. We may assume that no color occurs in the lists Ly of two
opposite edges of F', as otherwise we could use it on those two edges and get a new coloring
that is covered by a previous case. Thus each of the colors a,a’,b,b’, ¢ occurs in the list Ly of
either at most one, or two adjacent, edges of F'.

The proof of (b) is now easily completed. If (i) holds, then we can choose the color of yz
so that some color occurs in the lists Lj of two opposite edges of F', and this coloring can be
extended to Rg by Theorem 4.2; as just remarked, this is covered by a previous case. If (ii)
holds, then we can avoid the problem by swapping the colors of vy and wy, thereby recoloring
vy with o/ € L(uv) and wy with ¥ € L(uw). So from now on we assume the graph is R;.

We claim that ¢ does not occur in the list of any edge of F'. Suppose it does, say ¢ € Lo(vy) =
L(vy). (The other cases are similar.) By (02) and (O4), this implies that {&',d} N L(vw) = 0
and so L(vw) = {a,d’, b, c}; thus, by the analogs of (O4) for other edges of F, ¢ € Ly(vx) since
a € L(vw), ¢ € Lo(wz) since b € L(vw), and ¢ & Lo(wy) since a’ € Lo(vw). It follows that o’ is
in the list of another edge of F, as otherwise the lists of vx, wz and wy contain the colors a, a’
and b twice each, and some color is in the lists of two opposite edges. So we can color vy and
uw with ¢, some other edge of F' with ', and then complete the coloring using two different
colors from {a,a’,b} on F and the third color on vw; and now wv can be colored as it has two
adjacent edges with the same color, c. R

It follows that Lo(e) C {a,a’,b,b'} for every edge e of F in R;, and so one of these colors
must occur on at least three edges, which contradicts the first paragraph of Case 4.3.4. This
completes the proof of Theorem 4.3. O

Lemma 4.1. Let T(syz) be a triangle with an associated function L that assigns lists of two
colors to edges sz and yz and a list of four colors to sy. Then there are distinct colors a,b, c,d
such that L(yz) = {a,c}, {b,d} € L(sy), and T(syz) can be L-colored with the two edges at y
receiving any of the three pairs of colors {a,b}, {b,c} and {c,d}.

Proof. Let L(yz) = {a,c} and let b,d be two colors in L(sy) \ {a,c}, labeled so that L(sz) #
{a,b},{b,c} or {c,d}. (In other words, if L(sz) comprises one of a, ¢ and one of b, d, then swap
the labels of the colors so that L(sz) = {a,d}.) Then the result clearly holds. O

Lemma 4.2. Let p be an arbitrary but fized color. For each of the following conditions, there
is an L-coloring of the edges of R7 below xy in Figure 4.2 such that the condition holds:

(C1) za' and yy' have different colors;

(C2) zx’ does not have color p;

(C3) yy' does not have color p.

Proof. Choose colors a, b, ¢,d that satisfy the conclusion of Lemma 4.1 for triangle T'(sy’z) in
R;. The conclusion of Lemma 4.2 clearly holds for (C2), as we can color zz’ differently from
p and continue the coloring in order along the walk xzz'y’zsy’y. The same holds for (C1) if b
or ¢ € L(zz'), as then we can color zz’ and sy’ with b, or za’ and y'z with ¢, and then color
the remaining edges in order along the above walk. So in proving (C1) we may assume that
L(zz") N {b,c} = 0. We must prove (C1) and (C3). There are two cases.

Case 4.2.1. L(z'y’) # {b,c}. Color 'y’ with g & {b, ¢}, then color zz’, and let p denote the
color of xz’ if we are proving (C1). Since g cannot equal both a and d, assume w.l.o.g. q # a,
and color y'z, sy’ with a,b if L(yy’) = {b, ¢, p, ¢} and with ¢, b otherwise; then the coloring can
be completed with yy’ not receiving color p.

Case 4.2.2. L(z'y’) = {b,c}. In proving (C1), give zz’ a color and call it p, noting that
p & {b,c} by the assumption made before Case 4.2.1. Color 2'y’, y'z, sy’ with b, ¢, d if L(yy') =
{a,b,c,p} and with ¢, a, b otherwise. Then the coloring can be completed with yy’ not receiving
color p. O
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Lemma 4.3. Let T(vwz) be a triangle and vy be an edge incident with it. If there is an
associated function L that assigns lists of two colors to edges vy, wr and vr and a list of four
colors to vw so that L(vy) N L(wx) = 0, then we can L-color vy,wz and vx so that there are
at least two colors still available for L-coloring vw while extending this partial coloring if (i)

L(vw) # L(vy) U L(wx), or (i) L(vx) ¢ L(vw).

Proof. Suppose that L(vy) = {a, b} and L(wz) = {c,d}.

(i) Since L(vw) # {a,b,c,d}, either {a,c} ¢ L(vw) or {b,d} ¢ L(vw). Assume, w.l.o.g.,
that {a,c} ¢ L(vw). If L(vx) # {a,c}, then color vy, wz with a,c, and color va with a color
in L(vz) \ {a,c}. If L(vx) = {a,c}, then color vy, wz,vx with b, c,a. In any of the above two
cases, there are at least two colors still available for L-coloring vw.

(ii) L-color vz with a color not in L(vw), and vy, wx can then be easily colored. Obviously,
there are at least two colors still available for L-coloring vw at this stage. O

Theorem 4.4. Each of the graphs R4 and ]§4, e ,ﬁ’,g is L-colorable.

Proof. Obviously, if I§4 is L-colorable then so is R4, and so we will consider just the last four
graphs. R

Case 4.4.1. R4. By Lemma 4.1, there are distinct colors a, b, ¢, d such that the edges of the
triangle syz can be L-colored with the two edges at y receiving any of the three pairs of colors
{a,b},{b,c} and {c,d}. If L(wy) # {a,b, c,d} then at least one of these colorings will leave wy
with at least three available colors, and the result will hold since El is L-colorable by Theorem
4.3(a). Thus we may assume that L(wy) = {a,b, ¢, d}. By symmetry, we may also assume that
L(vy) = {a,b,c,d}. Now L-color yz with color ¢, so that there are at least two colors (b and
d) available for sy that enable sz to be colored as well. The coloring can now be completed by
Theorem 4. 3(b)(11) applied to Ry \ {yz, sz}, which is essentially the same as R,.

Case 4.4.2. Rs. If L(zy) contains a color that is not in L(e) for some e € E(F), color zy with
such a color and then color yz; now e still has three available colors, and so the remaining edges
can be colored since R; is L-colorable by Theorem 4.3(a). So we may assume that L(zy) C L(e)
for every e € E(F). If we now color zy with a color from L(zy) \ L(yz), then the remaining
two colors from L(xy) are still available for every edge of F', and the coloring can be completed
by Theorem 4. 3(b)( )-

Case 4.4.3. R6 and R7 To enable these graphs to be discussed together, let =’ and y both
denote the vertex z in RG, and note that the conclusion of Lemma 4.2 easily holds for R6

Suppose first that, for some edge e € E(F), L(xy) contains a color p & L(e). If e is incident
with y, L-color the edges below zy so that (C2) of Lemma 4.2 holds, and then color zy so that
p is used at y (i.e., color xy with p if yy' is not already colored with p); if e is incident with
x, do the same with = and y interchanged, using (C3). Then the edge e still has at least three
available colors, and so the remaining edges can be colored since ]:21 is L-colorable by Theorem
4.3. We deduce from this that L(e) = L(zy) = {a, b, c,d}, say, for every edge e € E(F).

Now color the edges below xy so that (C1) holds, say zz’ and yy’ have different colors a’
and b’ respectively, and relabel a,b, c,d if necessary so that a’ & {b,¢,d} and b & {a,c,d}.
Then the coloring can be completed as follows. Color xy with d. If a ¢ L(uv) then color the
edges vz, rw,wy,yv of F with ¢, b, c,a and color the remaining edges in the order vw, uw, uv;
otherwise, if a € L(uv), color the edges of F with b, ¢, a, ¢, color uv with a, and then color vw
and uw. R
Case 4.4.4. Rg. If possible, L-color wy’ with a color in L(wy’) \ L(uw), and then it is easy
to color the remaining edges in this order yy’, vy, wz, zx’, vw, vy’ uv, uw. So we assume that
L(uw) = L(wy') = {a,b, ¢,d}. By symmetry, we also assume that L(uv) = L(vz').

If possible, L-color wy’ with a color in L(wy’)\ L(vw), and color in this order yy’, vy, wzx, xa';
the remaining edges can then be colored since Ty is La-colorable as in Theorem 4.1(b). So we
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assume that L(vw) = L(wy') = {a,b,c,d}, and by symmetry, assume that L(vz') = L(vw) =
{a,b,c,d}. This implies that L(uv) = {a,b, ¢, d}.

If possible, L-color vy with a color in L(vy) \ L(vw), and continue the coloring in order
along the walk yy’wxx’; the remaining edges can then be colored since Ty is Lo-colorable. So
we assume that L(vy) C L(vw), and by symmetry, assume that L(wx) C L(vw).

If possible, L-color vy and wz with a same color, and color in this order yy’, wy', zz’; the
remaining edges can then be colored since T, is Lo-colorable. So we assume, w.l.o.g., that
L(vy) = {a,b} and L(wx) = {c,d}.

Since either L(yy') # {a,d} or L(yy') # {b,d}, we assume, w.l.o.g., that L(yy’") # {a,d}.
Now color wv, uw, vw, vx’, vy, wz,wy’ with d,a,b, c,a,c,d, respectively, and then zz’' and yy’
can be easily colored.

Case 4.4.5. Rg. Remove the edge wy’ and add a new edge wy so that L(wy) = L(wy'). It is
easy to see that the resulting graph ]/ig is L-colorable only if ﬁg is L-colorable.

We now consider ﬁg If possible, L-color yy’ with a color in L(yy’) \ L(vy); the remaining
edges can then be colored since Ry is L-colorable by Theorem 4.3(a). So we assume that
L(yy') = L(vy) = {a,b}. R

In the following we consider Ry. If possible, L-color vy and wz with a same color, and color
in this order yy’, vx; the remaining edges can then be colored since T3 is Lo-colorable. So we
assume that L(vy) = {c,d}.

If L(vw) # L(vy) U L(wz) or L(va) ¢ L(vw), then by Lemma 4.3 we can L-color vy, wx, vz
so that there are at least two colors still available for L-coloring vw. Now it is easy to color
yy' and the remaining edges can be L-colored since Tb is Ls-colorable. So we assume that
L(vz) C L(vw) = L(vy) U L(wx) = {a, b, c,d}.

Since either L(vz) # {a,c} or L(vz) # {b,c}, we assume, w.l.o.g., that L(vz) # {a,c}.
Color vy, yy', wx with a,b,c, and L-color vz, vw,wy’ with p & {a,c}, ¢ € {a,¢,p}, r & {b, ¢, q},
respectively. Note that p € L(vz) C {a,b,c,d}, ¢ € L(vw) = {a,b,c,d} and ¢ # p. Thus
{p.a} = {b.d}. )

We now finish the L-coloring of Ry by coloring wv and ww properly. The only problem is if
there is a color s so that L(uv) = {a,p,q, s} and L(uw) = {c,q,r,s}.

If |{b,c,q}| = 2, then erase the color on wy’ and L-color wy’ with a color " & {b,¢c,q,r}.
Hence we can finish the L-coloring of Eg by coloring wv,uw with s,7. So we assume that
I{b, ¢, q}| = 3, which implies that ¢ # b, and then ¢ = d,p = b.

Under this condition, we exchange the colors on vw and wz, and then color uv,uw with
d, s. This completes the proof since we get an L-coloring of Ry. O

5 Proof of the Main Results

Theorem 5.1. Let H be a graph and let L(e) be a list of four colors, for each e € E(H). If
H is not edge L-colorable but every proper subgraph of H has an edge L-coloring, then H does
not contain any of the configurations Gy, -+ , G4, S1,52 or Ss

Proof. We consider each configuration C separately. We let H' be the subgraph of H obtained
by removing all the solid vertices in C. We choose an edge L-coloring of H’, which exists by
hypothesis, and for each edge e € E(H) \ E(H’) we denote by A(e) the set of available colors
for e, comprising those colors in L(e) that are not used on any colored edge adjacent to e. If we
can prove that H — F(H') is edge A-colorable, then it will follow that H is edge L-colorable,
and this contradiction will show that H cannot contain the configuration C. In each case, it
suffices to describe how to construct an edge A-coloring of H — E(H').

In every case except for G1 and Gs, H — E(H’) is isomorphic to a graph that has already
been proved to be A-colorable for a suitable list assignment A, as shown in this table.
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Configuration Go Gy Gs Ge G7 Gsg Gy

Equivalent graph T3 Ty Ts Ts Rs Ry9 R;
Theorem 4.1 4.1 4.1 4.1 4.4 44 4.3

Configuration Gio Gi2 Giz G S1 S22 S3
Equivalent graph R R3 Ry Ry Rs; Re R;
Theorem 4.2 4.2 4.4 44 44 44 44

It remains to consider the graphs G; and G3. In Gy, let © denote the solid vertex and let z
denote the left vertex in that picture. It is easy to see that |A(uz)| > 1 and |A(uy)| > 2, and
so we can color the edges in the order ux,uy. In G3, the result holds since every edge of the
4-cycle has at least two available colors and it is well-known that a 4-cycle is edge 2-choosable.
This proves Theorem 5.1. O

Proofs of Theorems 1.1 and 1.2. Let H be the minimum counterexample to the theorem and
let L(e) be a list of four colors for each e € E(H). First of all, it is easy to see that §(H) > 2.
Since every proper subgraph of H has an edge L-coloring, H does not contain any of the
configurations listed in Theorem 5.1. On the other hand, if A(H) = 4 and 9(H) > 3, then
H contains one of the configurations G1,- - ,G14, S1,S2 or S3 by Theorem 3.1, contradicting
Theorem 5.1. If A(G) = 3, then H contains the configuration G; or Gz or Gyg, which is an
immediate corollary from the result of Zhang, Liu and Wu [14, Theorem 4.2]. However, this
also contradicts Theorem 5.1, which implies that H does not contain G; or G5 or Gg. 0
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