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Abstract A graph G is 1-planar if it can be embedded on a plane so that each edge
is crossed by at most one other edge, and such a 1-planar embedding of G is a 1-plane
graph. Since every crossing c in a 1-plane graph is generalized by one edge crossing
the other edge, there is a mapping θ from c to a set of four vertices of G that are the
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0 Ú ó

·�UÄ^4«ôÚ5�zÜ/ã���«�XÚ¿¦����«�äkØÓ�ô

Úºù´Í¶�oÚ¯K,Ù�Ð´dF. Guthrieu1852c10�23FJÑ�,¿�¦ß�o

Ú¯K��Y´�½�. ù�¯Kwå5é{ü, Ïd���êÆïÄöú�Ù¿Ùþ

==´��öSK®. ,, ¯¢¿�Xd, 19V�Í¶êÆ[A. De Morgan, W. R.

Hamilton �<Ñ3d¯KþòW. 1872c, =I���Í¶�êÆ[A. Cayley�ª�Ô

íêÆÆ¬JÑ
ù�¯K,u´oÚß�¤
.êÆ.'5�¯K,.þNõ�6

�êÆ[Ñªªë\
oÚß���¬Ô.

1879c�1880c, A. Kempe�P. G. Tait©O\¡Ùy²
oÚß�, ù4���ê

Æ.��)�. ,, 1890c�1891c, P. Heawood�J. Petersen©O�ÑA. Kempe�P.

G. Tait�y²¥�3Ø�?���Ø. �dÓ�, Heawood[1]u1890cy²
�±^5«

ôÚ5�zÜ/ã���«�XÚ¿¦����«�äkØÓ�ôÚ, =ÊÚ½n. 3

d��, <�uyoÚ¯KÑ<¿�/É~(J, �5�õ�êÆ[�,éd�¦M�,

��Ã¤¼. u´<�m©@£�, ù�mqN´�K8, Ù¢´����Fermatß��

|{�JK. ?\20V±5, �Æ[�éoÚß��y²Ä�þ´UìKempe[2]��{

3?1. 3Kempe��{�Ä:þ, Appel, Haken�Koch[3,4] u1976c3{I�|ìd�

Æ�ü�ØÓ�>fO�Åþ^
1 200���y²
oÚß�, ñÄ
�.. 1997c,

Robertson�[5]Äuþãg��O�Å, |^���{z��{2g�y
oÚß�. ,

, oÚß��y²¿��Ú, O�Åy²Ã{�Ñ-<&Ñ�g�L§.

oÚ¯K��þ´��ã�/Ú¯K§§�JÑI�Xã�/Ú¯K�å. oÚ

¯K�ïÄé�¢Sþ�±Ä����²¡ã, ïÄSN=�²¡ã�:/Ú¯K.

XJ��ãG�±i\3²¡þ, ¦�>��U3à:?��, K¡ãG´�²¡

ã, di\�ãG���²¡i\, Ó�ò®²i\�²¡S�ù�ã¡�²ã, ½ö

²¡ã. ��²¡ãG�º:Ú>r��²¡©�¤eZëÏ«�, ù
«��4�¡

�²¡ãG�¡. Ù¥, 	ÜÃ�«�¡�	Ü¡, Ù{�¡¡�SÜ¡. �G´��ã,

^V (G)�E(G)©OL«ãG�:8�>8. eG´��²¡ã, K^F (G)L«ãG�¡

8. XJãG´��ëÏ�²¡ã, K3Ùþ÷vÍ¶�î.úª:

|V (G)| − |E(G)|+ |F (G)| = 2.

oÚ¯K�±UìXe�ª=�¤ã�/Ú¯K. Äk,ò/ã�z�«�w¤��

º:, XJü�:�L�«�äkú��>., Kò§��më�^>. w,, Xd�Ñ

5�ã´��²¡ãG. ù��5, oÚ¯KÒ=z�^�õo«ôÚ/ãG�º:¦�

���º:��ØÓ�ôÚ. òTg�?�ÚÄ�Ñ5, =���ã�º:/Ú�½Â.

ãG����~:k-/Ú´��lV (G)�{1, 2, · · · , k}��N�ϕ, Ùéu?Ûuv ∈
E(G), Ñ÷vϕ(u) 6= ϕ(v). ¦�ãGäk�~:k-/Ú����êk¡�ãG�:Úê, P

�χ(G).

�âþã½Â, oÚß�=�Lã�: χ(G) 6 4. Ó�, Heawood[1]u1890cy²�Ê

Ú½n=: χ(G) 6 5.
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3ãØ�ïÄ{¤¥, Ø
ïÄã�:/Ú, ��±ïÄã�>/Ú!�/Ú!:-¡

/Ú!>-¡/Ú!:->-¡/Ú!�L/Ú��Ù¦�/Ú¯K. ù
¯K3²¡ãþ�

ïÄ®²��
éõØ��(J[6].

1 1-²¡ã9ÙA�fa{0

1.1 k-²¡ã�1-²¡ã

�«ÊH�*:@�, ÿÀãØ´éã�ÙÛ�ïÄ, §�´åuoÚ¯K. �5,

7¡þ>´�ÙÛ¯KíÄ
ÿÀãØ�uÐ. du>´¥���¬Úå�½�¯K(X

á´,>^aA�),�3>´�O�L§¥I�ÏéäkÃ����½ö������Ù

Û.�3>´�O�L§¥Xe��Ø�;�,Kg,I�éu����©Ù��½��

½�?n. ~X, �±�¦z^�ØU����õg. Äuù�g�, �±½Â�aã,

=k-²¡ã.

XJãG�±i\3²¡þ,¦�z^>�õ���kg, K¡Ù�k-�²¡ã, Ó�

ò®²i\�²¡S�ù�ã¡�k-²¡ã. w,, éu?ÛãG, Ñ�3���êk, ¦

�ãG´��k-�²¡ã. �k = 0�,ãG=�þã¤J9��²¡ã. �k = 1�,ãGK

¡�1-�²¡ã. XJò1-�²¡ãi\3²¡þ¦�z^>�õ����g¿���

oê��, K�±����AÏ�²¡i\, Ù¡�1-²¡ã(�ã 1).

ã1 1-²¡ã

'u1-²¡ã��'ïÄåu1976c. ��, Ringel[7]�Ä
²¡ã�:-¡/Ú¯

K. ¤¢²¡ãG�:-¡k-/Ú=´��lV (G) ∪ F (G)�{1, 2, · · · , k}�N�ϕ, Ùéu

ãG¥?¿ü���½'é���α, β ∈ V (G)∪F (G),Ñkϕ(α) 6= ϕ(β). ¦�²¡ãGä

k:-¡k-/Ú����êk¡�ãG�:-¡Úê, P�χvf (G). Ringel[7]y²
χvf (G) 6

7éz�²¡ãÑ¤á, ¿ß�χvf (G)�þ.�±ü�6. 8cù�ß�®�Borodin[8,9]y

¢.

�G´��²¡ã, yUìXe5K�E��#ãG′. Äk, òV (G) ∪ F (G)¥�z

���©OéAãG′¥��:. XJG′¥�ü�:3G¥¤éA���´���½�'

é�, K3G′¥^�^>òùü�:ë�å5. N´wÑ, ãG′TÐ���1-²¡ã. Ï

d,²¡ãG�:-¡/Ú¯KK=z�1-²¡ãG′�:/Ú¯K. ¯¢þ, Ringel½�Ñ,

éuþã1-²¡ãG′, kχ(G′) = χvf (G), ¿�?Û��1-²¡ã�:/Ú¯K��±a
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q/=��,�²¡ã�:-¡/Ú¯K.Ïd, Ringle[7]�ïÄL²,éu?Û��1-²¡

ãGÑkχ(G) 6 7, Borodin[8,9]K?�Úy²
χ(G) 6 6. 5¿���ãK6´��1-�

²¡ã¿�Ù:Úê�6, �Borodin���'u1-²¡ã�:Úê�þ.6´;�.

1.2 NIC-²¡ã�IC-²¡ã

�G´��1-²¡ã. XJãG�3��:(d�ãG7,Ø´²¡ã), KÙ7,´d

ãG�,ü^>�p��¤�), u´ãG¥�z���:cÑ�±�ãG�o�º:(=

�)c�ü^��>¤'é�o�º:)¤�¤�:8ïáéA'X,Pù�éA'X�θ.

éuãG�?Ûü�ØÓ���:c1�c2(XJ�3�{), �±�y[10]|θ(c1) ∩ θ(c2)| 6 2.

Ïd, ég,/�±�â|θ(c1) ∩ θ(c2)|����¹½Â1-²¡ãa�ü�fa.

�G´��1-²¡ã, éuãG�?Ûü�ØÓ���:c1�c2(XJ�3�{), X

J|θ(c1) ∩ θ(c2)| 6 1, K¡ãG´NIC-²¡ã(�ã 2); XJ|θ(c1) ∩ θ(c2)| = 0, =θ(c1) ∩
θ(c2) = ∅, K¡ãG´IC-²¡ã(�ã 3).

ã2 NIC-²¡ã ã3 IC-²¡ã

IC-²¡ã�Vg´dAlberson[11]u2008cJÑ�. 2010c, Král�Stacho[12]y²


z�IC-²¡ãÑ´5-�/�, ¿�Tþ.5´;�. Král�Stacho�y²äkér�E|.

¦�òIC-²¡ã�:/Ú¯K=z�
²¡ã��/Ú¯K(=é²¡ã�:?1/Ú

¦�ã¥z�¡¤'é�?Ûü�º:Ñ/ØÓ�ôÚ). ¯¢þ, éuz�IC-²¡ãG,

Ñ�±3ÙÄ:þ·�/\>(Ø\>), ����#�IC-²¡ãG′, Ù÷v^�µXJ

òãG′¥�zé�p���>í�, K����¤k¡�Ýê´3½4�²¡ãG′′. N´

wÑ, ãG′�:/Ú�ãG′′��/Ú´���d�. Ïd, ãG′′��Úê=��IC-²¡

ãG�:Úê�þ..

,��¡, Zhang[10]u2014cJÑ
NIC-²¡ã�Vg, y²
z�NIC-²¡ãG�

>ê|E(G)|�þ.�3.6(|V (G)|−2),¿�Tþ.´;�,Ó��Ñ
��õÜã´NIC-²

¡ã�¿©7�^�.

'uNIC-²¡ã�IC-²¡ã�x{,�½9Ù�'�{��#ïÄ�ë�Bachmaier

�[13]�Brandenburg[14]�CuL3Arxivþ�Ø©.

1.3 	1-²¡ã

XJãG�±i\3²¡þ, ¦�Ù¤kº:Ñ©Ù3ãG�	Ü¡þ, ¿�z^>
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�õ����g, K¡ãG�	1-�²¡ã. 	1-�²¡ã�÷vþã^��²¡i\¡

�	1-²¡ã(�ã4). l	1-²¡ã�½ÂN´wÑ, z�	1-²¡ãÑ´²¡ã.

ã4 	1-²¡ã

	1-²¡ã�Vg�Ð´dEggleton[15]u1986cJÑ�, ¦¡Ù�>��ê�1�	

²¡ã. 3EggletonJÑTVg��16cm,Tãam�ïÄ. 2012c, Zhang, Liu�Wu[16]

ÄgïÄ
	1-²¡ã�(��/Ú¯K(¦�¡Ù��	²¡ã),��
�
Ø��(

J. 2016c, Auer[17]�ïÄ
	1-²¡ã�x{9Ù�'�{¯K,Ó�y²
z�	1-²

¡ãG�>ê|E(G)|�þ.�2.5|V (G)| − 2.

2 1-²¡ã�/Ú

�!�3nã�1-²¡ã(±e=�Ä{üã)�'�/Ú(J. XÃAÏ`², �!

¤¦^�êÆÎÒ�¿Â�ë�Bondy�Murty[6]�²;Í�5Graph Theory6.

2.1 :/Ú!�L:/Ú!Ã�:/Ú�þ!:/Ú

5¿�?Û1-²¡ãG�>ê�õ�4(|V (G)|−2)[18,19],=|E(G)| 6 4|V (G)|−8,�?

Û1-²¡ã���Ýδ(G) 6 7. Fabrici�Madaras[20]�E
��7-�K�1-²¡ã(Xã1),

lþã'uδ(G)�þ.7´�Ð�. Ïd, d�8�{N´wÑ: éu?Û1-²¡ãÑ

kχ(G) 6 8. ,, d?�þ.8¿Ø´;�.

�X11.1�!¤ã, 'u1-²¡ã�:/Ú, Borodin[8,9]y²
Xe(Ø:

½n 2.1 XJãG´��1-²¡ã, Kχ(G) 6 6, ¿�Tþ.6´;�.

2016c, yás[21]�Ä
äk�^����1-²¡ã�:/Ú, y²
:

½n 2.2 XJãG´��Ø¹4-��Ø¹���Ýê�5�:�1-²¡ã,Kχ(G) 6

5.

2017c, �w��[[22]qy²
:

½n 2.3 XJãG´��Ø¹3-��4-�(½=��g(G) > 5)�1-²¡ã, Kχ(G) 6

5.

XJéãG�z��º:v�½��ôÚ�LL(v), ϕ´ãG���:/Ú, Ùéu?

¿v ∈ V (G), Ñ�3��§�±^�ôÚϕ(v) ∈ L(v), ¦�exy ∈ E(G), Kϕ(x) 6=
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ϕ(y), K¡ϕ´G���:L-/Ú, �¡G´:L-�/�. eé?¿�½�ôÚ�LL(Ù

é?¿v ∈ V (G)Ñk|L(v)| > k), GÑ�3��:L-/Ú, K¡G´�L:k-�/�, ½

¡G´:k-�À�. ¦�ãG´:k-�À����êk¡�ãG��L:Úê, P�ch(G).

N´wÑ, éu?ÛãGÑ÷v: ch(G) > χ(G).

2006c, Albertson�Mohar[23]Äg�Ä
1-�i\�¡þ�ã��L:/Ú¯K.

¤¢òã1-i\�¡, ��´òãi\3¡þ¦�z^>�õ���1g. Albert-

son�Mohar[23]y²


½n 2.4 XJãG�±1-i\�î.º��g�¡þ,Kch(G) 6 R(g),Ù¥R(g) =

b 1
2 (9 +

√
32g + 17)c.

5¿�²¡�î.º��2,�þã½n�±íÑ?Û1-²¡ã��L:Úê�õ�9.

,ù�íØq�¿ÂØ�, ù´Ï�z�1-²¡ãÑ¹kÝê�õ�7�:, �d�8

�{½�wÑ: éu?Û1-²¡ãGÑkch(G) 6 8.

2008c, Wang�Lih[24]ò1-²¡ã��L:Úê�þ.8?�ÚU?,��Xe(Ø:

½n 2.5 XJãG´��1-²¡ã, Kch(G) 6 7.

¯¢þ, Wang�Lih3y²½n2.5�L§¥�Ä�´²¡ã��L:-¡/Ú¯K,

Ù�du1-²¡ã��L:/Ú¯K. ,,½n2.5¥�þ.7´Ø´�U?�8cÿ�

�¡.

XJϕ´ãG����~:k-/Ú, ¿�ãG¥�?Û�Ñ'é��3«ôÚ(=?Û

ü«ôÚ��Ñfã´��Ü�), K¡/Úϕ�ãG�Ã�:k-/Ú. ¦�ãGäkÃ�

:k-/Ú����êk¡�ãG�Ã�:Úê,P�χa(G). aquã��L:/Ú,�±½

Âã��LÃ�:/Ú��LÃ�:Úêcha(G).

2001c, Borodin[25]Äg�Ä
1-²¡ã�Ã�:/Ú¯K§y²
µ

½n 2.6 XJãG´��1-²¡ã, Kχa(G) 6 cha(G) 6 20.

Ó�§þã½n¥�þ.20´Ø´;�E´��, ,§%´�8c���Ð�(

J.

�ϕ´ãG����~:k-/Ú,XJéuϕ¥Ñy�?Ûü�ôÚi, jÑk
∣∣|ϕ−1(i)| −

|ϕ−1(j)|
∣∣ 6 1, K¡/Úϕ�ãG���þ!:k-/Ú. ¦�ãGäkþ!:k-/Ú���

�êk¡�ãG�þ!:Úê, P�χeq(G). ,��¡, 3ã�þ!/Ú�ïÄ+��k�

���ïÄ�/Úëê, =ã�þ!:Úêz�. ¤¢ãG�þ!:Úêz�χ∗eq(G), =

¦�ãGéu?ÛØ�uk��êtÑäkþ!:t-/Ú����êk. N´wÑ, χ(G) 6

χeq(G) 6 χ∗eq(G). 5¿�, χeq(G)�χ∗eq(G)Ø�½��, ¿�§��m���±´?¿�

�. ~X, éu���ÜãK2m+1,2m+1, kχeq(G) = 2, �´χ∗eq(G) = 2m+ 2. 'uþ!:

/Ú�Xþü�/Úëê, ©OéAX±eü�Í¶ß�.

ß� 2.1 XJãG´��Éu��ã�Û��ëÏã, Kχeq(G) 6 ∆(G).

ß� 2.2 XJãG´��Éu��ã!Û�����ÜãK2m+1,2m+1�ëÏã,

Kχ∗eq(G) 6 ∆(G).

Ù¥, ß�2.1dMeyer[26]u1973cJÑ, ¡�þ!/Úß�; ß�2.2dChen, Lih�

Wu[27]u1994cJÑ, ¡�þ!∆-/Úß�, ½Chen-Lih-Wuß�. N´wÑ, ß�2.2ru

ß�2.1. 'uùü�ß���#ïÄ?Ð�ë�oI�[28,29]�nã©Ù.

2016c, Zhang[30]Äg�Ä
1-²¡ã�þ!:/Ú, ��
Xe��(J:

½n 2.7 XJãG´��1-²¡ã, K�∆(G) > 17�, kχ∗eq(G) 6 ∆(G).

�C, Zhang, Wang�Xu[31]éþã(Ø?1
U?, y²
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½n 2.8 XJãG´��1-²¡ã, K�∆(G) > 15�, kχ∗eq(G) 6 ∆(G).

¯¢þ, 3Chen-Lih-Wuß�ÿ����)û�cJ^�e, U?½n2.8¥'u��

Ý∆(G)�e.E,´��k¿Â�ïÄ��.

2.2 >/Ú!Ã�>/Ú!þ!>/Ú��5ÎÝ

ãG����~>k-/Ú´��lE(G)�{1, 2, · · · , k}���N�ϕ, ÙéuG�?Û

ü^���>e1�e2, Ñ÷vϕ(e1) 6= ϕ(e2). ¦�ãGäk�~>k-/Ú����êk¡�

ãG�>Úê, P�χ′(G).

'uã�>Úê, kÍ¶�Vizing½n, ÙdVizing[32]u1964c�Ñ.

½n 2.9 XJãG´��{üã, K∆(G) 6 χ′(G) 6 ∆(G) + 1.

dVizing½n��,��{üãG�>Úê�o´∆(G),�o´∆(G)+1. XJχ′(G) =

∆(G), K¡ãG´1�a�. XJχ′(G) = ∆(G) + 1, K¡ãG´1�a�. ,§�½�

�ã(=¦Ù��Ý´3)´Ä1�a�%´��NP-��¯K[33]. Ïd, éu1-²¡ã, �

ÄÙU>Úê©a�¯K´�©k¿Â�.

2011c, Zhang�Wu[34]Äg�Ä
1-²¡ã�>/Ú¯K,y²
:

½n 2.10 XJãG´��1-²¡ã, K�∆(G) > 10�, kχ′(G) = ∆(G).

Zhang�Wu3y²½n2.10�æ^�´²;��=£�{. 5¿��=£�{´Ä

u²¡ã�î.úª�, ,1-²¡ã��´�²¡ã. Ïd, 3y²�L§¥, I�ò1-

²¡ãG=z¤²¡ãG×. ¯¢þ, XJò1-²¡ãG¥�¤k��:(Ù¿�´ãG�

º:)w¤´Ýê�4�º:, K�±����²¡ãG×, ¡Ù�1-²¡ãG�'é²¡

ãG×. u´,|^1-²¡ãG�(�5��±��'é²¡ãG×�(�5�,23ãG×þ

A^�=£�{, =���¤I�(Ø. ù��{�´3�Ä1-²¡ã�/Ú¯K�~^

��{.

¯¢þ, ½n2.10��±^,	�«�~{ü��{y². 3QãTy²�c, I�

Ú\>�.ã�Vg. �ãG´����Ý�∆�ã,¿�χ′(G) = ∆ + 1,XJéuãG�

?Û�^>eÑkχ′(G − e) = ∆, K¡ãG´>∆-�.�. 'u>∆-�.ã�(�5��

ïÄkéõ, ~XLi�Li[35]y²
:

Ún 2.1 XJãG´��>∆-�.ã, K�∆ > 10�, k|E(G)| > 4|V (G)|.
½n2.10�y². �ãG´½n2.10�4��~, KãG�>∆-�.ã. ldÚ

n2.1��|E(G)| > 4|V (G)|. ,��¡,duãG´1-²¡ã,�Ù>ê�õ�4(|V (G)|−2),

=|E(G)| 6 4|V (G)| − 8. d=�gñ.

�,½n2.10�y²�±Uìþã�ª{z, �´Zhang�Wu3©z[34]¥¤¦^�

y²E|�±^5�Ä1-�¡ã(�1-i\��¡�ã, 5¿�¡�î.º��0)�>/

Ú¯K. ÄuTg�, Zhang�Liu[36]u2013cy²
eã(Ø, lí2
½n2.10.

½n 2.11 XJãG´��1-�¡ã, K�∆(G) > 10�, kχ′(G) = ∆(G).

,��¡, ½n2.10¥'u��Ý�e.10´Ä�±ü$? ù´�����Ä�¯

K. ¯¢þ, Zhang�Liu[37]�Ñ
Xe(Ø:

½n 2.12 éuz�Ø�L7���ê∆, �3��Ý�∆, �>Úê�∆ + 1�1-²

¡ã.

T(Ø`², XJ½n2.10¥'u��Ý�e.10�±U?, KÙ�Ð��UÒ´U

?�8. Äud, Zhang�Liu[37]JÑXeß�:

ß� 2.3 XJãG´��1-²¡ã, K�∆(G) > 8�, kχ′(G) = ∆(G).
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�8c��, þãß�����)û. �´éu�
äk�^����1-²¡ã, k

�Ü©�'�(J.

Äk, Ü!�[38]u2010c�Ä
Ø¹3-�(=�����4)�1-²¡ã, y²


½n 2.13 XJãG´��Ø¹3-��1-²¡ã, K�∆(G) > 7�, kχ′(G) = ∆(G).

�#N3-��3�,eò1-²¡ã���Ø¹k��3-�(=Ø¹ku4-�),K�±�

�Xe(J, ÙdZhang�Liu[39]u2012c��.

½n 2.14 XJãG´��Ø¹��3-��1-²¡ã, K�∆(G) > 8�, kχ′(G) =

∆(G).

�?�Ú, Zhang�Liu[37]�Ä
Ø¹u5-��1-²¡ã, y²


½n 2.15 XJãG´��Ø¹u5-��1-²¡ã, K�∆(G) > 9�, kχ′(G) =

∆(G).

2015c, Zhang�Wu[40]U?
½n2.15,òÙ¥�^�“Ø¹u5-�”fz�“Ø¹��

u5-�”. �dÓ�, ¦���Ä
Ø¹5-�½��4-��1-²¡ã, ��
Xeü�(Ø.

½n 2.16 XJãG´��Ø¹��u5-��1-²¡ã,K�∆(G) > 9�,kχ′(G) =

∆(G).

½n 2.17 XJãG´��Ø¹5-��1-²¡ã, ½Ø¹��4-��1-²¡ã, K�

∆(G) > 8�, kχ′(G) = ∆(G).

¯¢þ, ½n2.17���Ü©(=Ø¹��4-���¹)½�ÜZw, ¢ë=�y©�

�[41,42]Õáy².

�ϕ´ãG����~>k-/Ú, XJéuϕ�?Ûü«ôÚi, j, dϕ−1(i) ∪ ϕ−1(j)�

Ñ�G�fãØ¹�(½ö`, ãG�?Û���'é3«ôÚ), K¡ϕ´ãG���Ã�

>k-/Ú. ¦�ãGäkÃ�>k-/Ú����êk¡�ãG�Ã�>Úê, P�χ′a(G).

2001c, Alon, Sudakov�Zaks[43]JÑ
Í¶�Ã�>/Úß�, =

ß� 2.4 é?Û{üãG, Ñkχ′a(G) 6 ∆(G) + 2.

2010c,Ü!�[44]|^1-²¡ã�(�,Äg�Ä
1-²¡ã�Ã�>/Ú¯K.¢Ã

�´, àH�Æ��7Q�T©�ö�ÑÙy²�3¦É. ,, |^T©¥y²1-²¡

ã¥AÏ(��35�g���{, Song�Miao[45]u2015c��
'uØ¹3-��1-²

¡ã�Ã�>/Ú�(J, =

½n 2.18 XJãG´��Ø¹3-��1-²¡ã, Kχ′a(G) 6 ∆(G) + 22.

2015c�2016c, Chen, Wang�Zhang[46]éþã(J?1
U?, �ª��:

½n 2.19 XJãG´��Ø¹3-��1-²¡ã, Kχ′a(G) 6 ∆(G) + 16.

2016c, Ü¦�[47]3Ùa¬Æ Ø©¥ò½n2.19¥'uχ′a(G)�þ.?�Ú?1U

?, ��

½n 2.20 XJãG´��Ø¹3-��1-²¡ã, Kχ′a(G) 6 ∆(G) + 14.

Ü¦�[46]Ó�y²


½n 2.21 XJãG´��Ø¹3-��4-��1-²¡ã, Kχ′a(G) 6 ∆(G) + 7.

�#N3-�Ñy31-²¡ãG¥�, ��ÿ[48]u2016c3Ùa¬Æ Ø©¥y²


½n 2.22 XJãG´��Ø¹��3-��1-²¡ã, Kχ′a(G) 6 ∆(G) + 30.

lþ¡¤�(J�±wÑ, ß�2.4éu1-²¡ã´Ä¤áE,´���. Ïd, 3y

�ã�Ñß�2.4éu1-²¡ã¤á�eZ¿©^��,äk���¿Â.

5¿�, þã¤J9�>/Ú¯Kþ��~>/Ú¯K. éu1-²¡ã���~>/

Ú, �C���
�
�Ð�ïÄ¤J.
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�ϕ´ãG���>k-/Ú,=lE(G)�{1, 2, · · · , k}���N�. éuv ∈ V (G)�i ∈
{1, 2, · · · , k}, ½Âωi(v)��:v'é�/ôÚi�>��ê. XJéu?Ûv ∈ V (G)�?

Ûi, j ∈ {1, 2, · · · , k}, Ñk|ωi(v) − ωj(v)| 6 1, K¡ϕ´ãG���þ!>k-/Ú. ¦�

ãGäkþ!>k-/Ú����êk¡�ãG�þ!>Úê, P�χ′=(G). 5¿�d?�'

uã�þ!>/Ú�½Â�ª�12.1�!¥JÑ�'uã�þ!:/Ú�½Â�ª��

ØÓ.¯¢þ,XJòã�þ!>/Ú½Â�ã���¦�?Ûü�Úa¥¤�¹�>ê

�õ��1��~>/Ú, KÙ5��ã��~>/Ú����. N´y², XJãG�>

Úê´k,KÙ7½�3���~�>k-/Ú,¦�3T/ÚeãG¥?Ûü�Úa¥¤�

¹�>ê�õ��1(ÄK�|^����'5�[6]?1N�).

,, ïÄã�þ!>Úêwþ�q�¿vk���¿Â. ù´Ï�, éu?ÛãG,

�^�«ôÚéÙ>?1/Ú=���§�þ!>/Ú, Ukχ′=(G) = 1. Ïd, 3ã

�þ!>/Ú+�, ïÄÙþ!>Úêz�âk¿Â. ¤¢ãG�þ!>Úêz�χ′≡(G),

=¦�ãGéu?ÛØ�uk��êtÑäkþ!>t-/Ú����êk.

�C, Hu, Wu�Zhang[49]Äg�Ä
1-²¡ã�þ!>/Ú¯K, ��
Xe��(

Ø:

½n 2.23 XJãG´��1-²¡ã, Kχ′≡(G) 6 21.

3ã�þ!��~>/Ú+�, �k���~~��q4Ù��/Ú, =ä/Ú.

�ϕ´ãG���>k-/Ú, =lE(G)�{1, 2, · · · , k}���N�. XJéuz�i ∈
{1, 2, · · · , k}, dϕ−1(i)�Ñ�ãG�fã´���5Ü�, ½=z�ëÏ©|Ñ´´�Ü

�, K¡ϕ�ãG����5ä>k-/Ú. ¦�ãGäk�5ä>k-/Ú����êkc¡�

ãG��5ÎÝ, P�la(G). N´wÑ, éu?ÛãGÑkla(G) > d∆(G)
2 e. ,��¡, '

ula(G)�þ., Akiyama, Exoo�Harary[50]u1980cJÑ
Í¶��5ÎÝß�, =:

ß� 2.5 é?Û{üãG, Ñkd∆(G)
2 e 6 la(G) 6 d∆(G)+1

2 e.
2011c, Ü!�[51]é1-²¡ã�Ä
þãß�, y²
:

½n 2.24 XJãG´��1-²¡ã, K�∆(G) > 33�, kla(G) = d∆(G)
2 e.

2.3 �/Ú�(p,1)-�IÒ

ãG����~�k-/Ú´��lV (G) ∪ E(G)�{1, 2, · · · , k}�N�ϕ, Ùéu

V (G) ∪E(G)¥?Ûü���½ö�'é���α�β, Ñ÷vϕ(α) 6= ϕ(β). ¦�ãGäk

�~�k-/Ú����êk¡�ãG��Úê, P�χ′′(G).

5¿�, XJéãG�:8?1�~�:/Ú, 2éÙ>8^Éu?Û:¤¦^�ô

Ú�ôÚ?1�~>/Ú, K���´ãG����~�/Ú. Ïdkχ′′(G) 6 χ(G) +

χ′(G). XJãG´��²¡ã, KdoÚ½n�Vizing½n(½n2.9), ��χ′′(G) 6 4 +

∆(G)+1 = ∆(G)+5. aq/,XJãG´��1-²¡ã,Kd8Ú½n(½n2.1)�Vizing½

n(½n2.9), ��χ′′(G) 6 6 + ∆(G) + 1 = ∆(G) + 7. ¯¢þ, éu��ã, Behzad[52]�

Vizing[53]©OÕá/JÑ
Xeß�, =�Í¶��/Úß�.

ß� 2.6 XJãG´��{üã, Kχ′′(G) 6 ∆(G) + 2.

�/Úß��8ÿ�)û. ,, éu²¡ã�ãa, Tß��ïÄK��
�Ð�

?Ð(�E���)û), äN?Ð�ë�Borodin[54]u2013c>��nã©Ù.

éu1-²¡ã��Úê, Czap[55]u2013c�Ñ
��þ., =

½n 2.25 XJãG´��1-²¡ã, K�∆(G) > 10�, kχ′′(G) 6 ∆(G) + 3, XJ

2kχ(G) 6 4, Kχ′′(G) 6 ∆(G) + 2.
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2015c, Zhang, Hou�Liu[56]éu��Ý���13�1-²¡ãy²
�/Úß�, =

��Xe(J:

½n 2.26 XJãG´��1-²¡ã, K�∆(G) > 13�, kχ′′(G) 6 ∆(G) + 2.

5¿�,?ÛãG��Úê���∆(G)+1. Ïd,e�/Úß�´�(�{,KãG�

�Úê�o´∆(G) + 1, �o´∆(G) + 2. u´(½�o��ãG��Úê´∆(G) + 1´

���~k¿Â�¯K. 2016c, Sun, Wu�Cai[57]31-²¡ãþ�Ä
T¯K§y²
µ

½n 2.27 XJãG´��1-²¡ã, K�∆(G) > 12�ãGØ¹3-��4-�(½=�

�g(G) > 5)�, kχ′′(G) = ∆(G) + 1.

ãG�k-(p, 1)-�IÒ´��lV (G)∪E(G)�{0, 1, 2, · · · , k}�N�ϕ,ÙéuãG�?

Ûü����:u, v,Ñk|ϕ(u)−ϕ(v)| > 1,éuãG�?Ûü^���>e1, e2,k|ϕ(e1)−
ϕ(e2)| > 1, Ó�éuãG�?Û:u9Ù'é�>e, k|ϕ(u) − ϕ(e)| > p. ¦�ãGäkk-

(p, 1)-�IÒ����êk¡�ãG�(p, 1)-�IÒê, P�λTp (G).

5¿�, �p = 1�, þã½Â�ã��/ÚA�����(==¤¦^�ôÚ8Ü

�É
����0), Ïdá�kλT1 (G) = χ′′(G) − 1, l�/Úß�(ß�2.6)�du:

λT1 (G) 6 ∆(G) + 1. éup����¹, Havet�Yu[58]u2008cJÑ
Xe�(p, 1)-�IÒ

ß�.

ß� 2.7 XJãG´��{üã, KλTp (G) 6 min{∆(G) + 2p− 1, 2∆ + p− 1}.
�7þãß�, Zhang, Yu�Liu[59]u2011cÄg�Ä
1-²¡ã�(p, 1)-�IÒ¯K,

y²
:

½n 2.28 XJãG´��1-²¡ã�p > 2´���ê, K�∆(G) > 8p + 4, ½

ö∆(G) > 6p+ 2�g(G) > 4�, kλTp (G) 6 ∆(G) + 2p− 2.

2015c, Sun�Cai[60]�Ä
äk�^����1-²¡ã�(p, 1)-�IÒ¯K, ��


Xe(J:

½n 2.29 XJãG´��1-²¡ã�p > 2´���ê, K�∆(G) > 7p + 1�GØ

¹��3-�, ½ö∆(G) > 6p+ 3�GØ¹��3-��, kλTp (G) 6 ∆(G) + 2p− 2.

2.4 �L>/Ú��L�/Ú

aqu�L:/Ú�½Â, �±½ÂãG��L>/Ú!�L>Úê!�L�/Ú�

�L�Úê. �©©O^ch′(G)�ch′′(G)�LãG��L>Úê��L�Úê.

20V90c�, Vizing, Gupta, Abertson�Collins, Bollobás�Harrisùo�ïÄ|[61]©

OÕá/JÑ
ß�2.8,��L>/Úß�. Borodin, Kostochka�Woodall[62]Ku1997c

JÑ
ß�2.9, ��L�/Úß�.

ß� 2.8 ch′(G) = χ′(G).

ß� 2.9 ch′′(G) = χ′′(G).

�L>/Úß���L�/Úß�´C�ãØ¥ü��~Í¶�ß�. �,�Ù�

'�ïÄkéõ, �´§�E��)û.

2012c, Zhang, Liu�Wu[63]�Ä
1-²¡ã��L>/Ú��L�/Ú¯K,y²


�L>/Úß���L�/Úß�éu��Ý��´21�1-²¡ã¤á. äN5`, ¦�

�Ñ
Xe½n:

½n 2.30 XJãG´��1-²¡ã, K�∆(G) > 21�, kch′(G) = χ′(G) = ∆(G),

�ch′′(G) = χ′′(G) = ∆(G) + 1.
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þã(Ø¥'u��Ý∆(G)�e.21�5�Ü![64]3ÙÆ¬Æ Ø©¥U?�
20,

=

½n 2.31 XJãG´��1-²¡ã, K�∆(G) > 20�, kch′(G) = χ′(G) = ∆(G),

�ch′′(G) = χ′′(G) = ∆(G) + 1.

5¿�, ïÄß�2.8�ß�2.9�U'�J, �ég,/�±ïÄ�
'Ù��f�

¯K.¯¢þ,XJß�2.8¤á�{,KdVizing½n(½n2.9)��ch′(G) 6 ∆(G) + 1. Ï

dXe�ß�2.10´ß�2.8¤á���7�^�.

ß� 2.10 �G´��{üã, Kch′(G) 6 ∆(G) + 1.

aq/, XJß�2.9¤á��/Úß�(ß�2.6)¤á, Kch′(G) 6 ∆(G) + 2. ÏdX

e�ß�2.11´ß�2.6�ß�2.9Ó�¤á���7�^�.

ß� 2.11 �G´��{üã, Kch′′(G) 6 ∆(G) + 2.

��/,©O¡ß�2.10�ß�2.11�f�L>/Úß��f�L�/Úß�. 2012c,

Zhang, Liu �Wu[63]y²
þãü�ß�éu��Ý��´16�1-²¡ã¤á, =

½n 2.32 XJãG´��1-²¡ã, K�∆(G) > 16�, kch′(G) 6 ∆(G) + 1,

�ch′′(G) 6 ∆(G) + 2.

2014c, ÜÔ'[65]3Ùa¬Æ Ø©¥�Ä
äk�^����1-²¡ã��L>

/Ú��L�/Ú, y²
Xeü�(J:

½n 2.33 XJãG´��Ø¹��3-��1-²¡ã, K�∆(G) > 17�, kch′(G) =

∆(G),�ch′′(G) = ∆(G)+1;�∆(G) > 13�,kch′(G) 6 ∆(G)+1,�ch′′(G) 6 ∆(G)+2.

½n 2.34 XJãG´��Ø¹��4-��1-²¡ã, K�∆(G) > 19�, kch′(G) =

∆(G),�ch′′(G) = ∆(G)+1;�∆(G) > 13�,kch′(G) 6 ∆(G)+1,�ch′′(G) 6 ∆(G)+2.

2015c, B$�[66]3Ùa¬Æ Ø©¥y²
:

½n 2.35 XJãG´��Ø¹��3-��1-²¡ã,K�∆(G) > 16�,kch′′(G) =

∆(G) + 1.

½n2.36 XJãG´��1-²¡ã,Ùz�:�õ'é��3-�½4-�,K�∆(G) >

14�, kch′′(G) = ∆(G) + 1.

3 IC-²¡ã�NIC-²¡ã�/Ú

3.1 :/Ú�þ!:/Ú

�âIC-²¡ã�½Â��, XJòIC-²¡ãG¥�z�é�p���>í��^=

�����²¡ã. Ïd, éu?ÛIC-²¡ãG, Ñk|E(G)| 6 13
4 |V (G)| − 6, lí�z

�IC-²¡ã���Ýδ(G) 6 6. Zhang�Liu[67]y²
'uIC-²¡ã�>ê���Ý�

þãþ.Ñ´;�, ¿�EÑ
6-�K�IC-²¡ã(�ã3). Ïd, d�8�{N´wÑ:

éu?ÛIC-²¡ãÑkχ(G) 6 ch(G) 6 7.

,, 'uIC-²¡ã�:Úê, Král�Stacho[12]u2010cy²
Xe�ÊÚ½n:

½n 3.1 XJãG´��IC-²¡ã, Kχ(G) 6 5, ¿�Tþ.5´;�.

�C, Zhang, Wang�Xu[31]�Ä
IC-²¡ã�NIC-²¡ã�þ!:/Ú¯K, ��


Xeü�(J:

½n 3.2 XJãG´��IC-²¡ã, K�∆(G) > 12�, kχ∗eq(G) 6 ∆(G).

½n 3.3 XJãG´��NIC-²¡ã, K�∆(G) > 13�, kχ∗eq(G) 6 ∆(G).
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3.2 >/Ú9Ù�'/Ú

2013c, Zhang�Liu[67]Äg�Ä
IC-²¡ã�>/Ú¯K, ��
Xeü�(Ø:

½n 3.4 XJãG´��IC-²¡ã, K�∆(G) > 8�, kχ′(G) = ∆(G).

½n 3.5 éuz�Ø�L6���ê∆, �3��Ý�∆, �>Úê�∆ + 1�IC-²

¡ã.

5¿�, ½n3.4¯¢þ)û
ß�2.3¥�ãG´IC-²¡ã��¹. (Ü½n3.4�½

n3.5, ég,/q�±JÑXeß�:

ß� 3.1 XJãG´��IC-²¡ã, K�∆(G) = 7�, kχ′(G) = 7.

�e5, Zhang�Liu[67]q�Ä
IC-²¡ã��L>/Ú��L�/Ú¯K, y²


Xeü�(J:

½n 3.6 XJãG´��IC-²¡ã, K�∆(G) > 14�, kch′(G) = χ′(G) = ∆(G),

�ch′′(G) = χ′′(G) = ∆(G) + 1.

½n 3.7 XJãG´��IC-²¡ã, K�∆(G) > 10�, kch′(G) 6 ∆(G) + 1;

�∆(G) > 11�, kch′′(G) 6 ∆(G) + 2.

�7�5ÎÝß�(ß�2.5), Zhang�Liu[67]y²


½n 3.8 XJãG´��IC-²¡ã, K�∆(G) > 17�, kla(G) = d∆(G)
2 e.

�8c��, ¿Ã�'©züÕïÄIC-²¡ã½NIC-²¡ã��/Ú. �´, Zhang,

Liu�Yu[68]u2012cïÄ
IC-²¡ã�(p, 1)-�IÒ¯K, y²
:

½n 3.9 XJãG´��IC-²¡ã�p > 2´���ê, K�∆(G) > 6p + 2, ½

ö∆(G) > 4p+ 2�g(G) > 4, ½ö∆(G) > 2p+ 5�g(G) > 5�, kλTp (G) 6 ∆(G) + 2p− 2.

4 	1-²¡ã�/Ú

4.1 :/Ú!Ã�:/Ú!þ!:/Ú�þ!:ÎÝ

5¿�, Auer[16]�y²
z�	1-²¡ãG�>ê|E(G)|�þ.�2.5|V (G)| − 2, ¿

��ÑTþ.´�`�. dd, �±íÑz�	1-²¡ã���Ýδ(G) 6 4. ,, d?'

u	1-²¡ã���Ý�þ.¿Ø´�`�.

2012c, Zhang, Liu�Wu[15]ïÄ
	1-²¡ã�(�, y²
z�	1-²¡ã���

Ýδ(G) 6 3,¿�Tþ.3´;�. ~X,ã4¤«�	1-²¡ã���Ý�3,Ù:Úê�4.

Ïd, d�8�{N´��:

½n 4.1 XJãG´��	1-²¡ã, Kχ(G) 6 ch(G) 6 4, ¿�Tþ.4´;�.

�C, 4�t�Ü![69]�Ä
	1-²¡ã�Ã�:/Ú, ��
Xe(J:

½n 4.2 XJãG´��	1-²¡ã, Kχa(G) 6 cha(G) 6 4, ¿�Tþ.4´;�.

5¿�, ©z[69]¥¤�Ñ�½n4.2�y²�¿�J9Ã��L:/Ú, ,Ù¥�

y²%�±á�íÑþã(Ø. ¯¢þ, ½n4.2½í2
½n4.1.

2014c, Tian�Zhang[70]ïÄ
	1-²¡ã�þ!:/Ú¯K, y²
:

½n 4.3 XJãG´��	1-²¡ã, K�∆(G) > 3�, kχ∗eq(G) 6 ∆(G).

þã½nL²,þ!/Ú+��ü�Í¶ß�,=þ!/Úß�(ß�2.1)�Chen-Lih-

Wuß�(ß�2.2)éu¤k�	1-²¡ã¤á.

5¿�, þ!/Úß��Chen-Lih-Wuß�¥¤J9�þ!:/Ú, þ��´�~:

/Ú. ¯¢þ, éu��~�:/Ú, ��±�ÄÙþ!z¯K.
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�ϕ´��lãG�:8V (G)�ôÚ8{1, 2, · · · , k}�N�, Ùéu?Ûi, j ∈
{1, 2, · · · , k}, Ñk

∣∣|ϕ−1(i)| − |ϕ−1(j)|
∣∣ 6 1, ¿�d:8ϕ−1(i)�Ñ�ãG�fã´��Ü

�. òTN�ϕ¡�ãG�þ!ä:k-/Ú. ¦�ãGäkþ!ä:k-/Ú����êk¡

�ãG�þ!:ÎÝ, P�va=(G). aquã�þ!:Úêz��Vg, d?�±½Âã

�þ!:ÎÝz�va≡(G) �¦�ãGéu?ÛØ�uk��êtÑäkþ!ä:t-/Ú�

���êk.

ã�þ!:ÎÝ9Ùz��Vg´dWu, Zhang�Li[71]u2013cJÑ. 2015 c, Es-

peret, Lemoine�Maffray[72]y²
va≡(G) 6 4éu¤k�²¡ãGÑ¤á, l)û
©

z[71]¥���ß�.¦�Ó��Ñ,�½²¡ã�þ!:ÎÝz�´ÄØ�L3´��k

¿Â�ïÄ��. Äud, 4�t�Ü![69]ïÄ
	1-²¡ã�þ!ä:/Ú¯K, ��


Xe(J:

½n 4.4 XJãG´��	1-²¡ã, Kva≡(G) 6 3.

,, ½n4.4¥'uva≡(G)�þ.3´Ä;�¿�(½.

4.2 >/Ú9Ù�'/Ú

2012c, Zhang, Liu�Wu[15]Äg�Ä
	1-²¡ã�>/Ú¯K, y²
:

½n 4.5 XJãG´��	1-²¡ã, K�∆(G) > 4�, kχ′(G) = ∆(G).

Zhang, Liu�Wu[15]½�Ñ,½n4.5¥'u��Ý∆(G)�e.4´;�. ù´Ï�,é

u?Û�ên > 7, Ñ�32-ëÏ���Ý�3, >Úê�5�	1-²¡ã.

Äud, Zhang[73]u2016c�Ä
��Ý�3�	1-²¡ã,�Ñ
Ù´1�a�¿©

7�^�. 3QãZhang�½n�c, I�k0�Xe�
�'�Vg�½Â.

ã5 �EãaP¤¦^�A«)¤(�

ò��ãK4�,^>?1¿©(=òÙO���^�Ý�2�´)���ãP�K+
4 .

w,, §´��	1-²¡ã. �P´��ãa, Ù�¹K+
4 , ¿�éu?ÛãG ∈ P, Ñ�±

dP¥�,��ãH²LXeü«ö�����:

(1) íØãH���Ýê�2�:z(�Ù3ãH�ü��:©O�z1�z2), ò(�G2,

½G4, ½G8(Xã5¤«)Åb��cãþ, ¦�T(�¥�x, y©O�z1, z2Ü;

(2) íØãH¥�>z1z2, ?À���êt > 0, ò(�Ht(Xã5¤«)Åb��cãþ,

¦�T(�¥�xt, yt©Ouz1, z2Ü.

lþã½ÂN´wÑ, ãaP¥�?Ûã���Ýþ�3. Zhang[71]y²
éu?

ÛG ∈ P, Ñkχ′(G) = 4, �éu?ÛG ∈ O3 \ P, Ñkχ′(G) = 3, Ù¥O3L«�N�

�Ý�3�	1-²¡ã�8Ü. Ïd, (Ü½n4.5, á��±��:
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½n 4.6 XJãG´��	1-²¡ã, K

χ′(G) =

{
∆(G), XJG 6∈ P�GØ´Û�;

∆(G) + 1, XJG ∈ P½G´Û�.

Zhang[73]½�Ñ: XJU3õ�ª�mS�½����Ý�3�ã´ÄáuãaP, K�

±3õ�ª�mS�½��	1-²¡ã´Ä1�a�.

2012c, Zhang, Liu�Wu[15]½Äg�Ä
	1-²¡ã��5ä>/Ú/�5ÎÝ¯K,

y²
:

½n 4.7 XJãG´��	1-²¡ã, K�∆(G) > 5½∆(G) = 3�, kla(G) =

d∆(G)
2 e; �∆(G) = 4�, kla(G) 6 d∆(G)+1

2 e = 3.

Zhang, Liu�Wu[15]Ó��Ñ: éu?Û�ên > 15, Ñ�32-ëÏ���Ý�4, �5

ÎÝ�3�	1-²¡ã. Ïd½n4.73T¿Âþ´�`�.

2013c, Zhang[74]�7ã��L�/Úß�(ß�2.9), �Ä
	1-²¡ã��L�/

Ú, y²
:

½n 4.8 XJãG´��	1-²¡ã,K�∆(G) > 5�,kch′′(G) = χ′′(G)= ∆(G)+

1.

2014c, Tian�Zhang[70]K�7ã��L>/Úß�(ß�2.8), ïÄ
	1-²¡ã�

�L>/Ú, y²
:

½n 4.9 XJãG´��	1-²¡ã, K�∆(G) > 5�, kch′(G) = χ′(G)= ∆(G).

5 ( �

�©12, 3, 4!©O¦�U��/nã
'u1-²¡ã, IC/NIC-²¡ã, 	1-²¡ã

ùA�ãa3ã�/Ú�¡�ïÄ¤J. l¥�±uy, �éu²¡ã/Ú�ïÄ, ù


ïÄØ¦�õ, Ù¥kéõ(JÑk���U?�m. Ó�, éuþãAaã, ½�±ï

Ä�
Ù¦a.�/Ú.

'u1-²¡ã�ïÄ, Ø
�©�[�Þ�'u/Ú�¡�(J	, 3ã�©)9Ù

�{[75-80],ã�ÛÜ(�[81-91],ã�4�¯K[92-98],ã�ÿÀx{[99-105]��¡���


Ø��?Ð. �'(J�©Ø2�ã, a,��Öö�ë�nã©z[106].

ë � © z

[1] Heawood P J. Map-colour theorem [J]. Q. J.Math., 1890, 24: 332-338.

[2] Kempe A B. On the geographical problem of the four colours [J]. Amer. J.Math., 1879, 2(3):

193-220.

[3] Appel K, Haken W. Every planar map is four volorable. I. Discharging [J]. Illinois J.Math.,

1977, 21(3): 429-490.

[4] Appel K, Haken W, Koch J. Every planar map is four volorable. II. Reducibility [J]. Illinois

J.Math., 1977, 21(3): 491-567.

[5] Robertson N, Sanders D, Seymour P, Thomas R. The four-colour theorem [J]. J. Combin.

Theory Ser. B, 1997 , 70(1): 2-44.

[6] Bondy J A, Murty U S R. Graph Theory [M]. Berlin: Springer-Verlag, 2008.



4Ï 1-²¡ã9Ùfa�/Ú 149

[7] Ringel G. Ein Sechsfarbenproblem auf der Kugel (in German) [J]. Abh. Math. Semin. Univ.

Hambg., 1965, 29: 107-117.

[8] Borodin O V. Solution of the Ringel problem on vertex-face coloring of planar graphs and

coloring of 1-planar graphs [J]. Metody Diskretnogo Analiza, 1984, (41): 12-26.

[9] Borodin O V. A New Proof of the 6 Color Theorem [J]. J.Graph Theory, 1995, 19(4): 507-521.

[10] Zhang X. Drawing complete multipartite graphs on the plane with restrictions on crossings [J].

Acta Math. Sin. (Engl. Ser.), 2014, 30(12), 2045-2053.

[11] Alberson M O. Chromatic number, independent ratio, and crossing number [J]. Ars Math.

Contemp., 2008, 1: 1-6.

[12] Král D, Stacho L. Coloring plane graphs with independent crossings [J]. J.Graph Theory, 2010,

64(3): 184-205.

[13] Bachmaier C, Brandenburg F J, Neuwirth D, et al. NIC-planar graphs [OL]. arXiv: 1701.04375

[cs.DM].

[14] Brandenburg F J. Recognizing IC-planar and NIC-planar graphs [OL]. arXiv: 1610.

08884 [cs.DM].

[15] Eggleton R B. Rectilinear drawings of graphs [J]. Util.Math., 1986, 29: 149-172.

[16] Zhang X, Liu G, Wu J L. Edge covering pseudo-outerplanar graphs with forests [J]. Discrete

Math., 2012, 312: 2788-2799.

[17] Auer C, Bachmaier C, Brandenburg F J, et al. Outer-1-planar graphs [J]. Algorithmica, 2016,

74: 1293-1320.

[18] Bodendiek R, Schumacher H, Wagner K. Bemerkungen zu einem Sechsfarbenproblem von G.

Ringel [J]. Abh.Math. Semin.Univ. Hambg., 1983, 53, 41-52.

[19] Bodendiek R, Schumacher H, Wagner K. Uber 1-optimale Graphen [J]. Math.Nachr., 1984,

117, 323-339.

[20] Fabrici I, Madaras T. The structure of 1-planar graphs [J]. Discrete Math., 2007, 307, 854–865.

[21] yás. ,
AÏã�:/Ú¯KïÄ [D]. LHµìÀ���Æ, 2016.

[22] �w,�[. Ø¹3�Ú4��1-²¡ã´5-�/� [J].ìÀ�ÆÆ�(nÆ�), 2017, 52(4): 34-39.

[23] Albertson M O, Mohar B. Coloring vertices and faces of locally planar graphs [J]. Graphs

Combin., 2006, 22(3): 289-295"

[24] Wang W, Lih K W. Coupled choosability of plane graphs [J]. J.Graph Theory, 2008, 58(1),

27-44.

[25] Borodin O V, Kostochka A V, Raspaud A, Sopena E. Acyclic coloring of 1-planar graphs [J].

Discrete Appl.Math., 2001, 114(1-3): 29-41.

[26] Meyer W. Equitable coloring [J]. Amer.Math.Monthly, 1973, 80: 920-922.

[27] Chen B L, Lih K W, Wu P L. Equitable coloring and the maximum degree [J]. European

J. Combin., 1994, 15, 443-447.

[28] Lih K W. Equitable Coloring of Graphs [A]. Handbook of Combinatorial Optimization, Berlin:

Springer-Verlag, 2013, 1199–1248.

[29] oI�. þ!/Ú�#��
?Ð [J]. ¥I�Æ: êÆ, 2015, 45(9): 1383–1388.

[30] Zhang X. On equitable colorings of sparse graphs [J]. Bull.Malays.Math. Sci. Soc., 2016, 39(1):

257-268.

[31] Zhang X, Wang H, Xu L. Equitable coloring of three classes of 1-planar graphs [J]. Acta

Math.Appl. Sin. Engl. Ser., to appear.

[32] Vizing V G. On an estimate of the chromatic class of a p-graph [J]. Diskret. Analiz., 1964, 3:

25-30.

[33] Holyer I. The NP-completeness of edge-coloring [J]. SIAM J.Comput., 1981, 10(4): 718-720.

[34] Zhang X, Wu J L. On edge colorings of 1-planar graphs [J]. Inform.Process. Lett., 2011, 111:

124-128.



150 Ü !, 4�t 21ò

[35] Li S, Li X. Edge coloring of graphs with small maximum degrees [J]. Discrete Math., 2009,

309: 4843-4852.

[36] Zhang X, Liu G. On edge colorings of 1-toroidal graphs [J]. Acta Math. Sin. (Engl. Ser.), 2013,

29(7): 1421-1428.

[37] Zhang X, Liu G. On edge colorings of 1-planar graphs without chordal 5-cycles [J]. Ars Combin.,

2012, 104: 431-436.

[38] Ü!, 4?ý, Çïû. Ø¹3-��1-²¡ã�>/Ú[J]. ìÀ�ÆÆ�£nÆ�¤, 2010, 45(6):

15-17.

[39] Zhang X, Liu G. On edge colorings of 1-planar graphs without adjacent triangles [J]. Infor-

m. Process. Lett., 2012, 112: 138-142.

[40] Zhang W, Wu J L. Some sufficient conditions for 1-planar graphs to be Class 1 [J]. Theo-

ret. Comput. Sci., 2015, 566, 50-58.

[41] ÜZw§¢ë=§y©�. ��Ý�8Ø¹��4-��1-²¡ã>Úê[J]. ìÀ�ÆÆ�(nÆ�),

2014, 49(4): 17-23.

[42] y©�§¢ë=§ÜZw. Ø¹��¯-��¬-²¡ã>/Ú[J].���ÆÆ�(g,�Æ�), 2013,

35(2): 209-213.

[43] Alon N, Sudakov B, Zaks A. Acyclic edge colorings of graphs [J]. J.Graph Theory, 2001, 37:

157-167.

[44] Ü!, 4?ý, Çïû. 1-²¡ã�(�5�9Ù3Ã�>/Úþ�A^[J]. ¥I�ÆµêÆ, 2010,

40: 1025-1032.

[45] Song W Y, Miao L Y. Acyclic Edge Coloring of Triangle-free 1-planar Graphs [J]. Acta

Math. Sin. (Engl. Ser.), 2015, 31(10): 1563–1570.

[46] Chen J, Wang T, Zhang H. Acyclic chromatic index of triangle-free 1-planar graphs [OL]. arXiv:

1504.06234v2 [math.CO]

[47] Ü¦�. 1-²¡ã�Ã�>/Úê [D]. mµ: àH�Æ, 2016.

[48] ��ÿ. 2-ëÏ	²¡ã�r-hued/ÚÚØ¹��n�/�1-²¡ã�Ã�>/Ú[D]. M²: ¥I

¶��Æ, 2016.

[49] Hu D Q, Wu J L, Zhang X. On the equitable edge-colouring of 1-planar graphs and planar

graphs [J]. Graphs Combin., to appear.

[50] Akiyama J, Exoo G, Harary F. Covering and packing in graphs III: Cyclic and acyclic invariants

[J]. Math. Slovaca, 1980, 30: 405-417.

[51] Ü!, 4?ý, Çïû. 1-²¡ã��5ÎÝ(=©) [J]. $ÊÆÆ�, 2011, 15(3): 38-44.

[52] Behzad M. Graphs and their chromatic numbers [D]. MichiganµMichigan State University,

1965.

[53] Vizing V. Some unsolved problems in graph theory [J]. Uspekhi Mat. Nauk, 1968, 23: 117-134.

[54] Borodin O V. Colorings of plane graphs: A survey [J]. Discrete Math., 2013, 313: 517-539.

[55] Czap J. A note on total colorings of 1-planar graphs [J]. Inform.Process. Lett., 2013, 113:

516-517.

[56] Zhang X, Hou J, Liu G. On total coloring of 1-planar graphs [J]. J. Comb.Optim., 2015, 30(1):

160-173.

[57] Sun L, Wu J L, Cai H. A totally (∆ + 1)-colorable 1-planar graph with girth at least five [J].

Acta Math. Sin. (Engl. Ser.), 2016, 32: 1337-1349.

[58] Havet F, Yu M L. (p, 1)-total labelling of graphs [J]. Discrete Math., 2008, 308(4): 496-513.

[59] Zhang X, Yu Y, Liu G. On (p, 1)-total labelling of 1-planar graphs [J]. Cent. Eur. J.

Math., 2011, 9(6): 1424-1434.

[60] Sun L, Cai H. On (p, 1)-total labelling of special 1-planar graphs [J]. Ars Combin., 2015, 123:

87-96.

[61] Jensen T R, Toft B. Graph Coloring Problems [M]. New York: John Wiley & Sons, 1995.



4Ï 1-²¡ã9Ùfa�/Ú 151

[62] Borodin O V, Kostochka A V, Woodall D R. List edge and list total colourings of multigraphs

[J]. J. Combin. Theory Ser. B, 1997, 71: 184-204.

[63] Zhang X, Wu J L, Liu G. List edge and list total coloring of 1-planar graphs [J]. Fron-

t.Math. China, 2012, 7(5): 1005-1018.

[64] Ü!. AaÿÀã�(��/Ú [D]. LH: ìÀ�Æ, 2012.

[65] ÜÔ'.'u1-²¡ã�eZ�L/Ú�¯KïÄ [D].M²: ¥I¶��Æ,a¬Æ Ø©, 2014.

[66] B$�. AÏ1-²¡ã��L�/Ú [D]. LH: ìÀ�Æ, 2015.

[67] Zhang X, Liu G. The structure of plane graphs with independent crossings and its applications

to coloring problems [J]. Cent. Eur. J.Math., 2013, 11(2): 308-321.

[68] Zhang X, Liu G, Yu Y. On (p, 1)-total labelling of plane graphs with independent crossings [J].

Filomat, 2012, 26(6): 1091-1100.

[69] 4�t, Ü!. 	1-²¡ã�þ!:ÎÝ [J]. O�Åó§�A^, ®¹^.

[70] Tian J, Zhang X. Pseudo-outerplanar graphs and chromatic conjectures [J]. Ars Combin., 2014,

114, 353-361.

[71] Wu J L, Zhang X, Li H. Equitable vertex arboricity of graphs [J]. Discrete Math., 2013, 313:

2696-2701.

[72] Esperet L, Lemoine L, Maffray F. Equitable partition of graphs into induced forests[J], Discrete

Math., 2015, 338(8): 1481-1483.

[73] Zhang X. The edge chromatic number of outer-1-planar graphs [J]. Discrete Math., 2016, 339:

1393-1399.

[74] Zhang X. List total coloring of pseudo-outerplanar graphs [J]. Discrete Math., 2013, 313: 2297-

2306.

[75] Lenhart W J, Liotta G, Montecchiani F. On partitioning the edges of 1-plane graphs [J].

Theoret. Comput. Sci., 2017, 662: 59-65.

[76] Kong J X, Zhang L Z. A note on the surviving rate of 1-planar graphs [J]. Discrete Math.,

2017, 340: 1074-1079.

[77] Bekos M A, Bruckdorfer T, Kaufmann M, Raftopoulou C. 1-Planar graphs have constant book

thickness [J]. Lecture Notes in Comput. Sci., 2015, 9294: 130-141.

[78] Ackerman E. A note on 1-planar graphs [J]. Discrete Appl.Math., 2014, 175: 104-108.

[79] Chen Z Z, Kouno M. A linear-time algorithm for 7-coloring 1-plane graphs [J]. Algorithmica,

2005, 43: 147-177.

[80] Chen Z Z, Kouno M. A linear-time algorithm for 7-coloring 1-planar graphs [J]. Lecture Notes

in Comput. Sci., 2003, 2747: 348-357.

[81] Lu Z P, Song N. On the minimum weight of a 3-connected 1-planar graph [J]. Bull. Korean

Math. Soc., 2017, 54: 763-787.

[82] Wang T. Strongly light subgraphs in the 1-planar graphs with minimum degree 7 [J]. Ars

Math. Contemp., 2015, 8: 409-416.

[83] Czap J, Harant J, Hudak D. An upper bound on the sum of powers of the degrees of simple

1-planar graphs [J]. Discrete Appl.Math., 2014, 165: 146-151.

[84] Zhang X. Light 3-cycles in 1-planar graphs with degree restrictions [J]. Bull. Korean Math. Soc.,

2014, 51: 511-517.

[85] Zhang X. A note on the weight of triangle in 1-planar graphs with minimum degree 6 [J].

Util.Math., 2014, 93: 129-134.

[86] Zhang X, Liu G. On The lightness of chordal 4-cycle in 1-planar graphs with high minimum

degree [J]. Ars Math. Contemp., 2014, 7: 281-291.

[87] Zhang X, Liu G, Wu J L. Light subgraphs in the family of 1-planar graphs with high minimum

degree [J]. Acta Math. Sin. (Engl. Ser.), 2012 28: 1155-1168.



152 Ü !, 4�t 21ò

[88] Hudak D, Sugerek P. Light edges in 1-planar graphs with prescribed minimum degree [J].

Discuss.Math.Graph Theory, 2012 32: 545-556.

[89] Hudak D, Madaras T. On Local Properties of 1-planar graphs with high minimum degree [J].

Ars Math. Contemp., 2011 4: 245-254.

[90] Zhang X, Wu J L, Liu G. New upper bounds for the heights of some light subgraphs in 1-planar

graphs with high minimum degree [J]. Discrete Math. Theoret. Comput. Sci., 2011 13: 9-16.

[91] 4�t. NIC-²¡ã¥��>�359Ù½�/Ú[J]. O�Åó§�A^, doiµ10.3778/

j.issn.1002-8331.1612-0160.

[92] Suzuki Y. K7-minors in optimal 1-planar graphs [J]. Discrete Math., 2017, 340: 1227-1234.

[93] Czap J, Przybylo J, Skrabulakova E. On an extremal problem in the class of bipartite 1-planar

graphs [J]. Discuss.Math.Graph Theory, 2016, 36: 141-151.

[94] Noguchi K, Suzuki Y. Relationship among triangulations, quadrangulations and optimal 1-

planar graphs [J]. Graphs Combin., 2015, 31: 1965-1972.

[95] Hudak D, Madaras T, Suzuki Y. On properties of maximal 1-planar graphs [J]. Discuss.Math.

Graph Theory, 2012 32: 737-747.

[96] Suzuki Y. Optimal 1-planar graphs which triangulate other surfaces [J]. Discrete Math., 2010

310: 6-11.

[97] Suzuki Y. Re-embeddings of maximum 1-planar graphs [J]. SIAM J.Discrete Math., 2010 24:

1527-1540.

[98] Korzhik V P. Minimal non-1-planar graphs [J]. Discrete Math., 2008, 308: 1319-1327.

[99] Czap J, Hudak D, Madaras T. Joins of 1-planar graphs [J]. Acta Math. Sin. (Engl. Ser.), 2014,

30: 1867-1876.

[100] Di Giacomo E, Liotta G, Montecchiani F. Drawing outer 1-planar graphs with few slopes [J].

Lecture Notes in Comput. Sci., 2014, 8871: 174-185.

[101] Sultana S, Rahman M S, Roy A, Tairin S. Bar 1-visibility drawings of 1-planar graphs [J].

Lecture Notes in Comput. Sci., 2014, 8321: 62-76.

[102] Czap J, Hudak D. On drawings and decompositions of 1-planar graphs [J]. Electron. J. Combin.,

2013, 20: #P54.

[103] Didimo W. Density of straight-line 1-planar graph drawings [J]. Inform.Process. Lett., 2013,

113: 236-240.

[104] Ahmed M E, Bin Yusuf A, Polin M Z H. Bar 1-visibility representation of optimal 1-planar graph

[C]. 2013 International Conference on Electrical Information and Communication Technology

(EICT), 2013.

[105] Dehkordi H R, Eades P. Every outer-1-plane graph has a right angle crossing drawing [J].

Internat. J. Comput.Geom.Appl., 2012, 22: 543-557.

[106] Kobourov S G, Liotta G, Montecchiani F. An annotated bibliography on 1-planarity [J]. Com-

put. Sci. Rev., 2017, 25: 49-67.


