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H I G H L I G H T S

• Optimal consensus for high-order nonlinear MASs under intermittent communication.

• Novel 3-layer framework: optimization, estimation, control.

• Hermite interpolation ensures smooth optimal reference signals.

• SMCs track local optima during communication interruptions.
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A B S T R A C T

Distributed sliding mode controllers are proposed to address the optimal consensus problem for high-order nonlin­

ear multi-agent systems under intermittent communication networks. Specifically, agents exchange information 

with neighbors only during non-overlapping time intervals, whereas all communication ceases completely during 

the interruption intervals. This feature significantly complicates the achievement of consensus. Under partial ob­

servability constraints, unmeasurable states are estimated via adaptive state observers. Additionally, a distributed 

optimization algorithm is employed to minimize the cost function and construct the optimal reference signal. To 

mitigate the problem of non-existent high-order derivatives, Hermite interpolation is adopted for optimal virtual 

signals. The distributed sliding mode controllers are designed to ensure that the tracking error of each agent 

converges to zero. Finally, stability analysis confirms the boundedness of the closed-loop distributed cooperative 

optimization framework, and simulation results verify the efficacy of the proposed method in practical scenarios.

1 . Introduction

Distributed cooperative control of multi-agent systems (MASs) con­

stitutes a core research area, especially in domains including sensor net­

works, robotic swarms, and unmanned surface vehicles [1–4]. Consensus 

is the central objective of cooperative control, which enables all agents 

to asymptotically converge to a common state via distributed proto­

cols. Significant progress has been achieved in consensus control. For 

instance, distributed controllers have been developed for linear MASs 

[5,6]. However, these methods are limited to linear MASs and have 

proven insufficient for nonlinear MASs. The backstepping technique is 

well-suited to the strict-feedback structure of nonlinear MASs, as it re­

cursively designs virtual controllers to ensure stability. Consequently, 

distributed backstepping controllers were proposed to achieve consensus 

for nonlinear MASs [7–9]. Despite their theoretical advantages, this ap­

proach suffers from significant computational complexity that escalates 

sharply with increasing agent scale or system order. Model predictive 

control (MPC) has also been applied to address the consensus problem 

[10–12], where the control inputs are computed by solving an optimiza­

tion problem online at every time step. While MPC is renowned for its 

explicit handling of state and input constraints, its requirement for real-

time optimization at every time step imposes substantial computational 

burdens. By contrast, sliding mode control enables robust control of non­

linear MASs with lower computational burdens. Sliding mode controllers 

(SMCs) achieve consensus by guiding error systems toward designed 

sliding surfaces. Extensive research has applied SMCs to nonlinear MASs 
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${\textrm {col}}(\alpha _1,\ldots , \alpha _m) = {[\alpha _1^{T},\ldots , \alpha _m^{T}]}^{T}$


${\textrm {diag}}\{d_1,\ldots , d_m\}$


$M \in \mathbb {R}^{m\times m}$


$\lambda _{\min }(M)$


$\boldsymbol {0}_m$


$\boldsymbol {1}_m \in \mathbb {R}^m$


$I_m \in \mathbb {R}^{m\times m}$


$\|\cdot \|$


$\nabla f$


$f$


$G = (\mathcal {V}, \mathcal {E})$


$\mathcal {V} = \{v_1, v_2,\ldots , v_N\}$


$\mathcal {E} \subseteq \mathcal {V} \times \mathcal {V}$


$(v_i, v_j) \in \mathcal {E}$


$i$


$j$


$A = [a_{ij}] \in \mathbb {R}^{N \times N}$


$a_{ij} = a_{ji} = 1$


$a_{ij} = 0$


$D = \text {diag}\{d_1, d_2,\ldots , d_N\}$


$d_i = \sum _{j=1}^N a_{ij}$


$L = D - A$


$0=\lambda _1(L)<\lambda _2(L)\leq \lambda _3(L)\leq \cdots \leq \lambda _N(L)$


$G$


$P = \begin {bmatrix} P_1 & P_2 \end {bmatrix} \in \mathbb {R}^{N \times N},$


$P_1 = \frac {1}{\sqrt {N}}\boldsymbol {1_N}$


$P_2$


$P_2 \Lambda ^{-1} P_2^{T} L = \Gamma $


$\Lambda = \text {diag}\{\lambda _2,\ldots , \lambda _N\}$


$\Gamma = I_{N} - \frac {1}{N}\boldsymbol {1_N}\boldsymbol {1_N}^{T}$


$\boldsymbol {p} \in \mathbb {R}^N$


$\boldsymbol {1_N}^{T} \boldsymbol {p} = 0$


$\Gamma \boldsymbol {p} = \left (I_N - \frac {1}{N}\boldsymbol {1_N}\boldsymbol {1_N}^{T}\right )\boldsymbol {p} = \boldsymbol {p}$


$\mathcal {C} \subseteq \mathbb {R}^n$


$\boldsymbol {\vartheta }_1, \boldsymbol {\vartheta }_2 \in \mathcal {C}$


$h \in [0,1]$


$h\boldsymbol {\vartheta }_1 + (1-h)\boldsymbol {\vartheta }_2$


$\mathcal {C}$


$f: \mathbb {R}^n \to \mathbb {R}$


$f(h\boldsymbol {\vartheta }_1 + (1-h)\boldsymbol {\vartheta }_2) \leq h f(\boldsymbol {\vartheta }_1) + (1-h)f(\boldsymbol {\vartheta }_2)$


$\boldsymbol {\vartheta }_1, \boldsymbol {\vartheta }_2 \in \mathcal {C}$


$h \in [0,1]$


$f$


$\boldsymbol {\vartheta }_1, \boldsymbol {\vartheta }_2 \in \mathcal {C},f(\boldsymbol {\vartheta }_1) - f(\boldsymbol {\vartheta }_2) \geq \nabla f{(\boldsymbol {\vartheta }_2)}^{T} (\boldsymbol {\vartheta }_1 - \boldsymbol {\vartheta }_2)$


$f$


$\mu _1$


$\mu _1 > 0$


${\left (\nabla f(\boldsymbol {\vartheta }_1) - \nabla f(\boldsymbol {\vartheta }_2)\right )}^{T} (\boldsymbol {\vartheta }_1 - \boldsymbol {\vartheta }_2) \geq \mu _1 \|\boldsymbol {\vartheta }_1 - \boldsymbol {\vartheta }_2\|^2$


$f$


$\mu _2$


$\mu _2 > 0$


$\|\nabla f(\boldsymbol {\vartheta }_1) - \nabla f(\boldsymbol {\vartheta }_2)\| \leq \mu _2 \|\boldsymbol {\vartheta }_1 - \boldsymbol {\vartheta }_2\|$


$\boldsymbol {\vartheta }_1, \boldsymbol {\vartheta }_2 \in \mathcal {C}$


$i$


\begin {equation}\label {system} \begin {cases} \dot {x}_{i,{r}} = \theta _{i,r}{\psi _{i,r}}(\boldsymbol {\bar {x}_{i,r}})+x_{i,r+1},~{r}=1,\ldots ,m-1\\ \dot {x}_{i,m} = \theta _{i,m}\psi _{i,m}({\boldsymbol {\bar {x}_{i,m}}})+u_{i}\\ y_{i} = x_{i,1},~i=1,\ldots ,N \end {cases},\end {equation}


$\boldsymbol {\bar {x}_{i,k}}={\textrm {col}}\{x_{i,1},x_{i,2},\ldots ,x_{i,k}\} \in \mathbb {R}^k$


$k=1,\ldots ,m$


$,~u_i\in \mathbb {R}$


$y_i\in \mathbb {R}$


$i$


$\theta _{i,k}$


$\psi _{i,k}(\boldsymbol {\bar {x}_{i,k}}) \in \mathbb {R}$


$k=1,\ldots ,m$


$\mathcal {I}_{\kappa } = [\mathcal {I}_{b,\kappa }, \mathcal {I}_{e,\kappa })$


$\kappa \in \mathbb {N}_+$


$\mathcal {I}_{b,\kappa }$


$\mathcal {I}_{e,\kappa }$


$\kappa $


$\mathcal {I} = \bigcup _{\kappa \in \mathbb {N}_+} \mathcal {I}_\kappa $


$[t_a, t_b)$


$\mathcal {T}_{i} = [t_a, t_b) \cap \mathcal {I}$


$\mathcal {T}_{n} = [t_a, t_b) \setminus \mathcal {T}_{i}.$


\begin {equation*}a_{ij}(t) = \begin {cases} 1, & (v_i, v_j) \in \mathcal {E}~\text {and } t \notin \mathcal {I}, \\ 0, & \text {otherwise.} \end {cases}\end {equation*}


$t \in [t_a, t_b)$


$V(t)$


$t \in \mathcal {T}_{n}$


$\dot {V}(t) < -\alpha _1~V(t)$


$\alpha _1 >0$


$t \in \mathcal {T}_{i}$


$\dot {V}(t) < \alpha _2~V(t)$


$\alpha _2 >0$


\begin {equation*}V(t) \leq e^{-\alpha _1 \mathcal {L}(\mathcal {T}_{n})} e^{\alpha _2 \mathcal {L}(\mathcal {T}_{i})} V(0),\end {equation*}


$\mathcal {L}(\mathcal {T}_{n})$


$\mathcal {L}(\mathcal {T}_{i})$


$t \in [t_a, t_b)$


$\varpi \in (0,1)$


\begin {equation*}\mathcal {L}(\mathcal {T}_{i}) \leq \varpi (t_b - t_a),\end {equation*}


$\mathcal {L}(\mathcal {T}_i)$


$[t_a, t_b)$


$\mathcal {I}_{k}$


$\varpi $


\begin {equation}\begin {cases} \label {compact optimization algorithm} \dot {\boldsymbol {\Omega }}(t) = -\alpha L(t)\boldsymbol {\Omega }(t) - \beta \boldsymbol {\Phi }(t) - \nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})\\ \dot {\boldsymbol {\Phi }}(t) = \beta L(t)\boldsymbol {\Omega }(t) \end {cases}.\end {equation}


$\mathcal {J}_i(y_i)$


$\mu _1$


$\mu _2$


$\varpi \in \left (0, \dfrac {c_1}{c_1+c_2}\right ), \alpha > \dfrac {1+\mu _2^2-2\mu _1}{2 \lambda _2(L)} + \beta ,~\text {and}~ \beta > 1,$


$t>t_a$


$\mathcal {I}_{k}$


$\mathcal {J}_i(y_i) \in \mathbb {R}$


$y^*$


${\mathcal {J}(\boldsymbol {y})} = \sum _{i=1}^N \mathcal {J}_i(y_i)$


$\boldsymbol {y}={\textrm {col}}\{y_1,\ldots ,y_N\}$


$y_i$


$\theta _{i,k}$


$\theta _{i,m}$


\begin {equation*}\left (\nabla \mathcal {J}_i(y_i) - \nabla \mathcal {J}_i(y^*)\right ) \left (y_i - y^*\right ) \geq \mu _1 \|y_i - y^*\|^2,\end {equation*}


\begin {equation*}\sum _{i=1}^N \left (\nabla \mathcal {J}_i(y_i) - \nabla \mathcal {J}_i(y^*)\right ) \left (y_i - y^*\right ) \geq \mu _1 \sum _{i=1}^N \|y_i - y^*\|^2,\end {equation*}


\begin {equation*}\|\nabla \mathcal {J}_i(y_i) - \nabla \mathcal {J}_i(y^*)\| \leq \mu _2 \|y_i - y^*\|,\end {equation*}


\begin {equation*}\sum _{i=1}^N \|\nabla \mathcal {J}_i(y_i) - \nabla \mathcal {J}_i(y^*)\| \leq \mu _2 \sum _{i=1}^N \|y_i - y^*\|,\end {equation*}


$\mu _1 > 0,~\mu _2 > 0$


$\boldsymbol {\mathcal {J}}(\boldsymbol {y})$


$y^*$


$u_i$


$\|y_{i} - y_{j}\|$


$\|y_{i} - y^*\|$


$\forall i,j = 1,\ldots ,N;~ i \neq j$


$\tau _\iota = \iota \tau $


$\iota \in \mathbb {N}$


$\tau $


$\boldsymbol {g_{\iota ,1}} = \Big [\tau _{\iota }^{2m+1},\tau _{\iota }^{2m},~\cdots ,\tau _{\iota },~1\Big ]$


$\in \mathbb {R}^{2(m+1)},~\boldsymbol {g_{\iota ,2}} = \Big [\tau _{\iota + 1}^{2m+1},\tau _{\iota + 1}^{2m},~\cdots ,~1\Big ] \in \mathbb {R}^{2(m+1)},~\boldsymbol {g_{\iota ,2k-1}} = \Big [\dfrac {(2m+1)!}{(2m+2-k)!}\tau _{\iota }^{2m+2-k},\dfrac {(2m)!}{(2m+1-k)!}\tau _{\iota }^{2m+1-k},\ldots ,2 \tau _{\iota },$


$1,\boldsymbol {0_{k-1}}^{T}\Big ] \in \mathbb {R}^{2(m+1)},~\boldsymbol {g_{\iota ,2k}} = \Big [\dfrac {(2m+1)!}{(2m+2-k)!}\tau _{\iota +1}^{2m+2-k},\ldots ,2\tau _{\iota +1},1,\boldsymbol {0_{k-1}}^{T}\Big ] \in \mathbb {R}^{2(m+1)}~(\text {for}~k=2,\ldots ,m+1),$


$G_{\iota }= {\textrm {col}}(\boldsymbol {g_{\iota ,1}},\boldsymbol {g_{\iota ,2}},\ldots ,\boldsymbol {g_{\iota ,2m+2}})\in \mathbb {R}^{2(m+1)\times 2(m+1)}.$


$q(t)$


$~\boldsymbol {q_{\iota }} = {\textrm {col}} \big (q(\tau _{\iota -1}), q(\tau _{\iota }),\boldsymbol {0_{2m}}^T \big ) \in \mathbb {R}^{2(m+1)}$


$\boldsymbol {w_{\iota }} = G_{\iota }^{-1}\boldsymbol {q_{\iota }} \in \mathbb {R}^{2(m+1)}$


$q^\prime (t)$


$m$


\begin {equation*}q^\prime (t) = \begin {cases} q(\tau _{\iota -1}) & t = \tau _\iota \\ \boldsymbol {w_{\iota }}^T \boldsymbol {r}(t) & t \in (\tau _\iota , \tau _{\iota +1}), \end {cases}\end {equation*}


$\boldsymbol {r}(t) = {\textrm {col}}\left ( t^{2m+1},\ t^{2m},\ \cdots ,\ t,\ 1 \right ) \in \mathbb {R}^{2(m+1)}$


$q(-\tau ) = q(0)$


\begin {equation}\begin {cases} \label {optimization algorithm} \dot {\Omega }_{i}(t) = -\alpha \sum _{j=1}^{N} a_{ij}(t) \big (\Omega _{i}(t) - \Omega _{j}(t)\big ) - \beta \Phi _{i}(t) - \nabla \mathcal {J}_{i}(y_{i}(t)) \\ \dot {\Phi }_{i}(t) = \beta \sum _{j=1}^{N} a_{ij}(t) \big (\Omega _{i}(t) - \Omega _{j}(t)\big ), \quad i = 1,\ldots , N \end {cases},\end {equation}


$\Omega _{i} \in \mathbb {R}$


$\Phi _i \in \mathbb {R}$


$\Phi _i(0) = 0$


$\alpha $


$\beta $


$\boldsymbol {\Omega } = {\textrm {col}}(\Omega _1,\ldots ,\Omega _N) \in \mathbb {R}^N,~\boldsymbol {\Phi } = {\textrm {col}}(\Phi _{1},\ldots ,\Phi _{N}) \in \mathbb {R}^N,~$


${\nabla \boldsymbol {\mathcal {J}}}(\boldsymbol {y}) = {\textrm {col}}\big (\nabla \mathcal {J}_{1}(y_{1}),\ldots , \nabla \mathcal {J}_{N}(y_{N}) \big ) \in \mathbb {R}^N.$


$\sum _{i=1}^N \Phi _i(0) = 0$


$\sum _{i=1}^N \Phi _i(t) = 0$


$t \geq 0$


$\sum _{i=1}^N \Phi _i(t)$


\begin {equation}\label {sum_dot_Phi} \sum _{i=1}^N \dot {\Phi }_i(t) = \beta \boldsymbol {1_N}^{T} L(t)\boldsymbol {\Omega }(t) = 0,\end {equation}


$\boldsymbol {1_N}^{T} L(t) = {(L(t) \boldsymbol {1_N})}^{T} = \boldsymbol {0_N}^{T}$


\begin {equation*}\sum _{i=1}^N \Phi _i(t) = \sum _{i=1}^N \Phi _i(0) = 0.\end {equation*}


$\boldsymbol {\Phi }(0)$


$\boldsymbol {1_N}^{T}\boldsymbol {\Phi }(0) = 0$


$\Gamma \boldsymbol {\Phi }(t) = \boldsymbol {\Phi }(t)$


$t \geq 0$


\begin {equation*}V_O(t) \leq e^{-c_3(t-t_a)} V_O(t_a) + c_4 \int _{t_a}^{t} \left \|\boldsymbol {\Omega }{(\tau )}^\prime -\boldsymbol {y}(\tau )\right \|^{2} e^{-c_3(t-\tau )} d\tau +{c_5},\end {equation*}


$c_1 = \min \left \{2\lambda _2(L)(\alpha -\beta )\right .\break {} \left .+ 2\mu _1 - \mu _2^2 - 1,\ 2(\beta -1)\right \}$


$c_2 = \max \left \{2\mu _1+\mu _2^2+1+\beta ,\ 3\beta +2\right \},$


$c_3 = c_1 - \varpi (c_1+c_2), c_4 = {2}\mu _2^2, {~\text {and}~c_5=\dfrac {2\mu _2^2\epsilon ^2}{c_3}}.$


\begin {equation}\begin {cases} \label {normal compact optimization algorithm} \dot {\boldsymbol {\Omega }}(t) = -\alpha L\boldsymbol {\Omega }(t) - \beta \boldsymbol {\Phi }(t) - {\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})} \\ \dot {\boldsymbol {\Phi }}(t) = \beta L \boldsymbol {\Omega }(t) \end {cases}.\end {equation}


$y^{*}$


$\boldsymbol {\Omega }^* = \boldsymbol {1_N} y^{*} \in \mathbb {R}^N,~\boldsymbol {\Phi ^*} = -\dfrac {\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega ^*})}{\beta } \in \mathbb {R}^N,~\widetilde {\boldsymbol {\Omega }}=\boldsymbol {\Omega }-\boldsymbol {\Omega }^* \in \mathbb {R}^N,$


$\widetilde {\boldsymbol {\Phi }}=\boldsymbol {\Phi }-\boldsymbol {\Phi }^* \in \mathbb {R}^N$


\begin {equation}\begin {cases} \label {tilde_optimization_algorithm} \dot {\boldsymbol {\widetilde {\Omega }}} = -\alpha L\boldsymbol {\Omega } - \beta \boldsymbol {\Phi } - \nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y}) \\ \dot {\widetilde {\boldsymbol {\Phi }}} = \beta L \boldsymbol {\Omega } \end {cases}.\end {equation}


\begin {equation}{\label {V_Omega_Phi} V_O = \frac {1}{2}\widetilde {\boldsymbol {\Omega }}^{T}\widetilde {\boldsymbol {\Omega }}+\frac {1}{2}\widetilde {\boldsymbol {\Phi }}^{T}( P_2 \Lambda ^{-1} P_2^{T}+\frac {\alpha }{\beta }I_N)\widetilde {\boldsymbol {\Phi }}+\widetilde {\boldsymbol {\Omega }}^{T}\widetilde {\boldsymbol {\Phi }}}.\end {equation}


$\alpha >\beta >0$


\begin {align}V_O& \geq \frac {1}{2}\|\widetilde {\boldsymbol {\Omega }}\|^2 +\frac {\alpha }{2\beta }\|\widetilde {\boldsymbol {\Phi }}\|^2-\|\widetilde {\boldsymbol {\Omega }}\| \|\widetilde {\boldsymbol {\Phi }}\| = \frac {1}{2}{\Big ( \|\widetilde {\boldsymbol {\Omega }}\| - \|\widetilde {\boldsymbol {\Phi }}\| \Big )}^2 +\frac {\alpha -\beta }{2\beta }\|\widetilde {\boldsymbol {\Phi }}\|^2 >0. \notag \end {align}


$\Gamma \boldsymbol {\Omega }^*=\boldsymbol {0_N},~L \boldsymbol {\Omega }^*=\boldsymbol {0_N},~\text {and}~\widetilde {\boldsymbol {\Phi }}^{T} \Gamma = {(\Gamma \widetilde {\boldsymbol {\Phi }})}^{T}=\widetilde {\boldsymbol {\Phi }}^{T}$


$\widetilde {\boldsymbol {\Omega }}=\boldsymbol {\Omega }-\boldsymbol {\Omega }^*={\textrm {col}}\big (\Omega _1-y^*,\ldots ,\Omega _N-y^*\big ),~\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })-\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }^*)={\textrm {col}}\big (\nabla \mathcal {J}_1(\Omega _1)-\nabla \mathcal {J}_1(y^*),\ldots ,\nabla \mathcal {J}_N(\Omega _N)-\nabla \mathcal {J}_N(y^*)\big ),~\text {and}~\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })-\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})={\textrm {col}}\big (\nabla \mathcal {J}_1(\Omega _1)-\mathcal {J}_1(y_1),\ldots ,\nabla \mathcal {J}_N(\Omega _N)-\nabla \mathcal {J}_N(y_N)\big )$


\begin {align}-\widetilde {\boldsymbol {\Omega }}^{T}\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })} - {\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }^*)}\Big )=&-\sum _{i=1}^N \left (\Omega _i - y^*\right ) \left (\nabla \mathcal {J}_i(\Omega _i) - \nabla \mathcal {J}_i(y^*)\right ) \notag \\ \leq & -\mu _1 \sum _{i=1}^N \|\Omega _i - y^*\|^2 = - \mu _1\|\widetilde {\boldsymbol {\Omega }}\|^2, \label {ineq_1}\\ \widetilde {\boldsymbol {\Omega }}^{T}\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })}-{\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})}\Big ) =&~\sum _{i=1}^N \left (\Omega _i - y^*\right ) \big (\nabla \mathcal {J}_i(\Omega _i) - \nabla \mathcal {J}_i(y_i)\big ) \notag \\ \leq & ~ \sum _{i=1}^N \Bigg (\frac {\|\Omega _i-y^*\|^2}{2}+\frac {\|\nabla \mathcal {J}_i(\Omega _i) - \nabla \mathcal {J}_i(y_i)\|^2}{2} \Bigg ) \notag \\ \leq &~ \frac {\|\widetilde {\boldsymbol {\Omega }}\|^2}{2} + \frac {\mu _2^2}{2}\|\boldsymbol {\Omega }-\boldsymbol {y}\|^2, \label {ineq_2}\\ {\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })} - {\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }^*)}\Big )}^{T} \widetilde {\boldsymbol {\Phi }} \leq &~\frac {\mu _2^2}{2}\|\widetilde {\boldsymbol {\Omega }}\|^2+\frac {1}{2}\|\widetilde {\boldsymbol {\Phi }}\|^2,\label {ineq_3}\\ {\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })}-{\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})}\Big )}^{T}\widetilde {\boldsymbol {\Phi }} \leq &~ \frac {\mu _2^2}{2}\|\boldsymbol {\Omega }-\boldsymbol {y}\|^2 +\frac {1}{2}\|\widetilde {\boldsymbol {\Phi }}\|^2,\label {ineq_4}\end {align}


\begin {align}-\widetilde {\boldsymbol {\Omega }}^{T}\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })} - {\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }^*)}\Big )=&-\sum _{i=1}^N \left (\Omega _i - y^*\right ) \left (\nabla \mathcal {J}_i(\Omega _i) - \nabla \mathcal {J}_i(y^*)\right ) \notag \\ \leq & -\mu _1 \sum _{i=1}^N \|\Omega _i - y^*\|^2 = - \mu _1\|\widetilde {\boldsymbol {\Omega }}\|^2, \label {ineq_1}\\ \widetilde {\boldsymbol {\Omega }}^{T}\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })}-{\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})}\Big ) =&~\sum _{i=1}^N \left (\Omega _i - y^*\right ) \big (\nabla \mathcal {J}_i(\Omega _i) - \nabla \mathcal {J}_i(y_i)\big ) \notag \\ \leq & ~ \sum _{i=1}^N \Bigg (\frac {\|\Omega _i-y^*\|^2}{2}+\frac {\|\nabla \mathcal {J}_i(\Omega _i) - \nabla \mathcal {J}_i(y_i)\|^2}{2} \Bigg ) \notag \\ \leq &~ \frac {\|\widetilde {\boldsymbol {\Omega }}\|^2}{2} + \frac {\mu _2^2}{2}\|\boldsymbol {\Omega }-\boldsymbol {y}\|^2, \label {ineq_2}\\ {\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })} - {\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }^*)}\Big )}^{T} \widetilde {\boldsymbol {\Phi }} \leq &~\frac {\mu _2^2}{2}\|\widetilde {\boldsymbol {\Omega }}\|^2+\frac {1}{2}\|\widetilde {\boldsymbol {\Phi }}\|^2,\label {ineq_3}\\ {\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })}-{\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})}\Big )}^{T}\widetilde {\boldsymbol {\Phi }} \leq &~ \frac {\mu _2^2}{2}\|\boldsymbol {\Omega }-\boldsymbol {y}\|^2 +\frac {1}{2}\|\widetilde {\boldsymbol {\Phi }}\|^2,\label {ineq_4}\end {align}


\begin {align}-\widetilde {\boldsymbol {\Omega }}^{T}\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })} - {\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }^*)}\Big )=&-\sum _{i=1}^N \left (\Omega _i - y^*\right ) \left (\nabla \mathcal {J}_i(\Omega _i) - \nabla \mathcal {J}_i(y^*)\right ) \notag \\ \leq & -\mu _1 \sum _{i=1}^N \|\Omega _i - y^*\|^2 = - \mu _1\|\widetilde {\boldsymbol {\Omega }}\|^2, \label {ineq_1}\\ \widetilde {\boldsymbol {\Omega }}^{T}\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })}-{\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})}\Big ) =&~\sum _{i=1}^N \left (\Omega _i - y^*\right ) \big (\nabla \mathcal {J}_i(\Omega _i) - \nabla \mathcal {J}_i(y_i)\big ) \notag \\ \leq & ~ \sum _{i=1}^N \Bigg (\frac {\|\Omega _i-y^*\|^2}{2}+\frac {\|\nabla \mathcal {J}_i(\Omega _i) - \nabla \mathcal {J}_i(y_i)\|^2}{2} \Bigg ) \notag \\ \leq &~ \frac {\|\widetilde {\boldsymbol {\Omega }}\|^2}{2} + \frac {\mu _2^2}{2}\|\boldsymbol {\Omega }-\boldsymbol {y}\|^2, \label {ineq_2}\\ {\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })} - {\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }^*)}\Big )}^{T} \widetilde {\boldsymbol {\Phi }} \leq &~\frac {\mu _2^2}{2}\|\widetilde {\boldsymbol {\Omega }}\|^2+\frac {1}{2}\|\widetilde {\boldsymbol {\Phi }}\|^2,\label {ineq_3}\\ {\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })}-{\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})}\Big )}^{T}\widetilde {\boldsymbol {\Phi }} \leq &~ \frac {\mu _2^2}{2}\|\boldsymbol {\Omega }-\boldsymbol {y}\|^2 +\frac {1}{2}\|\widetilde {\boldsymbol {\Phi }}\|^2,\label {ineq_4}\end {align}


\begin {align}-\widetilde {\boldsymbol {\Omega }}^{T}\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })} - {\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }^*)}\Big )=&-\sum _{i=1}^N \left (\Omega _i - y^*\right ) \left (\nabla \mathcal {J}_i(\Omega _i) - \nabla \mathcal {J}_i(y^*)\right ) \notag \\ \leq & -\mu _1 \sum _{i=1}^N \|\Omega _i - y^*\|^2 = - \mu _1\|\widetilde {\boldsymbol {\Omega }}\|^2, \label {ineq_1}\\ \widetilde {\boldsymbol {\Omega }}^{T}\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })}-{\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})}\Big ) =&~\sum _{i=1}^N \left (\Omega _i - y^*\right ) \big (\nabla \mathcal {J}_i(\Omega _i) - \nabla \mathcal {J}_i(y_i)\big ) \notag \\ \leq & ~ \sum _{i=1}^N \Bigg (\frac {\|\Omega _i-y^*\|^2}{2}+\frac {\|\nabla \mathcal {J}_i(\Omega _i) - \nabla \mathcal {J}_i(y_i)\|^2}{2} \Bigg ) \notag \\ \leq &~ \frac {\|\widetilde {\boldsymbol {\Omega }}\|^2}{2} + \frac {\mu _2^2}{2}\|\boldsymbol {\Omega }-\boldsymbol {y}\|^2, \label {ineq_2}\\ {\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })} - {\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }^*)}\Big )}^{T} \widetilde {\boldsymbol {\Phi }} \leq &~\frac {\mu _2^2}{2}\|\widetilde {\boldsymbol {\Omega }}\|^2+\frac {1}{2}\|\widetilde {\boldsymbol {\Phi }}\|^2,\label {ineq_3}\\ {\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })}-{\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})}\Big )}^{T}\widetilde {\boldsymbol {\Phi }} \leq &~ \frac {\mu _2^2}{2}\|\boldsymbol {\Omega }-\boldsymbol {y}\|^2 +\frac {1}{2}\|\widetilde {\boldsymbol {\Phi }}\|^2,\label {ineq_4}\end {align}


\begin {align}\dot {V}_O &=~\widetilde {\boldsymbol {\Omega }}^{T} \Big ( -\alpha L\boldsymbol {\Omega } - \beta \boldsymbol {\Phi } - \nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})\Big ) + \beta \widetilde {\boldsymbol {\Phi }}^{T}\Gamma \boldsymbol {\Omega } + \alpha \widetilde {\boldsymbol {\Phi }}^{T} L \boldsymbol {\Omega }\notag \\ &\quad + {\Big ( -\alpha L\boldsymbol {\Omega } - \beta \boldsymbol {\Phi } - \nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})\Big )}^{T}\widetilde {\boldsymbol {\Phi }} + \beta \widetilde {\boldsymbol {\Omega }}^{T} L \boldsymbol {\Omega }\notag \\ &=~\widetilde {\boldsymbol {\Omega }}^{T} \Big ( -\alpha L(\boldsymbol {\Omega } -\boldsymbol {\Omega }^*)- \beta (\boldsymbol {\Phi }-\boldsymbol {\Phi }^*) -\beta \boldsymbol {\Phi }^* -\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }) + \nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }) \notag \\ &\quad - \nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})\Big ) + \beta \widetilde {\boldsymbol {\Phi }}^{T} \Gamma (\boldsymbol {\Omega }-\boldsymbol {\Omega }^*) + \alpha \widetilde {\boldsymbol {\Phi }}^{T} L (\boldsymbol {\Omega }-\boldsymbol {\Omega }^*) + \Big ( -\alpha L(\boldsymbol {\Omega } -\boldsymbol {\Omega }^*) \notag \\ &\quad - \beta (\boldsymbol {\Phi }-\boldsymbol {\Phi }^*) -\beta \boldsymbol {\Phi }^* -\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }) + \nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }) - \nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})\Big )^{T} \widetilde {\boldsymbol {\Phi }} \notag \\ & \quad + \beta \widetilde {\boldsymbol {\Omega }}^{T} L (\boldsymbol {\Omega }-\boldsymbol {\Omega }^*)\notag \\ &=~\widetilde {\boldsymbol {\Omega }}^{T} \Big ( -\alpha L\widetilde {\boldsymbol {\Omega }} - \beta \widetilde {\boldsymbol {\Phi }} + \nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }^*) - \nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }) + \nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })-\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})\Big )\notag \\ &\quad + \beta \widetilde {\boldsymbol {\Phi }}^{T} \Gamma \widetilde {\boldsymbol {\Omega }} + \alpha \widetilde {\boldsymbol {\Phi }}^{T} L \widetilde {\boldsymbol {\Omega }} + \Big ( -\alpha L\widetilde {\boldsymbol {\Omega }} - \beta \widetilde {\boldsymbol {\Phi }} + \nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }^*) - \nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })\notag \\ &\quad + \nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }) -\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})\Big )^{T}\widetilde {\boldsymbol {\Phi }} + \beta \widetilde {\boldsymbol {\Omega }}^{T} L \widetilde {\boldsymbol {\Omega }}\notag \\\noalign {\vspace *{-6pt}} &=~- (\alpha -\beta )\widetilde {\boldsymbol {\Omega }}^{T} L\widetilde {\boldsymbol {\Omega }} - \widetilde {\boldsymbol {\Omega }}^{T}\Big (\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }) - \nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }^*)\Big ) + \widetilde {\boldsymbol {\Omega }}^{T}\Big (\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }) -\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})\Big ) \notag \\ & \quad - \beta \widetilde {\boldsymbol {\Phi }}^{T}\widetilde {\boldsymbol {\Phi }} - {\Big (\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }) - \nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }^*)\Big )}^{T} \widetilde {\boldsymbol {\Phi }} +{\Big (\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })-\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})\Big )}^{T}\widetilde {\boldsymbol {\Phi }},\label {dot V_Omega_Phi}\end {align}


\begin {align}\dot {V}_O \leq & -\lambda _2(L)(\alpha -\beta ) \| \widetilde {\boldsymbol {\Omega }}\|^2 - \mu _1\|\widetilde {\boldsymbol {\Omega }}\|^2 + \frac {\|\widetilde {\boldsymbol {\Omega }}\|^2}{2} + \frac {\mu _2^2}{2}\|\boldsymbol {\Omega }-\boldsymbol {y}\|^2 \notag \\ & - \beta \|\widetilde {\boldsymbol {\Phi }}\|^2 + \frac {\mu _2^2}{2}\|\widetilde {\boldsymbol {\Omega }}\|^2+\|\widetilde {\boldsymbol {\Phi }}\|^2 + \frac {\mu _2^2}{2}\|\boldsymbol {\Omega }-\boldsymbol {y}\|^2 \notag \\ \leq & -\Big (\lambda _2(L)(\alpha -\beta ) + \mu _1 - \frac {\mu _2^2+1}{2} \Big ) \|\widetilde {\boldsymbol {\Omega }}\|^2 -(\beta -1)\|\widetilde {\boldsymbol {\Phi }}\|^2 + \mu _2^2\|\boldsymbol {\Omega }-\boldsymbol {y}\|^2\notag \\ \leq & - c_1 V_O + \mu _2^2\|\boldsymbol {\Omega }-\boldsymbol {y}\|^2,\label {dot V_Omega_Phi second}\end {align}


$c_1 = \text {min}\Big \{2\lambda _2(\alpha -\beta ) + 2\mu _1 - \mu _2^2 - 1,~2(\beta -1)\Big \} > 0$


$\alpha > \dfrac {1+\mu _2^2-2\mu _1}{2\lambda _2(L)}+\beta $


$\beta >1$


\begin {equation}\begin {cases} \label {intermittent compact optimization algorithm} \dot {\boldsymbol {\Omega }}(t) = -\beta \boldsymbol {\Phi }(t) - \nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y}) \\ \dot {\boldsymbol {\Phi }}(t) = \boldsymbol {0_N} \end {cases}.\end {equation}


$\widetilde {\boldsymbol {\Omega }} = \boldsymbol {\Omega } - \boldsymbol {\Omega }^*$


$\widetilde {\boldsymbol {\Phi }} = \boldsymbol {\Phi } - \boldsymbol {\Phi }^*$


\begin {equation}\begin {cases} \label {tilde_optimization_algorithm_intermittent} \dot {\widetilde {\boldsymbol {\Omega }}} = - \beta \boldsymbol {\Phi } - \nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y}) \\ \dot {\widetilde {\boldsymbol {\Phi }}} = \boldsymbol {0_N} \end {cases}.\end {equation}


\begin {align}\dot {V}_O &= \widetilde {\boldsymbol {\Omega }}^{T} \Big (- \beta (\boldsymbol {\Phi }-\boldsymbol {\Phi }^*) + {\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }^*)}-{\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })} +{\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })}-{\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})}\Big )\notag \\ & + {\Big ( - \beta (\boldsymbol {\Phi }-\boldsymbol {\Phi }^*) + {\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }^*)} -{\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })}+{\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })}-{\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})} \Big )}^{T}\widetilde {\boldsymbol {\Phi }} \notag \\\noalign {\elspagebreak } &= - \beta \widetilde {\boldsymbol {\Omega }}^{T} \widetilde {\boldsymbol {\Phi }} - \widetilde {\boldsymbol {\Omega }}^{T}\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })}- {\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }^*)}\Big ) + \widetilde {\boldsymbol {\Omega }}^{T}\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })}-{\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})}\Big ) \notag \\ & -\beta \widetilde {\boldsymbol {\Phi }}^{T}\widetilde {\boldsymbol {\Phi }} -{\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })} - {\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega }^*)}\Big )}^{T}\widetilde {\boldsymbol {\Phi }} + {\Big ({\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {\Omega })}-{\nabla \boldsymbol {\mathcal {J}}(\boldsymbol {y})}\Big )}^{T}\widetilde {\boldsymbol {\Phi }} \notag \\ &\leq \beta \|\widetilde {\boldsymbol {\Omega }}\| \|\widetilde {\boldsymbol {\Phi }}\| + \mu _1\|\widetilde {\boldsymbol {\Omega }}\|^2+\frac {\|\widetilde {\boldsymbol {\Omega }}\|^2}{2} + \mu _2^2\|\boldsymbol {\Omega }-\boldsymbol {y}\|^2 + \beta \|\widetilde {\boldsymbol {\Phi }}\|^2 + \frac {\mu _2^2}{2}\|\widetilde {\boldsymbol {\Omega }}\|^2 + \|\widetilde {\boldsymbol {\Phi }}\|^2\notag \\ &\leq \frac {\beta }{2}\|\widetilde {\boldsymbol {\Omega }}\| ^2+\frac {\beta }{2}\|\widetilde {\boldsymbol {\Phi }}\| ^2+ \mu _1\|\widetilde {\boldsymbol {\Omega }}\|^2+\frac {\|\widetilde {\boldsymbol {\Omega }}\|^2}{2} + \mu _2^2\|\boldsymbol {\Omega }-\boldsymbol {y}\|^2 + \beta \|\widetilde {\boldsymbol {\Phi }}\|^2 + \frac {\mu _2^2}{2}\|\widetilde {\boldsymbol {\Omega }}\|^2\notag \\ &\quad + \|\widetilde {\boldsymbol {\Phi }}\|^2\notag \\ &\leq \Big ( \mu _1 + \frac {\mu _2^2+1+\beta }{2}\Big )\|\widetilde {\boldsymbol {\Omega }}\|^2 + (\frac {3\beta }{2}+1)\|\widetilde {\boldsymbol {\Phi }}\|^2 + \mu _2^2\|\boldsymbol {\Omega }-\boldsymbol {y}\|^2 \notag \\ &\leq c_2 V_O + \mu _2^2\|\boldsymbol {\Omega }-\boldsymbol {y}\|^2,\label {intermittent dot V_Omega_Phi}\end {align}


$c_2=\text {max}\Big \{2\mu _1+\mu _2^2+1+\beta ,~3\beta +2\Big \}$


\begin {align}V_O(t) &\leq e^{-c_1\mathcal {L}(\mathcal {T}_{n}(t_a,t))}e^{c_2\mathcal {L}(\mathcal {T}_{i}(t_a,t))}V_O(t_a) \notag \\ & \quad + \mu _2^2 \int _{t_a}^{t} \left \|\boldsymbol {\Omega }(\tau )-\boldsymbol {y}(\tau )\right \|^{2} e^{-c_1\mathcal {L}(\mathcal {T}_{n}(\tau ,t))+c_2\mathcal {L}(\mathcal {T}_{i}(\tau ,t))} d\tau \notag \\ &\leq e^{-c_1[(1-\varpi )(t-t_a)]} e^{c_2[\varpi (t-t_a)]} V_O(t_a) \notag \\ &\quad + \mu _2^2 \int _{t_a}^{t} \left \|\boldsymbol {\Omega }(\tau )-\boldsymbol {y}(\tau )\right \|^{2} e^{-c_1[(1-\varpi )(t-\tau )]+c_2[\varpi (t-\tau )]} d\tau \notag \\ &\leq e^{-c_3(t-t_a)} V_O(t_a)+ \mu _2^2 \int _{t_a}^{t} \left \|\boldsymbol {\Omega }(\tau )-\boldsymbol {y}(\tau )\right \|^{2} e^{-c_3(t-\tau )} d\tau ,~\forall t>t_a\label {V_Omeag_Phi_Second}\end {align}


$c_3 = c_1 - \varpi (c_1+c_2)$


$\varpi \in \left (0, \frac {c_1}{c_1+c_2}\right )$


$\boldsymbol {\Omega }(t)$


$\boldsymbol {\Omega }'(t)={\textrm {col}}\big (\Omega _1^\prime (t),\ldots ,\Omega _N^\prime (t) \big ) \in \mathbb {R}^N$


$m$


$\boldsymbol {\Omega }'$


\begin {equation}\label {Omega_sub_newOmega} \| \boldsymbol {\Omega }(t) - \boldsymbol {\Omega }'(t) \| \leq \epsilon ,\end {equation}


$\epsilon $


\begin {align}\|\boldsymbol {\Omega }-\boldsymbol {y}\|^2=&~\|\boldsymbol {\Omega }-\boldsymbol {\Omega }^{\prime }+\boldsymbol {\Omega }^{\prime }-\boldsymbol {y}\|^2 \notag \\ \leq &~{\|\boldsymbol {\Omega }-\boldsymbol {\Omega }^{\prime }\|^2+2\|\boldsymbol {\Omega }-\boldsymbol {\Omega }^{\prime }\| \|\boldsymbol {\Omega }^{\prime }-\boldsymbol {y}\| +\|\boldsymbol {\Omega }^{\prime }-\boldsymbol {y}\|^2}\notag \\ \leq &~{\|\boldsymbol {\Omega }-\boldsymbol {\Omega }^{\prime }\|^2 +2\Big (\frac {\|\boldsymbol {\Omega }-\boldsymbol {\Omega }^{\prime }\|^2 }{2}+\frac {\|\boldsymbol {\Omega }^{\prime }-\boldsymbol {y}\|^2}{2} \Big )+\|\boldsymbol {\Omega }^{\prime }-\boldsymbol {y}\|^2}\notag \\ \leq &~2\|\boldsymbol {\Omega }-\boldsymbol {\Omega }^{\prime }\|^2+ {2\|\boldsymbol {\Omega }^{\prime }-\boldsymbol {y}\|^2}\notag \\ \leq &~2\epsilon ^2+ {2\|\boldsymbol {\Omega }^{\prime }-\boldsymbol {y}\|^2}.\label {ineq_Omega_sub_y}\end {align}


\begin {align}V_O(t) \leq &~ e^{-c_3(t-t_a)} V_O(t_a)+ \mu _2^2 \int _{t_a}^{t} \big (2\epsilon ^2+ {2\|\boldsymbol {\Omega }^{\prime }(\tau )-\boldsymbol {y}(\tau )\|^2}\big ) e^{-c_3(t-\tau )} d\tau \notag \\ \leq &~ e^{-c_3(t-t_a)} V_O(t_a)+c_4 \int _{t_a}^{t} {\|\boldsymbol {\Omega }^{\prime }(\tau )-\boldsymbol {y}(\tau )\|^2} e^{-c_3(t-\tau )} d\tau +c_5,\label {V_Omeag_Phi_third}\end {align}


$c_4=2\mu _2^2$


$c_5=\dfrac {2\mu _2^2\epsilon ^2}{c_3}$


$\boldsymbol {\Omega }(t)$


$\boldsymbol {\Omega }(t)$


$\boldsymbol {\Omega }'(t)$


$\|\boldsymbol {\Omega }'(t) - \boldsymbol {y}(t)\|$


\begin {equation}\label {Local State Observer system} \begin {cases} \dot {\hat {x}}_{i,{r}} = \hat {\theta }_{i,r}{\psi _{i,r}(\boldsymbol {\hat {\bar {x}}_{i,r}})} + \hat {x}_{i,r+1} + {\xi _{i,r}}(y_i - \hat {y}_i),~r = 1,\ldots ,m-1, \\ \dot {\hat {x}}_{i,m} = \hat {\theta }_{i,m} \psi _{i,m}({\boldsymbol {\hat {\bar {x}}_{i,m}}}) + u_i + \xi _{i,m}(y_i - \hat {y}_i)\\ \hat {y}_i = \hat {x}_{i,1}, ~i = 1,\ldots , N \end {cases},\end {equation}


$\boldsymbol {\hat {\bar {x}}_{i,k}} = {\textrm {col}}(\hat {x}_{i,1},\ldots , \hat {x}_{i,k}) \in \mathbb {R}^k$


$k=1,\ldots ,m$


$\hat {y}_i \in \mathbb {R}$


$i$


$\hat {\theta }_{i,k} \in \mathbb {R}~(\text {for}~k=1,\ldots , m)$


$\theta _{i,k}$


$\xi _{i,k} \in \mathbb {R}~(\text {for}~k=1,\ldots , m)$


$\tilde {e}_{i,r} = x_{i,r} - \hat {x}_{i,r}~(\text {for}~r=1,\ldots , m-1)$


$\tilde {e}_{i,m} = x_{i,m} - \hat {x}_{i,m}$


\begin {equation}\label {fuzzy error system} \begin {cases} \begin {aligned} \dot {\tilde {e}}_{i,r} = \tilde {e}_{i,r+1} + \Delta f_{i,r} + h_{i,r} - \xi _{i,r} \tilde {e}_{i,1} \end {aligned} \\ \begin {aligned} \dot {\tilde {e}}_{i,m} = \Delta f_{i,m} + h_{i,m} - \xi _{i,m} \tilde {e}_{i,1}, \end {aligned} \end {cases}\end {equation}


$~\Delta f_{i,k} = \theta _{i,k} \left ( \psi _{i,k}(\boldsymbol {\bar {x}_{i,k}}) - \psi _{i,k}(\boldsymbol {\hat {\bar {x}}_{i,k}}) \right ) \in \mathbb {R}$


$h_{i,k} = \tilde {\theta }_{i,k} \psi _{i,k}(\boldsymbol {\hat {\bar {x}}_{i,k}}) \in \mathbb {R}$


$\tilde {\theta }_{i,k} = \theta _{i,k} - \hat {\theta }_{i,k} \in \mathbb {R}~(\text {for}~k=1,\ldots , m)$


$\boldsymbol {\tilde {e}_i} =\boldsymbol {\bar {x}_{i,m}} -\boldsymbol {\hat {\bar {x}}_{i,m}}={\textrm {col}}(\tilde {e}_{i,1},\ldots ,\tilde {e}_{i,m}) \in \mathbb {R}^m,~\boldsymbol {\theta _{i}}={\textrm {col}}(\theta _{i,1},\ldots ,\theta _{i,m}) \in \mathbb {R}^m,~\boldsymbol {\hat {\theta }_{i}}={\textrm {col}}(\hat {\theta }_{i,1},\ldots , \hat {\theta }_{i,m})\in \mathbb {R}^m,~\boldsymbol {\tilde {\theta }_{i}} = \boldsymbol {\theta _{i}}-\boldsymbol {\hat {\theta }_{i}}={\textrm {col}}(\tilde {\theta }_{i,1},\ldots ,\tilde {\theta }_{i,m})\in \mathbb {R}^m,~ \Delta \boldsymbol {f_i} ={\textrm {col}}(\Delta f_{i,1},\ldots , \Delta f_{i,m})\in \mathbb {R}^m~\text {with}~\| \Delta \boldsymbol {f_i}\| \leq \bar {f}$


$\bar {f}$


$\boldsymbol {h_i} ={\textrm {col}}(h_{i,1},\ldots , h_{i,m}) \in \mathbb {R}^m,~\text {and}~\boldsymbol {\psi _{i}}(\boldsymbol {\hat {\bar {x}}_{i,m}})={\textrm {col}}\big (\psi _{i,1}(\hat {x}_{i,1}),~\cdots ,~\psi _{i,m}(\boldsymbol {\hat {\bar {x}}_{i,m}})\big ) \in \mathbb {R}^m$


$\| \boldsymbol {\psi _{i}}(\cdot )\| \leq \bar {\psi }$


$\bar {\psi }$


\begin {equation}\label {observer error} \boldsymbol {\dot {\tilde {e}}_{i}} = A_i \boldsymbol {\tilde {e}_{i}} + \Delta \boldsymbol {f_i} + \boldsymbol {h_i},\end {equation}


$A_i = \begin {bmatrix} -\xi _{i,1} & & & \\ \vdots & & I_{(m-1)} & \\ -\xi _{i,m-1} & & & \\ -\xi _{i,m} & & \boldsymbol {0_{(m-1)}}^{T} & \end {bmatrix} \in \mathbb {R}^{m \times m}$


$\xi _{i,1},~\cdots ,~\xi _{i,m}$


$P_i$


$Q_i$


\begin {equation*}A_i^{T} P_i + P_i A_i = -Q_i.\end {equation*}


\begin {align}\label {control laws} \dot {\hat {\theta }}_{i,k}=-\tau _{i,k} \hat {\theta }_{i,k} + \psi _{i,k}(\boldsymbol {\hat {\bar {x}}_{i,k}}) \tilde {e}_{i,1},\end {align}


$\tau _{i,k}>0~(\text {for}~k=1,\ldots , m)$


\begin {equation}\label {compact control laws} \boldsymbol {\dot {\hat {\theta }}_{i}}=-T_i \boldsymbol {\hat {\theta }_i }+\boldsymbol {\psi _{i}}(\boldsymbol {\hat {\bar {x}}_{i,m}}) \tilde {e}_{i,1},\end {equation}


$T_{i}={\textrm {diag}}\{\tau _{i,1},~\cdots ,~\tau _{i,m}\} \in \mathbb {R}^{m \times m}$


$\boldsymbol {\tilde {\theta }_{i}} = \boldsymbol {\theta _{i}}-\boldsymbol {\hat {\theta }_{i}}$


\begin {equation}\label {dot_tilde_theta} \boldsymbol {\dot {\tilde {\theta }}_{i}}=T_i \boldsymbol {\hat {\theta }_i }- \boldsymbol {\psi _{i}}(\boldsymbol {\hat {\bar {x}}_{i,m}}) \tilde {e}_{i,1}.\end {equation}


\begin {equation}\label {V_observer} V_{i,E}=\frac {1}{2}\boldsymbol {\tilde {e}_i}^{T}P_i\boldsymbol {\tilde {e}_i} + \frac {1}{2}\boldsymbol {}\boldsymbol {\tilde {\theta }_i}^{T} \boldsymbol {\tilde {\theta }_i}.\end {equation}


\begin {align}\dot {V}_{i,E} &=-\frac {1}{2}\boldsymbol {\tilde {e}_i}^{T}Q_i\boldsymbol {\tilde {e}_i}+\boldsymbol {\tilde {e}_i}^{T}P_i(\Delta \boldsymbol {f_i}+\boldsymbol {h_i}) + \boldsymbol {\tilde {\theta }_{i}}^{T} \left (T_i \boldsymbol {\hat {\theta }_i }- \boldsymbol {\psi _{i}}(\boldsymbol {\hat {\bar {x}}_{i,m}}) \tilde {e}_{i,1} \right ) \notag \\ &= -\frac {1}{2}\boldsymbol {\tilde {e}_i}^{T}Q_i\boldsymbol {\tilde {e}_i}+\boldsymbol {\tilde {e}_i}^{T}P_i\Delta \boldsymbol {f_i}+\boldsymbol {\tilde {e}_i}^{T} P_i \boldsymbol {h_i} + \boldsymbol {\tilde {\theta }_{i}}^{T} T_i \boldsymbol {\hat {\theta }_i }-\boldsymbol {\tilde {\theta }_{i}}^{T} \boldsymbol {\psi _{i}}(\boldsymbol {\hat {\bar {x}}_{i,m}}) \tilde {e}_{i,1}.\label {Dot_V_observer}\end {align}


\begin {align}& \boldsymbol {\tilde {e}_i}^{T}P_i\Delta \boldsymbol {f_i} \leq {\frac {\|P_i\|^2 \|\boldsymbol {\tilde {e}_i}\|^2}{2} + \frac {\|\Delta \boldsymbol {f_i}\| ^2}{2}} \leq \frac {\|P_i\|^2 \|\boldsymbol {\tilde {e}_i}\|^2 }{2} + \frac {\bar {f}^2}{2}\label {Ve ineq:begin},\\ & \boldsymbol {\tilde {e}_i}^{T}P_i \boldsymbol {h_i} \leq {\frac {\|P_i\|^2 \|\boldsymbol {\tilde {e}_i}\|^2}{2} + \frac {\|\boldsymbol {h_i}\|^2}{2} } \leq \frac {\|P_i\|^2 \|\boldsymbol {\tilde {e}_i}\|^2}{2} + {\frac {\bar {\psi }^2\|\boldsymbol {\tilde {\theta }_i}\|^2}{2}},\label {autoeq:8}\\ & \boldsymbol {\tilde {\theta }_{i}}^{T} T_i \boldsymbol {\hat {\theta }_i }= \boldsymbol {\tilde {\theta }_{i}}^{T} T_i (\boldsymbol {\theta _i} - \boldsymbol {\tilde {\theta }_i}) \leq \frac {\|\boldsymbol {\tilde {\theta }_i}\|^2}{2}+\frac {\|T_i\|^2 \|\boldsymbol {\theta _i}\|^2}{2}-\lambda _{\min }(T_i) \|\boldsymbol {\tilde {\theta }_i}\|^2,\label {autoeq:9}\\ & \boldsymbol {\tilde {\theta }_{i}}^{T} \boldsymbol {\psi _{i}}(\boldsymbol {\hat {\bar {x}}_{i,m}}) \tilde {e}_{i,1} \leq \frac {\bar {\psi }^2 \|\boldsymbol {\tilde {\theta }_{i}}\|^2}{2} + \frac {\|\boldsymbol {\tilde {e}_i}\|^2}{2}. \label {Ve ineq:end}\end {align}


\begin {align}& \boldsymbol {\tilde {e}_i}^{T}P_i\Delta \boldsymbol {f_i} \leq {\frac {\|P_i\|^2 \|\boldsymbol {\tilde {e}_i}\|^2}{2} + \frac {\|\Delta \boldsymbol {f_i}\| ^2}{2}} \leq \frac {\|P_i\|^2 \|\boldsymbol {\tilde {e}_i}\|^2 }{2} + \frac {\bar {f}^2}{2}\label {Ve ineq:begin},\\ & \boldsymbol {\tilde {e}_i}^{T}P_i \boldsymbol {h_i} \leq {\frac {\|P_i\|^2 \|\boldsymbol {\tilde {e}_i}\|^2}{2} + \frac {\|\boldsymbol {h_i}\|^2}{2} } \leq \frac {\|P_i\|^2 \|\boldsymbol {\tilde {e}_i}\|^2}{2} + {\frac {\bar {\psi }^2\|\boldsymbol {\tilde {\theta }_i}\|^2}{2}},\label {autoeq:8}\\ & \boldsymbol {\tilde {\theta }_{i}}^{T} T_i \boldsymbol {\hat {\theta }_i }= \boldsymbol {\tilde {\theta }_{i}}^{T} T_i (\boldsymbol {\theta _i} - \boldsymbol {\tilde {\theta }_i}) \leq \frac {\|\boldsymbol {\tilde {\theta }_i}\|^2}{2}+\frac {\|T_i\|^2 \|\boldsymbol {\theta _i}\|^2}{2}-\lambda _{\min }(T_i) \|\boldsymbol {\tilde {\theta }_i}\|^2,\label {autoeq:9}\\ & \boldsymbol {\tilde {\theta }_{i}}^{T} \boldsymbol {\psi _{i}}(\boldsymbol {\hat {\bar {x}}_{i,m}}) \tilde {e}_{i,1} \leq \frac {\bar {\psi }^2 \|\boldsymbol {\tilde {\theta }_{i}}\|^2}{2} + \frac {\|\boldsymbol {\tilde {e}_i}\|^2}{2}. \label {Ve ineq:end}\end {align}


\begin {align}& \boldsymbol {\tilde {e}_i}^{T}P_i\Delta \boldsymbol {f_i} \leq {\frac {\|P_i\|^2 \|\boldsymbol {\tilde {e}_i}\|^2}{2} + \frac {\|\Delta \boldsymbol {f_i}\| ^2}{2}} \leq \frac {\|P_i\|^2 \|\boldsymbol {\tilde {e}_i}\|^2 }{2} + \frac {\bar {f}^2}{2}\label {Ve ineq:begin},\\ & \boldsymbol {\tilde {e}_i}^{T}P_i \boldsymbol {h_i} \leq {\frac {\|P_i\|^2 \|\boldsymbol {\tilde {e}_i}\|^2}{2} + \frac {\|\boldsymbol {h_i}\|^2}{2} } \leq \frac {\|P_i\|^2 \|\boldsymbol {\tilde {e}_i}\|^2}{2} + {\frac {\bar {\psi }^2\|\boldsymbol {\tilde {\theta }_i}\|^2}{2}},\label {autoeq:8}\\ & \boldsymbol {\tilde {\theta }_{i}}^{T} T_i \boldsymbol {\hat {\theta }_i }= \boldsymbol {\tilde {\theta }_{i}}^{T} T_i (\boldsymbol {\theta _i} - \boldsymbol {\tilde {\theta }_i}) \leq \frac {\|\boldsymbol {\tilde {\theta }_i}\|^2}{2}+\frac {\|T_i\|^2 \|\boldsymbol {\theta _i}\|^2}{2}-\lambda _{\min }(T_i) \|\boldsymbol {\tilde {\theta }_i}\|^2,\label {autoeq:9}\\ & \boldsymbol {\tilde {\theta }_{i}}^{T} \boldsymbol {\psi _{i}}(\boldsymbol {\hat {\bar {x}}_{i,m}}) \tilde {e}_{i,1} \leq \frac {\bar {\psi }^2 \|\boldsymbol {\tilde {\theta }_{i}}\|^2}{2} + \frac {\|\boldsymbol {\tilde {e}_i}\|^2}{2}. \label {Ve ineq:end}\end {align}


\begin {align}& \boldsymbol {\tilde {e}_i}^{T}P_i\Delta \boldsymbol {f_i} \leq {\frac {\|P_i\|^2 \|\boldsymbol {\tilde {e}_i}\|^2}{2} + \frac {\|\Delta \boldsymbol {f_i}\| ^2}{2}} \leq \frac {\|P_i\|^2 \|\boldsymbol {\tilde {e}_i}\|^2 }{2} + \frac {\bar {f}^2}{2}\label {Ve ineq:begin},\\ & \boldsymbol {\tilde {e}_i}^{T}P_i \boldsymbol {h_i} \leq {\frac {\|P_i\|^2 \|\boldsymbol {\tilde {e}_i}\|^2}{2} + \frac {\|\boldsymbol {h_i}\|^2}{2} } \leq \frac {\|P_i\|^2 \|\boldsymbol {\tilde {e}_i}\|^2}{2} + {\frac {\bar {\psi }^2\|\boldsymbol {\tilde {\theta }_i}\|^2}{2}},\label {autoeq:8}\\ & \boldsymbol {\tilde {\theta }_{i}}^{T} T_i \boldsymbol {\hat {\theta }_i }= \boldsymbol {\tilde {\theta }_{i}}^{T} T_i (\boldsymbol {\theta _i} - \boldsymbol {\tilde {\theta }_i}) \leq \frac {\|\boldsymbol {\tilde {\theta }_i}\|^2}{2}+\frac {\|T_i\|^2 \|\boldsymbol {\theta _i}\|^2}{2}-\lambda _{\min }(T_i) \|\boldsymbol {\tilde {\theta }_i}\|^2,\label {autoeq:9}\\ & \boldsymbol {\tilde {\theta }_{i}}^{T} \boldsymbol {\psi _{i}}(\boldsymbol {\hat {\bar {x}}_{i,m}}) \tilde {e}_{i,1} \leq \frac {\bar {\psi }^2 \|\boldsymbol {\tilde {\theta }_{i}}\|^2}{2} + \frac {\|\boldsymbol {\tilde {e}_i}\|^2}{2}. \label {Ve ineq:end}\end {align}


$\rho _{i,1}=\min \left \{\dfrac {\lambda _{\min }(Q_i)-2\|P_i\|^2- 1} {\|P_i\|},\right .\break {}\left .2\lambda _{\min }(T_i)-2\bar {\psi }^2-1\right \},~\rho _{i,2}=\dfrac {\bar {f}^2}{2}+\dfrac {\|T_i\|^2 \|\boldsymbol {\theta _i}\|^2}{2}$


\begin {align}\label {Ve second} \begin {aligned} \dot {V}_{i,E}& \leq -\frac {\lambda _{\min } (Q_i) \|\boldsymbol {\tilde {e}_i}\|^2}{2}+\frac {\|P_i\|^2 \|\boldsymbol {\tilde {e}_i}\|^2}{2} + \frac {\bar {f}^2}{2} + \frac {\|P_i\|^2 \|\boldsymbol {\tilde {e}_i}\|^2}{2} + \frac {\bar {\psi }^2\|\boldsymbol {\tilde {\theta }_i}\|^2}{2} \\ &~~~~~+\frac {\|\boldsymbol {\tilde {\theta }_i}\|^2}{2}+\frac {\|T_i\|^2 \|\boldsymbol {\theta _i}\|^2}{2} -\lambda _{\min }(T_i) \|\boldsymbol {\tilde {\theta }_i}\|^2 + \frac {\bar {\psi }^2 \|\boldsymbol {\tilde {\theta }_{i}}\|^2}{2} + \frac {\|\boldsymbol {\tilde {e}_i}\|^2}{2},\\ & \leq -\bigg (\frac {\lambda _{\min }(Q_i)-2\|P_i\|^2-1}{2}\bigg ) \|\boldsymbol {\tilde {e}_i}\|^2 -\left ( \frac {2\lambda _{\min }(T_i)-2\bar {\psi }^2-1}{2}\right ) \|\boldsymbol {\tilde {\theta }_i}\|^2\\ &\quad + \frac {\bar {f}^2}{2}+\frac {\|T_i\|^2 \|\boldsymbol {\theta _i}\|^2}{2}\\ & \leq -\rho _{i,1} V_{i,E}+\rho _{i,2}, \end {aligned}\end {align}


\begin {equation}\label {Ve_third} V_{i,E}(t) \leq V_{i,E}(0)e^{-\rho _{i,1}t}+\frac {\rho _{i,2}}{\rho _{i,1}}(1-e^{- \rho _{i,1}t}).\end {equation}


$V_{i,E}$


$\lim _{t \to \infty } V_{i,E}(t) \leq \dfrac {\rho _{i,2}}{\rho _{i,1}}$


$i=1,\ldots ,N$


$\boldsymbol {\tilde {e}_i}$


$\boldsymbol {\tilde {\theta }_i}$


$\boldsymbol {\bar {x}_{i,m}}$


$\boldsymbol {\tilde {e}_i} = \boldsymbol {\bar {x}_{i,m}} - \boldsymbol {\hat {\bar {x}}_{i,m}}$


$\boldsymbol {\hat {\bar {x}}_{i,m}}$


$\boldsymbol {\tilde {\theta }_{i}} = \boldsymbol {\theta _{i}} - \boldsymbol {\hat {\theta }_{i}}$


$\boldsymbol {\theta _i}$


$\boldsymbol {\hat {\theta }_{i}}$


$\xi _{i,1},\ldots , \xi _{i,m}$


$A_i$


$\boldsymbol {\tilde {e}_i}$


$\boldsymbol {\tilde {\theta }_i}$


$\lambda _{\min }(Q_i)$


$\lambda _{\min }(T_i)$


$\xi _{i,1},\ldots , \xi _{i,m}$


$\lambda _{\min }(Q_i)$


$\tau _{i,1},\ldots , \tau _{i,m}$


$\lambda _{\min }(T_i)$


$\xi _{i,1},\ldots , \xi _{i,m}$


$\tau _{i,1},\ldots , \tau _{i,m}$


$i$


$(\text {for}~i=1,\ldots ,N)$


\begin {equation}\label {error coordinates} z_{i,k} = \sum _{j=1}^{N} a_{ij} (\hat {x}_{i,k} - \hat {x}_{j,k}) + b_i (\hat {x}_{i,k} - \Omega ^{\prime (k-1)}_{i}), \quad k = 1,\ldots ,m,\end {equation}


$b_i > 0,$


$z_{i,1}$


$s_i$


\begin {equation}\label {slide mode surface}s_i=z_{i,m}+\int _{0}^{t}\left (\sum _{k=1}^{m} z_{i,k} \right ){\textrm {d}}\tau .\end {equation}


\begin {align}\dot {s}_{i}&=\dot {z}_{i,m}+\sum _{k=1}^{m} z_{i,k} \notag \\ &=\sum _{j=1}^{N} a_{ij} (\dot {\hat {x}}_{i,m} - \dot {\hat {x}}_{j,m}) + b_i (\dot {\hat {x}}_{i,m} - \Omega ^{\prime (m)}_{i})+\sum _{k=1}^{m}z_{i,k} \notag \\ &=\varrho _i\dot {\hat {x}}_{i,m}-\sum _{j=1}^{N} a_{ij}\dot {\hat {x}}_{j,m} - b_i \Omega ^{\prime (m)}_{i}+\sum _{k=1}^{m}z_{i,k} \notag \\ &=\varrho _i\bigg [\hat {\theta }_{i,m} \psi _{i,m}(\boldsymbol {\hat {\bar {x}}_{i,m}}) + u_i + \xi _{i,m}\tilde {e}_{i,1}\bigg ] - \sum _{j=1}^{N} a_{ij}\dot {\hat {x}}_{j,m} - b_i \Omega ^{\prime (m)}_{i}+\sum _{k=1}^{m}z_{i,k},\label {dot_sms}\end {align}


$\varrho _i=\sum _{j=1}^{N} a_{ij}+b_i.$


$u_i$


\begin {equation}\label {distributed slide controller} \begin {aligned} u_i&=-s_i - \hat {\theta }_{i,m} \psi _{i,m}(\boldsymbol {\hat {\bar {x}}_{i,m}}) - \xi _{i,m}\tilde {e}_{i,1}+\frac {1}{\varrho _i}\biggl (\sum _{j=1}^{N} a_{ij}\dot {\hat {x}}_{j,m}+ b_i \Omega ^{\prime (m)}_{i} -\sum _{k=1}^{m}z_{i,k} \biggl ). \end {aligned}\end {equation}


\begin {align}\label {slide mode surface_1} \dot {s}_{i}&=-\varrho _i s_i.\end {align}


\begin {equation}\label {V_si} V_{i,C}= \frac {1}{2}s_i^2.\end {equation}


\begin {equation}\label {dot_V_si_first} \begin {aligned} \dot {V}_{i,C} = s_i \dot {s}_i = - \varrho _i s_i^2 \leq -\varrho _i V_{i,C}. \end {aligned}\end {equation}


\begin {align}\label {V_si_second} V_{i,C}(t) \leq V_{i,C}(0) e^{-\varrho _i t}.\end {align}


$V_{i,C}$


$V_{i,C}(t) \leq V_{i,C}(0)$


$t \geq 0$


$s_i = 0$


$i = 1,\ldots , N$


$s_i$


$z_{i,1},\ldots , z_{i,m}$


$z_{i,1}$


$u_i$


$\Omega _i'$


$s_i$


$\varrho _i$


$b_i$


$\varrho _i$


$s_i$


$O(m)$


$O(1)$


$\boldsymbol {\Omega }(t)$


$\boldsymbol {\Omega }^*$


$\boldsymbol {y} = {\textrm {col}}(y_1,\ldots , y_N) \in \mathbb {R}^N$


$\boldsymbol {\hat {y}} = {\textrm {col}}(\hat {y}_1,\ldots , \hat {y}_N) \in \mathbb {R}^N$


$\boldsymbol {\tilde {e}_1} = \boldsymbol {y} - \boldsymbol {\hat {y}} \in \mathbb {R}^N$


$\|\boldsymbol {\tilde {e}_1}\|$


$\|\boldsymbol {\tilde {e}_1}\| \leq \sum _{i=1}^N \left (V_{i,E}(0) + \dfrac {\rho _{i,2}}{\rho _{i,1}}\right )$


$\|\boldsymbol {\Omega }^{\prime } - \boldsymbol {\hat {y}}\| \leq \sum _{i=1}^N V_{i,C}(0)$


\begin {align}\label {bar_epsilion} \|\boldsymbol {\Omega }^\prime -\boldsymbol {y}\|^2= \|\boldsymbol {\Omega }^{\prime }-(\boldsymbol {\hat {y}}+\boldsymbol {\tilde {e}_{1})}\|^2 \leq \|\boldsymbol {\Omega }^{\prime }-\boldsymbol {\hat {y}}\|^2+\|\boldsymbol {\tilde {e}_{1}} \|^2 \leq \bar {\epsilon },\end {align}


$\bar {\epsilon } = {\bigg (\sum _{i=1}^N \left (V_{i,E}(0) + \frac {\rho _{i,2}}{\rho _{i,1}}\right )\bigg )}^2 + {\left ( \sum _{i=1}^N V_{i,C}(0) \right )}^2$


\begin {align}V_O(t) \leq &~ e^{-c_3(t-t_a)} V_O(t_a)+c_4 \bar {\epsilon } \int _{t_a}^{t} e^{-c_3(t-\tau )} d\tau +c_5\notag \\ \leq &~e^{-c_3(t-t_a)} V_O(t_a)+\frac {c_4 \bar {\epsilon }+c_3c_5}{c_3},~ \forall t>t_a\label {V_Omeag_Phi_last}\end {align}


$\boldsymbol {\Omega }$


$\boldsymbol {\Omega }^*$


$c_3$


$c_3$


$\tilde {\boldsymbol {\Omega }}$


$c_3 = c_1 - \varpi (c_1 + c_2)$


$c_1$


$c_2$


$c_3$


$c_1$


$\alpha $


$\beta $


$\beta $


$c_2$


$c_3$


$\alpha $


$\beta $


$V=V_O+V_{E}+V_{C}$


$V_{E}=\sum _{i=1}^{N}V_{i,E}$


$V_{C}=\sum _{i=1}^{N} V_{i,C}$


$V$


\begin {align}\dot {V}&=\dot {V}_O + \sum _{i=1}^{N} (\dot {V}_{i,E}+\dot {V}_{i,C})\notag \\ &\leq \dot {V}_O +\sum _{i=1}^{N} \left (-\rho _{i,1} V_{i,E}+\rho _{i,2} \right ) + \sum _{i=1}^{N} -\varrho _i V_{i,C}\notag \\ &\leq \dot {V}_O -\rho _1 V_{E} + \rho _2 - \varrho V_{C},\label {autoeq:12}\end {align}


$\rho _1=\min \{\rho _{i,1}\},~\rho _2=\sum _{i=1}^{N} \rho _{i,2},$


$\varrho =\min \{\varrho _{i}\}$


\begin {align}V(t) & \leq V_O(0) e^{-c_3 t} +\frac {c_4 \bar {\epsilon }+c_3c_5}{c_3} + V_{E}(0)e^{-\rho _{1}t}+\frac {\rho _{2}}{\rho _{1}}(1-e^{- \rho _{1} t}) + V_{C}(0) e^{-\varrho t} \notag \\ &\leq V(0) e^{-\Upsilon _1 t} + \Upsilon _2,\label {all_V}\end {align}


$\Upsilon _1=\min \{c_3,~\rho _1,~ \varrho \}$


$\Upsilon _2=\dfrac {c_4 \bar {\epsilon }+c_3c_5}{c_3}+\dfrac {\rho _2}{\rho _1}$


$\Upsilon _1$


$\Upsilon _2$


$\alpha , \xi _{i,1},\ldots , \xi _{i,m}$


$b_i$


$\Upsilon _1$


$\Upsilon _2$


$\beta $


$\tau _{i,1},\ldots , \tau _{i,m}$


$\Upsilon _1$


$\Upsilon _2$


$\boldsymbol {\tilde {e}_i}$


$\boldsymbol {\tilde {\theta }_{i}}$


$\boldsymbol {\bar {x}_{i,m}}$


$\boldsymbol {\theta _i}$


$\boldsymbol {\hat {\theta }_i }$


$\boldsymbol {\hat {\bar {x}}_{i,m}}$


$z_{i,1},\ldots , z_{i,m}$


$s_i$


$V_O$


$V_O$


$\widetilde {\boldsymbol {\Omega }}$


$\widetilde {\boldsymbol {\Phi }}$


$\boldsymbol {\Omega }^*$


$\boldsymbol {\Phi }^*$


$\boldsymbol {\Omega }$


$\boldsymbol {\Phi }$


$\widetilde {\boldsymbol {\Omega }} = \boldsymbol {\Omega } - \boldsymbol {\Omega }^*$


$\widetilde {\boldsymbol {\Phi }} = \boldsymbol {\Phi } - \boldsymbol {\Phi }^*$


$\boldsymbol {\hat {\bar {x}}_{i,m}}$


$\boldsymbol {\hat {\theta }_{i}}$


$\tilde {e}_{i,1}$


$\Omega _i^\prime $


$s_i$


$A$


$L$


\begin {equation*}A = \begin {bmatrix} 0 & 1 & 0 & 1 \\ 1 & 0 & 1 & 0 \\ 0 & 1 & 0 & 1 \\ 1 & 0 & 1 & 0 \end {bmatrix},~ L = \begin {bmatrix} 2 & -1 & 0 & -1 \\ -1 & 2 & -1 & 0 \\ 0 & -1 & 2 & -1 \\ -1 & 0 & -1 & 2 \end {bmatrix}.\end {equation*}


\begin {align*}\begin {cases} \dot {x}_{i,1}=x_{i,2}\\[3pt] \dot {x}_{i,2}=-\dfrac {C_A\sin (x_{i,2}^2)+mg\epsilon }{m}+\dfrac {u_i}{m}\\[3pt] y_{i}=x_{i,1},~i=1,2,3,4 \end {cases},\end {align*}


$x_{i,1},~x_{i,2},$


$u_i$


$C_A = 0.41$


$\epsilon = 0.01$


$m = 1841 \text {kg}$


$g = 9.8 \text {m/s}^2$


$\mathcal {J}_i(y_i)={\big (y_i-y_i(0)\big )}^2$


$\mu _1=\mu _2=2$


$[0.4,1.4)\cup [2.2,3.2)\cup [5.2,6.2)\cup [8.7,9.7)\cup [13.6,14.6)\cup [17.8,18.8)$


$\iota =0.01,~\alpha =5,~\beta =2$


$\xi _{1,1}=\xi _{2,1}=\xi _{3,1}=\xi _{4,1}=6, ~\xi _{1,2}=$


$\xi _{2,2}=\xi _{3,2}=\xi _{4,2}=6, ~T_1=T_2=T_3=T_4=I_{2}.$


$b_1=b_2=b_3=b_4=3.$


$\Omega _1(0)=\Omega _1^\prime (0)=1,~\Omega _2(0)=\Omega _2^\prime (0)=2,~\Omega _3(0)=\Omega _3^\prime (0)=3,~\Omega _4(0)=\Omega _4^\prime (0)=4,~\Phi _1(0)=\Phi _2(0)=\Phi _3(0)=\Phi _4(0)=0,~x_{1,1}(0)=1,~x_{2,1}(0)=2,~x_{3,1}(0)=3,~x_{4,1}(0)=4,~y^*=2.5,~x_{1,2}(0)=x_{2,2}(0)=x_{3,2}(0)=x_{4,2}(0)=0,~\hat {x}_{1,1}(0)=2,~\hat {x}_{2,1}(0)=3,~\hat {x}_{3,1}(0)=4,\break {} \hat {x}_{4,1}(0)=5,\hat {x}_{1,2}(0)=\hat {x}_{2,2}(0)=\hat {x}_{3,2}(0)=\hat {x}_{4,2}(0)=0,~\hat {\theta }_1(0)=\hat {\theta }_2(0)=\hat {\theta }_3(0)=\hat {\theta }_4(0)=0.$


$\Omega _i$


$\dot {\Omega }_i$


$\dot {\Omega }_i^{\prime }$


$\ddot {\Omega }_i^{\prime }$


$\hat {\theta }_i$


$\Omega _i$


$\dot {\Omega }_i$


$\dot {\Omega }_i^{\prime }$


$\ddot {\Omega }_i^{\prime }$


$\tilde {e}_{i,1}$


$\hat {\theta }_i$


$z_{i,1}$


$t = 8\text {s}$


$y^* = 2.5$


$\mathcal {O}(1)$


$\mathcal {O}(m)$


$\varrho _i$


$\nu _{i,1},\ldots ,\nu _{i,m}$


$t=8\text {s}$


$3\text {s}$


$t=12\text {s}$


$4\text {s}$


$y_i$


$y_i$


\begin {equation*}\dot {T}_{in}^i = \frac {Q_{in}^i + c_{wi} A_{wi}(T_{\text {out}} - T_{in}^i) + c_{wa} A_{wa}(T_{\text {wall}} - T_{in}^i)}{c_p m_{\text {air}}} + \frac {A_d u_i}{m_{\text {air}}}.\end {equation*}


$T_{in}^i$


$i$


$T_{in}^1=28,~T_{in}^2=34,~T_{in}^3=30,~T_{in}^4=31~^{\circ }\textrm {C}$


$T_{d}^i$


$i$


$T_{d}^1=23,~T_{d}^2=24,~T_{d}^3=26,~T_{d}^4=27~^{\circ }\textrm {C}$


$Q_{in}^i$


$i$


$Q_{in}^1=200,~Q_{in}^2=400,~Q_{in}^3=200,~Q_{in}^4=600\textrm {W}$


$c_{wi}$


$A_{wi}$


${9}~{\text {m}^2}$


$T_{out}$


$38~^{\circ }\textrm {C}$


$c_{wa}$


$A_{wa}$


${54}~{\text {m}^2}$


$T_{wall}$


$^\circ \textrm {C}$


$c_p$


$m_{air}$


$A_d$


${2}~{\text {m}^2}$


$u_i$


$\mathcal {J}_i(T_{in}^i) = 0.001{(T_{in}^i- T_{d}^i)}^2$


$\mu _1 = \mu _2 = 0.002$


$T_{in}^* = 25~^{\circ }\textrm {C}$


$[100,300) \cup [800,1000)\elspagebreak \cup [1700,1900) \cup [2100,2300) \cup [2500,2700) \cup [3000,3200)$


$25~^{\circ }\textrm {C}$


$t = 2400s$


$u_i$


$0.8~\textrm {m}~\textrm {s}^{-1}$


$T_i$


$u_i$
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[13–21]. The sliding surfaces were designed to accelerate the consensus 

convergence of second-order MASs [13,14]. The studies [15,16] im­

plemented high-order SMCs for nonlinear MASs. Adaptive high-order 

SMCs were introduced to handle nonlinear MASs with unknown dynam­

ics [17–19]. However, the aforementioned methods require full state 

information—a condition that is impractical to satisfy in real-world 

scenarios due to sensor limitations, cost constraints, or environmental 

disturbances. To address this limitation, researchers employed adaptive 

state observers to estimate unmeasurable states in uncertain nonlin­

ear MASs [20,21]. While these methods ensure theoretical stabilization, 

they fail to address the cooperative optimal consensus control problem 

for uncertain nonlinear MASs.

Cooperative optimization control necessitates a balance between re­

source overhead and system performance. To achieve this trade-off, 

two core objectives must be fulfilled: consensus control and the genera­

tion of optimal reference signals. Extensive research has been dedicated 

to cooperative optimization control [22–31]. In [22], a centralized 

gradient-based optimization algorithm relied on global information to 

derive optimal solutions. Fully distributed optimal consensus controllers 

were designed for nonlinear MASs [23–25]. However, these approaches 

fail to address the optimization problem in MASs with system uncer­

tainties. Consequently, optimization problems subject to uncertainties 

have garnered substantial research attention. Decentralized coordinated 

optimization algorithms for MASs with unknown dynamics were devel­

oped in [26–28]. The research [29] investigated distributed optimiza­

tion for partially observable nonlinear MASs with unknown dynamics. 

Moreover, cooperative protocols for tracking optimal reference sig­

nals under intermittent communication networks were established in 

[30,31]. Notably, output-based distributed optimization for uncertain 

nonlinear MASs under intermittent communication networks remains 

an unresolved open challenge in the field.

Communication instability, induced by distributed denial-of-service 

(DoS) attacks and limited sensor perception ranges, constrains interac­

tions between agents. This has driven significant research on intermit­

tent communication networks [32–39]. For example, output-feedback 

cooperative controllers for linear MASs under intermittent communi­

cation were developed in [32,33], while aperiodic intermittent control 

strategies were proposed for nonlinear MASs in [34,35]. However, set­

ting control inputs to zero during intermittent communication may lead 

to state divergence and degrade consensus convergence efficiency. To 

mitigate this issue, the approaches in [36–38] leveraged historical data 

to preserve consensus during intermittent communication. Nevertheless, 

intermittent communication disrupts the network topology, which in 

turn induces discontinuous derivatives of the optimal consensus refer­

ence signal. As noted previously, control algorithms typically require 

continuous derivatives of reference signals to ensure closed-loop stabil­

ity. Although the Hermite interpolation technique [39] was proposed 

to generate smooth reference signals with continuous derivatives, its 

reliance on the backstepping technique leads to a “computational com­

plexity explosion” as the number of agents or system orders increases. 

Consequently, cooperative optimization using high-order SMCs for MASs 

under intermittent communication remains an unresolved research chal­

lenge.

Motivated by the aforementioned discussion, this research addresses 

the distributed cooperative optimal consensus problem for uncertain 

high-order nonlinear MASs. The principal contributions of this paper 

can be categorized into three aspects.

1. A unified control framework is proposed to achieve optimal 

consensus for nonlinear high-order MASs under the combined 

constraints of intermittent communication, unknown dynamics, 

and state constraints. While existing methods [13–21] are typi­

cally limited to addressing only one or two of these challenges, 

the proposed framework effectively handles all three constraints 

simultaneously, thereby enhancing the system’s robustness and 

expanding its practical applicability.

2. Existing studies [22–29] often suffer from the imprecise con­

vergence to the global minimizer under composite constraints, 

primarily due to issues such as reference signal discontinuity and 

unmeasurable system states. To address this limitation, a three-

layer framework is proposed to decouple the optimal consensus 

problem into three sequential stages: generating a smooth refer­

ence signal, accurately estimating system states, and tracking the 

smooth signal using the estimated states. This layered design not 

only simplifies stability analysis but also ensures that the system 

converges stably in the vicinity of the global minimizer.

3. Compared with the backstepping technique [7–9,39] and the 

practice of zeroing control inputs during communication interrup­

tions [32–35], the proposed high-order SMCs avoid the need for 

iterative computations. More importantly, they enable the MASs 

to accurately track the optimal solution derived from the local 

cost function during intermittent communication. This approach 

not only improves computational efficiency but also enables swift 

recovery of cooperative optimization performance once commu­

nication is restored.

The paper is organized as follows. Section 2 presents the prelimi­

naries and problem formulation. Section 3 addresses the cooperative 

optimization control problem. Section 4 provides a detailed stability 

analysis. Section 5 presents two simulation examples to validate the 

proposed method. Section 6 concludes the paper.

2 . Preliminaries and problem formulation

2.1 . Notations

Define col(𝛼1,… , 𝛼𝑚) = [𝛼𝑇1 ,… , 𝛼𝑇𝑚 ]
𝑇

. Diagonal matrices are denoted 

by diag{𝑑1,… , 𝑑𝑚}. For a matrix 𝑀 ∈ R𝑚×𝑚, 𝜆min(𝑀) represents the 

minimum eigenvalue. The all-zeros and all-ones vectors are 𝟎𝑚 and 𝟏𝑚 ∈
R𝑚, respectively. 𝐼𝑚 ∈ R𝑚×𝑚 is the identity matrix. Euclidean norms 

are denoted by ‖ ⋅ ‖. ∇𝑓  denotes the gradient of 𝑓  for both scalar and 

multivariate functions.

2.2 . Graph theory

The communication topology of the MASs is modeled as an undi­

rected and connected graph 𝐺 = (V , E), where V = {𝑣1, 𝑣2,… , 𝑣𝑁}
represents the set of agents and E ⊆ V × V defines the communica­

tion edges. An edge (𝑣𝑖, 𝑣𝑗 ) ∈ E  indicates that bidirectional information 

exchange occurs between agent 𝑖 and agent 𝑗. The adjacency matrix 

𝐴 = [𝑎𝑖𝑗 ] ∈ R𝑁×𝑁  describes these communication relationships, satis­

fying 𝑎𝑖𝑗 = 𝑎𝑗𝑖 = 1 when connected and 𝑎𝑖𝑗 = 0 otherwise. The degree 

matrix 𝐷 = diag{𝑑1, 𝑑2,… , 𝑑𝑁} is defined such that 𝑑𝑖 =
∑𝑁
𝑗=1 𝑎𝑖𝑗 . The 

Laplacian matrix 𝐿 = 𝐷 − 𝐴 has eigenvalues: 0 = 𝜆1(𝐿) < 𝜆2(𝐿) ≤
𝜆3(𝐿) ≤ ⋯ ≤ 𝜆𝑁 (𝐿). For a connected graph 𝐺, there exists an orthogo­

nal matrix 𝑃 =
[

𝑃1 𝑃2
]

∈ R𝑁×𝑁 , where 𝑃1 = 1
√

𝑁
𝟏𝑵  and 𝑃2 satisfies 

𝑃2Λ−1𝑃 𝑇2 𝐿 = Γ with Λ = diag{𝜆2,… , 𝜆𝑁} and Γ = 𝐼𝑁 − 1
𝑁 𝟏𝑵𝟏𝑇𝑵 . For any 

𝒑 ∈ R𝑁  satisfying 𝟏𝑇𝑵𝒑 = 0, Γ𝒑 =
(

𝐼𝑁 − 1
𝑁 𝟏𝑵𝟏𝑇𝑵

)

𝒑 = 𝒑 holds.

2.3 . Convex analysis

A set C ⊆ R𝑛 is convex if for any two points 𝝑1,𝝑2 ∈ C and ℎ ∈
[0, 1], the convex combination ℎ𝝑1 + (1 − ℎ)𝝑2 still lies in C. A function 

𝑓 ∶ R𝑛 → R is convex if it satisfies the inequality 𝑓 (ℎ𝝑1 + (1 − ℎ)𝝑2) ≤
ℎ𝑓 (𝝑1) + (1 − ℎ)𝑓 (𝝑2) for all 𝝑1,𝝑2 ∈ C and ℎ ∈ [0, 1]. For any differ­

entiable convex function 𝑓 , the first-order convexity condition requires 

that for all 𝝑1,𝝑2 ∈ C, 𝑓 (𝝑1) − 𝑓 (𝝑2) ≥ ∇𝑓 (𝝑2)
𝑇 (𝝑1 − 𝝑2). The function 𝑓

is further classified as 𝜇1-strongly convex (𝜇1 > 0) if it satisfies the en­

hanced curvature condition 
(

∇𝑓 (𝝑1) − ∇𝑓 (𝝑2)
)𝑇 (𝝑1−𝝑2) ≥ 𝜇1‖𝝑1−𝝑2‖2. 

Additionally, the function 𝑓  is called 𝜇2-smooth (𝜇2 > 0) if its gra­

dient is Lipschitz continuous, which means it satisfies the inequality 

‖∇𝑓 (𝝑1) − ∇𝑓 (𝝑2)‖ ≤ 𝜇2‖𝝑1 − 𝝑2‖ for all 𝝑1,𝝑2 ∈ C.
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2.4 . Problem formulation

Consider the dynamics of the 𝑖th agent, which are given by:

⎧

⎪

⎨

⎪

⎩

𝑥̇𝑖,𝑟 = 𝜃𝑖,𝑟𝜓𝑖,𝑟(𝒙̄𝒊,𝒓) + 𝑥𝑖,𝑟+1, 𝑟 = 1,… , 𝑚 − 1
𝑥̇𝑖,𝑚 = 𝜃𝑖,𝑚𝜓𝑖,𝑚(𝒙̄𝒊,𝒎) + 𝑢𝑖
𝑦𝑖 = 𝑥𝑖,1, 𝑖 = 1,… , 𝑁

, (1)

where 𝒙̄𝒊,𝒌 = col{𝑥𝑖,1, 𝑥𝑖,2,… , 𝑥𝑖,𝑘} ∈ R𝑘 (for 𝑘 = 1,… , 𝑚) , 𝑢𝑖 ∈ R, 

and 𝑦𝑖 ∈ R represent the local bounded state vector, control input, 

and output of the 𝑖th agent, respectively. 𝜃𝑖,𝑘 and 𝜓𝑖,𝑘(𝒙̄𝒊,𝒌) ∈ R (for 

𝑘 = 1,… , 𝑚) are unknown constants and known bounded Lipschitz 

continuous functions, respectively.

Problem 1. Intermittent communication restricts information ex­

change in the communication network. The interruption intervals are 

defined as I𝜅 = [I𝑏,𝜅 ,I𝑒,𝜅 ) for 𝜅 ∈ N+, where I𝑏,𝜅  and I𝑒,𝜅  denote 

the start and end times of the 𝜅th interruption, respectively. The set 

of all interruption intervals is I =
⋃

𝜅∈N+
I𝜅 . For any time interval 

[𝑡𝑎, 𝑡𝑏), the time set corresponding to intermittent communication is 

T𝑖 = [𝑡𝑎, 𝑡𝑏) ∩ I, while the time set for normal communication is T𝑛 =
[𝑡𝑎, 𝑡𝑏) ⧵ T𝑖. Consequently, the adjacency matrix becomes time-varying, 

which is given by:

𝑎𝑖𝑗 (𝑡) =

{

1, (𝑣𝑖, 𝑣𝑗 ) ∈ E and 𝑡 ∉ I,
0, otherwise.

Lemma 1  (see [39]). For all 𝑡 ∈ [𝑡𝑎, 𝑡𝑏), if a positive function 𝑉 (𝑡) satisfies 

the following conditions: (1) When 𝑡 ∈ T𝑛, 𝑉̇ (𝑡) < −𝛼1 𝑉 (𝑡) with 𝛼1 > 0; (2) 

When 𝑡 ∈ T𝑖, 𝑉̇ (𝑡) < 𝛼2 𝑉 (𝑡) with 𝛼2 > 0, then the following inequality holds:

𝑉 (𝑡) ≤ 𝑒−𝛼1L(T𝑛)𝑒𝛼2L(T𝑖)𝑉 (0),

where L(T𝑛) and L(T𝑖) denote the durations of normal communication and 

intermittent communication time intervals, respectively.

Assumption 1. For all 𝑡 ∈ [𝑡𝑎, 𝑡𝑏), there exists a constant 𝜛 ∈ (0, 1) such 

that

L(T𝑖) ≤ 𝜛(𝑡𝑏 − 𝑡𝑎),

where L(T𝑖) denotes the duration of intermittent communication within 

[𝑡𝑎, 𝑡𝑏).

Remark 1. This work introduces an intermittent communication model 

characterized by global interruptions during intervals I𝑘. Assumption 1 

guarantees that the influence of intermittent communication remains 

bounded. The coefficient 𝜛 constrains the total interruption duration 

and will be determined in Theorem 1. It is important to note that the 

proposed model serves as a generalized representation of intermittent 

communication. Specifically, event-triggered mechanisms transmit data 

only when state threshold conditions are violated. Such mechanisms can 

be interpreted as a special case of the proposed model, with the inter-

event intervals mapping directly to I𝑘. Similarly, global DoS attacks are 

inherently encapsulated within this model, which are more destructive 

than localized ones. The proposed model provides a concise and general 

framework for analyzing intermittent communication.

Problem 2. Consider the distributed optimization problem where each 

agent has a private convex cost function J𝑖(𝑦𝑖) ∈ R. The objective is 

to enable all agents to cooperatively find the global minimizer 𝑦∗ that 

minimizes the sum of the cost functions J (𝒚) =
∑𝑁
𝑖=1 J𝑖(𝑦𝑖), where 

𝒚 = col{𝑦1,… , 𝑦𝑁}. The distributed cooperative optimization prob­

lem addressed in this paper poses three key challenges: (1) partial 

observability of the system, where only the output 𝑦𝑖 is measurable; (2) 

unknown constants 𝜃𝑖,𝑘 and 𝜃𝑖,𝑚; and (3) intermittent communication. 

These challenges further complicate the design of distributed controllers.

Assumption 2. The private cost function J𝑖(𝑦𝑖) is 𝜇1-strongly convex 

and 𝜇2-smooth, satisfying the following inequalities:

(

∇J𝑖(𝑦𝑖) − ∇J𝑖(𝑦∗)
) (

𝑦𝑖 − 𝑦∗
)

≥ 𝜇1‖𝑦𝑖 − 𝑦∗‖2,

𝑁
∑

𝑖=1

(

∇J𝑖(𝑦𝑖) − ∇J𝑖(𝑦∗)
) (

𝑦𝑖 − 𝑦∗
)

≥ 𝜇1
𝑁
∑

𝑖=1
‖𝑦𝑖 − 𝑦∗‖2,

‖∇J𝑖(𝑦𝑖) − ∇J𝑖(𝑦∗)‖ ≤ 𝜇2‖𝑦𝑖 − 𝑦∗‖,

𝑁
∑

𝑖=1
‖∇J𝑖(𝑦𝑖) − ∇J𝑖(𝑦∗)‖ ≤ 𝜇2

𝑁
∑

𝑖=1
‖𝑦𝑖 − 𝑦∗‖,

where 𝜇1 > 0, 𝜇2 > 0.

Remark 2. Assumption 2 guarantees the strong convexity and smooth­

ness of the aggregate cost function J (𝒚), ensuring the existence and 

uniqueness of the global minimizer 𝑦∗ (see [40,41]).

Specifically, the objective is to design a distributed optimization 

controller𝑢𝑖 such that both the consensus error ‖𝑦𝑖 − 𝑦𝑗‖ and the track­

ing error ‖𝑦𝑖 − 𝑦∗‖ converge to a small neighborhood of zero (∀𝑖, 𝑗 =
1,… , 𝑁 ; 𝑖 ≠ 𝑗).

The following lemma is introduced for subsequent analysis.

Lemma 2  (see [39]). Let 𝜏𝜄 = 𝜄𝜏, where 𝜄 ∈ N and 𝜏 is a 

small positive constant. Define 𝒈𝜾,𝟏 =
[

𝜏2𝑚+1𝜄 , 𝜏2𝑚𝜄 , ⋯ , 𝜏𝜄, 1
]

∈ R2(𝑚+1), 𝒈𝜾,𝟐 =
[

𝜏2𝑚+1𝜄+1 , 𝜏2𝑚𝜄+1, ⋯ , 1
]

∈ R2(𝑚+1), 𝒈𝜾,𝟐𝒌−𝟏 =
[ (2𝑚 + 1)!
(2𝑚 + 2 − 𝑘)!

𝜏2𝑚+2−𝑘𝜄 ,
(2𝑚)!

(2𝑚 + 1 − 𝑘)!
𝜏2𝑚+1−𝑘𝜄 ,… , 2𝜏𝜄, 1, 𝟎𝑇𝒌−𝟏

]

∈

R2(𝑚+1), 𝒈𝜾,𝟐𝒌 =
[ (2𝑚 + 1)!
(2𝑚 + 2 − 𝑘)!

𝜏2𝑚+2−𝑘𝜄+1 ,… , 2𝜏𝜄+1, 1, 𝟎𝑇𝒌−𝟏
]

∈

R2(𝑚+1) (for 𝑘 = 2,… , 𝑚 + 1), and 𝐺𝜄 = col(𝒈𝜾,𝟏, 𝒈𝜾,𝟐,… , 𝒈𝜾,𝟐𝒎+𝟐) ∈
R2(𝑚+1)×2(𝑚+1). Given a non-smooth function 𝑞(𝑡), define 𝒒𝜾 =
col

(

𝑞(𝜏𝜄−1), 𝑞(𝜏𝜄), 𝟎𝑇𝟐𝒎
)

∈ R2(𝑚+1) and 𝒘𝜾 = 𝐺−1
𝜄 𝒒𝜾 ∈ R2(𝑚+1). A smooth 

function 𝑞′(𝑡) with a continuous 𝑚-th derivative is defined as:

𝑞′(𝑡) =

{

𝑞(𝜏𝜄−1) 𝑡 = 𝜏𝜄
𝒘𝑇
𝜾 𝒓(𝑡) 𝑡 ∈ (𝜏𝜄, 𝜏𝜄+1),

where 𝒓(𝑡) = col
(

𝑡2𝑚+1, 𝑡2𝑚, ⋯ , 𝑡, 1
)

∈ R2(𝑚+1) and 𝑞(−𝜏) = 𝑞(0).

3 . Main results

3.1 . Distributed optimization algorithm

The distributed optimization algorithm is designed as follows:

{

Ω̇𝑖(𝑡) = −𝛼
∑𝑁
𝑗=1 𝑎𝑖𝑗 (𝑡)

(

Ω𝑖(𝑡) − Ω𝑗 (𝑡)
)

− 𝛽Φ𝑖(𝑡) − ∇J𝑖(𝑦𝑖(𝑡))
Φ̇𝑖(𝑡) = 𝛽

∑𝑁
𝑗=1 𝑎𝑖𝑗 (𝑡)

(

Ω𝑖(𝑡) − Ω𝑗 (𝑡)
)

, 𝑖 = 1,… , 𝑁
, (2)

where Ω𝑖 ∈ R represents the reference signal for each agent, Φ𝑖 ∈ R is 

an auxiliary variable with Φ𝑖(0) = 0, and 𝛼 and 𝛽 are positive constants.

Let 𝛀 = col(Ω1,… ,Ω𝑁 ) ∈ R𝑁 , 𝚽 = col(Φ1,… ,Φ𝑁 ) ∈ R𝑁 ,  and 

∇J (𝒚) = col
(

∇J1(𝑦1),… ,∇J𝑁 (𝑦𝑁 )
)

∈ R𝑁 . The algorithm (2) can be 

compactly expressed as

{

𝛀̇(𝑡) = −𝛼𝐿(𝑡)𝛀(𝑡) − 𝛽𝚽(𝑡) − ∇J (𝒚)
𝚽̇(𝑡) = 𝛽𝐿(𝑡)𝛀(𝑡)

. (3)

Property 1: For the algorithm (3) with the initial condition 
∑𝑁
𝑖=1 Φ𝑖(0) = 0, it holds that 

∑𝑁
𝑖=1 Φ𝑖(𝑡) = 0 for all 𝑡 ≥ 0.

Proof. The time derivative of 
∑𝑁
𝑖=1 Φ𝑖(𝑡) satisfies

𝑁
∑

𝑖=1
Φ̇𝑖(𝑡) = 𝛽𝟏𝑇𝑵𝐿(𝑡)𝛀(𝑡) = 0, (4)

where 𝟏𝑇𝑵𝐿(𝑡) = (𝐿(𝑡)𝟏𝑵 )𝑇 = 𝟎𝑇𝑵 .
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Integrating both sides of (4) yields

𝑁
∑

𝑖=1
Φ𝑖(𝑡) =

𝑁
∑

𝑖=1
Φ𝑖(0) = 0.

Corollary 1. Given an initial condition 𝚽(0) satisfying 𝟏𝑇𝑵𝚽(0) = 0, it 

follows that Γ𝚽(𝑡) = 𝚽(𝑡) for all 𝑡 ≥ 0.

Theorem 1. Consider the distributed optimization algorithm (3) under 

Assumptions 1–2. If the parameters satisfy 𝜛 ∈
(

0,
𝑐1

𝑐1 + 𝑐2

)

, 𝛼 >

1 + 𝜇22 − 2𝜇1
2𝜆2(𝐿)

+ 𝛽, and 𝛽 > 1, then the following inequality holds for all 

𝑡 > 𝑡𝑎

𝑉𝑂(𝑡) ≤ 𝑒−𝑐3(𝑡−𝑡𝑎)𝑉𝑂(𝑡𝑎) + 𝑐4 ∫

𝑡

𝑡𝑎

‖

‖

𝛀(𝜏)′ − 𝒚(𝜏)‖
‖

2 𝑒−𝑐3(𝑡−𝜏)𝑑𝜏 + 𝑐5,

where the positive constants are defined as𝑐1 = min
{

2𝜆2(𝐿)(𝛼 − 𝛽)
+2𝜇1 − 𝜇22 − 1, 2(𝛽 − 1)

}

, 𝑐2 = max
{

2𝜇1 + 𝜇22 + 1 + 𝛽, 3𝛽 + 2
}

, 𝑐3 = 𝑐1 −

𝜛(𝑐1 + 𝑐2), 𝑐4 = 2𝜇22 , and 𝑐5 =
2𝜇22𝜖

2

𝑐3
.

Proof. 

Step 1. During normal communication intervals between agents, the 

optimization algorithm (3) simplifies to

{

𝛀̇(𝑡) = −𝛼𝐿𝛀(𝑡) − 𝛽𝚽(𝑡) − ∇J (𝒚)
𝚽̇(𝑡) = 𝛽𝐿𝛀(𝑡)

. (5)

Let the global minimizer be 𝑦∗. Define 𝛀∗ = 𝟏𝑵𝑦∗ ∈ R𝑁 , 𝚽∗ =

−
∇J (𝛀∗)

𝛽
∈ R𝑁 , 𝛀̃ = 𝛀 −𝛀∗ ∈ R𝑁 , and 𝚽̃ = 𝚽 −𝚽∗ ∈ R𝑁 .

Substituting these definitions into (5), the error dynamics are derived 

as

{ ̇̃𝛀 = −𝛼𝐿𝛀 − 𝛽𝚽 − ∇J (𝒚)
̇̃𝚽 = 𝛽𝐿𝛀

. (6)

Consider the Lyapunov function candidate as

𝑉𝑂 = 1
2
𝛀̃
𝑇
𝛀̃ + 1

2
𝚽̃
𝑇
(𝑃2Λ−1𝑃 𝑇2 + 𝛼

𝛽
𝐼𝑁 )𝚽̃ + 𝛀̃

𝑇
𝚽̃. (7)

By Young’s inequality, the following inequality holds with 𝛼 > 𝛽 > 0

𝑉𝑂 ≥ 1
2
‖𝛀̃‖

2 + 𝛼
2𝛽

‖𝚽̃‖

2 − ‖𝛀̃‖‖𝚽̃‖ = 1
2

(

‖𝛀̃‖ − ‖𝚽̃‖

)2
+
𝛼 − 𝛽
2𝛽

‖𝚽̃‖

2 > 0.

Taking the derivative of (7) along with (6) results in

𝑉̇𝑂 = 𝛀̃
𝑇 (

− 𝛼𝐿𝛀 − 𝛽𝚽 − ∇J (𝒚)
)

+ 𝛽𝚽̃
𝑇
Γ𝛀 + 𝛼𝚽̃

𝑇
𝐿𝛀

+
(

− 𝛼𝐿𝛀 − 𝛽𝚽 − ∇J (𝒚)
)𝑇

𝚽̃ + 𝛽𝛀̃
𝑇
𝐿𝛀

= 𝛀̃
𝑇 (

− 𝛼𝐿(𝛀 −𝛀∗) − 𝛽(𝚽 −𝚽∗) − 𝛽𝚽∗ − ∇J (𝛀) + ∇J (𝛀)

− ∇J (𝒚)
)

+ 𝛽𝚽̃
𝑇
Γ(𝛀 −𝛀∗) + 𝛼𝚽̃

𝑇
𝐿(𝛀 −𝛀∗) +

(

− 𝛼𝐿(𝛀 −𝛀∗)

− 𝛽(𝚽 −𝚽∗) − 𝛽𝚽∗ − ∇J (𝛀) + ∇J (𝛀) − ∇J (𝒚)
)𝑇

𝚽̃

+ 𝛽𝛀̃
𝑇
𝐿(𝛀 −𝛀∗)

= 𝛀̃
𝑇 (

− 𝛼𝐿𝛀̃ − 𝛽𝚽̃ + ∇J (𝛀∗) − ∇J (𝛀) + ∇J (𝛀) − ∇J (𝒚)
)

+ 𝛽𝚽̃
𝑇
Γ𝛀̃ + 𝛼𝚽̃

𝑇
𝐿𝛀̃ +

(

− 𝛼𝐿𝛀̃ − 𝛽𝚽̃ + ∇J (𝛀∗) − ∇J (𝛀)

+ ∇J (𝛀) − ∇J (𝒚)
)𝑇

𝚽̃ + 𝛽𝛀̃
𝑇
𝐿𝛀̃

= −(𝛼 − 𝛽)𝛀̃
𝑇
𝐿𝛀̃ − 𝛀̃

𝑇 (
∇J (𝛀) − ∇J (𝛀∗)

)

+ 𝛀̃
𝑇 (

∇J (𝛀) − ∇J (𝒚)
)

− 𝛽𝚽̃
𝑇
𝚽̃ −

(

∇J (𝛀) − ∇J (𝛀∗)
)𝑇

𝚽̃ +
(

∇J (𝛀) − ∇J (𝒚)
)𝑇

𝚽̃, (8)

where Γ𝛀∗ = 𝟎𝑵 , 𝐿𝛀∗ = 𝟎𝑵 , and 𝚽̃
𝑇
Γ = (Γ𝚽̃)

𝑇
= 𝚽̃

𝑇
.

By Assumption 2, Young’s inequality, 𝛀̃ = 𝛀 − 𝛀∗ =
col

(

Ω1 − 𝑦∗,… ,Ω𝑁 − 𝑦∗
)

, ∇J (𝛀) − ∇J (𝛀∗) = col
(

∇J1(Ω1) −
∇J1(𝑦∗),… ,∇J𝑁 (Ω𝑁 )−∇J𝑁 (𝑦∗)

)

, and ∇J (𝛀)−∇J (𝒚) = col
(

∇J1(Ω1)−
J1(𝑦1),… ,∇J𝑁 (Ω𝑁 ) − ∇J𝑁 (𝑦𝑁 )

)

, the following inequalities are estab­

lished

−𝛀̃
𝑇 (

∇J (𝛀) − ∇J (𝛀∗)
)

= −
𝑁
∑

𝑖=1

(

Ω𝑖 − 𝑦∗
) (

∇J𝑖(Ω𝑖) − ∇J𝑖(𝑦∗)
)

≤ − 𝜇1
𝑁
∑

𝑖=1
‖Ω𝑖 − 𝑦∗‖2 = −𝜇1‖𝛀̃‖

2, (9a)

𝛀̃
𝑇 (

∇J (𝛀) − ∇J (𝒚)
)

=
𝑁
∑

𝑖=1

(

Ω𝑖 − 𝑦∗
) (

∇J𝑖(Ω𝑖) − ∇J𝑖(𝑦𝑖)
)

≤
𝑁
∑

𝑖=1

(

‖Ω𝑖 − 𝑦∗‖2

2
+

‖∇J𝑖(Ω𝑖) − ∇J𝑖(𝑦𝑖)‖2

2

)

≤ ‖𝛀̃‖

2

2
+
𝜇22
2
‖𝛀 − 𝒚‖2, (9b)

(

∇J (𝛀) − ∇J (𝛀∗)
)𝑇

𝚽̃ ≤
𝜇22
2
‖𝛀̃‖

2 + 1
2
‖𝚽̃‖

2, (9c)

(

∇J (𝛀) − ∇J (𝒚)
)𝑇

𝚽̃ ≤
𝜇22
2
‖𝛀 − 𝒚‖2 + 1

2
‖𝚽̃‖

2, (9d)

where the inequalities (9c) and (9d) are derived using a similar process 

to (9b).

Substituting (9a)–(9d) into (8) yields

𝑉̇𝑂 ≤ − 𝜆2(𝐿)(𝛼 − 𝛽)‖𝛀̃‖

2 − 𝜇1‖𝛀̃‖

2 +
‖𝛀̃‖

2

2
+
𝜇22
2
‖𝛀 − 𝒚‖2

− 𝛽‖𝚽̃‖

2 +
𝜇22
2
‖𝛀̃‖

2 + ‖𝚽̃‖

2 +
𝜇22
2
‖𝛀 − 𝒚‖2

≤ −
(

𝜆2(𝐿)(𝛼 − 𝛽) + 𝜇1 −
𝜇22 + 1

2

)

‖𝛀̃‖

2 − (𝛽 − 1)‖𝚽̃‖

2 + 𝜇22‖𝛀 − 𝒚‖2

≤ − 𝑐1𝑉𝑂 + 𝜇22‖𝛀 − 𝒚‖2, (10)

where the constant 𝑐1 = min
{

2𝜆2(𝛼 − 𝛽) + 2𝜇1 − 𝜇22 − 1, 2(𝛽 − 1)
}

> 0

with 𝛼 >
1 + 𝜇22 − 2𝜇1

2𝜆2(𝐿)
+ 𝛽 and 𝛽 > 1.

Step 2. During intermittent communication intervals, the optimization 

algorithm (3) can be reformulated as:

{

𝛀̇(𝑡) = −𝛽𝚽(𝑡) − ∇J (𝒚)
𝚽̇(𝑡) = 𝟎𝑵

. (11)

Given the error definitions𝛀̃ = 𝛀−𝛀∗ and 𝚽̃ = 𝚽−𝚽∗, substituting 

them into (11) yields the error dynamics

{ ̇̃𝛀 = −𝛽𝚽 − ∇J (𝒚)
̇̃𝚽 = 𝟎𝑵

. (12)

Taking the time derivative of (7) along the trajectory of (11) gives

𝑉̇𝑂 = 𝛀̃
𝑇 (

− 𝛽(𝚽 −𝚽∗) + ∇J (𝛀∗) − ∇J (𝛀) + ∇J (𝛀) − ∇J (𝒚)
)

+
(

− 𝛽(𝚽 −𝚽∗) + ∇J (𝛀∗) − ∇J (𝛀) + ∇J (𝛀) − ∇J (𝒚)
)𝑇

𝚽̃

ISA Transactions xxx (xxxx) xxx 

4 



K. Xie, X. Zhao, S. Chen et al.

= −𝛽𝛀̃
𝑇
𝚽̃ − 𝛀̃

𝑇 (
∇J (𝛀) − ∇J (𝛀∗)

)

+ 𝛀̃
𝑇 (

∇J (𝛀) − ∇J (𝒚)
)

− 𝛽𝚽̃
𝑇
𝚽̃ −

(

∇J (𝛀) − ∇J (𝛀∗)
)𝑇

𝚽̃ +
(

∇J (𝛀) − ∇J (𝒚)
)𝑇

𝚽̃

≤ 𝛽‖𝛀̃‖‖𝚽̃‖ + 𝜇1‖𝛀̃‖

2 +
‖𝛀̃‖

2

2
+ 𝜇2

2‖𝛀 − 𝒚‖2 + 𝛽‖𝚽̃‖

2 +
𝜇2
2

2
‖𝛀̃‖

2 + ‖𝚽̃‖

2

≤ 𝛽
2
‖𝛀̃‖

2 +
𝛽
2
‖𝚽̃‖

2 + 𝜇1‖𝛀̃‖

2 +
‖𝛀̃‖

2

2
+ 𝜇2

2‖𝛀 − 𝒚‖2 + 𝛽‖𝚽̃‖

2 +
𝜇2
2

2
‖𝛀̃‖

2

+ ‖𝚽̃‖

2

≤
(

𝜇1 +
𝜇2
2 + 1 + 𝛽

2

)

‖𝛀̃‖

2 + (
3𝛽
2

+ 1)‖𝚽̃‖

2 + 𝜇2
2‖𝛀 − 𝒚‖2

≤ 𝑐2𝑉𝑂 + 𝜇2
2‖𝛀 − 𝒚‖2, (13)

where the positive constant 𝑐2 = max
{

2𝜇1 + 𝜇22 + 1 + 𝛽, 3𝛽 + 2
}

.

Step 3. Utilizing (10), (13), Lemma 1, and Assumption 1, one deduces 

that

𝑉𝑂(𝑡) ≤ 𝑒−𝑐1L(T𝑛(𝑡𝑎 ,𝑡))𝑒𝑐2L(T𝑖(𝑡𝑎 ,𝑡))𝑉𝑂(𝑡𝑎)

+ 𝜇22 ∫

𝑡

𝑡𝑎
‖𝛀(𝜏) − 𝒚(𝜏)‖2 𝑒−𝑐1L(T𝑛(𝜏,𝑡))+𝑐2L(T𝑖(𝜏,𝑡))𝑑𝜏

≤ 𝑒−𝑐1[(1−𝜛)(𝑡−𝑡𝑎)]𝑒𝑐2[𝜛(𝑡−𝑡𝑎)]𝑉𝑂(𝑡𝑎)

+ 𝜇22 ∫

𝑡

𝑡𝑎
‖𝛀(𝜏) − 𝒚(𝜏)‖2 𝑒−𝑐1[(1−𝜛)(𝑡−𝜏)]+𝑐2[𝜛(𝑡−𝜏)]𝑑𝜏

≤ 𝑒−𝑐3(𝑡−𝑡𝑎)𝑉𝑂(𝑡𝑎) + 𝜇22 ∫

𝑡

𝑡𝑎
‖𝛀(𝜏) − 𝒚(𝜏)‖2 𝑒−𝑐3(𝑡−𝜏)𝑑𝜏, ∀𝑡 > 𝑡𝑎 (14)

where the positive constant 𝑐3 = 𝑐1 −𝜛(𝑐1 + 𝑐2) with 𝜛 ∈
(

0, 𝑐1
𝑐1+𝑐2

)

.

Intermittent communication causes the high-order derivatives of the 

optimal virtual signal 𝛀(𝑡) to be undefined at interruption instants. 

Controller design typically demands the continuous higher-order deriva­

tives of the reference signal. By Lemma 2, the smooth and continuous 

virtual signals 𝛀′(𝑡) = col
(

Ω′
1(𝑡),… ,Ω′

𝑁 (𝑡)
)

∈ R𝑁  are generated via 

Hermite interpolation, ensuring the continuity of derivatives up to the 

𝑚th order. It follows from Lemma 2 that these smooth signals 𝛀′ satisfy

‖𝛀(𝑡) −𝛀′(𝑡)‖ ≤ 𝜖, (15)

where 𝜖 is a small positive constant.

By Young’s inequality and (15), the following inequality can be 

obtained:

‖𝛀 − 𝒚‖2 = ‖𝛀 −𝛀′ +𝛀′ − 𝒚‖2

≤ ‖𝛀 −𝛀′
‖

2 + 2‖𝛀 −𝛀′
‖‖𝛀′ − 𝒚‖ + ‖𝛀′ − 𝒚‖2

≤ ‖𝛀 −𝛀′
‖

2 + 2
(

‖𝛀 −𝛀′
‖

2

2
+

‖𝛀′ − 𝒚‖2

2

)

+ ‖𝛀′ − 𝒚‖2

≤ 2‖𝛀 −𝛀′
‖

2 + 2‖𝛀′ − 𝒚‖2

≤ 2𝜖2 + 2‖𝛀′ − 𝒚‖2. (16)

Substituting (16) into (14) yields:

𝑉𝑂(𝑡) ≤ 𝑒−𝑐3(𝑡−𝑡𝑎)𝑉𝑂(𝑡𝑎) + 𝜇22 ∫

𝑡

𝑡𝑎

(

2𝜖2 + 2‖𝛀′(𝜏) − 𝒚(𝜏)‖2
)

𝑒−𝑐3(𝑡−𝜏)𝑑𝜏

≤ 𝑒−𝑐3(𝑡−𝑡𝑎)𝑉𝑂(𝑡𝑎) + 𝑐4 ∫

𝑡

𝑡𝑎
‖𝛀′(𝜏) − 𝒚(𝜏)‖2𝑒−𝑐3(𝑡−𝜏)𝑑𝜏 + 𝑐5, (17)

where the positive constants 𝑐4 = 2𝜇22  and 𝑐5 =
2𝜇22𝜖

2

𝑐3
.

Remark 3. The design of high-order controllers is restricted by the 

discontinuous second-order derivatives of 𝛀(𝑡) at intermittent communi­

cation instants. This issue is resolved by replacing 𝛀(𝑡) with the smooth 

signal 𝛀′(𝑡) constructed via Hermite interpolation. Theorem 1 indicates 

that the boundedness of the distributed optimization algorithm (2) de­

pends on the error ‖𝛀′(𝑡) − 𝒚(𝑡)‖. The subsequent stability analysis 

will establish the boundedness of the closed-loop system and further 

investigate the influence of parameters on system performance.

3.2 . Adaptive local state observer

The local state observers for system (1) are designed as follows:

⎧

⎪

⎨

⎪

⎩

̇̂𝑥𝑖,𝑟 = 𝜃̂𝑖,𝑟𝜓𝑖,𝑟( ̂̄𝒙𝒊,𝒓) + 𝑥̂𝑖,𝑟+1 + 𝜉𝑖,𝑟(𝑦𝑖 − 𝑦̂𝑖), 𝑟 = 1,… , 𝑚 − 1,
̇̂𝑥𝑖,𝑚 = 𝜃̂𝑖,𝑚𝜓𝑖,𝑚( ̂̄𝒙𝒊,𝒎) + 𝑢𝑖 + 𝜉𝑖,𝑚(𝑦𝑖 − 𝑦̂𝑖)
𝑦̂𝑖 = 𝑥̂𝑖,1, 𝑖 = 1,… , 𝑁

, (18)

where ̂̄𝒙𝒊,𝒌 = col(𝑥̂𝑖,1,… , 𝑥̂𝑖,𝑘) ∈ R𝑘 (for 𝑘 = 1,… , 𝑚) and 𝑦̂𝑖 ∈ R represent 

the estimated state vector and output of the 𝑖th agent, respectively. 𝜃̂𝑖,𝑘 ∈
R (for 𝑘 = 1,… , 𝑚) denotes the estimate of 𝜃𝑖,𝑘, and 𝜉𝑖,𝑘 ∈ R (for 𝑘 =
1,… , 𝑚) is a positive constant.

The observation errors are defined as 𝑒𝑖,𝑟 = 𝑥𝑖,𝑟− 𝑥̂𝑖,𝑟 (for 𝑟 = 1,… , 𝑚−
1) and 𝑒𝑖,𝑚 = 𝑥𝑖,𝑚 − 𝑥̂𝑖,𝑚. Based on (18), the following error equations are 

derived:

{

̇̃𝑒𝑖,𝑟 = 𝑒𝑖,𝑟+1 + Δ𝑓𝑖,𝑟 + ℎ𝑖,𝑟 − 𝜉𝑖,𝑟𝑒𝑖,1
̇̃𝑒𝑖,𝑚 = Δ𝑓𝑖,𝑚 + ℎ𝑖,𝑚 − 𝜉𝑖,𝑚𝑒𝑖,1,

(19)

where Δ𝑓𝑖,𝑘 = 𝜃𝑖,𝑘
(

𝜓𝑖,𝑘(𝒙̄𝒊,𝒌) − 𝜓𝑖,𝑘( ̂̄𝒙𝒊,𝒌)
)

∈ R, ℎ𝑖,𝑘 = 𝜃𝑖,𝑘𝜓𝑖,𝑘( ̂̄𝒙𝒊,𝒌) ∈ R, 

and 𝜃𝑖,𝑘 = 𝜃𝑖,𝑘 − 𝜃̂𝑖,𝑘 ∈ R (for 𝑘 = 1,… , 𝑚).
Define 𝒆̃𝒊 = 𝒙̄𝒊,𝒎 − ̂̄𝒙𝒊,𝒎 = col(𝑒𝑖,1,… , 𝑒𝑖,𝑚) ∈ R𝑚, 𝜽𝒊 =

col(𝜃𝑖,1,… , 𝜃𝑖,𝑚) ∈ R𝑚, 𝜽̂𝒊 = col(𝜃̂𝑖,1,… , 𝜃̂𝑖,𝑚) ∈ R𝑚, 𝜽̃𝒊 = 𝜽𝒊 − 𝜽̂𝒊 =
col(𝜃𝑖,1,… , 𝜃𝑖,𝑚) ∈ R𝑚, Δ𝒇 𝒊 = col(Δ𝑓𝑖,1,… ,Δ𝑓𝑖,𝑚) ∈ R𝑚 with ‖Δ𝒇 𝒊‖ ≤
𝑓  (where 𝑓  is a positive constant), 𝒉𝒊 = col(ℎ𝑖,1,… , ℎ𝑖,𝑚) ∈
R𝑚, and 𝝍 𝒊( ̂̄𝒙𝒊,𝒎) = col

(

𝜓𝑖,1(𝑥̂𝑖,1), ⋯ , 𝜓𝑖,𝑚( ̂̄𝒙𝒊,𝒎)
)

∈ R𝑚 with ‖𝝍 𝒊(⋅)‖ ≤ 𝜓̄
(where 𝜓̄  is a positive constant). Then, the (19) can be expressed in a 

compact form as:

̇̃𝒆𝒊 = 𝐴𝑖𝒆̃𝒊 + Δ𝒇 𝒊 + 𝒉𝒊, (20)

where the matrix𝐴𝑖 =

⎡

⎢

⎢

⎢

⎢

⎣

−𝜉𝑖,1
⋮ 𝐼(𝑚−1)

−𝜉𝑖,𝑚−1
−𝜉𝑖,𝑚 𝟎𝑇(𝒎−𝟏)

⎤

⎥

⎥

⎥

⎥

⎦

∈ R𝑚×𝑚 represents a 

Hurwitz matrix with appropriate parameters 𝜉𝑖,1, ⋯ , 𝜉𝑖,𝑚.

There exist positive-definite matrices 𝑃𝑖 and 𝑄𝑖 such that

𝐴𝑇𝑖 𝑃𝑖 + 𝑃𝑖𝐴𝑖 = −𝑄𝑖.

The adaptive laws satisfy

̇̂𝜃𝑖,𝑘 = −𝜏𝑖,𝑘𝜃̂𝑖,𝑘 + 𝜓𝑖,𝑘( ̂̄𝒙𝒊,𝒌)𝑒𝑖,1, (21)

where the constants 𝜏𝑖,𝑘 > 0 (for 𝑘 = 1,… , 𝑚).
The adaptive laws (21) can be rewritten in a compact form as

̇̂𝜽𝒊 = −𝑇𝑖𝜽̂𝒊 + 𝝍 𝒊( ̂̄𝒙𝒊,𝒎)𝑒𝑖,1, (22)

where 𝑇𝑖 = diag{𝜏𝑖,1, ⋯ , 𝜏𝑖,𝑚} ∈ R𝑚×𝑚.

By 𝜽̃𝒊 = 𝜽𝒊 − 𝜽̂𝒊, it follows that

̇̃𝜽𝒊 = 𝑇𝑖𝜽̂𝒊 − 𝝍 𝒊( ̂̄𝒙𝒊,𝒎)𝑒𝑖,1. (23)

Consider the Lyapunov function as

𝑉𝑖,𝐸 = 1
2
𝒆̃𝑇𝒊 𝑃𝑖𝒆̃𝒊 +

1
2
𝜽̃𝑇𝒊 𝜽̃𝒊. (24)

Combining (20) and (23), taking the derivative of (24) yields

𝑉̇𝑖,𝐸 = −1
2
𝒆̃𝑇𝒊 𝑄𝑖𝒆̃𝒊 + 𝒆̃

𝑇
𝒊 𝑃𝑖(Δ𝒇 𝒊 + 𝒉𝒊) + 𝜽̃

𝑇
𝒊
(

𝑇𝑖𝜽̂𝒊 − 𝝍 𝒊( ̂̄𝒙𝒊,𝒎)𝑒𝑖,1
)
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= −1
2
𝒆̃𝑇𝒊 𝑄𝑖𝒆̃𝒊 + 𝒆̃

𝑇
𝒊 𝑃𝑖Δ𝒇 𝒊 + 𝒆̃

𝑇
𝒊 𝑃𝑖𝒉𝒊 + 𝜽̃

𝑇
𝒊 𝑇𝑖𝜽̂𝒊 − 𝜽̃

𝑇
𝒊 𝝍 𝒊( ̂̄𝒙𝒊,𝒎)𝑒𝑖,1. (25)

By Young’s inequality, the following inequalities are obtained

𝒆̃𝑇𝒊 𝑃𝑖Δ𝒇 𝒊 ≤
‖𝑃𝑖‖2‖𝒆̃𝒊‖2

2
+

‖Δ𝒇 𝒊‖2

2
≤

‖𝑃𝑖‖2‖𝒆̃𝒊‖2

2
+
𝑓 2

2
, (26a)

𝒆̃𝑇𝒊 𝑃𝑖𝒉𝒊 ≤
‖𝑃𝑖‖2‖𝒆̃𝒊‖2

2
+

‖𝒉𝒊‖2

2
≤

‖𝑃𝑖‖2‖𝒆̃𝒊‖2

2
+
𝜓̄2

‖𝜽̃𝒊‖2

2
, (26b)

𝜽̃𝑇𝒊 𝑇𝑖𝜽̂𝒊 = 𝜽̃
𝑇
𝒊 𝑇𝑖(𝜽𝒊 − 𝜽̃𝒊) ≤

‖𝜽̃𝒊‖2

2
+

‖𝑇𝑖‖2‖𝜽𝒊‖2

2
− 𝜆min(𝑇𝑖)‖𝜽̃𝒊‖2, (26c)

𝜽̃𝑇𝒊 𝝍 𝒊( ̂̄𝒙𝒊,𝒎)𝑒𝑖,1 ≤
𝜓̄2

‖𝜽̃𝒊‖2

2
+

‖𝒆̃𝒊‖2

2
. (26d)

Substituting (26a)–(26d) into (25) yields

𝑉̇𝑖,𝐸 ≤ −
𝜆min(𝑄𝑖)‖𝒆̃𝒊‖2

2
+

‖𝑃𝑖‖2‖𝒆̃𝒊‖2

2
+
𝑓 2

2
+

‖𝑃𝑖‖2‖𝒆̃𝒊‖2

2
+
𝜓̄2

‖𝜽̃𝒊‖2

2

+
‖𝜽̃𝒊‖2

2
+

‖𝑇𝑖‖2‖𝜽𝒊‖2

2
− 𝜆min(𝑇𝑖)‖𝜽̃𝒊‖2 +

𝜓̄2
‖𝜽̃𝒊‖2

2
+

‖𝒆̃𝒊‖2

2
,

≤ −
(

𝜆min(𝑄𝑖) − 2‖𝑃𝑖‖2 − 1
2

)

‖𝒆̃𝒊‖2 −
(

2𝜆min(𝑇𝑖) − 2𝜓̄2 − 1
2

)

‖𝜽̃𝒊‖2

+
𝑓 2

2
+

‖𝑇𝑖‖2‖𝜽𝒊‖2

2
≤ −𝜌𝑖,1𝑉𝑖,𝐸 + 𝜌𝑖,2,

(27)

where the positive constants 𝜌𝑖,1 = min
{

𝜆min(𝑄𝑖) − 2‖𝑃𝑖‖2 − 1
‖𝑃𝑖‖

,

2𝜆min(𝑇𝑖) − 2𝜓̄2 − 1
}

, 𝜌𝑖,2 =
𝑓 2

2
+

‖𝑇𝑖‖2‖𝜽𝒊‖2

2
.

Integrating (27) yields the inequality:

𝑉𝑖,𝐸 (𝑡) ≤ 𝑉𝑖,𝐸 (0)𝑒−𝜌𝑖,1𝑡 +
𝜌𝑖,2
𝜌𝑖,1

(1 − 𝑒−𝜌𝑖,1𝑡). (28)

From (28), it follows that 𝑉𝑖,𝐸  converges exponentially to a bounded 

region and satisfies lim𝑡→∞ 𝑉𝑖,𝐸 (𝑡) ≤
𝜌𝑖,2
𝜌𝑖,1

 (𝑖 = 1,… , 𝑁). Consequently, 

both the state estimation errors 𝒆̃𝒊 and the weight estimation errors 𝜽̃𝒊 are 

bounded. Since the state vector 𝒙̄𝒊,𝒎 is bounded and 𝒆̃𝒊 = 𝒙̄𝒊,𝒎 − ̂̄𝒙𝒊,𝒎, the 

estimated state vector ̂̄𝒙𝒊,𝒎 is also bounded. Similarly, from the definition 

𝜽̃𝒊 = 𝜽𝒊 − 𝜽̂𝒊 and the fact that 𝜽𝒊 is a constant vector, it follows that the 

weight estimate 𝜽̂𝒊 is bounded.

Remark 4. The local state observers in (18) are designed by select­

ing gains 𝜉𝑖,1,… , 𝜉𝑖,𝑚 such that the matrix 𝐴𝑖 is Hurwitz. According to

(27), the convergence rates of the estimation errors 𝒆̃𝒊 and 𝜽̃𝒊 are de­

termined by 𝜆min(𝑄𝑖) and 𝜆min(𝑇𝑖), respectively. Increasing the values of 

𝜉𝑖,1,… , 𝜉𝑖,𝑚 enhances 𝜆min(𝑄𝑖), and higher values of 𝜏𝑖,1,… , 𝜏𝑖,𝑚 lead to 

a larger 𝜆min(𝑇𝑖). These improvements contribute to faster convergence 

of the estimation errors. However, excessively large gains 𝜉𝑖,1,… , 𝜉𝑖,𝑚
and 𝜏𝑖,1,… , 𝜏𝑖,𝑚 may increase sensitivity to noise and amplify control 

magnitudes, thus requiring a careful trade-off in practical applications.

3.3 . SMCs design

For the 𝑖th agent (for 𝑖 = 1,… , 𝑁), define the coordinate transforma­

tions as:

𝑧𝑖,𝑘 =
𝑁
∑

𝑗=1
𝑎𝑖𝑗 (𝑥̂𝑖,𝑘 − 𝑥̂𝑗,𝑘) + 𝑏𝑖(𝑥̂𝑖,𝑘 − Ω′(𝑘−1)

𝑖 ), 𝑘 = 1,… , 𝑚, (29)

where 𝑏𝑖 > 0, and 𝑧𝑖,1 combines both consensus and tracking errors.

The sliding mode surface 𝑠𝑖 is designed as:

𝑠𝑖 = 𝑧𝑖,𝑚 + ∫

𝑡

0

( 𝑚
∑

𝑘=1
𝑧𝑖,𝑘

)

d𝜏. (30)

By combining (18) and (29), taking the time derivative of (30) yields

𝑠̇𝑖 = 𝑧̇𝑖,𝑚 +
𝑚
∑

𝑘=1
𝑧𝑖,𝑘

=
𝑁
∑

𝑗=1
𝑎𝑖𝑗 ( ̇̂𝑥𝑖,𝑚 − ̇̂𝑥𝑗,𝑚) + 𝑏𝑖( ̇̂𝑥𝑖,𝑚 − Ω′(𝑚)

𝑖 ) +
𝑚
∑

𝑘=1
𝑧𝑖,𝑘

= 𝜚𝑖 ̇̂𝑥𝑖,𝑚 −
𝑁
∑

𝑗=1
𝑎𝑖𝑗 ̇̂𝑥𝑗,𝑚 − 𝑏𝑖Ω

′(𝑚)
𝑖 +

𝑚
∑

𝑘=1
𝑧𝑖,𝑘

= 𝜚𝑖

[

𝜃̂𝑖,𝑚𝜓𝑖,𝑚( ̂̄𝒙𝒊,𝒎) + 𝑢𝑖 + 𝜉𝑖,𝑚𝑒𝑖,1
]

−
𝑁
∑

𝑗=1
𝑎𝑖𝑗 ̇̂𝑥𝑗,𝑚 − 𝑏𝑖Ω

′(𝑚)
𝑖 +

𝑚
∑

𝑘=1
𝑧𝑖,𝑘, (31)

where the positive constant 𝜚𝑖 =
∑𝑁
𝑗=1 𝑎𝑖𝑗 + 𝑏𝑖.

The distributed SMCs 𝑢𝑖 are designed as:

𝑢𝑖 = −𝑠𝑖 − 𝜃̂𝑖,𝑚𝜓𝑖,𝑚( ̂̄𝒙𝒊,𝒎) − 𝜉𝑖,𝑚𝑒𝑖,1 +
1
𝜚𝑖

( 𝑁
∑

𝑗=1
𝑎𝑖𝑗 ̇̂𝑥𝑗,𝑚 + 𝑏𝑖Ω

′(𝑚)
𝑖 −

𝑚
∑

𝑘=1
𝑧𝑖,𝑘

)

.

(32)

Substituting (32) into (31) yields

𝑠̇𝑖 = −𝜚𝑖𝑠𝑖. (33)

Consider the following Lyapunov function

𝑉𝑖,𝐶 = 1
2
𝑠2𝑖 . (34)

Taking the derivative of (34) along the trajectory of (33) results in

𝑉̇𝑖,𝐶 = 𝑠𝑖𝑠̇𝑖 = −𝜚𝑖𝑠2𝑖 ≤ −𝜚𝑖𝑉𝑖,𝐶 . (35)

Integrating (35) yields:

𝑉𝑖,𝐶 (𝑡) ≤ 𝑉𝑖,𝐶 (0)𝑒−𝜚𝑖𝑡. (36)

This implies that 𝑉𝑖,𝐶  converges exponentially to zero with 𝑉𝑖,𝐶 (𝑡) ≤
𝑉𝑖,𝐶 (0) for all 𝑡 ≥ 0. Consequently, the error system reaches the sliding 

surface 𝑠𝑖 = 0 (𝑖 = 1,… , 𝑁). According to (30), the sliding surface 𝑠𝑖
consists of the variables 𝑧𝑖,1,… , 𝑧𝑖,𝑚, and it follows that these variables 

also converge exponentially to zero. Furthermore, as defined in (29), 𝑧𝑖,1
incorporates both the consensus error among agents and the tracking 

error. Therefore, the proposed distributed SMCs 𝑢𝑖 guarantee consensus 

and exponential tracking of the smooth reference signal Ω′
𝑖 .

Remark 5. The convergence rate of the sliding surface 𝑠𝑖 in (36) is 

determined solely by the parameter 𝜚𝑖, which can be adjusted by tun­

ing the gain 𝑏𝑖. Increasing 𝜚𝑖 enhances the convergence speed of 𝑠𝑖. 
However, excessively large values may result in excessive control inputs 

and degraded control efficiency. Notably, in contrast to backstepping 

controllers, which generally exhibit a computational complexity of 𝑂(𝑚), 
the proposed SMCs reduce the complexity to 𝑂(1), thereby improving 

practicality for large-scale MASs.

4 . Stability analysis

Theorem 2. For the uncertain nonlinear high-order MAS (1) satisfying the 

conditions of Theorem 1, if the local state observers (18), adaptive laws (22), 

and distributed SMCs (32) are implemented, then the virtual reference sig­

nal 𝛀(𝑡) exponentially converges to a bounded neighborhood of the global 

minimizer 𝛀∗, and all signals in the MAS (1) remain bounded.
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Fig. 1. The three-layer framework of cooperative optimization.

Proof. Let 𝒚 = col(𝑦1,… , 𝑦𝑁 ) ∈ R𝑁 , 𝒚̂ = col(𝑦̂1,… , 𝑦̂𝑁 ) ∈ R𝑁 , and 

𝒆̃𝟏 = 𝒚−𝒚̂ ∈ R𝑁 . Based on (28), the estimation error ‖𝒆̃𝟏‖ is bounded with 

‖𝒆̃𝟏‖ ≤
∑𝑁
𝑖=1

(

𝑉𝑖,𝐸 (0) +
𝜌𝑖,2
𝜌𝑖,1

)

. Moreover, according to (36), the tracking 

error satisfies ‖𝛀′ − 𝒚̂‖ ≤
∑𝑁
𝑖=1 𝑉𝑖,𝐶 (0). It can be obtained that

‖𝛀′ − 𝒚‖2 = ‖𝛀′ − (𝒚̂ + 𝒆̃𝟏)‖2 ≤ ‖𝛀′ − 𝒚̂‖2 + ‖𝒆̃𝟏‖2 ≤ 𝜖, (37)

where 𝜖 =
(

∑𝑁
𝑖=1

(

𝑉𝑖,𝐸 (0) +
𝜌𝑖,2
𝜌𝑖,1

)

)2
+

(

∑𝑁
𝑖=1 𝑉𝑖,𝐶 (0)

)2
 is a positive 

constant.

Substituting (37) into (17) yields

𝑉𝑂(𝑡) ≤ 𝑒−𝑐3(𝑡−𝑡𝑎)𝑉𝑂(𝑡𝑎) + 𝑐4𝜖 ∫

𝑡

𝑡𝑎
𝑒−𝑐3(𝑡−𝜏)𝑑𝜏 + 𝑐5

≤ 𝑒−𝑐3(𝑡−𝑡𝑎)𝑉𝑂(𝑡𝑎) +
𝑐4𝜖 + 𝑐3𝑐5

𝑐3
, ∀𝑡 > 𝑡𝑎 (38)

Remark 6. The reference signal 𝛀 converges exponentially to 𝛀∗, with 

the convergence rate determined by 𝑐3. A larger 𝑐3 accelerates conver­

gence and reduces the upper bound of 𝛀̃. Since 𝑐3 = 𝑐1 − 𝜛(𝑐1 + 𝑐2), 
increasing 𝑐1 or decreasing 𝑐2 can enhance 𝑐3. Note that 𝑐1 increases 

with larger values of 𝛼 or 𝛽, but an excessively large 𝛽 also increases 𝑐2, 
thereby limiting the improvement in 𝑐3. Therefore, a careful trade-off 

between 𝛼 and 𝛽 is necessary to optimize convergence performance in 

practice.

Define the overall Lyapunov function as 𝑉 = 𝑉𝑂 + 𝑉𝐸 + 𝑉𝐶 , where 

𝑉𝐸 =
∑𝑁
𝑖=1 𝑉𝑖,𝐸  and 𝑉𝐶 =

∑𝑁
𝑖=1 𝑉𝑖,𝐶 . Taking the derivative of 𝑉  yields

𝑉̇ = 𝑉̇𝑂 +
𝑁
∑

𝑖=1
(𝑉̇𝑖,𝐸 + 𝑉̇𝑖,𝐶 )

≤ 𝑉̇𝑂 +
𝑁
∑

𝑖=1

(

−𝜌𝑖,1𝑉𝑖,𝐸 + 𝜌𝑖,2
)

+
𝑁
∑

𝑖=1
−𝜚𝑖𝑉𝑖,𝐶

≤ 𝑉̇𝑂 − 𝜌1𝑉𝐸 + 𝜌2 − 𝜚𝑉𝐶 , (39)

where 𝜌1 = min{𝜌𝑖,1}, 𝜌2 =
∑𝑁
𝑖=1 𝜌𝑖,2, and 𝜚 = min{𝜚𝑖} are positive 

constants.

Following the integration process analogous to those in (28) 

and (36), one can obtain that

𝑉 (𝑡) ≤ 𝑉𝑂(0)𝑒−𝑐3𝑡 +
𝑐4𝜖 + 𝑐3𝑐5

𝑐3
+ 𝑉𝐸 (0)𝑒−𝜌1𝑡 +

𝜌2
𝜌1

(1 − 𝑒−𝜌1𝑡) + 𝑉𝐶 (0)𝑒−𝜚𝑡

≤ 𝑉 (0)𝑒−Υ1𝑡 + Υ2, (40)

where Υ1 = min{𝑐3, 𝜌1, 𝜚} and Υ2 =
𝑐4𝜖 + 𝑐3𝑐5

𝑐3
+
𝜌2
𝜌1

 are positive 

constants.

The system performance is characterized by two key metrics: the 

convergence rate Υ1 and the steady-state error bound Υ2. Parameters 

𝛼, 𝜉𝑖,1,… , 𝜉𝑖,𝑚, and 𝑏𝑖 contribute to improving Υ1 and reducing Υ2, 

thereby accelerating convergence and lowering steady-state errors. In 

contrast, increasing 𝛽 and 𝜏𝑖,1,… , 𝜏𝑖,𝑚 elevates both Υ1 and Υ2, introduc­

ing a trade-off between faster response and larger steady-state error. It is 

important to note that all gains should be kept within reasonable limits. 

Excessively high values may lead to excessive control magnitudes, input 

chattering, and reduced control efficiency. A trade-off exists between 

convergence rate and steady-state error, necessitating careful parameter 

tuning.

The above analysis confirms that all closed-loop signals remain 

bounded. Specifically, (28) guarantees that the estimation errors 𝒆̃𝒊 and 

𝜽̃𝒊 are exponentially convergent to a bounded region. Given that the state 

vector 𝒙̄𝒊,𝒎 is bounded and the weight vector 𝜽𝒊 is constant, it follows that 

𝜽̂𝒊 and ̂̄𝒙𝒊,𝒎 are also bounded. From (36), the variables 𝑧𝑖,1,… , 𝑧𝑖,𝑚 and 

𝑠𝑖 converge exponentially to zero. Moreover, (38) implies that 𝑉𝑂 con­

verges exponentially to a bounded range. Since 𝑉𝑂 contains the errors 

𝛀̃ and 𝚽̃, these also remain bounded. Under Assumption 2, the global 

minimizers 𝛀∗ and 𝚽∗ exist and are unique. Therefore, the boundedness 

of 𝛀 and 𝚽 follows from the definitions 𝛀̃ = 𝛀 − 𝛀∗ and 𝚽̃ = 𝚽 −𝚽∗. 

The distributed SMCs in (32) remain bounded due to the boundedness 

of ̂̄𝒙𝒊,𝒎, 𝜽̂𝒊, 𝑒𝑖,1, Ω′
𝑖 , and 𝑠𝑖 (Fig. 1).
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The three-layer framework and Algorithm 1 are presented as follows:

Algorithm 1: Cooperative optimization algorithm for uncertain 

MASs under intermittent communication.

1. Design the optimization algorithm gains: 𝛼and 𝛽;

2. Initialize the parameters for the smooth virtual signal: 𝜏, G0, 
H0, and W0;

for 𝑖 = 1, 2,… , 𝑁  do

1. Initialize states 𝒙̄𝒊,𝒎(0), ̂̄𝒙𝒊,𝒎(0), 𝜽̂𝒊(0),Ω𝑖(0),Φ𝑖(0), and Ω′
𝑖(0);

2. Initialize the local state observer parameters𝜉𝑖,1,… , 𝜉𝑖,𝑚
such that 𝐴𝑖 is a Hurwitz matrix;

3. Set the adaptive law parameter: 𝑇𝑖;
4. Set the sliding mode gain: 𝜚𝑖;

repeat

if 𝑡 = 𝜏𝜄, 𝜄 ∈ N+ then

1. 𝛀(𝜏𝜄) in (5), 𝜏𝜄 ∈ T𝑛; 𝛀(𝜏𝜄) in (11), 𝜏𝜄 ∈ T𝑖;
2. Generate 𝐺𝜄, 𝒒𝜄, and 𝒘𝜄;

3. Set 𝛀′(𝜏𝜄) = 𝛀(𝜏𝜄−1);
else

′Calculate 𝒓(𝑡) and 𝛀 (𝑡);

for 𝑖 = 1 2,… , 𝑁  do,
Input: 𝒙̄̂𝒊,𝒎, 𝒙̄̂𝒊,𝒎̇

Output: 𝑢𝑖
1. Update the adaptive gains via (21);

2. Compute the coordinate transformations 

𝑧𝑖,𝑘 (𝑘 = 1,… , 𝑚) by (29);

3. Generate the sliding mode surface 𝑠𝑖 using (30);

4. Compute the control input 𝑢𝑖 by (32);

until The termination condition is met;

5 . Simulation

The verification process involves two simulations: numerical simula­

tion and physical model simulation. Both simulations employ the same 

topology graph. As shown in Fig. 2, the MAS consists of four agents 

(N=4). The corresponding adjacency matrix 𝐴 and Laplacian matrix 𝐿
are defined as follows:

𝐴 =

⎡

⎢

⎢

⎢

⎢

⎣

0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0

⎤

⎥

⎥

⎥

⎥

⎦

, 𝐿 =

⎡

⎢

⎢

⎢

⎢

⎣

2 −1 0 −1
−1 2 −1 0
0 −1 2 −1
−1 0 −1 2

⎤

⎥

⎥

⎥

⎥

⎦

.

5.1 . Numerical simulation

The dynamics are given as follows:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑥̇𝑖,1 = 𝑥𝑖,2

𝑥̇𝑖,2 = −
𝐶𝐴 sin(𝑥2𝑖,2) + 𝑚𝑔𝜖

𝑚
+
𝑢𝑖
𝑚

𝑦𝑖 = 𝑥𝑖,1, 𝑖 = 1, 2, 3, 4

,

Fig. 2. The topology graph.

where 𝑥𝑖,1, 𝑥𝑖,2, and 𝑢𝑖 represent the position, velocity, and driving force, 

respectively. The parameters are defined as follows: aerodynamic drag 

coefficient 𝐶𝐴 = 0.41, tire rolling resistance coefficient 𝜖 = 0.01, vehicle 

mass 𝑚 = 1841kg, and gravitational acceleration 𝑔 = 9.8m/s2.
The local convex cost function is specified as J𝑖(𝑦𝑖) =

(

𝑦𝑖 − 𝑦𝑖(0)
)2

with 𝜇1 = 𝜇2 = 2. The intervals for intermittent communication 

are selected as [0.4, 1.4) ∪ [2.2, 3.2) ∪ [5.2, 6.2) ∪ [8.7, 9.7) ∪ [13.6, 14.6) ∪
[17.8, 18.8).

The parameters of the distributed optimization algorithm are chosen 

as follows: 𝜄 = 0.01, 𝛼 = 5, 𝛽 = 2. The parameters of the adaptive local 

state observer are selected as follows: 𝜉1,1 = 𝜉2,1 = 𝜉3,1 = 𝜉4,1 = 6, 𝜉1,2 =
𝜉2,2 = 𝜉3,2 = 𝜉4,2 = 6, 𝑇1 = 𝑇2 = 𝑇3 = 𝑇4 = 𝐼2. The parameters of 

SMCs are specified as follows: 𝑏1 = 𝑏2 = 𝑏3 = 𝑏4 = 3. The initial states 

of the MAS are set as:Ω1(0) = Ω′
1(0) = 1, Ω2(0) = Ω′

2(0) = 2, Ω3(0) =
Ω′
3(0) = 3, Ω4(0) = Ω′

4(0) = 4, Φ1(0) = Φ2(0) = Φ3(0) = Φ4(0) =
0, 𝑥1,1(0) = 1, 𝑥2,1(0) = 2, 𝑥3,1(0) = 3, 𝑥4,1(0) = 4, 𝑦∗ = 2.5, 𝑥1,2(0) =
𝑥2,2(0) = 𝑥3,2(0) = 𝑥4,2(0) = 0, 𝑥̂1,1(0) = 2, 𝑥̂2,1(0) = 3, 𝑥̂3,1(0) = 4,
𝑥̂4,1(0) = 5, 𝑥̂1,2(0) = 𝑥̂2,2(0) = 𝑥̂3,2(0) = 𝑥̂4,2(0) = 0, 𝜃̂1(0) = 𝜃̂2(0) = 𝜃̂3(0) =
𝜃̂4(0) = 0.

The trajectories of Ω𝑖 and the discontinuous derivative Ω̇𝑖 are pre­

sented in Fig. 3. The smooth and continuous trajectories of Ω̇′
𝑖 and Ω̈′

𝑖
are shown in Fig. 4 via Hermite interpolation. Fig. 5 presents the trajec­

tories of state estimation errors, demonstrating good agreement between 

the estimated states and the actual states. The trajectories of 𝜃̂𝑖 in Fig. 6 

show an accurate approximation of the unknown constant. The con­

vergence of the error system is evident in Fig. 7, where the tracking 

errors remain bounded and converge to a small neighborhood around

zero.

The comparative analysis highlights the advantages of the pro­

posed method, as illustrated in Figs. 8 and 9. Under identical initial 

conditions, the proposed approach achieves stable consensus at approx­

imately 𝑡 = 8s, while the method in Fig. 9 requires approximately 

12 s to achieve consensus. Furthermore, unlike the method in [39] 

which exhibits persistent oscillations near the optimal solution af­

ter achieving consensus, the proposed algorithm converges smoothly 

to the global minimizer 𝑦∗ = 2.5 with significantly improved sta­

bility. A detailed comparison is provided in Table 1, which summa­

rizes the key differences between the two methods across multiple

aspects.

5.2 . Physical model simulation

Fig. 10 depicts a basic Heating, Ventilation, and Air Conditioning 

(HVAC) system. Each room is equipped with identical components: a 

fan, window, wall, and temperature sensor. The fan regulates the cold 

air flow rate to adjust the room temperature, and the cold air mixes with 

the indoor air. The primary heat sources in each room are people and 

electrical devices. A temperature sensor panel records both the average 

indoor temperature and the setpoint temperature. Thermal circulation is 

achieved as hot air is discharged through thermal channels. Temperature 

regulation across interconnected rooms can be realized via optimized 

distributed consensus control.

The dynamics for each room are defined as:

𝑇̇ 𝑖𝑖𝑛 =
𝑄𝑖𝑖𝑛 + 𝑐𝑤𝑖𝐴𝑤𝑖(𝑇out − 𝑇 𝑖𝑖𝑛) + 𝑐𝑤𝑎𝐴𝑤𝑎(𝑇wall − 𝑇 𝑖𝑖𝑛)

𝑐𝑝𝑚air
+
𝐴𝑑𝑢𝑖
𝑚air

.

The parameter definitions and values are specified in Table 2. The 

local convex cost function J𝑖(𝑇 𝑖𝑖𝑛) = 0.001(𝑇 𝑖𝑖𝑛 − 𝑇
𝑖
𝑑 )

2
 satisfies the coeffi­

cients 𝜇1 = 𝜇2 = 0.002. The global minimizer is 𝑇 ∗
𝑖𝑛 = 25 ◦C. Intermittent 

communication occurs over the intervals [100, 300) ∪ [800, 1000) ∪
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Fig. 3. The trajectories of Ω𝑖 and Ω̇𝑖.
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Fig. 4. The smooth trajectories of Ω̇′
𝑖  and Ω̈′

𝑖 .
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Fig. 5. The trajectories of 𝑒𝑖,1.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Time (s)
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-0.5

0

0.5

1

Fig. 6. The trajectories of adaptive law 𝜃̂𝑖.

Fig. 7. The trajectories of consensus and tracking error 𝑧𝑖,1.
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Fig. 8. The output trajectories 𝑦𝑖 in this paper.
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Fig. 9. The output trajectories 𝑦𝑖 in [39].

Table 1 

Detailed comparison with [39].

Category Proposed algorithm Algorithm in [39]

Design structure Decoupled three-layer 

framework

Coupled estimation and 

control layers

Required states Output states only Full states

Controller type SMCs Backstepping controllers

Computational complexity O(1) O(𝑚)
Tunable parameters 𝜚𝑖 𝜈𝑖,1 ,… , 𝜈𝑖,𝑚
Convergence time 𝑡 = 8s (3s interruption) 𝑡 = 12s (4s interruption)

Oscillation near optimum No Yes

[1700, 1900) ∪ [2100, 2300) ∪ [2500, 2700) ∪ [3000, 3200). Other parameters 

follow the settings of the numerical simulation.

Fig. 11 demonstrates that all room temperatures successfully con­

verge to a small neighborhood of the global minimizer 25 ◦C after 

approximately 𝑡 = 2400𝑠. The convergence trajectory is non-smooth 

and exhibits clear oscillations during the convergence process. These 

oscillations are directly correlated with the saturated control inputs 

shown in Fig. 12, where the airflow velocities 𝑢𝑖 repeatedly saturate 

at the physical limit of 0.8 m s−1. This actuator saturation severely 

Table 2 

Definitions and values of parameters.

Parameters Values

𝑇 𝑖𝑖𝑛: Indoor temperature in room 𝑖 𝑇 1
𝑖𝑛 = 28, 𝑇 2

𝑖𝑛 = 34, 𝑇 3
𝑖𝑛 = 30, 𝑇 4

𝑖𝑛 = 31 ◦C

𝑇 𝑖𝑑 : Desired temperature in room 𝑖 𝑇 1
𝑑 = 23, 𝑇 2

𝑑 = 24, 𝑇 3
𝑑 = 26, 𝑇 4

𝑑 = 27 ◦C

𝑄𝑖
𝑖𝑛: Indoor heat source in room 𝑖 𝑄1

𝑖𝑛 = 200, 𝑄2
𝑖𝑛 = 400, 𝑄3

𝑖𝑛 = 200, 𝑄4
𝑖𝑛 = 600W

𝑐𝑤𝑖: Window heat transfer coefficient 6 W/(m2K)

𝐴𝑤𝑖: Window area 9 m2

𝑇𝑜𝑢𝑡: Outdoor temperature Maintain at 38 ◦C for a period

𝑐𝑤𝑎: Wall heat transfer coefficient 1.5 W/(m2K)

𝐴𝑤𝑎: Wall area 54 m2

𝑇𝑤𝑎𝑙𝑙 : Wall temperature Maintain at 22 ◦C for a period

𝑐𝑝: Specific heat capacity of air 1005 J/(kgK)

𝑚𝑎𝑖𝑟: Air mass 73.5 kg

𝐴𝑑 : Cross-sectional area of pipeline 2 m2

𝑢𝑖: Airflow velocity 0 to 0.8 m/s

limits the system’s ability to make corrective adjustments. Despite the 

constraints imposed by the physical hardware, the proposed algorithm 

drives the system to stable convergence. The final steady-state control 

inputs settle at different values to efficiently balance the varying thermal 

loads in each room.

Fig. 10. The HVAC system.
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Fig. 11. The trajectories of temperature 𝑇𝑖.
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Fig. 12. The trajectories of controller 𝑢𝑖.

6 . Conclusion

A three-layer distributed cooperative optimization framework is 

proposed for uncertain high-order nonlinear MASs under intermittent 

communication networks. This structure provides modular functionality 

and robustness while simplifying stability analysis. An adaptive state 

observer is developed to accurately estimate the states of each agent, 

considering that only outputs are measurable. Using a distributed op­

timization algorithm, each agent is assigned an ideal virtual reference 

signal to minimize its local cost function. To mitigate the adverse effects 

of communication disruptions, smooth virtual signals with continuous 

high-order derivatives are constructed via the Hermite interpolation 

technique based on local information. Additionally, SMCs are designed 

to ensure that the consensus error smoothly converges to a small 

neighborhood of zero. Rigorous theoretical analysis confirms that the 

proposed methodology effectively addresses the cooperative optimiza­

tion challenges in complex systems. The three-layer framework is limited 

by its reliance on an undirected network topology and the requirement 

for optimized communication resources. Future research will focus on 

extending the framework to general directed graphs and incorporating 

event-triggered mechanisms robust to distributed DoS attacks.
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