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Distributed Observers for Linear Time-Invariant
Systems With Time-Varying Delays:

A Switching Event-Triggered Approach
Shuqi Li , Feng Xiao , Senior Member, IEEE, Aiping Wang, and Yuanshi Zheng , Senior Member, IEEE

Abstract—The state estimation problem of linear time-
invariant (LTI) systems is investigated in this article. Distributed
observers are designed to estimate the complete states of
LTI systems under time-varying delays. A class of edge-based
switching event-triggered mechanisms (SETMs) are designed for
distributed observers to continuously estimate the states of the
target system by the discrete relative state information, reduc-
ing the consumption of communication/computation resources
significantly. The positive lower bounds of intersampling times
are guaranteed, which further avoids Zeno behaviors. A unified
framework for the stability analysis of the estimation error
system under the SETM is presented, and the sufficient conditions
for the asymptotic state estimation of the distributed observer
are derived. Finally, numerical simulations are given to illustrate
the effectiveness of the proposed method.

Index Terms—Distributed observers, linear time-invariant
(LTI) systems, switching event-triggered control, time-varying
delays.

I. INTRODUCTION

D ISTRIBUTED state estimation for linear time-invariant
(LTI) systems has attracted significant attention due to

its extensive applications in multiagent consensus control,
power system security estimation, attack detection and recon-
struction, and so on [1], [2], [3], [4], [5], [6], [7]. Two
primary approaches are widely employed for distributed state
estimation: the Kalman filter-based approach and the observer-
based approach. The Kalman filter-based approach aims to find
an optimal estimator with minimum covariance under noisy
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measurements, while the observer-based approach focuses on
stability issues of estimation error systems, and has been
widely used in distributed control. See [5], [8], [9], [10], [11]
for distributed Kalman filters and [4], [7], [12], [13], [14],
[15], [16], [17], [18] for distributed observers.

Distributed observers provide an effective solution to the
problem of local undetectability in LTI systems [19], [20],
[21], [22], [23]. However, the existing studies typically
assumed continuous communication among local observers,
leading to significant communication and computational
resource consumption. Furthermore, frequent communication
in distributed observer networks may lead to network con-
gestion and packet loss, degrading estimation performance
significantly. Event-triggered mechanisms (ETMs) have been
proven effective in reducing redundant data packets [24],
[25], [26], [27], and several related work on event-based
observers has been reported in [28], [29], [30], [31], [32],
[33], [34], and [35]. However, most of the existing event-
triggered schemes in continuous-time frameworks are prone
to the Zeno behavior [28], [29], [30], [31], [32]. A viable
solution is to introduce a minimum interevent time (MIET)
in the ETMs, which guarantees that there is a time lower
bound between consecutive events [35], [36], [37]. It should
be pointed out that continuous monitoring of state information
is required in the above ETMs, resulting in a consumption
of communication/computation resources. The switching-like
ETMs have been proposed as an alternative solution to
avoiding the Zeno behavior [38], [39]. In [38], a switching-like
ETM was designed utilizing a periodic sampling mechanism
and an ETM. The periodic sampling was designed to switch
to the ETM after one period h, guaranteeing a positive lower
bound on the interevent times. However, events may occur
periodically as states are close to the origin, which is a
notable drawback of this approach. Moreover, most studies
focused on the synchronous data sampling and transmission
in networked systems, which is challenging to implement
in heterogeneous and large-scale systems. In this article,
we propose an asynchronous switching ETM (SETM) that
comprises multiple ETMs and a switching mechanism. The
Zeno behavior is inherently avoided due to the switching
between triggering mechanisms. Additionally, a threshold-
based approach is proposed to solve the problem that events
occur frequently when states are close to the origin.

Moreover, most results on distributed observers are based on
the assumption that communication between local observers
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is instantaneous. This assumption is difficult to be satisfied
since time delays are unavoidable in applications [18], [40],
[41], [42]. In this article, we consider the case where time-
varying delays exist in distributed observers and analyze the
effect of time-varying delays on the stability of the estimation
error system.

Motivated by the above observations, this article considers
the design and stability analysis of distributed observers with
SETM for continuous-time LTI systems. The main contribu-
tions of this article are summarized as follows.

First, different from the existing results on distributed
observers designed with ETMs [3], [32], [33], [35], an
edge-based asynchronous SETM is proposed for distributed
observers, avoiding synchronous communication among
neighboring local observers at the triggering instants. Unlike
the switching-based approach proposed in [38] and [39], our
proposed switching mechanism focuses on the switching
between multiple types of ETMs, which could be periodic
ETMs (PETMs), static/dynamic ETMs, periodic/aperiodic
data-sampling mechanisms, and so on.

Second, we propose a unified discrete-time framework for
the stability analysis of the system under asynchronous data
sampling and multichannel time-varying delays, and prove
that the distributed switching event-triggered observer with
time-varying delays can achieve an asymptotic state estima-
tion for the continuous-time LTI systems with incompletely
measurable local outputs. Different from the LMIs and the
Lyapunov-Krasovskii approaches employed in [20], [38], [39],
and [41], an integral-based approach is presented to analyze
the relative state information among local observers in discrete
times, which relaxes the requirement of negative definiteness
for the derivatives of Lyapunov functions. The proposed
analysis approach is applicable to the multiagent systems
(MASs) with synchronous/asynchronous sampling and time
delays.

Third, we drive the sufficient condition for the asymp-
totic state estimation in terms of inequalities related to the
system state matrix and the distributed observer parameters.
In contrast to the existing researches on distributed observers
with time-varying delays [18], [40], the tradeoff between the
coupling gain of local observers and maximum allowable time
delays is analyzed in this article, and the impact of minimum
event intervals and time-varying delays on the performance of
the distributed switching event-triggered observer is explored.

The novelties of this article are as follows. First, rather
than finding a “waiting time” for continuous-time ETMs
(CETMs) by a switching approach, we consider the switch-
ing mechanism between different types of ETMs. Such a
switching mechanism can be compatible with different types
of ETMs and can be extended to general event-triggering
conditions. Second, in the stability analysis, we build a virtual
discrete-time detection by introducing virtual data-sending
times into continuous-time event detection. Using this method,
the continuous-time event detection can be compatible with
periodic sampling, and even with periodic event detection with
multiple detection periods. Third, large time-varying delays
are allowed in distributed observers, and we analyze the effect
of maximum allowable delays and minimum event intervals

on the estimation performance of distributed observers. As
far as we know, there are no results for the performance
analysis of distributed observers with asynchronous ETMs and
multichannel time-varying delays.

This article is organized as follows. In Section II, Model
setup is given. In Section III, a class of SETM is designed
and the stability analysis of the proposed distributed observer
is given. Simulations and summary are provided in Sections V
and VI, respectively.

Notation: In denotes the n-dimensional identity matrix; λA

denotes the largest eigenvalue of (1/2)(A� + A); σA denotes
the largest singular value of A. ϕmax

A (resp. ϕmin
A ) denotes

the largest (resp. smallest) eigenvalue of matrix A. col{ai}n
i=1

denotes the column vector with entries ai, i = 1, . . . , n in
sequence, and col{Ai}n

i=1 denotes the concatenated matrix, i.e.,
col{Ai}n

i=1 = [A�
1 , . . . , A�

n ]�. Ā = diag{A1, . . . , An} denotes
the block diagonal matrix with Ai, i = 1, . . . , n as diagonal
elements. maxυ{f (υ)} (resp. minυ{f (υ)}) is the maximum
(resp. minimum) value of f (υ) in the domain of υ. ‖· ‖
represents the Euclidean norm. “∨” denotes disjunction, “∧”
denotes conjunction, and

∨m
i=1 F(i) = F(1)∨F(2)∨· · ·∨F(m),∧m

i=1 F(i) = F(1)∧F(2)∧· · ·∧F(m). “⇒” denotes implication
and “¬” denotes negation.

II. MODEL SETUP

Consider a continuous-time LTI system with multiple mea-
surement outputs

ẋ(t) = Ax(t), yi(t) = Hix(t), i = 1, . . . , n (1)

where x(t) ∈ R
N is the state vector, and yi(t) ∈ R

pi is the
local measurement output with output matrix Hi ∈ R

pi×N .
Throughout this article, the pair (col{Hi}n

i=1, A) is supposed to
be detectable.

Remark 1: With the observability decomposition, matrices
A and Hi, i = 1, . . . , n, can be transformed as T�

i ATi =[
Aio 0
Aic Aiu

]
, HiTi = [ Hio 0 ], where Aio ∈ R

mi×mi , Aiu ∈
R

(N−mi)×(N−mi), Aic ∈ R
(N−mi)×mi , Hio ∈ R

pi×mi , and Ti is
an orthogonal matrix. mi is the dimension of the observable
subspace of the pair (Hi, A).

The objective of this article is to design a distributed switch-
ing event-triggered observer, comprising n local observers, for
the LTI system given by (1). Local observers cooperate with
each other to ensure that the state of each local observer
asymptotically estimates the state x(t) of the target system, i.e.,
limt→∞‖x̃i(t)−x(t)‖ = 0 for i = 1, . . . , n, where x̃i(t) denotes
the state of the ith local observer. The communication topology
among the observers is represented by an undirected graph
G = (N , E). N = {1, 2, . . . , n} is the node set, where node i
represents the ith local observer. E = {(j, i) ∈ N ×N |i �= j} is
the edge set representing the communication links among local
observers. Ni = {j ∈ N |(j, i) ∈ E} denotes the set of neighbors
of node i; Ei = {(j, i) ∈ E |j ∈ Ni} denotes the set of all edges
that are incident on node i. Assume that there are m edges in
the graph G. The edges are indexed by 1, 2, . . . , m. For the
sake of presentation, an arbitrary direction is assigned to each
edge in the graph G and the incidence matrix is defined by
D = [dir] ∈ R

n×m, where dir = 1 if node i is the head of the
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Fig. 1. Design scheme of local observer i on edge r with the SETM.

oriented edge r, dir = −1 if node i is the tail of the oriented
edge r, and dir = 0 otherwise.

The design scheme of the ith local observer is shown in
Fig. 1. The dynamics is designed as

˙̃xi(t) = Ax̃i(t) + Li(yi(t) − ỹi(t)) − γ Mi

∑

r∈Ei

dirẑr(t)

ỹi(t) = Hix̃i(t) (2)

where x̃i(t) ∈ R
N and ỹi(t) ∈ R

pi are the state vector and the
output vector; γ ∈ R is the coupling gain; Li and Mi are gain
matrices to be designed; zr(t) is the relative state on the edge
r; ẑr(t) ∈ R

N is the sampled-data of zr(t) with time-varying
delays. ẑr(t) = zr(trk), t ∈ [trk +τ r

k , trk+1 +τ r
k+1), where trk is the

kth data-sending time and τ r
k is the time-varying delay with

respect to r, satisfying the following assumption.
Assumption 1: For k = 0, 1, 2, . . . :
1) trk + τ r

k < trk+1 + τ r
k+1

1;
2) 0 ≤ τ r

k ≤ τ r, where τ r is a positive constant number,
i.e., an upper bound of the time-varying delays.

Remark 2: For the rth edge (j, i), if the orientation is from
node i to node j, then dir = −1, ẑr(t) = x̃j(trk) − x̃i(trk), t ∈
[trk + τ r

k , trk+1 + τ r
k+1); if the orientation is from node j to node

i, then dir = 1, ẑr(t) = x̃i(trk)− x̃j(trk), t ∈ [trk +τ r
k , trk+1 +τ r

k+1).
Therefore, the value of dirẑr(t) in (2) is only associated with
node i and edge r, and is independent of orientation.

Remark 3: For the distributed state estimation approach
proposed in this article, the following challenges exist:
1) only the relative state information among neighboring local
observers and local output yi(t) are available for local observer
i; 2) time-varying delays exist in the feedback channels; 3) the
stability analysis of the distributed observers is complicated
due to the presence of multiple event triggers.

III. MAIN RESULTS

A. Design of the Switching Event-Triggered Mechanism

In this section, a SETM consisting of a PETM and a
CETM is proposed for local observers to reduce both the
communication frequency and the update frequency of ẑr(t).

Suppose that trk is a data-sending time generated by the
CETM, define Tr

K = trk as a starting time of the Kth switching
loop, where K = 1, 2, . . . , and Tr

K ⊆ {trk : k = 0, 1, 2, . . . },
1Under the condition 1), larger time delays are allowed to exist in the

distributed switching event-triggered observer, i.e., it may happen that trk+1 <

trk + τ r
k .

Fig. 2. Schematic of the SETM.

see Fig. 2 as an example. Starting from the Kth switching
loop, the proposed SETM first perform the PETM nr times
with time period hr, where nr is a preset positive integer. The
periodic event-triggering condition is designed as

‖zr
(
Tr

K + crhr)− zr
(
trk
)‖ ≥ √

ω‖zr
(
trk
)‖ (3)

where ω > 0, cr = 1, 2, . . . , and cr < nr. If Condition (3) is
satisfied at the instant trk+phr, 1 ≤ p ≤ nr−1, the instant is the
next data-sending time trk+1 = trk+phr and the sampled relative
state is updated. Correspondingly, Condition (3) is updated
as ‖zr(Tr

K + crhr) −zr(trk+1)‖ ≥ √
ω‖zr(trk+1)‖, cr = p +

1, . . . , nr−1.2 The PETM is still performed and data-sampling
time and event-triggering condition are updated in a similar
way until the instant Tr

K + nrhr. Then the PETM switches
to the CETM. The CETM is performed until the following
continuous-time event-triggering condition is satisfied

‖zr(t) − zr
(
trk′
)‖ ≥ √

ω‖zr
(
trk′
)‖ (4)

where trk′ is the latest data-sending time. The algorithm is given
in Algorithm 1.

It should be noted that the execution of CETM (4) requires
continuous information of zr(t). To relax this requirement, we
propose the following edge-based event-triggering condition
for the rth edge (j, i)
{

local observer i: ‖x̃i(t) − x̃i(trk′)‖ ≥
√

ω

2 ‖zr(trk′)‖ (5a)

local observer j: ‖x̃j(t) − x̃j(trk′)‖ ≥
√

ω

2 ‖zr(trk′)‖ (5b)

2There may exist multiple events during periodic event detection. At each
data-sending time, the sampled relative state and the event-triggering condition
are updated accordingly.
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Algorithm 1: Edge-Based SETM for Edge r

Initialization: nr: the preset positive integer; hr: the
period of the PETM; Tr

K : the starting time of each
switching loop; Ttotal: the total simulation time.
k = 0, K = 1, tr0 = 0, Tr

K = trk. Update zr(tr0).
1 while Tr

K ≤ Ttotal do
2 cr = 1; t = Tr

K + hr. Update zr(Tr
K + hr).

3 while t < Tr
K + nrhr do // perform the PETM

4 if t < Ttotal then
5 if Condition (3) returns TRUE then
6 k = k + 1; trk = Tr

K + crhr, update zr(trk).
7 end if
8 cr = cr + 1; t = Tr

K + crhr.
9 Update zr(Tr

K + crhr).
10 else
11 End simulation.
12 end if
13 end while

// the switching action is performed at t = Tr
K + nrhr.

14 do // perform the CETM
15 Check Condition (4).
16 t is incremented with simulation time.
17 until Condition (4) returns TRUE or t ≥ Ttotal;
18 if t ≥ Ttotal then
19 End simulation.
20 else
21 k = k + 1; trk = t; K = K + 1; Tr

K = trk.
22 Update zr(trk).
23 end if
24 end while

An event occurs when either of the two conditions in (5) is
satisfied. Only the states of local observers i and j connected
by edge r are sampled, and the sampled data of relative state
is updated, as shown in Fig. 2. In this case, the inequality
‖zr(t)−zr(trk)‖ <

√
ω‖zr(trk)‖ holds for all data-sending times.

Moreover, the continuous communication among neighboring
local observers is avoided since only sampled values of
neighboring local observer’s states are required in the event-
triggering conditions.

The next data-sending time is given by

trk+1 = inf

{

t ≥ Tr
K + nrhr | ‖x̃i(t) − x̃i

(
trk′
)‖ ≥

√
ω

2
‖zr
(
trk′
)‖

∨‖x̃j(t) − x̃j
(
trk′
)‖ ≥

√
ω

2
‖zr
(
trk′
)‖
}

. (6)

The satisfaction of Condition (4) implies that at least one of the
conditions in (5) is satisfied, which means the CETM with (5)
may generate a higher frequency of events. However, it has the
advantage of avoiding the continuous monitoring of relative
states zr(t) and reducing the communication frequency among
neighboring local observers.

Remark 4: Note that if the value of ‖zr(trk)‖ is close
to zero, there exists frequent switching between triggering
mechanisms. A feasible solution is proposed to deal with this
and detailed contents can be seen in Section III-C.

B. Stability Analysis

In this section, the concept of virtual data-sending times is
first introduced to establish a unified discrete-time framework,
and then the stability analysis of the estimation error system
is given in this framework. We take nr = 1, r = 1, . . . , m, as
an example in the following discussion.

The SETM proposed in this article is a hybrid ETM
including CETM and discrete-time ETM. To analyze the
stability of the distributed observer in a unified framework,
we introduce virtual periodic data-sending times, which was
previously used in [26], into [trk + hr, trk+1) with hr as the
period. This results in a time sequence trk + hr, . . . , trk + cr

khr,
with cr

k being a positive number such that trk + cr
khr < trk+1 ≤

trk + (cr
k + 1)hr. Each virtual data-sending time is assigned

with a corresponding virtual delay, which is described as τ r
k +

qhr(τ r
k+1 − τ r

k )/(trk+1 − trk), q = 1, . . . , cr
k. Gathering all the

actual and virtual data-sending times in ascending order, we
denote them and their corresponding delays by sr

k and 	r
k,

k = 0, 1, . . . Then, the stability analysis of the estimation
error system can be performed in the unified discrete-time
framework. By Assumption 1, the properties:

(i) sr
k + 	r

k < sr
k+1 + 	r

k+1;
(ii) 0 < sr

k+1 − sr
k ≤ hr;

(iii) 0 ≤ 	r
k ≤ τ r

hold for all i.
Note that the condition ‖zr(t) − zr(sr

k)‖ <
√

ω‖zr(sr
k)‖

always holds for all instants sr
k, k = 0, 1, 2, . . .

Denote the estimation error vector of the ith local observer
as ei(t) = x̃i(t) − x(t). By (1) and (2), we have that

ėi(t) = ˙̃xi(t) − ẋ(t)

= (A − LiHi)ei(t) − γ Mi

∑

r∈Ei

dirẑr(t). (7)

The matrices Li and Mi are designed as

Li = Ti
[
LT

io 0
]T

, Mi = Ti

[
P−1

io 0
0 IN−mi

]

TT
i (8)

satisfying
⎧
⎨

⎩

[

1i + 2ρiImi AT

icPiu

PiuAic 
2i + 2ρiIN−mi

]

≤ 0

0 < ρ ≤ mini∈N {ρi}
(9)

where

1i = PioAio + AT

ioPio − WioHio − HT
ioWT

io;

2i = PiuAiu + AT

iuPiu;
Wio = PioLio;
Aio, Aic, Aiu, and Hio are matrices obtained by the
observability decomposition of the matrices A and Hi,
see Remark 1;
Ti is an orthogonal matrix;
Pio ∈ R

mi×mi , Piu ∈ R
(N−mi)×(N−mi) are positive definite

matrices;
ρ and ρi, i ∈ N are positive numbers.

Remark 5: Using the Schur complement lemma, the first
inequality in (9) is equivalent to
{


1i + 2ρiImi < 0


2i + 2ρiIN−mi − PiuAic
(

1i + 2ρiImi

)−1
AT

icPiu ≤ 0.
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The matrices Li and Mi can be calculated by solving the above
inequalities.

Denote e(t) = col{ei(t)}n
i=1 and ẑ(t) = col{ẑr(t)}m

r=1, the
error dynamics is described as

ė(t) = Λe(t) − γ M̄(D ⊗ IN)ẑ(t) (10)

where 
 = diag{A − L1H1, . . . , A − LnHn}. The distributed
observer (2) is said to achieve asymptotic estimation if and
only if the error system (10) achieves asymptotic stability.

Define dr = (d1r, . . . , dnr), Dr = d�
r dr, �1 = P̄M̄, �2 =

L̄H̄, and κr = hr+τ r. The main result is given in the following
theorem.

Theorem 1: Suppose that (col{Hi}n
i=1, A) is detectable and

G is an undirected and connected graph. The distributed
switching event-triggered observer (2) with (6) and (9) under
Assumption 1 achieves the asymptotic estimation if κ̄ =
maxr∈E {κr} is small enough such that
{

εγ 2σ 2
Dσ 2

M

∑m
r=1 �r

1 < μ − εe2λAκ̄ maxr∈E {�r
0}

εγ 2∑m
r=1 e2λAκr�r

2 < μ
(11)

holds for positive numbers ω, a0, ξ r
i , ϑ r

i with a0 > 1/2,
∑3

i=1 ξ r
i = 1 and

∑3
i=1 ϑ r

i = 1, where
�r

0 = σ 2
A κ̄2/ξ r

1 + ω/ξ r
3 + (1 + ω)2σ 2

�2
κ2

r /(ξ r
2ϑ r

1)

�r
1 = (κ2

r ϕmax
Dr

/ξ r
2 + σ 2

�2
κ4

r ϕmax
Dr

/(ξ r
2ϑ r

2))e
2λAκr

�r
2 = κ2

r /ξ r
2 + σ 2

�2
κ5

r e2λΛκrσ 2
Dσ 2

Mϕmax
Dr

/(ξ r
2ϑ r

3);
μ = γ ϕmin

�1
(1 − 1/2a0), ε = a0γ ϕmin

�1
/2.

Parameters σ(·), λ(·), ϕmax
(·) and ϕmin

(·) have been defined in
Notation.

Proof: Choose a Lyapunov function candidate as V(t) =
(1/2)

∑n
i=1 ei(t)�Piei(t), where Pi = T�

i [ Pio 0
0 Piu

]Ti

V̇(t) = e(t)�P̄Λe(t) − γ e(t)�P̄M̄(D ⊗ IN)ẑ(t)

= e(t)�P̄Λe(t) − γ e(t)�P̄M̄(D ⊗ IN)
(
ẑ(t) − z(t)

)

− γ e(t)�P̄M̄(D ⊗ IN)z(t). (12)

From (9), we get that

diag{U1, . . . , UN} + 2ρInN < 0 (13)

where Ui =
[


1i+2ρiImi AT
icPiu

PiuAic 
2i+2ρiIN−mi

]
. Then, we get the

following inequality:

V̇(t) ≤ − ρe(t)�e(t) + γ ϕmin
�1

z(t)�
(
z(t) − ẑ(t)

)

− γ ϕmin
�1

z(t)�z(t)

≤ − ρe(t)�e(t) − γ ϕmin
�1

ẑ(t)�ẑ(t)

+ γ ϕmin
�1

(
ẑ(t) − z(t)

)�
ẑ(t)

≤ − ρe(t)�e(t) − γ ϕmin
�1

ẑ(t)�ẑ(t) + γ ϕmin
�1

2a0
ẑ(t)�ẑ(t)

+ a0γ ϕmin
�1

2

(
z(t) − ẑ(t)

)�(
z(t) − ẑ(t)

)

≤ − ρe(t)�e(t) − μẑ(t)�ẑ

+ ε
(
z(t) − ẑ(t)

)�(
z(t) − ẑ(t)

)
. (14)

For t ∈ [sr
k + 	r

k, sr
k+1 + 	r

k+1), using zr(t) = (dr ⊗ IN)e(t),
we have that

żr(t) = Azr(t) − (dr ⊗ IN)�2e(t)

− γ (dr ⊗ IN)M̄(D ⊗ IN)ẑ(t). (15)

Integrating (15) yields that

zr(t) = eA(t−sr
k)zr

(
sr

k

)−
∫ t

sr
k

eA(t−s)(dr ⊗ IN)�2e(s)

+ eA(t−s)γ (dr ⊗ IN)M̄(D ⊗ IN)ẑ(s)ds. (16)

Then we have that

zr(t) − ẑr(t) =
(

eA(t−sr
k) − IN

)
ẑ
(
sr

k + 	r
k

)+ eA(t−sr
k)ηr

k

−
∫ t

sr
k

(
eA(t−s)(dr ⊗ IN)�2e(s)

+ eA(t−s)γ (dr ⊗ IN)M̄(D ⊗ IN)ẑ(s)
)
ds (17)

where ẑr(t) = ẑr(sr
k + 	r

k), ηr
k = zr(sr

k) − ẑr(sr
k + 	r

k), and
‖ηr

k‖ <
√

ω‖ẑr(sr
k + 	r

k)‖ if sr
k is a virtual data-sending time;

ẑr(t) = zr(sr
k) and ηr

k = 0 if sr
k is a data-sending time. By

Jensen’s Inequality, we have that

‖zr(t) − ẑr(t))‖2 ≤ 1

ξ r
1
‖
(

eA(t−sr
k) − IN

)
ẑ
(
sr

k + 	r
k

)‖2

+ 1

ξ r
2
�r2

1 + 1

ξ r
2
γ 2�r2

2

+ 1

ξ r
3
ηr�

k

(
eA(t−sr

k)
)�

eA(t−sr
k)ηr

k (18)

where �r
1 = ‖∫ t

sr
k

eA(t−s)(dr ⊗ IN)�2e(s)ds‖, �r
2 =

‖∫ t
sr
k

eA(t−s)(dr ⊗ IN)M̄(D ⊗ IN)ẑ(s)ds‖. By 0 < sr
k+1 − sr

k ≤
hr and 0 ≤ 	r

k ≤ τ r, we have that t − sr
k ≤ κr. Using

the [43, Lemma 1], we have the following inequality for the
first term on the right-hand side of (18)

‖
(

eA(t−sr
k) − IN

)
ẑ
(
sr

k + 	r
k

)‖2

≤
σ 2

A

(
eλA(t−sr

k) − 1
)2

λ2
A

ẑ
(
sr

k + 	r
k

)�
ẑ
(
sr

k + 	r
k

)

≤ σ 2
Aκ2

r e2λAκr ẑ
(
sr

k + 	r
k

)�
ẑ
(
sr

k + 	r
k

)
. (19)

Suppose that tp1 = sr
k, tp2 = sr

k + 	r
k, tp3 ≤ t ≤ tp3+1 ≤

sr
k+1 + 	r

k+1

e(t) = eΛ(t−sr
k)e
(
sr

k

)−
∫ t

sr
k

γ eΛ(t−s)M̄(D ⊗ IN)ẑ(s)ds

= eΛ(t−sr
k)e
(
sr

k

)−
p3−1∑

l=p1

∫ tl+1

tl
eΛ(tl+1−s)ds

× γ eΛ(t−tl+1)M̄(D ⊗ IN)ẑ(tl)

−
∫ t

tp3

γ eΛ(t−s)dsM̄(D ⊗ IN)ẑ
(
tp3

)

≤ eΛ(t−sr
k)e
(
sr

k

)−
p3−1∑

l=p1

γ

λΛ

(
eλΛ(tl+1−tl) − 1

)
eΛ(t−tl+1)

× M̄(D ⊗ IN)ẑ(tl) − γ

λΛ

(
eλΛ(t−tp3 ) − 1

)

× M̄(D ⊗ IN)ẑ
(
tp3

)
(20)
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and thus
∫ t

sr
k

eA(t−s)(dr ⊗ IN)�2e(s)ds

≤
∫ t

sr
k

eA(t−s)(dr ⊗ IN)�2e
(s−sr
k)e
(
sr

k

)
ds

−
∫ t

sr
k

eA(t−s)(dr ⊗ IN)�2

p3−1∑

l=p1

γ

λΛ

(
eλΛ(tl+1−tl) − 1

)

×eΛ(s−tl+1)M̄(D ⊗ IN)ẑ(tl)ds

−
∫ t

sr
k

eA(t−s)(dr ⊗ IN)�2
γ

λΛ

(
eλΛ(s−tp3 ) − 1

)

×M̄(D ⊗ IN)ẑ
(
tp3

)
ds. (21)

Introducing positive numbers ϑ r
1, ϑ r

2, ϑ r
3 with

∑3
i=1 ϑ r

i = 1.
By [43, Lemma 1] and Jensen’s Inequality, we have that

�r2

1 ≤ 1

ϑ r
1

∥
∥
∥

∫ t

sr
k

eA(t−s)(dr ⊗ IN)�2e
(s−sr
k)e
(
sr

k

)
ds
∥
∥
∥

2

+ 1

ϑ r
2

∥
∥
∥

∫ t

sr
k

eA(t−s)(dr ⊗ IN)�2

p3−1∑

l=p1

γ

λΛ

×
(

eλΛ(tl+1−tl) − 1
)

eΛ(s−tl+1)M̄(D ⊗ IN)ẑ(tl)ds
∥
∥
∥

2

+ 1

ϑ r
3

∥
∥
∥

∫ t

sr
k

eA(t−s)(dr ⊗ IN)�2
γ

λΛ

×
(

eλΛ(s−tp3 ) − 1
)

M̄(D ⊗ IN)ẑ
(
tp3

)
ds
∥
∥
∥

2
. (22)

Consider the first term on the right side of inequality (22)
∥
∥
∥

∫ t

sr
k

eA(t−s)(dr ⊗ IN)�2e
(s−sr
k)e
(
sr

k

)
ds
∥
∥
∥

2

=
∥
∥
∥

∫ t

sr
k

eA(t−s)(dr ⊗ IN)�2e
(s−t)dse
(t−sr
k)e
(
sr

k

)∥∥
∥

2

≤ σ 2
�2

( ∫ t

sr
k

e(λA−λΛ)(t−s)ds eλΛ(t−sr
k)zr

(
sr

k

))2

≤ σ 2
�2

( 1

λA − λΛ

(
e(λA−λΛ)(t−sr

k) − 1
)

eλΛ(t−sr
k)zr

(
sr

k

))2

≤ σ 2
�2

(
t − sr

k

)2e2λA(t−sr
k)zr

(
sr

k

)�
zr
(
sr

k

)
.

Consider the second term on the right side of inequality (22)

∥
∥
∥

∫ t

sr
k

eA(t−s)(dr ⊗ IN)�2

p3−1∑

l=p1

γ

λΛ

(
eλΛ(tl+1−tl) − 1

)

×eΛ(s−tl+1)M̄(D ⊗ IN)ẑ(tl)ds
∥
∥
∥

2

≤ γ 2σ 2
�2

( ∫ t

sr
k

e(λA−λΛ)(t−s)ds
p3−1∑

l=p1

(tl+1 − tl)eλΛ(t−tl)

×(dr ⊗ IN)M̄(D ⊗ IN)ẑ(tl)
)2

≤ γ 2σ 2
�2

(
t − sr

k

)2e2(λA−λΛ)(t−sr
k)

p3−1∑

l=p1

(tl+1 − tl)
2e2λΛ(t−tl)

×ẑ(tl)
�(D� ⊗ IN

)
M̄�(Dr ⊗ IN)M̄(D ⊗ IN)ẑ(tl).

Consider the third term on the right side of inequality (22)
∥
∥
∥

∫ t

sr
k

eA(t−s)(dr ⊗ IN)�2
γ

λΛ

(
eλΛ(s−tp3 ) − 1

)

×M̄(D ⊗ IN)ẑ
(
tp3

)
ds
∥
∥
∥

2

≤ γ 2σ 2
�2

(
t − sr

k

)2(
t − tp3

)2e2λA(t−sr
k)+2λΛ

(
t−tp3

)

×ẑ
(
tp3

)�(
D� ⊗ IN

)
M̄�(Dr ⊗ In)M̄(D ⊗ IN)ẑ

(
tp3

)
.

Then, we have that

�r2

1 ≤ 2σ 2
�2

ϑ r
1

(
t − sr

k

)2e2λA(t−sr
k)
(
ẑr
(
sr

k + 	r
k

)�
ẑr
(
sr

k + 	r
k

)

+ ηr�
k ηr

k

)+ 1

ϑ r
2
γ 2σ 2

�2

(
t − sr

k

)2e2(λA−λΛ)(t−sr
k)

×
p3−1∑

l=p1

(tl+1 − tl)
2e2λΛ(t−tl)�r�

l �r
l + 1

ϑ r
3
γ 2σ 2

�2

× (
t − sr

k

)2(
t − tp3

)2e2λA(t−sr
k)+2λΛ

(
t−tp3

)

�r�
p3 �r

p3

(23)

and

�r2

2 ≤
p3−1∑

l=p1

hr + τ r

(tl+1 − tl)

( ∫ tl+1

tl
eA(tl+1−tl)dseA(t−tl+1)

× (dr ⊗ IN)M̄(D ⊗ IN)ẑ(tl)
)�

×
∫ tl+1

tl
eA(tl+1−tl)dseA(t−tl+1)(dr ⊗ IN)

× M̄(D ⊗ IN)ẑ(tl) + hr + τ r

tp3+1 − tp3

( ∫ t

tp3

eA(t−s)ds

× (dr ⊗ IN)M̄(D ⊗ IN)ẑ
(
tp3
))�

×
∫ t

tp3

eA(t−s)ds(dr ⊗ IN)M̄(D ⊗ IN)ẑ
(
tp3
)

≤
p3−1∑

l=p1

hr + τ r

(tl+1 − tl)λ2
A

(
eλA(tl+1−tl) − 1

)2
e2λA(t−tl+1)

× �r�
l �r

l + hr + τ r

λ2
A

(
tp3+1 − tp3

)
(

eλA(t−tp3 ) − 1
)2

�r�
p3 �r

p3

(24)

where �r
l = (dr⊗IN)M̄(D⊗IN)ẑ(tl) and �r

p3 = (dr⊗IN)M̄(D⊗
IN)ẑ(tp3). Combining (19), (23) and (24), we have that

‖zr(t) − ẑr(t))‖2

≤ 1

ξ r
1
σ 2

Aκ2
r e2λAκr ẑ

(
sr

k + 	r
k

)�
ẑ
(
sr

k + 	r
k

)

+ 1

ξ r
2

(2σ 2
�2

ϑ r
1

κ2
r e2λAκr (1 + ω)ẑr

(
sr

k + 	r
k

)�
ẑr
(
sr

k + 	r
k

)

+ 1

ϑ r
2
γ 2σ 2

�2
κ2

r e2(λA−λΛ)κr

p3−1∑

l=p1

(tl+1 − tl)
2e2λΛ(t−tl)

×�r�
l �r

l + 1

ϑ r
3
γ 2σ 2

�2
κ4

r e2λA+2λΛκr�r�
p3 �r

p3

)
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+ 1

ξ r
2
γ 2
( p3−1∑

l=p1

κr(tl+1 − tl)e2λA(t−tl)�r�
l �r

l

+ κr

tp3+1 − tp3

(
t − tp3

)2e2λA
(
t−tp3

)

�r�
p3 �r

p3

)

+ 1

ξ r
3
ωe2λA(h+τ)ẑ

(
sr

k + 	r
k

)�
ẑ
(
sr

k + 	r
k

)
(25)

and thus
∫ t

sr
k+	r

k

(
zr(s) − ẑr(s)

)�(
zr(s) − ẑr(s)

)
ds

≤ �r
0

(
t − tp2

)
e2λAκr‖ẑ

(
sr

k + 	r
k

)‖2 + 1

ξ r
2
γ 2σ 2

�2

×
(κ2

r

ϑ r
2

(
t − tp2

)
e2λAκr

p3−1∑

l=p1

(tl+1 − tl)
2�r�

l �r
l

+κ4
r

ϑ r
3

e2(λA+λΛ)κr�r�
p3 �r

p3

)
+ 1

ξ r
2
γ 2κ2

r e2λAκr

×
( p3−1∑

l=p1

(tl+1 − tl)�
r�
l �r

l + (
t − tp3

)
�r�

p3 �r
p3

)
(26)

where �r
0 = σ 2

A κ̄2/ξ r
1 + ω/ξ r

3 + (1 + ω)2σ 2
�2

κ2
r /ξ r

2ϑ r
1. Let

t0 = maxr∈E {tr0+τ r
0}. For the rth edge, let p̄r be the index such

that sr
p̄r

≥ t0 + maxq∈E {τ q}+ maxq∈E {hq}. Let tpr
1

= sr
p̄r

, tpr
2

=
sr

p̄r
+ 	r

p̄r
, and tp0 = maxr∈E {sr

p̄r
+ 	r

p̄r
}. By inequalities (12)

and (26), we have that V(t) is in the following form:

V(t) ≤ V(t0) + V0 + V1 − ρ

∫ t

t0
e(s)�e(s)ds (27)

where

V0 = − μ

∫ tp0

t0
ẑ(s)�ẑ(s)ds + ε

m∑

r=1

( ∫ tpr
2

t0

(
z(s) − ẑ(s)

)�

× (
z(s) − ẑ(s)

)
ds +

(
�r

0e2λAκr

p0−1∑

l=pr
2

(tl+1 − tl)ẑ(tl)
�

× ẑ(tl) + γ 2κ2
r e2λAκr

ξ r
2

(σ 2
�2

ϑ r
2

p0−1∑

l=pr
1

(tl+1 − tl)
2�r�

l �r
l

+
p0−1∑

l=pr
1

(tl+1 − tl)�
r�
l �r

l +
p0−1∑

l=pr
2

(tl+1 − tl)�
r�
l �r

l

)))

V1 =
p3−1∑

l=p0

(tl+1 − tl)
(

− μ + εe2λAκ̄ max
r∈E

{�r
0} + εγ 2σ 2

Dσ 2
M

×
m∑

r=1

(
κ2

r ϕmax
Dr

+ σ 2
�2

κ4
r ϕmax

Dr

ϑ r
2

)e2λAκr

ξ r
2

)
ẑ(tl)

�ẑ(tl)

+ (
t − tp3

)(− μ + εγ 2
m∑

r=1

e2λAκrκ2
r

ξ r
2

+ σ 2
�2

κ5
r

× e2λΛκr
σ 2

Dσ 2
Mϕmax

Dr

ξ r
2ϑ r

3

)
ẑ
(
tp3

)�
ẑ
(
tp3

)
.

Inequalities (11) and (27) imply that

V(t) ≤ V(t0) + V0 − ρ1

∫ t

t0
e(s)�e(s)ds. (28)

Thus, e(t)�e(t) is uniformly continuous,
∫ t

t0
e(s)�e(s)ds has a

finite limit as t → ∞. By Barbalat’s Lemma, V(t) converges
to 0 as t → ∞, and e(t) converges to 0 as t → ∞. The
distributed observer (2) with switching-triggered condition (6)
and parameter conditions (11) achieves asymptotic estimation.
Since there is no sampling action for t ∈ (trk, trk +hr), the time
interval between event detections is not less than hr. The Zeno
behavior is avoided.

In the case of nr > 1, r = 1, . . . , m, PETM (3) is performed
in t ∈ [Tr

K, trk + nrhr), and then CETM (5) is performed in
t ∈ [trk + nrhr, Tr

K+1). In the stability analysis, virtual periodic
data-sending times, separated by hr, are introduced into (trk +
nrhr, Tr

K+1). Then, we obtain a new time sequence s̄r
k, k =

1, 2, . . . Under conditions (3) and (5), ‖zr(t) − zr(s̄r
k)‖ <√

ω‖zr(s̄r
k)‖ still holds for all s̄r

k. Thus, the distributed observer
achieves an asymptotic state estimation for LTI systems.

Remark 6: It can be observed that if there exist γ > 0 and
a0 > 0 such that γ ϕmin

�1
(1−1/2a0) < 0, then the derivative of

the Lyapunov function candidate is always negative definite.
This indicates that the system is stable with any sampling
interval, which is not possible for the systems with ZOH. Thus,
only the case of μ > 0 is discussed in Theorem 1.

Remark 7: In the case of hr = τ r = 0, r ∈ E , we have that
�r

0 = ω/ξ r
3. Then, the first inequality in (11) is rewritten as

εω max
r∈E

{ 1

ξ r
3
} < μ.

Thus, we can always obtain a maximum value of κr, and the
larger the time interval hr is, the smaller the allowable τ r is.
Moreover, by κ̄ = maxr∈E {κr} and (11), we get the following
inequalities:

⎧
⎪⎪⎨

⎪⎪⎩

κ̄2e2λAκ̄�3 + κ̄4e2λAκ̄�4 + ωe2λAκ̄

×
(∑m

r=1
1
ξ r

3
+ 2κ̄2σ 2

�2

∑m
r=1

1
ξ r

2ϑr
1

)
<

μ
ε

κ̄2e2λAκ̄
∑m

r=1
1
ξ r

2
+ κ̄5e2(λA+λΛ)κ̄�5 <

2a0−1
γ 2a2

0

where �3 = γ 2σ 2
Dσ 2

M

∑m
r=1(ϕ

max
Dr

/ξ2
2 )+2σ 2

�2

∑m
r=1 (1/ξ r

2ϑ r
1),

�4 = γ 2σ 2
Dσ 2

Mσ 2
�2

∑m
r=1(ϕ

max
Dr

/ξ r
2ϑ r

2)+σ 2
A

∑m
r=1(1/ξ r

1), �5 =
σ 2

�2
σ 2

Dσ 2
M

∑m
r=1(ϕ

max
Dr

/ξ r
2ϑ r

3). �3, �4, �5, and μ/ε are all
positive constants. It can be observed that there is also a
tradeoff between ω and κr. The larger κr is, the smaller the
ω can be, and the smaller the γ is, the larger the allowable
value of κ̄ is.

C. Compound Event-Triggering Conditions

Note that Condition (5) is designed based on the assumption
that there is no communication among neighboring local
observers in the time period (Tr

K + nrhr, Tr
K+1). Compared

to Condition (4), Condition (5) is conservative. As illustrated
in Fig. 3, to reduce the conservatism of the event-triggering
condition proposed above, we assume that there exists commu-
nication among neighboring local observers at discrete instants
T̃r

K,υ , υ = 1, 2, . . . Under this assumption, Condition (5) is
updated at the time instant T̃r

K,υ as follows:
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Fig. 3. SETM with compound event-triggering conditions.

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

‖x̃i(t) − x̃i(T̃
r
K,υ)‖ ≥ [1/2](

√
ω‖zr(T

r
K)‖

−‖zr(T̃
r
K,υ) − zr(T

r
K)‖) (29a)

‖x̃j(t) − x̃j(T̃
r
K,υ)‖ ≥ [1/2](

√
ω‖zr(T

r
K)‖

−‖zr(T̃
r
K,υ) − zr(T

r
K)‖). (29b)

An event occurs when either of the conditions in (29) is
satisfied.

For convenience, the event-triggering conditions updated at
instants T̃r

K,υ is indexed by F(K, υ), υ = 1, 2, . . . Note that
the updated event-triggering condition F(K, υ) is based on the
sampling information at the corresponding time instant, and
is still conservative. To further reduce the conservatism, the
information from previous discrete instants is utilized to revise
the event-triggering conditions. The revised event-triggering
condition is designed as follows:

(5a) ∨ (5b) ∧
( υ∧

s=1

F(K, s)
)
. (30)

Condition (30) is an edge-based event-triggering condition.
An event occurs only when (5) and F(K, υ), υ = 1, 2, . . . ,
are satisfied simultaneously, and then local observers i and
j connected by edge r update the sampled relative state
information simultaneously. Moreover, if there exists commu-
nication after time instant T̃r

K,υ , the updated conditions are
combined in the form of Condition (30). As the frequency
of update of the event-triggering condition increases, the
compound event-triggering conditions can be approximated to
the continuous-time event-triggering condition (4).

With the compound event-triggering condition (30), the
following property holds for all edges.

Lemma 1: If ‖zr(trk)‖ �= 0, the condition ‖zr(t) − zr(trk)‖ <√
ω‖zr(trk)‖ always holds for all event instants trk, k = 0, 1, . . .

under the compound event-triggering condition (30).
Proof: Condition (4) is true implies that Condition (5) is

true, which is equivalent to ¬(5) ⇒ ¬(4). This implies the
condition ‖zr(t) − zr(trk)‖ <

√
ω‖zr(trk)‖ always holds during

the CETM under Condition (5). Condition (4) is true also
implies that the condition F(K, υ) is true, which is equivalent
to ¬F(K, υ) ⇒ ¬(4), υ = 1, 2, . . . Then, we have that∨υ

s=1 ¬F(K, s) ⇒ ¬(4). With the De Morgan’s laws, we have
that

¬
( υ∧

s=1

F(K, s)
)

=
υ∨

s=1

¬F(K, s)

which implies that under conditions
∧υ

s=1 F(K, s), the condi-
tion ‖zr(t) − zr(trk)‖ <

√
ω‖zr(trk)‖ always holds. Therefore,

under the compound event-triggering condition (30), ‖zr(t) −
zr(trk)‖ <

√
ω‖zr(trk)‖ always holds for all event instants when

‖zr(t)‖ �= 0.
The proposed unified discrete-time framework is also appli-

cable to the stability analysis of the error system under the
SETM consisting of PETM (3) and compound ETM (30).
Using Lemma 1, we have the result that the distributed
observer (2) with the SETM consisting (3) and (30) is stable,
and achieves an asymptotic state estimation for the LTI system.
The proof is similar to Theorem 1 and is omitted here.

It should be noted that if the value of ‖zr(trk)‖ is close to
zero, both event-triggering conditions (5) and (30) are easily
satisfied, resulting in frequent switching between triggering
mechanisms. A feasible solution is that we first make a
judgement on the sampled relative state ‖zr(Tr

K + nrhr)‖ at
the switching instant, rather than forcing a switch from PETM
to CETM at this instant. If ‖zr(Tr

K + nrhr)‖ ≤ δr, where δr

indicates the threshold, we perform PETM again. Otherwise,
it switches to CETM.

IV. APPLICATION

In this section, we apply the distributed observer (2) to the
leader-following consensus control of MASs.

Consider a jointly observable MAS with the dynamics the
of the leader given in (1) and the dynamics of the followers
given as fellows:

χ̇i(t) = Aiχi(t) + Biui(t), i = 1, . . . , n

yχi(t) = Cχiχi(t) (31)

where χi(t) ∈ R
ni and yχi(t) ∈ R

p, p = ∑n
i=1 pi, are the state

vector and the output vector, ui(t) ∈ R
mi is the control input.

The communication topology among agents is represented by
an directed graph Ḡ = (N̄ , Ē). N̄ = {0, 1, 2, . . . , n} is a node
set, where node 0 represents the leader system and other nodes
represent the follower systems. Ē ⊆ N̄ × N̄ is an edge set
representing the communication links of the MAS.

Only the local output yi(t) of the leader is available to the
follower i. The control objective is to design a distributed
control strategy for each follower such that the outputs of all
followers satisfy limt→∞ ‖yχi(t) − y0(t)‖ = 0, i = 1, . . . , n,
under any initial conditions.

The following assumptions are given.
Assumption 2 ([44, Assumption 3]): The solutions Yi, Qi of

the following linear equations:

AiYi + BiQi = YiA

CχiYi = H, H = col{Hi}n
i=1

exist for each follower.
Assumption 3: The pairs (Ai, Bi), i = 1, . . . , n are control-

lable.
With the distributed observer (2), the control strategy is

designed as follows:

ui(t) = K1iχi(t) + K2ix̃i(t) (32)

where K1i is the gain matrix such that Ai + BiK1i is Hurwitz,
and K2i = Qi − K1iYi. Then we have the following result.
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Fig. 4. Communication topology among local observers.

Theorem 2: Consider the MAS (1) and (31) with the com-
munication topology Ḡ, and the distributed observer (2) with
the communication topology G. Suppose that Assumptions 1–3
are satisfied, the controller (32) solve the leader-following
consensus problem for any initial conditions χi(0) ∈ R

ni .
Proof: Denote eχi(t) = χi(t) − Yix(t). Then, we have that

ėχi(t) = Aiχi(t) + Bi(K1iχi(t) + K2ix̃i(t))

− YiAx(t). (33)

By K2i = Qi − K1iYi and Assumption 3, we get that

ėχi(t) = Aiχi(t) + BiK1iχi(t) + BiQix̃i(t)

− BiK1iYix̃i(t) − AiYix(t) − BiQix(t)

= (Ai + BiK1i)eχi(t) − BiK1i(χi(t) − Yixi(t))

+ BiK1i(χi(t) − Yix̃i(t)) + BiQiei(t)

= (Ai + BiK1i)eχi(t) − (BiK1iYi − BiQi)ei(t). (34)

Note that Ai + BiK1i is Hurwitz, and limt→∞ ‖ei(t)‖ = 0 by
Theorem 1. Then, we obtain that limt→∞ ‖eχi(t)‖ = 0. By
CχiYi = H, we have that yχi(t) − y0(t) = Cχi eχi(t). Thus,
limt→∞ ‖yχi(t) − y0(t)‖ = 0 for i = 1, . . . , n.

V. SIMULATION

Consider a distributed observer composed of four local
observers, where the communication topology is given by an
undirected and connected graph in Fig. 4.

The incidence matrix of the communication topology is

given by D =
[−1 0 0 1

1 −1 0 0
0 1 −1 0
0 0 1 −1

]

. The parameter matrices of

the target system (1) are given as A =
[−0.8 0 2 0

0 0.01 0 −1
0 0 0 −1
0 0 1 0

]

,

H1 =, H2 = [ 0 2 0.5 0 ], H3 = [
1 0 −1 2
0 0 1 0

]
and H4 =

[ 0.5 0 0 2 ]. The threshold is chosen as ω = 0.6. The
coupling gain is computed as γ = 4.2. The initial state of the
target system is given as x(0) = [ 1 0 −2 −1 ]� and the initial
state for each local observer is taken as zero. The observer
gain matrices Li, Mi, i ∈ N are obtained by solving the LMI
in inequality (9).

M1 =
[

0.0281 0 −0.0086 −0.0017
0 1 0 0−0.0086 0 0.0251 −0.0079

−0.0017 0 −0.0079 0.0241

]

; M2 =
[ 1 0 0 0

0 0 0 0
0 0 0 0
0 0 0 0

]

M3 =
[

0.7500 0.2201 0.0013 −0.3678
0.2201 0.0883 −0.0014 −0.1071
0.0013 −0.0014 0.0223 0.0017

−0.3678 −0.1071 0.0017 0.2001

]

M4 =
[ 0.0338 0 0.0066 0.0277

0 1 0 0
0.0066 0 0.0316 0.0046
0.0277 0 0.0046 0.0427

]

Fig. 5. States estimation of the target system under Conditions (3) and (5).

Fig. 6. States estimation of the target system under Conditions (3) and (30).

L =

⎡

⎢
⎢
⎣

−0.3239 0 0.1792 0.1436 0.5478
0 0.6885 −0.3956 −1.0720 0

1.3520 0.0300 0.4432 1.3547 0.6506
−0.6761 −0.9273 0.1210 −0.3563 0.4822

⎤

⎥
⎥
⎦.

The parameters are chosen as a0 = 0.8, hr are chosen as
0.025 s, 0.03 s, 0.025 s and 0.03 s. κ̄ = 0.052 s, τ 1 = 0.01 s,
τ 2 = 0.015 s, τ 3 = 0.027 s, τ 4 = 0.01 s.

[
ϑ1

1 ϑ1
2 ϑ1

3

] =
[ 0.2 0.2 0.6 ],

[
ϑ2

1 ϑ2
2 ϑ2

3

] = [
ϑ3

1 ϑ3
2 ϑ3

3

] = [ 0.1 0.1 0.8 ],[
ϑ4

1 ϑ4
2 ϑ4

3

] = [ 0.1 0.2 0.7 ]. [ ξ r
1 ξ r

2 ξ r
3 ] = [ 0.5 0.2 0.3 ] for

r = 1, 2, 3, 4. In our paper, let T̃r
K,υ+1 = T̃r

K,υ + 0.1hr for
υ = 1, 2, . . . The state estimation results of the local observers
under conditions (5) and (30) are given in Figs. 5 and 6. Each
local observer can asymptotically estimate the actual states of
the target system under multichannel time-varying delays.

Fig. 7 shows the number of events of all four edges under
CETM (4), (5), and the compound conditions (30). Fig. 8
shows the trajectories of ‖zr(t)‖, r = 1, . . . , 4, under different
SETMs. As observed from the system state trajectories, the
values of ‖x̃i(t)− x̃i(trk′)‖, i ∈ N , may increase in time periods
(Tr

K +nrhr, Tr
K+1) since x̃i(trk′) cannot be updated during these

Authorized licensed use limited to: XIDIAN UNIVERSITY. Downloaded on January 07,2026 at 01:59:19 UTC from IEEE Xplore.  Restrictions apply. 



4450 IEEE TRANSACTIONS ON CYBERNETICS, VOL. 55, NO. 9, SEPTEMBER 2025

Fig. 7. Number of events of all four edges every 1 unit of time under different
switching event-triggering conditions.

Fig. 8. Trajectories of ‖zr(t)‖ under different SETMs.

time periods. Consequently, although the SEMT consisting of
PETM (3) and CETM (5) avoids continuous monitoring of
relative states information zr(t), it generates a larger number
of events compared to the SEMT consisting of (3) and (4). As
a solution, the introduction of compound conditions (30) sig-
nificantly reduces the frequency of event occurrence without
degrading estimation performance of the distributed observer.
Additionally, as the update frequency of the event-triggering
conditions in the compound condition (30) increases, the
simulation results of data transmission approximate to that
under the coninuous-time event-triggering condition (4).

Additionally, Fig. 9 shows the number of events of all edges
under Conditions (3) and (5), respectively. As the value of
‖zr(t)‖ asymptotically converges to zero, the SETM behaves
approximately the same as the PETM due to the frequent
switching between mechanisms. From Fig. 9, it can be seen
that the introduction of the switching condition significantly

Fig. 9. Number of events of all four edges every 1 unit of time under
Conditions (3) and (5).

reduces the switching frequency between mechanisms as well
as the frequency of event occurrence.

VI. CONCLUSION

In this article, a class of edge-based SETMs were proposed
for the design of distributed observers, which guarantee the
estimation performance while reducing the communication
frequency among local observers. The impact of minimum
event intervals, time delays and the coupling gain on the
performance of distributed observers was explored. A discrete-
time unified analysis framework was presented for the stability
analysis of the estimation error system under the proposed
SETM, which can be applied to the stability analysis of a
class of MASs with time-varying delays and asynchronous
data sampling.
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