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ARTICLE INFO ABSTRACT

Keywords: This paper is devoted to addressing the lag synchronization issue of semi-Markovian jumping
Semi-Markovian jumping complex-valued networks with time-varying delay. Firstly, two types of mode-dependent con-
Lag synchronization trollers are designed, i.e., a continuous distributed delayed memorized controller and a discrete

Complex-valued networks
Distributed delayed control
Time-varying delay

distributed delayed impulsive controller, which are utilized to facilitate lag synchronization
between the considered master and slave systems. Secondly, by introducing some novel integral
inequalities, the achieved results not only effectively overcome the limitation d(f) < 1 in earlier
literature, but also expand the feasible domain because of the addition of relaxed matrices
N and X. Additionally, sufficient conditions for attaining mean-square lag synchronization
of the master—slave systems can be obtained by resorting to numerous inequality approaches,
stochastic analysis techniques, and Lyapunov stability theory. Meanwhile, the desired controller
gain matrices can be designed by solving derived matrix inequalities. As a final point, two
numerical examples are proposed to validate the established theoretical criteria.

1. Introduction

In recent years, inspired by the biological nervous system, neural networks have demonstrated remarkable performance in
the field of artificial intelligence. With the deepening of research, real-valued networks (RVNs) have emerged as the core of
leading technological progress. RVNs, composed of multiple layers of neurons and learning mechanisms, have successfully addressed
numerous complex problems and achieved significant advances in areas such as deep learning, pattern recognition, and natural
language processing [1,2]. Simultaneously, as the extension of RVNs, complex-valued networks (CVNs) have garnered plenty of
attentions from researchers, which include complex connection weights and complex activation functions. Besides, they provide
a more powerful tool to effectively handle oscillations, fluctuations, and other complex phenomena. Recently, CVNs also show
powerful advantages in other fields, such as signal processing, information optimization, computer vision, electronic circuits and
so on [3-5]. Therefore, in future research, an in-depth exploration of CVNs will become a pivotal direction and facilitate the
development of artificial intelligence.

It should be noted that, for the research on CVNs, in order to have a comprehensive understanding of their evolutionary patterns
in information processing and the learning process, numerous scholars typically concentrate on dynamic behaviors such as stability,
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convergence, and synchronization. In the natural world and human society, a multitude of fascinating synchronization phenomena
can be explored, such as the synchronous flying of birds, the synchronized swimming of fish, the synchronous communication
of people, and various other instances. Moreover, in the field of mathematics, numerous types of synchronization have been
proposed, including but not limited to anti-synchronization, complete synchronization, and projection synchronization [6-11].
However, in practical applications, the speed of signal transmission is frequently constrained by limitations in communication
bandwidth and packet length, which can prevent master-slave systems to achieve desired synchronization, leading to a specific
type of synchronization named lag synchronization. Lag synchronization refers to the existence of a fixed time delay between master
and slave systems, which has been found in various fields, such as neural models, electronic circuits, and lasers. For instance, in a
telephone communication system, a voice received at time ¢ is transmitted at time ¢ — z. The involved time delay, represented by z,
defines the lag synchronization observed in the system. At present, some related literature has reported on the lag synchronization
of CVNs [12-14]. In order to further enhance the understanding of the dynamic systems’ behaviors and promote the development of
complex networks, the research on lag synchronization for CVNs is of utmost significance, which motivates us to focus on this issue.

On another front, in a mass of applications, kinds of factors such as information transmission delays, signal processing times,
response times of sensors and actuators, and network communication delays are inevitable during the signal transmission and
processing processes, which lead to the occurrence of time delays. In recent years, substantial advancements have been reported
on the research of delayed CVNs. In addition, many scholars have introduced multiple types of time delays, and a handful of
valuable results have been addressed to explain the involved time delays have an impact on system performance and stability. For
example, the state estimation and synchronization issues of coupled complex discrete networks with discrete and distributed delays
are studied in [15]. The synchronization issue of uncertain complex networks with coupling delay is researched using fractional
derivative inequality and linear delay fractional order equation in [16]. The synchronization and anti-synchronization issues of
complex-valued inertial neural networks with time-varying delays are addressed in [17]. It is noteworthy that when time delays
reach a certain threshold, the system may exhibit oscillations or instability, which leads to a decline in system performance. Such
a situation prompts us to address the lag synchronization issue of delayed CVNs.

It is crucial to recognize that stochastic variations in the external environment can profoundly damage system performance,
while traditional fixed-parameter systems may be faced with an instability challenge in the external environment. Fortunately,
many scholars have introduced Markovian jumping systems (MJSs) to better characterize the shortcomings of traditional systems in
handling with uncertainty, complexity, and other variations in the practical environment [18,19]. However, MJSs have certain
limitations, particularly the strict assumption of the sojourn-time, which obeys a memoryless exponential distribution. This
assumption leads to constant jumping probabilities between modes, which may not adequately describe various practical scenarios.
To overcome these limitations, semi-Markovian jumping systems (S-MJSs) have been proposed in recent years. The sojourn-time in
S-MJSs follows a more flexible and general distribution, which means the transition probabilities are time-varying and they align
more closely with the characteristics of many practical systems [20]. Up to now, the research on S-MJSs has yielded numerous
outstanding results. For example, the finite-time H_ synchronization problem for S-MJSs with randomly occurring uncertainties and
delays has been processed in [21]. The extended dissipative synchronization issue of S-MJSs via a memory sampled-data control
strategy has been addressed in [22]. The synchronization problem of semi-Markovian jumping complex dynamic networks with
time-varying delay via an effective event-triggered scheme has been investigated in [23]. Unfortunately, there has been limited
literature on the lag synchronization issue of delayed S-MJSs, which constitutes another research motivation.

It is well known that, in the research scope on the dynamic behaviors of neural networks, effective controllers play a paramount
role in achieving system stability. The primary role of controllers is to adjust the external input so that the considered system
realizes the desired state trajectory. In the past several years, numerous results have been demonstrated to explain the effective
controllers have a significant impact on achieving the expected synchronization in neural networks. According to the chosen values
on input, output, and state variables, controllers can be classified into continuous controllers and discrete controllers. For continuous
controllers, the main design philosophy is to fully leverage the nonlinear modeling capability and approximation characteristics
of neural networks, which include proportional-integral-derivative controller, adaptive controller, sliding mode controller, and
others [24,25]. On the other hand, for discrete controllers, which operate on the basis of discrete time steps, including impulsive
controllers, time-triggered controllers, event-triggered controllers, intermittent controllers, pinning controllers, and so on [26-28].
Moreover, considering the fact that different connections among neurons result in multiple parallel pathways in neural networks,
which means that signals will experience distributed delays along these pathways [29-31]. Based on the above analysis, this paper
adopts mode-dependent distributed delay controllers to regulate the considered semi-Markovian jumping CVNs. Specifically, both
continuous and discrete distributed delay controllers are designed in this study to enhance the flexibility and adaptability of the
neural network model, which forms the main research motivation.

As previously stated, this paper aims to tackle the lag synchronization issue of semi-Markovian jumping CVNs with time-varying
delay by virtue of the mode-dependent continuous and discrete distributed delayed control strategies. The prominent contributions
of this paper are displayed as following three points: (1) This is the first effort to address the lag synchronization issue of delayed
semi-Markovian jumping CVNs. In particular, two different mode-dependent distributed delayed control strategies are proposed. (2)
By applying two integral inequalities, this paper has successfully overcome the previous limitation on the case d(f) < 1 found in the
literature [32,33]. Simultaneously, the introduction of the relaxation matrices N and X not only expands the feasible domain, but
also significantly reduces the conservatism of the adopted method [34]. (3) By virtue of stochastic analysis technology, Lyapunov
stability theory as well as some novel matrix inequalities, a few sufficient criteria are established to make master—slave systems
achieve globally asymptotically/exponentially mean-square lag synchronization.
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The specific structure of this article is arranged as follows. Firstly, the construction of the model and some preliminaries are pre-
sented in Section 2, such as essential definition, lemmas, and assumption. Some theoretical criteria for the asymptotical/exponential
mean-square lag synchronization of master—slave systems are derived in Section 3. Moreover, two examples with efficient simulations
are provided to validate achieved theoretical results in Section 4. In the end, the conclusion is drawn in Section 5.

Notations: The symbols R, N and N* denote some sets of real numbers, natural numbers, and positive natural numbers,
respectively. C", C"™", R" and R™" stand for some sets of n-dimensional complex vector, n X n complex matrix, n-dimensional
real vector and n X n real matrix, respectively. ‘0’ represents the zero matrix with appropriate dimensions, and ‘T’ signifies matrix
transposition. ‘+’ denotes the symmetrically implied element, and ‘diag’ depicts diagonal matrix. ||a| represents the magnitude of
the vector a. B > O(B < 0) indicates matrix B is positive definite (negative definite). E{-} means mathematical expectation. BR
and B! stand for the real and imaginary parts of complex matrix B, respectively. i means imaginary unit, i.e., i = \/—_1 .avb
denotes the maximum value between « and b. For matrix B, ¢, (B) is the largest eigenvalue and ¢,,;,(B) is the smallest eigenvalue.
‘C!([—p,0]), R” means the continuously differentiable function space with first order, which maps the interval [—p,0] to R”, and p
is a positive number.

2. Model description

Define a complete probability space (22, F, {F,},»¢, Pr) with 7, being monotonically right continuous and 7, including all Pr-null
sets. Set {r(t) : t > 0} be a right-continuous semi-Markov process defined on (2, F, {F,}»o,Pr), which takes values in a finite set
N = {1,2,--, N}. In order to discretize the semi-Markov process, the sequence {r, : n € N} can be regarded as a discrete Markov
chain [35,36] of r(r), when mode jumps for the nth time, the corresponding mode index is denoted as r,. Moreover, for the involved
Markov process, there are two indispensable stochastic processes given as follows:

« Jumping instants: the stochastic process {7, : n € N} denotes the sequence of jumping point, and 7, means the nth jumping
instant satisfying 0 =T, < T} < --- < T, < --- and lim,_,, T,, = .

« Sojourn-time: the stochastic process {5, : n € N} represents the sequence of sojourn-time, and &, refers to the sojourn-time
on mode r,_; between the (n — 1)th jump and the nth jump. Besides, it is specified that 6, = 0 and &, is independent of r,_,.

For any jumping instant 7,, define 6 £ 6(t) = t —sup{T, : T, < t,k € N} =t —T,. Let g,(5) = 8;;(6) represent the probability
density function of 6 on mode i € N, which is not reliant on mode j. Then, the corresponding cumulative distribution function G (t)
is calculated as

t
G,(t) = Pr{5,,, <16, = i} =/ g(s)ds, VieN, 1>0. )
0

Subsequently, for any two modes i,j € N, though a straightforward derivation, it can be obtained the correlation between
transition rate 7;;(5) and sojourn-time & that
Pr{r(t + &) = j|r(t) =i}

@)= i,

€
- im Pr{r(T,) =i,r(T,, ) =j} Pr{ie<T, —T,<6+&rT,) =i}
T a0t Pr{r(T,) = i} £

X L — -

Pr{T,,, =T, > 6|r(T,) =i}

. G;(6+ &) - Gi(o) 1
= lim g;; X —

-0+ s 1-G,(5)

8i(0)

=g, — 2

47 ~6.6) (2)

where g;; £ Pr{r,,, = jlr, = i} denotes the known transition probability. Specifically, the transition probability of semi-Markov
process can be calculated as

7, (5)E + 0(2), i#)
1+ 7#,() +0(E), i=j

Pr{r(t+&)=jlr( =i} = { (3)

in which & > 0 and lim;_(o(é)/€) = 0. When i # j, transition rate 7;;(5) > 0, which satisfies 7;,(5) = — ZJAL 1jsi B (@) Besides, for
semi-Markov process {r(t),7 > 0}, the corresponding infinitesimal generator matrix is characterized as I1(¢) = (7;;(5)) yxn- 7%;;(5) > 0
Consider the semi-Markovian jumping CVN with time-varying delay characterized by

2(t) = =C(r@)z(®) + Br())f (z(t — d()) + ArO) f (z(1) + 1 (€))

in which z() = (z;(®),2,(®), ...,z,())T € C", when at time ¢, z,(t) (v = 1,2,...,n) refers to the vth state of system (4). The
self-feedback matrix is C(r(t)) = diag{C,(r(®)), C,(r(1)), ..., C,(r(t))} € C™" with C,(r(r)) > 0. Matrices A(r(t)) = (a,,,(r(t))),x, and
B(@r(1)) = (b,,,,(F())) s € C™" correspond to the connection weights matrix and the delayed connection weights matrix, respectively.
Fz®) = (f1(z,®), fo(z23@®)), ..., [o(z,(ONT € C" with £,(0) = 0 stands for the nonlinear activation function. d(f) means time-varying
transmission delay, which satisfies 0 < d,, < d(t) < d), and d(¢) < d. Besides d,,, d,,; and d are preknown positive scalars. Moreover,
set w = dy; V 7y, V w, where 7, and w are two other delays defined later. I € C" represents an external input vector.

In order to provide a more comprehensive analysis, the following assumption on the activation function f,(-) in system (4) is
presented.
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Assumption 1. Let & = hy+hyi, h = ity +hyi with by, hy, ki, h, € R. As aresult, it can be concluded that £, (k) = fR(h, hy)+fL(hy, hy)i
and £,(h) = fR(hy, hy) + f1(Ry, Ay)i. Then, fR(ny, hy), fl(hy, hy), fR(Ry, Ry) and f1(Ry, 7y) : R? - R satisfy the following inequalities:
LFR (R hy) = fR(Y Ry < ARR IRy = Byl + ARy — Ry,
/3y, hy) = fi(Ry Byl < AR IRy = Ry | + A Ry = oy

; ; RR RI ;IR il it P ; R _ I _
in which A47%, 4, 4% and 4, are known positive scalars. Moreover, it is designated that f,*(0,0) = f,(0,0) = 0.

Define z(t) = x(f) + y(t)i, and by resorting to the real-imaginary separation technique, the system (4) can be decomposed into
the following two equivalent real-valued systems:

x(t) = —Cr)x(t) + ARG fR(x(0), y(1) — AHG@) f1(x(), y@)) + IR
+BRr(0)) fR(x(t = d (), y(t — d(1))) = BYr() f1(x(t — d(@)), y(t — d(©))),

J(1) = =CHOY@) + AN O) fRx@), y(0) + AR () 1 (x(@), y0) + I ©
+B () fR(x(t = d(1)), y(t = d(1))) + BR(r(0) f1(x(t = d (), y(t = d (1))
Moreover, set Z(f) = (x (¢), yT ()", the system (5) can also be written as the compact form below:
Z(t) = = CO)Z(®) + A () fRee(), y(0) + By (r(0) fR et = d (), y(t = @) + T
+ Ay (r)) f1(x(0), y0)) + Bo(r()) f1(x(t = d (1)), y(t — d(1))) (6)
where C(r(1)) = diag{C(r(1)), C(r(t))}, and
&m#ﬁ@}&m#%%ﬂf{ﬂ,
s[5 o=t
The initial value for system (6) can be taken as
Z(s)=¥(s), s€l-w0l 7)

in which ¥(s) € L%,O([—w, 0],R?"), and L%,U([—co, 0], R?") means the family of all F,-measurable C'([-®,0]), R*"-valued random
variables satisfying supe(_g, 0 E{ IP(s)]|I>} < o0. So as to derive the expected synchronization criteria, set system (4) as master system,
the corresponding slave system can be represented as

() = ~CrZ(M) + Br()) f E(t — d(1) + ACO) fED) + T +U®) (8)

in which z(t) = (2,(t), %), ..., 2,())T € C", z,(r) denotes state of the vth node for system (8) at time t. U(t) € C" refers to the
external controlled input.

Similarly, let 2() = %(t) + 5(1)i and U(t) = UR(t) + U'(¢)i, the compact form of the involved slave system (8) can be translated into

&(t) = = C(r)2() + A, r()) FRE®), 50) + By (re) fR(&(t — d(0), 5 — d @) + T
+ Ay (r) f1 RO, 50) + By(r()) 1 (%t = d(0)), 5t — d(1)) + U (1) ©)]

where 2(t) = (XT(#), 7 (1))T and U(t) = (UR@)T, (U'(H))")T. Moreover, the initial value of system (9) can be chosen as

2(s) = @ (s), s €[-w,0] (10)

in which @_(s) = &(w + 5), and w is the response time delay. In addition, @_(s) and ¥(s) have the same constraint satisfying
SUPe[—.01 B |, ()|I*} < co. Besides, for ease of discussion, it is stipulated that random variables ¥(s), ®@,(s), and r(r) are mutually
independent. Meanwhile, for the convenience of analyzing, when interval [t — w, 1] C [T}, T}, ], set r(t) = r(t — w).
Combining master—slave systems (6) and (9), define &(r) = 2(1) — Z(t — w), the corresponding lag error system can be yielded that
&) = —CUr)EW) + A (rt)g(€) + Ay(rt)h(ED) + B, (r(t)g(E(t — d (1))
+ By (r@)h(E(t — d@) + U ), an
() =D (s)=¥(s), s€[-w0]

where g(&(0) = fRE®), 50) — fR(x( — ), ¥t — )) and h(EWD) = fIEE@, 5O) - F1x0 — @),y — ).
In order to facilitate a more comprehensive analysis, it is essential to introduce some relevant definition and lemmas, which will
be used in the later parts.
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Definition 1. The master-slave systems (6) and (9) are called as mean-square lag synchronization with lag delay w if synchronization
error system (11) achieves globally asymptotically mean-square stable, i.e.,

lim,_, o E{[I€7, 9C), r(O)[|*} = 0

is valid for any initial value (-) presented in (11) and r(0) € N.

Definition 2. The master—slave systems (6) and (9) are called as mean-square exponentially lag synchronization with lag delay w
if synchronization error system (11) is globally exponentially mean-square stable, i.e., there exist scalars y > 1 and y > 0 such that

E(IEON%) < xe™?™™  sup JlE{n%(s)—W(s)uz}

SE[—w,0

holds for any # > w and r(0) € N.

Lemma 1 ([37]). Given the impulsive differential inequality described by
{D+I/1(t) VR ACETAACNESA

12)
Vi) < A ik, Vils)ds, =1,

where V(1) = SUPsefi—w.q V1(5)- If there exist positive scalars f, f, 4 (k € N*), h, and n > 1, the following two inequalities are valid:

(D) B+ < 52,
. —In(A7im)
(@) infgye { 2A5D L 5 g,
then the solution of differential inequality (12) with impulsive sequence {1} },cn+ Will be satisfied by
Vi) < qV (e, £ 20

1. Moreover, the inequality Iny _ By — Pone®’ —y > 0 holds.

in which y € (0, inf e+ { M Y
k

Lemma 2 ([38]). Given a differentiable vector &(t) € R*" and a time-varying delay d(t) with d,, < d(t) < d,,. For any positive definite
matrix W € R¥™2"_ if there exists a matrix N € R¥™" such that the inequality holds below:

W N
[NT W] =0,
then the inequality can be established below:
. . i—d) T [-w W-N N & -d,)
—dy, / ET ()W E(s)ds < | E(t — d(1)) ¥« 2W+N+NT W-=N|[E&-dw)l|.
t=dm Et—dyy) # # -w || &t —-dyy)

Lemma 3 ([39]). Consider a differentiable vector &(r) € R with & < t < f. For any positive definite symmetric matrix S € R*>2", the
inequality below is valid:

B —a . . —a . T —a .
-G -a) / E()sEds < —( / Eods) s ( / s,
—f —f —f

Lemma 4 ([40]). Define a continuously bounded function z(t) that satisfies 0 < 7(t) < t,,. Consider a differentiable vector §(~) D [—7p,0] =
R?". If there exist positive definite matrix Z € R*>?" and any real matrix X € R*>** satisfying the inequality

z X >0

xTr z|="
then the integral inequality concerning E(t) holds below:

1 . . ~ ~
—Ty / ET(5)ZE(s)ds <2RTXR, - R] ZR, - RTZR,
=Ty

where
R, = &t =) = &1 —7pp)
P e =)+ &=y - 2 [ Esds |
9. — &) — &c - (1) . [z o
2T En - ) - 5 [l Eds| T T [0 3z]



Q. Li et al. Journal of the Franklin Institute 362 (2025) 107496

3. Main results

In this section, two mode-dependent distributed delayed control schemes are proposed to facilitate the mean-square lag
synchronization of the master—slave systems (6) and (9), and the corresponding sufficient criteria can be established. For a more
clear presentation, it will be subdivided into two subsections for detailed discussions.

3.1. Distributed delayed memorized synchronization controller

In this subsection, the controller U (¢) is designed as a mode-dependent distributed delayed memorized synchronization controller,

which is shown as follows:
1

U(t) = K (r)E@) + Ky (r(h)E(t — d(@)) + K3 (r()) &(s)ds (13)
t—7(t)
where the control gains are denoted as K, (r()), K,(r(1)), and K;(r(t)) € R¥™> " which are designed later. z(f) means the distributed
delay that satisfies 0 < 7(r) < 7.

Remark 1. A S-MJS is a dynamic system composed of multiple subsystems, each of which corresponds to a specific mode of the
system. As a result, the transition rate information determines the system’s dynamic behaviors. Moreover, the inherent randomness
of S-MJS can accurately characterize the uncertainty and dynamism of real-world systems. In the exploration of synchronization
issues of S-MJSs, the main difficulties focus on the jumping pattern between master—slave systems and the design of mode-dependent
controllers. In this paper, the jumping pattern of master—slave systems is assumed to be synchronous, which indicates the state jumps
in the same mode, and an effective synchronous control scheme is utilized. On another front, the asynchronous one can be found
in [41]. In the future, extensive research will address the asynchronous dynamic issue of semi-Markovian jumping delayed CVNs.

Remark 2. Compared to the linear control scheme in [26,34], the proposed controller (13) not only incorporates discrete time-
varying delay d(¢), but also takes into consideration time-varying distributed delay z(s). In addition, as opposed to the constant
delay discussed in [42], the involved controller (13) introduces time-varying delays, which can more effectively achieve the desired
synchronization results, and reflect the realistic situation.

To simplify the notations, set r(r) = i for any i € N. Then, the parameter matrices involved in the lag error system (11) can be
transformed into C(r(t)) = C;, A,(r(1)) = Ay;, A,(r(t)) = Ay;, By (r(t)) = By;, and B,(r(t)) = B,;. Next, take the designed controller (13)
in system (11), it is easily deduced that

&) =(=C; + K1 )&M) + A1;8(60)) + Aph(£() + Byig (6t — d(1)

t

+ By h(&(t — d(1) + Ky;&(t — d (1) + K, / £(s)ds. a4

t—z(t)

Theorem 1. Under Assumption 1, with the designed controller (13), the master—slave systems (6) and (9) can achieve mean-square lag
synchronization with lag delay w if there exist positive definite matrices Y;, P, 0. (c=1,2,3,4,5) and W, (v = 1,2,3,4), diagonal matrices
R,, 6, and F,, real matrices K,; 1 = 1,2,3), N, and X with suitable dimensions, positive scalars p, and «; such that the matrix inequalities
uniformly hold below for all i € N:

M,<F, (15)
Wi N
[N} w|z0 (16)
1
w, X
[X¢ 7| 20 17)
4
sl g2 g3y Z15  Z16 177
i i 30T i i
* =22 0 0 0 0 5[.27
% % =33 0 0 :"56 0
E=] = * x  E¥ 0 0 0 <0 (18)
* * * * =5 0 El.57
* * * * * F06 Eim
B3 * * % * % 51777

where 7, = E{z,,(5)} = /i 7,,(5)g,(5)d5, Z}1 = =CY, = ¥,C, + XL 7Y, + K, + KT + 0, + 0,
+Q3+ 04+ 05 = W) =Wy = Wi + pi Fy + p, F, — 4W,, 5% = diag{~p, R, ~py Ry, —p3R3. —p4 Ry}, and

_[ ®e
"7 |R0,0,

R1@1@2
R,6;

| ]

R,6?
R,0,0,

R,0,0,
R,6;%

]

6

R;6?
R;0,06,

R;6,0,
R;63

>
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20 0
R©2  R,0,0, X, X _ L
M4=[R@é RO |’ X = X11 X12 . E¥=|x 5 W -N |
4030, 40 u Xp ¥ % —0,-W,
233 5 Ch 236 _ 5 Z zo6 _ [T3We Xy
x =05 =2W,|’ 3W, Xpp-—Xpl’ * 3w,

EP =W, Ky + W, - N NI, 2P =[Y,A;; YAy Y;B;; V;By)l, =7 =[0aKy 01",
13 _ T T T T T T T T =17 _ ~ pT T
=X+ X+ X + X0, =2Wy =X = X+ X + Xl B =GR+ oKy,
_ Ty » _ _ - - _ _
E=1-X3 - Xy, oKy +3W,, Y =-0,-W;, F7=[PA, PAy PB, PByl",
- T ~
ET = d2 W, + d2Wy + @’ Wy + 12, W, — P, — PT, W, = diag{W,,3W,}, =% =10, TMa,-K3,-]T

[§3]

with

= _yT _xT & _yT _ yT _ xT T _
=03 =Wy, E5 =X, =Xy, +3Wy, Ep =X - Xy = X + X5, = 2W,
,=(d—-1)Q, —2W; + N+ NT + p3Fy + p,F,, O = diag{ A%, AXR . 4RR),
y==X| - X+ X+ X, = Xy — XD + X + X0, = 8W,, Zg ==Xy — Xyy +3W,,
0, = diag{AY, A3, ... 2"), @y =diag( AR, AR, ..., AR}, O, =diag{4], A, ..., AT}

[ _[1]1
1]

T

[x

Moreover, the desired controller gain matrices are determined by

K, =Y'K,. 19

Proof. Choose the appropriate Lyapunov functional candidate for system (14):
3

V(L ED,) = Y Vit &0, 1) (20)

=1

where
Vit EQ), D) =ET (OY,E(0),
t t t
Va(t, &), 1) =/ §T(S)Q1§(S)d5+/ ET(5)0,&(s)ds +/ ET()0;3€(s)ds
t—d(t) t—dyy t=dy,

+ / ET(9)0,4&(s)ds + / T ()05&(s)ds,
1—w -7
0 t M 0 t
V3(t, &), 1) =d / / ET ()W, &(s)dsdb + d,, / / ET ()W, é(s)dsdd
—dy Jt+0 —d,, J1+0

0 t 0 t
+ @ / ET (s)W;3E(s5)dsdl + 7y, / / ET ()W, é(s)dsde
—w J1+6 0

—Tp J 1
in which Y;, Q. (¢ = 1,2,3,4,5), and W, (v = 1,2,3,4) are matrices that to be designed. Let r(t + &) = j, according to the definition
of infinitesimal operator &, one gets
E{V(@+& 850t +8),)IER), i} —V(E,E0),i)
z .

LV @0, = lim,

Therefore, combine the law of total probability with conditional expectation, one yields

2V (t.E0, 1)

N (G5 + &) — G (5
= lim L [{ 2 4,,(Gio+©) '(g))xIE{éT(t+§)Yjé(t+e‘)|§(t)}
j=Lj#i

0t € -G,
1 -GG +9)
1 -Gy(o)
+aq, GG +8) - Gi(5)
" 1-G;(5)

xE{ET(t + D)Y,E(t + D))} (21)

E{&" +)Y,é0 +0)lE0)} } —&"OYié( ] :
In addition, for any tiny positive number &, by resorting to the Taylor approximation scheme, it can be yielded that
£(t+8) = &) + EE(1) + 0(8). (22)

Consequently, as shown in (22), formula (21) can further be obtained as

ZLV(t.E), 1)

N - = -
4,(G(5 +8) - G,(5)) . .
= lim 1[{ y T XE{(E0) + 260 Y60 + ea|e}

-0t € iy 1-G()
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1-G,(5+¥8) e »
=66 X E{(&(1) + £&(t)) Y,-(é(t)+£§(t))‘.§(l)} (23)
G, (6+&—-G;(c . .
+ qii%@m X E{ (&) + )T Y& + s&(r))\:(r)}} - §T<r>Y,~§(t>] :
Moreover, by simple calculation, the following equations are obvious:
G;(6 +&) — Gi(5) . Gi(6+8&)—Gi5) 8(0) . 1-Gi(6+9)
im —————— =0, lim — = —, lim — =1. 24)
=0t (1= G,(5)) =0+t (1-G,6)z 1-G,5) &0+ 1-G,5)

As a result, formula (23) can be simplified to
1- G5 +8)

N T Y
Vi, E@), i) _EE%L]E{é OrEo 1-G;(5)

(£ Y0 + YD) \50)} (252)

N

=E{5T(t) X (7))@ + (ET0Y,E0) + £ 1Y) |¢f(t)}

j=1

in which

4;;(Gi(6 + &) — G;(5)) G;(6) - G;(6 + &) 4;;(G;(6 + &) — G;(5))
&1 -G,(5)) T -Gy ! &(1-G(3)) "

Y =
J=1j#i
Furthermore, the other subsequent results are calculated as

LV, =E{ET(1)(Q) + Oy + Q3 + Oy + Q5)EW) — ET(t — dp)Q2E(t — dypy)

2
— (1= d)E"(t — d)0, &t — d(1) — €7 (1 - d,,) 03¢t — d,,)
— &t = )04t — @) — ET(1 — 74)05E(t — Tpp)}
<E{ ET0(Q) + 0y + Q3 + Q4 + 05)E(1) — &7 (1 = d ) Q261 — d ) (25b)
— (=& (1 = d1)Q, &t — d(1) - €T (1 - d,)03(t — d,)
— & - )04t — @) — T (1 — 7))05E(t — 7p) |,
2V, =E { ET()(d2 Wy + doWy + @ Wy + 1, WED) — d / Z E (W (s)ds

t=dy

- d, / E (s Whé(s)ds — @ / ET()Wié(s)ds — 1)y / ET ()W, é(s)ds } (25¢)
t—d,, -w -7

M

For any appropriate matrix N, by utilizing Lemma 2 and condition (16), one can obtain that
t =W, W, -N N
—dy / EL ()W, é(s)ds < ;{(z)[ x  =2W,+N+NT W, - Nl;l(t)
1—dy « « W,

(26a)

where r,(t) = [€T(t — d,,) ET(t — d(1)) €T (t — d;)]". Meanwhile, according to Lemma 3, one also gets

t t T t
~d, / £T<s>Wzé(s>dss—< éT<s>ds> Wz( éT(s)ds>

d t—d,y, t—d,,

= —[&0) = &1 — d, )" WHlE(t) = £t - d,)] (26b)

oW W
‘Wﬁm —%]

t t T t
—w / ET (s)Wsé(s)ds < —< / éT(s)ds> I/V3< / éT(s)ds>
t—w -w -w

—[6@) = &Gt — )" W3[E(1) — £t — )]

(),

A

—-W- W,
=150 [ W; _V;} ] 130 (26¢)

in which pg(t) =17 Tt -d)I7, ;3T(t) =[ET(t) €T (t — w)]". Moreover, combine Lemma 4 with inequality (17), one has
1

“ow [ EWdoKs < IR XR, - RTWR, - R W, (26d)
=Ty

where
" £t —7(0) ~ &t )
VT et — 1)) + £t — 14p) = —— [P &(s)ds |

Ty —7(t) J1TTm




Q. Li et al Journal of the Franklin Institute 362 (2025) 107496

0. — &) — &t — (1)
27 e+ -1 = 5 fl S|

On the other hand, according to Assumption 1 and condition (15), one infers

g (ED)IR, g(E(1)
rlry 0 0
[ 52T o o
P O LIE0T] B IS | Pt N CIRP L )

Z (ARRIER )] + R n)])?

= Y r[(GRR2EROF +2ARR R R @) || L)l + AR 1L 0)l)]
k=1

ARR 2 0 o |-
e[y 0 SR ENG)
_ rip (}” ) 0 : (27a)
&0 ; S A0
r[r ARI)Z w0 .
N [|§{:(l)|] (')1 (ARI)Z 0 |§::(f)|}
L : : L
1501 | e RI? L€,
Rl | 1 0 [| ARRAN 0 .
+2[|51:(’)| 0 rp 0 0 ! ARR/{RI 0 [lél:(m]
R : o : : : [
[IAO]H I P . 0 0 R [&,]
_ [IfR(t)I]T [ R0} Rlelez] RN _ [IfR(t)I]T u [|¢R<z)|]
1E'0l] [R1©,6, RO | [IE'0)] 1Eor] T g
<E"F &)
in which R, = diag{r,;,r5,...,r,}. According to the same method as in (27a), it infers
AT (E@)RyA(EQ)) < ET (D FEQ), (27b)
gT(E(t — d) Ry g(E(t — d(®)) < ET(t — d(t) F3£(1 — d (1)), (27¢)
RT (&t — dO)R4h(EE — d(1)) < ET(t — d(D) FyE(t — d(1)). (27d)
Next, according to (27), there exist positive scalars p, (v = 1,2,3,4) such that the inequalities below are valid:
0 < py [ET(F &) — g (EOIR, 8(ED))). (28a)
0 < py [ET () Fy&(t) — hT (E) Ryh(E(1)]. (28b)
0 < p3 &7t — d)) F3e( — d (1)) — g" (£t — d(1))R3g(£(1 — d(1)))], (28¢)
0 < py[ET(t = d(O)FE(t — d (1) — hT (&t — d(D))Ryh(E(t — d(1)))]. (28d)
Furthermore, for any appropriate matrices P, it is easy to derive
26T (P, [ — &) + (=C; + K| DE®) + A g(EW) + Ay h(E() + Byg(E(t — d(@)))
+ Byh(E(r - d0) + Kt - d) 4 Ky [ etos] o, 29
t—(t)
Combining (25a)-(26d) with (28a)-(29), one easily has
E{ZV (t.E0). r(1)} <E{FT(EF0)} (30)

in which
FT@) = |ET . &7t - d,), ET(t —d(®)), ET(t — dpy), ET(t — 7(1)), ET (t — 70y, ET (¢ — @), g7 (£1)),
2 t—1(f) t

2 -
ds, — ds, )
_T(t) =Ty g(S) : T(t) t—7(t) g(S) : é (t)]

RT (&), g7 (&t — d(0))), hT (E(t — d (1)), -
M
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rE E12 g3 oy Z150 516 FI177
i =i 3007 =i =i
x  E2 0 0 0 0 7
* * =33 0 0 =36 0
E =] = * * g4 0 0 0
* * * * F5 0 El.57
s ¢ * * * =66 51.67
| * * * * * * 5177_
. = = = N - =
with Z!' = ~CY; = Y,C; + XL, 7Y, + YKy + K[Y, + Q1 + Q) + Q3 + Oy + Os = Wi = Wy = Wy + p Fy + o Fy = 4W,, E* =

W) YKy + Wi =N N1, E/°=[-X] - X], ZLYKy+3W,], 57 =-CP +K[PI, 2 =[0 PKy 0", 27 =[0, 2P Ky .
The other unspecified symbols are defined in Theorem 1.

Based on (30), set P, = «;Y;, and «; are positive scalars. According to the fact that K, = Y 'K, ( = 1,2,3), the obtained matrices
%, in (30) can be effectively converted to =; in (18). On account of inequality (18), one can infer that E{ZV (1,&(), r(1))} < 0.
In accordance with Lyapunov stability theory and Definition 1, it implies that lag error system (14) is globally asymptotically
mean-square stable, i.e., the master—slave systems (6) and (9) achieve mean-square lag synchronization. The detailed proof is

provided. []

Remark 3. In the existing literature [33], the constraint on time-varying delay d(¢) is d(t) < 1, which is a strong condition. In this
paper, the utilization of Lemma 2 relaxes this limitation and reduces the conservatism of the achieved results. In addition, when
dealing with the term —z,, ftt_TM ET (s)W,&(s)ds in (25c¢), prior research has commonly utilized the similar method similar with (26b)—
(26¢) [43]. It should be noted that, compared to Lemma 2, the introduction of Lemma 4 in the article not only effectively addresses
the integral term, but also involves the relaxation matrix X, which further reduces the conservatism of the method. Overall, the
incorporation of Lemmas 2 and 4 not only enhances the flexibility of time-varying delays issues, but also mitigates the conservatism
of the derived results.

3.2. Distributed delayed impulsive controller

In this subsection, the controller U(¢) is designed as a mode-dependent distributed delayed impulsive controller, which is
represented as

0 t
U@ = Z(K(r(t)) / &(s)ds — 5(:))5(: -1,  keN* (31)

k=1 1=
where K(r(t)) € R ?" is the control gain to be determined. 7, stands for the distributed time delay in the impulsive input, which
satisfies 0 < 7, < 7;,. 6(-) means the Dirac delta function, which satisfies 6(s) = 0 for s # 0 and /_":o 5(s)ds = 1. The sequence
{tedpe, = {h2h, ... kh,...} with 0 =1, <t <t <--- <t <---and lim_1, = co represents impulsive sequence, which is
determined by the impulsive interval A.

Remark 4. It is noticed that if Markov jump is not taken into account, the designed controller (31) can be degraded to the one
proposed in [12]. Up to now, there have been no relevant criteria on the lag synchronization issue of semi-Markovian jumping
CVNs by utilizing a distributed delayed impulsive control scheme. This innovative approach provides a new method to realize the
lag synchronization of master-slave systems.

Next, applying the controller (31) to the lag error system (11), one has
&) = =CUr)EW) + A (rt)g€) + Ay (r)h(EW) + B, (r(t)g(E(t — d (1))

+By(r()h(E( = (), 140 o
£ = K(r(1) [, &(s)ds, t=1,
E(s) = @y () = (), —w<s<0.

Theorem 2. Under Assumption 1, with the designed controller (31), the master-slave systems (6) and (9) realize exponentially mean-
square lag synchronization with lag delay w if there exist matrices Y; > 0, positive diagonal matrices R, (v = 1,2,3,4) and F,, real matrices
T, (m = 1,2,...,n), and scalars p, > 0 (x = 1,2), n > 1, h > 0, and p, > 0 such that the following matrix inequalities are uniformly
satisfied for all g, m,i,l € N:

In
B+ B < = 33)
1
—-Y T,
pte TMIml oy meN 34
* =Y,

10
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E 0 YA, YAy YB;  YBy
= E2 0 0 0 0
E=l* o+ aR 0 0 O 1<o, i1enN (35)
* * * -pR, 0 0
* * * * —p3R; 0
* * * * * —p4Ry

in which £!' = -C,Y; - Y,C; + Zjvzl 7Y+ poFy +pyFy — 1Y, and £ = py Fy + p, Fy — B,Y,, the rest of mathematical symbols are defined

as in Theorem 1. In addition, the desired controller gain matrices are determined by

K,=Y'T,. (36)

Proof. To verify reasonability of the distributed delayed impulsive controller (31) in the lag synchronization process of the master—
slave systems, choose V| (t, (1), r(1)) as the Lyapunov functional candidate, which is the first part of the Lyapunov functional candidate
(20).

In the case of ¢ # 1, set r(t) = i and repeat the same differentiation steps mentioned above, Eq. (25a) can be also obtained.
Combining with (28) and (25a), one derives
E{ZV .0, 1)} < E{FTOZ50)} (37)
in which §7(1) = [CT(I),é‘T(t —d®), g7 (&), hT (@), gT (&t — d (1)), hT (1 - d(l)))], and
En 0 Y;A;, YAy YB; YBy
#* p3Fs + p, Fy 0 0 0 0
= | = * -p R, 0 0 0
L * * -mR, 0 0
* * * * —p3 Ry 0
* * * * * —psRy

with ! = -CY, - v,C; + Zj.vzl Z;Y; + p Fy + py Fy. Next, let r(t — d(t) = | and V, (¢, £(t), i) = V;(1). In light of condition (35), one can
derive that
E{ZV1(t,E0), r())} < BiET VEWD) + Br&T (1 — d ()Y, — d (1))
=BVi) + BV = d®) < BVI() + BV (). (38)

On another front, when ¢ = t,, set r(t;) = m. According to the definition of ¥(¢;) and Lemma 3, one could derive

1 1y
E{(V(t0)} = E{&T(t1)Y,,&() ) = E{ (K, / &(s)ds)" Y, (K, / :(x)ds)}
=Ty

=Tk

1 T 1y
= ]E{ ( / §(s)ds> K'Y, K, ( / f(s)ds) } (39)
=Tk 1=

1
S]E{Tk/k .fT(s)K;Ymeg(s)ds}.
1

k—Tk
Simultaneously, when ¢ € [t, — 7;, 1], set r(r) = g. By utilizing Schur’s complementary lemma, the condition (34) can immediately
infer rlsznTYnlem < rlqu Considering the fact that 7,, = ¥,,K,,, it leads to the conclusion that rlsz,EYm K, < qu. Besides, it directly

gets that there exists a scalar 7 > # such that rIZWK;Yme < %Yq. Based on this, the inequality below holds:

E{V (1)} le{rk / ' :T(s>K£Yme5<s>ds}

k~Tk

1 1
SIE{Ak/k éT(s)qu(s)ds} =]E{/1k/k Vl(s)ds} (40)
=Tk =T

where 4, = TL Moreover, it can be determined that 4,7, = g < 1. In view of this, one yields

e In(a
infkeNa,{—w} > 0. (41)
Tk

Furthermore, when condition (33) is satisfied, by utilizing Lemma 1, it can be further obtained

E{Vi(0} <E{nVi(t0)e ™"} < n@nux(¥De 7™ sup E{[|@g,(s) -}, 1>w (42)
]

SE[—w,0

where y € (0, inf o+ {—1"(’2‘—1"") }). Based on the form of V;(t), one can derive
k

E{Vi(0} 2 @min(DE{IED)]*}. (43)

11



Q. Li et al. Journal of the Franklin Institute 362 (2025) 107496

By virtue of (42) and (43), one has
Y.
B(lcoiR} < Z2eerin wp 19,0 - FOIP). (44)

min(¥7) sE[-w,0

Therefore, according to Definition 2, it can be ultimately concluded that the master—slave systems (6) and (9) achieve exponentially
mean-square lag synchronization, and A stands for decay rate. The proof is now accomplished. []

Remark 5. It is should be emphasized that time delays are unavoidable during the information transmission process of neural
networks, which may effect the performance of the system. This paper considers three types of delays, i.e., time-varying delay d(¢),
lag delay w, and distributed delay z(k) or ;, which make the theoretical analysis more complicated. When addressing the involved
mixed delays, some literatures have proposed some constraints on the relative sizes of different delays [12]. However, in this paper,
the relative sizes of time delays are not explicitly constrained.

Remark 6. In accordance with Theorems 1 and 2, the specific design procedure of the involved controller gain matrices K,; 1 = 1,2, 3)
and K,, can be summarized as Algorithms 1 and 2:

Algorithm 1 Design procedure for controller gain matrices K,,.

Step 1: Choose suitable parameters p, (v = 1,2,3,4) and «; such that the matrix inequalities in Theorem 1 are converted to linear
ones for all i € N;

Step 2: By utilizing the Matlab toolbox, matrices Y;, P, O, (¢ = 1,2,3,4,5), W, R, F,, K,;, N and X can be determined by solving
inequalities (15)-(18);

Step 3: Compute the matrices K, = Y,"' K,;, the gain matrices K, can be achieved.

Algorithm 2 Design procedure for controller gain matrix K,,,.

Step 1: Select appropriate scalars g, (x = 1,2), , h, and p, (v=1,2,3,4) to ensure that any inequality in Theorem 2 become linear
form for all g, m,i,l €N;

Step 2: By utilizing the Matlab toolbox, matrices Y;, R, (v = 1,2,3,4), F,, and T,, can be acquired by solving matrix inequalities
(33)-(35);

Step 3: Compute the matrices K,, = Y!T,,, the gain matrices K, can be derived.

In order to state the generality of the obtained theoretical criteria, it is assumed that Markovian jumping is not involved, which
means N = 1. In this case, the master system (6) will degenerate to
2() = —CZ(t) + A, fRG), y0) + Ay f1(x(0), y(0) + T
+B, fR(x(t — d(1)), y(t — d(@)) + By f1(x(t — d(@)), y(t — (1)), (45)
Z(s) =¥(s), —-w<s<0.

Accordingly, the slave system (9) will be transformed into
£ = —C2(0) + Ay fRED, 50) + A f1 &), 56) + T+ T (@),
+B fR(X(1 = d(@), 5t = d@®))) + B, f1(%(t — d (1)), (1 — d(1))) (46)
2(5) =D (s), -w<s<0.

Therefore, combining (45) and (46), the lag error system can be achieved that

E(1) = —CE(t) + A g(E()) + A h(E(D) + B g(E(t — d (1)) + Byh(£(t — d (1)) + U (1),
E(5) =Dy(s) —P(s), —w<s<0.

(47)

Case 1. In the absence of Markovian jumping, the distributed delayed memorized synchronization controller (13) will reduce to
t

U@t) = K\ &) + KyE(t —d(t) + K; / &(s)ds. (48)

t—1(t)

Following the presented results in Theorem 1, the corollary can be readily obtained below.
Corollary 1. Under Assumption 1, with the designed controller (48), the master—slave systems (45) and (46) can achieve lag synchronization
with lag delay w if there exist positive definite matrices Y, P, Q. (¢ = 1,2,3,4,5), and W, (v = 1,2,3,4), diagonal matrices R,, ©, and

F,, appropriate matrices K, (1 = 1,2,3), N, and X, positive scalars p, and a such that the inequalities (15)-(17) in Theorem 1 and matrix

12
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inequality below are uniformly valid:
(210 212 =13y,

]

3N
O
[
>
3

«  E2 0 0 0 0o Z%
* 230 0 =% 0
E=| * x  E¥ 0 0 0 |<0 (49)
* * * * =5 0 E57
* * * * * F66  £67
* * * * * «  ET

where

EM=CY -YC+K +KT +0,+0,+ Q3+ Q4+ 05 — W) = Wy = Wy + p, F| + py F, — 4W,,

[

2w, Ry+ W, — N NI, £¥ =[YA, YA, YB, YB,l, £'6=[-xT —x[, TTMIQ +3W,1,

"=_CP" +aKT, 2% =[0aK, 0]", 25 =[PA, PA, PB, PB,", £ =|0, TTMakﬂT»

[1)>

()

T =d2 W, +d W, + @ Wi + 13, W, — P — P
The other mathematical symbols are defined in Theorem 1. In addition, the desired controller gain matrices are designed by K, = Y~'K,.
Case 2. When Markovian jumping in controller (31) is absent, the distributed delayed impulsive controller will simplify to
@) = E(K/t £(s)ds — §(t)>5(t —1), keN*. (50)
k=1 1=tk

It follows from Theorem 2 that the corollary below can be directly achieved.

Corollary 2. Under Assumption 1, with the designed controller (50), the master-slave systems (45) and (46) can realize exponential lag
synchronization with lag delay w if there exist matrix Y > 0, diagonal matrices R, (v = 1,2,3,4) and F,, real matrix T, and scalars
B, >0 0Gc=1,2),n>1, h>0and p, > 0 such that the inequality (33) and matrix inequalities below are valid:

1
—--Y T
[ i ™ ] <0, (51)
* =Y
Z YA, YA, YB Y B,
x  E2 0 0 0 0
- * *  —pRy 0 0 0
= <0 52
* * * -pRy 0 0 - (52)
* * * * —p3R; 0
* * * * * —psRy

in which ' = ~CY —YC + p, F, + poF, — ;Y and £%* = p3 Fy + p, F, — p,Y. The other parameters are the same as in Theorems 1 and
2. Furthermore, the controller gains matrix is designed as K = Y~'T.

4. Numerical examples

Based on the above analysis, two numerical examples are provided to demonstrate effectiveness of the theoretical results
addressed in Theorems 1 and 2.

Example 1. Consider semi-Markovian jumping CVNs (4) and (8) with three operation modes, i.e., N = {1,2,3}. The specific system
parameters of each subsystem are taken as C; = diag{0.02,0.03}, C, = diag{0.01,0.02}, C; = diag{0.01,0.03}, and

p = L1+147 —19-15; (194227 18+16i
"7 23-117 08+167 | 17 122-147 09+08i|’
_[18+12i 12-09 _[13+247 15+190
27 144087 15+ 140 27 1-07-131 22+08i|’

B [1.3+ 1L6i -15- 1.51
, =

144127 2.8+1.60
37 lo9-127 164087

14—151 15+12i]°

In addition, the nonlinear activation functions f,(z,) (v =1,2) is chosen as
1 —exp(—x 1 —exp(—y,)-]
£z =01+ p(=x,) p( yv)i .
1 +exp(=x,) 14+exp(-y,)

Based on this, it follows from Assumption 1 that ARR = il = 0.05 and AR = A’ =0, i.e,,

005 0 0 0
@1:@4:[0 0.05]’ @2:@3:[0 o]‘

13
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100 150

t

Fig. 1. Variation of semi-Markov process r(r) with three modes.

The time-varying delay is set as d(r) = 1.4 + 1.1sin(¢), and it can be derived that d,, = 0.3, d,, = 2.5, and d = 1.1. Moreover, the
distributed delay is set as z(¢) = 0.2 + 0.2sin(r) with 7,; = 0.4, and the lag delay is taken as w = 1.

Furthermore, it is assumed that any two modes of semi-Markov process r(t) own a uniform transition rate, i.e., g;; = 1/3. Besides,
it is supposed that the sojourn-time 6 obeys Weibull distribution with probability density function g(5) = (u/0")5"~" exp[—(5/0)"],
where ¢ > 0 represents the shape parameter and y > 0 means the scale parameter. In the simulation, when mode i = 1, take o = 1
and u = 2, i.e,, & ~ Weibull (1,2), it can be obtained that g,(5) = 25 exp(—52); when mode i = 2, let ¢ = 2 and u = 2, it can be
calculated that g,(5) = (1/2)5 exp(—52/4); when mode i = 3, set ¢ = 3 and u = 2, it can be yielded as g5(5) = (2/9)5 exp(—52/9).
Based on this, by resorting to formula (2), the corresponding infinitesimal generator matrix can be calculated as

-4 2% 26
nGy=|s72 -6 &2
26/9 25/9 —46/9

According to 7, ;= E{#,;(®)} = /0 #,;(6)g;(6)ds, the mathematical expectation of transition rates between modes can be derived as
[s5] [se]

Fo=73=2] &g(5)ds= 4/0 52 exp(—52)ds = 1.7725,

o0 [oo]
Ty =gy = % /0 58,(5)d6 = i /O 52 exp(—5>/4)dG = 0.4431,
o

52 exp(—52/9)ds = 0.5908.

2 o)
Ty =73y = 6/0 6g3(0)d = 81 /,

Therefore, for transition rate matrix I1(5), the corresponding expectation values can be obtained as

-3.5450  1.7725 1.7725
E{Il(c)} =| 04431 -0.8862  0.4431
0.5908 0.5908 -1.1816

Based on this, the jumping evolution of considered semi-Markov process r(¢) is shown in Fig. 1, where r(0) = 1

Next, set scalars p, = 2 (v = 1,2,3,4) and a, = 0.01 ¢ = 1,2,3). With the help of Matlab Toolbox, solving the obtained
matrix inequalities (15)—(18) in Theorem 1, effective feasible solutions can be achieved. Here, only partial solutions are given as
F, = diag{0.0160,0.0160,0.0160,0.0159}, R, = diag{0.0244,0.0278}, R, = diag{0.0133,0.0149}, and

0.0155  -0.0012  0.0000 0.0031 0.0149  -0.0012  0.0000 0.0020
_|-0.0012  0.0185 -0.0031  0.0000 _|-0.0012 0.0179  -0.0020  0.0000
P71 00000 —0.0031 00155 -0.0012]" "2 7] 0.0000 —0.0020 0.0149 —0.0012|
0.0031 0.0000 -0.0012  0.0185 0.0020 0.0000  -0.0012  0.0179
0.0170  0.0001  0.0000 —0.0002 0.0171  0.0001  0.0000 —0.0002
_ | 0.0001 0.0170 0.0002  0.0000 _ ] 0.0001 0.0171 0.0002  0.0000
Qs = 0.0000  0.0002 0.0170  0.0001 |’ Q4= 0.0000  0.0002 0.0171  0.0001 |’
—0.0002 0.0000 0.0001 0.0170 —0.0002 0.0000 0.0001 0.0171
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X =1.0e — 03 *

W) =1.0e - 04 =

Wy =1.0e - 03 *

N =1.0e — 04

Ky =

~0.1355
. |-0.0017
0.0017
0.0286

—0.0056
0.0010
0.0000

—-0.0016

K}S =

Moreover, according to K,; = ¥;"'K,,, the controller gain matrices of the distributed delayed synchronization controller (13) can be

designed as

-9.4352
—0.6663
0.2158

3.1222

Ky =

-9.6329
—1.0803
—0.0969

1.3374

K3 =

—-0.0033
—0.0001
0.0000
0.0003

~0.3229
| 0.0214

~0.0085
~0.0744

—0.3645
0.0292
0.0031

—0.0454

Kiy3 =

1.0e — 04

0.2850
—0.0365
0.0000
0.0721
—0.0557
0.0159
0.0000
—0.0315

0.2731
-0.0123
0.0000
0.0243

0.4988
—0.0679
0.0000
0.1343

-0.2274
0.0050
0.0000

—0.0098

—0.4829
0.0218
0.0017

—0.0139

—0.0021
—0.1360
—0.0334
—-0.0016

0.0010
—-0.0073
0.0016
0.0000

—-0.7101
—8.0050
=3.7711
-0.2124

—1.1604

—7.4009

—1.2395
0.0969

—0.0001

—0.0033

—0.0004
0.0000

0.0253
—0.3396
0.0991
0.0079

0.0336
-0.3927
0.0477
—0.0029

—0.0365
0.3506
—0.0721
0.0000
0.0159
—0.0844
0.0315
0.0000

—-0.0123
0.3245
—-0.0243
0.0000

—-0.0679
0.6210
—-0.1343
0.0000

0.0050
—0.2658
0.0099
0.0000

0.0227
-0.5777
0.0084
—-0.0017

—-0.0017
—-0.0286
—0.1355
-0.0017

0.0000
0.0016
—0.0056
0.0010

-0.2158
-3.1222
-9.4352
—0.6663

0.0969
—1.3374
-9.6329
—1.0803

0.0000
—0.0003
—-0.0033
—0.0001

0.0085
0.0744
-0.3229
0.0214

—0.0031
0.0454
—0.3645
0.0292

3.7711

0.2124
—0.7101
—8.0050

1.2395
—0.0969
—1.1604
—17.4009

0.0004
0.0000
—0.0001
—0.0033

—0.0991
—0.0079
0.0253
—0.3396

—0.0477|
0.0029
0.0336

-0.3927

—9.5464
—0.7927
[ -0.1251

0.6296

—0.0031
—0.0001

0.0000

0.0001

Ky =

—0.0033

—0.0001
0.0000
0.0002

-0.3620
0.0256
0.0046

—-0.0322
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-0.8156

—7.6331

—0.3432
0.1240

—0.0001
—0.0030
0.0000
0.0000

—0.0001

—0.0033

—0.0003
0.0000

0.0290
—0.3876
0.0283
—0.0045
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00000 00721 00629 —0.0180 00000  0.0355
—0.0721 00000 —0.0180 0.0952  —0.0355  0.0000
02850  —0.0365 0.0000 —0.0355 0.0629 —0.0180
—0.0365 03506 00355  0.0000 —0.0180  0.0952
00000 —0.0315 0.1015 —00287 0.0000  0.0567 [
00315 00000 —0.0287 0.1532 —0.0567  0.0000
—0.0557 00159 00000 —00567 01015 —0.0287
00159  —0.0844 00567  0.0000 —0.0287  0.1532 |
0.0000  0.0243

—-0.0243  0.0000

02731  -0.0123]

—-0.0123  0.3245

0.0000  0.1343

—-0.1343  0.0000

0.4988  —0.0679 |’

-0.0679  0.6210
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Fig. 2. Trajectories of the states Z,(1), 2,(r), and the lag error &,(r) (v=1,2,3,4).

It follows from Theorem 1 that, the master-slave systems (6) and (9) achieve mean-square lag synchronization under the designed
controller (13).

To achieve better simulation results, the initial conditions of the considered master-slave systems (6) and (9) are taken as
Y(s) = [0.6,—1.2,0.4,-1.5]7 and D (s) = [-0.7, 1.4,-1.3,0.5]",s € [-2.5,0], respectively. Moreover, set the state vectors of the
master and slave systems as Z(t) = (Z,(t), Z,(t), Z;(1), Z4())" and 2(t) = (Z,(t), 2,(2), 25(1), 24())T . Let &,(t) = 2,(t) — Z,() (v = 1,2,3,4).
With the utilization of controller (13), the trajectories of the states Z,(7), 2,(¢), and the lag synchronization error &,(7) are illustrated
in Fig. 2. It is clear that, under controller (13), the master-slave systems (6) and (9) can achieve mean-square lag synchronization
with the lag delay w = 1. In addition, the trajectories of the controller (13) are displayed in Fig. 3.

Example 2. In this example, choose the same parameter matrices, initial conditions, and transition rate matrix I71(¢) as in Example 1.
In addition, consider the scalars g, = 20, #, = 0.01, = 70, and p, = 0.2 (v = 1,2,3,4). Moreover, take the distributed time delays
7, as 0.4 and the impulsive period 4 = 0.2. By solving the matrix inequalities (34) and (35) in Theorem 2, partial feasible solutions
can be obtained as follows: F; = diag{2.7670,3.4387,2.7670,3.4387}, R, = diag{5.4838,5.4225}, R, = diag{5.6888,5.6200}, and

0.2047  -0.0011  0.0000 0.0065 0.2127  -0.0043  0.0000 0.0041

Y. = -0.0011  0.2184  —-0.0065  0.0000 _1-0.0043 02272 -0.0041  0.0000
7100000 -0.0065 02047 —0.0011|""2" ] 00000 —0.0041 02127 —0.0043]’

0.0065 0.0000 -0.0011 0.2184 0.0041 0.0000 —-0.0043  0.2272
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Fig. 3. The trajectories of controller (13).
0.0614 —0.0007 0.0000 0.0007 0.0610 —0.0003 0.0000 0.0011
_ | -0.0007 0.0637 —0.0007 0.0000 _ | -0.0003 0.0636 —0.0011 0.0000
271 0.0000 —0.0007 0.0614 —0.0007 >3~ | 0.0000 —0.0011 0.0610 —-0.0003 |
0.0007 0.0000 —0.0007 0.0637 0.0011 0.0000 —0.0003 0.0636

Hence, according to K, = Y, IT,, the controller gain matrices for the distributed delayed impulsive controller (31) can be determined

as

0.2933  0.0005
0.0005  0.2856
0.0000  0.0037
—0.0037  0.0000
0.2901  0.0010
0.0010  0.2809
0.0000  0.0038
—0.0038  0.0000

0.0000 —0.0037
0.0037  0.0000
0.2933  0.0005 |
0.0005  0.2856
0.0000 —0.0038
0.0038  0.0000
0.2901  0.0010
0.0010  0.2809

) =

0.2886  0.0024
0.0024  0.2806
0.0000  0.0021
—-0.0021  0.0000

0.0000
0.0021
0.2886
0.0024

—0.0021

0.0000
0.0024 |’
0.2806

It follows from Theorem 2 that, under controller (31), the master-slave systems (6) and (9) achieve exponential mean-square lag

synchronization.
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Fig. 4. Trajectories of the states Z,(t), 2,(r), and the lag error &(r) (v=1,2,3,4).

For a more effective simulation, under the controller (31), Fig. 4 shows the time responses of every state Z, () and 2,(¢) for the
master-slave systems (6) and (9) as well as lag synchronization errors &,(r). It is obvious that the master—slave systems (6) and (9)
can reach exponential mean-square lag synchronization. Meanwhile, the trajectories of controller (31) can be shown in Fig. 5.

5. Conclusion

This paper has tackled the lag synchronization issue for semi-Markovian jumping CVNs with time-varying delay. To guarantee
the considered master and slave systems achieve lag synchronization, two types of mode-dependent controllers are designed, which
include a continuous distributed delayed memorized controller and a discrete distributed delayed impulsive controller. In addition,
a variety of integral inequalities are introduced, which greatly expands the feasible domain and reduces the conservatism of the
obtained results. Moreover, by virtue to stochastic analysis techniques, Lyapunov stability theory as well as some matrix inequality
methods, some sufficient criteria are achieved to realize mean-square asymptotical/exponential lag synchronization of master—slave
systems under the designed controllers. At the end of paper, two numerical examples are proposed to explain the reasonability of the
obtained theoretical criteria, which also demonstrate the rationality of the designed mode-dependent distributed delayed controllers.
Furthermore, motivated by the existing findings in Refs. [44-46], we will focus on the event-triggered lag synchronization issue
of neutral-type semi-Markovian jumping delayed CVNs via a novel quantized hybrid control method, which can further result in
additional savings of constrained communication channel resources and decreased available energy waste.
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Fig. 5. Trajectories of each entry for the controller (31).
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