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A B S T R A C T

This paper studies the min–max group consensus of discrete-time multi-agent systems under a directed random
graph, where the presence of each directed edge is randomly determined by a probability and independent
of the presence of other edges. Firstly, we propose a min–max consensus protocol without memory, and give
the necessary and sufficient conditions to ensure that the multi-agent system can achieve the min–max group
consensus in the sense of almost sure and mean square, respectively. Secondly, we design a novel consensus
protocol with memory and a behavior mechanism. Using the stochastic analysis theory and the extremal
algebra, some necessary and sufficient conditions are obtained for achieving the min–max group consensus
in the sense of almost sure and mean square, respectively. It is shown that the protocol with memory can
solve the loss problem of the maximum and minimum initial states. Finally, the effectiveness of the two group
consensus protocols and the behavior mechanism is verified by four numerical simulations.
1. Introduction

Coordination control of multi-agent systems (MASs) has been de-
veloped for nearly decades, and one of the most important problems
is the consensus [1–5], which refers to each agent communicating
with each other, ultimately reaching a common state. Based on the
consensus problem, many new problems have been extended, such
as formation control [6], containment control [7,8], enclosing con-
trol [9,10], flocking control [11], which have laid the foundation
for the development of coordination control of MASs. At present,
various consensus problems for MASs have been studied. In addition
to the average consensus [12,13], some researchers have focused on
two extremal consensus, i.e., max-consensus and min-consensus. Nejad
et al. studied the max-consensus of MASs using max–plus algebra, and
gave some necessary and sufficient conditions for MASs to achieve
max-consensus in fixed and switching networks [14,15]. Abdelrahim
et al. [16] considered the max-consensus of open MASs, and gave suffi-
cient conditions for MASs to reach max-consensus. Golfar et al. [17]
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considered the max-consensus of MASs in the presence of Bernoulli
failures of communication networks, and gave a sufficient criterion for
MASs to achieve max-consensus with probability 1. Deplano et al. [18]
studied the max- and min-consensus problems for discrete-time MASs,
proposed two dynamical max-consensus protocols and demonstrated
their convergence. Zhang et al. [19] considered the min-consensus of
second-order MASs in switching networks, proposed a min-consensus
protocol, and gave sufficient conditions for MASs to achieve min-
consensus. Singh et al. [20] considered the min-consensus problem
for heterogeneous MASs in switching networks, and gave sufficient
conditions for MASs to achieve min-consensus.

A phenomenon called group polarization exists in society. It refers to
the fact that when making individual decisions in a group, people tend
to be more risky or more safe. If two situations occur simultaneously, a
phenomenon of group polarization will be formed. For example, in an
investment problem, some people like to take risks to maximize their
profits, while others prefer prudent approaches. When both of these are
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present in a group, it can lead to polarization. For this phenomenon, we
intend to study it with group consensus.

For group consensus, agents can be divided into several different
groups due to different assignment tasks or selection intentions, where
agents in the same group eventually reach a common state. Moreover,
the final states of agents in different groups are different. Nowadays,
there have been more research results on group consensus problems
for MASs. According to the structural characteristics of communication
networks, Yu et al. [21] proposed a consensus protocol for the group
consensus problem and gave sufficient and necessary conditions for
MASs to asymptotically achieve group consensus in fixed and switching
topology, respectively. Sorrentino et al. [22] considered the group
consensus problem in multilayer networks and gave a criterion that
the system can reach group consensus. Based on the characteristics of
agents’ own dynamics, Zheng et al. [23] studied the group consensus
of heterogeneous MASs, and gave the criteria for the MAS to achieve
group consensus in undirected and directed graphs, respectively. It is
worth noting that the above group consensus studies have been carried
out in fixed or switching networks.

In the coordination control of MASs, the network is an important
factor that describes the interactive relationship between agents. How-
ever, in practice, interaction among agents may be unstable and break
down due to the presence of disturbances, which cannot be prede-
termined in advance. Therefore, this situation can be described using
random networks. In 2005, Hatano et al. [24] first introduced random
networks into MASs and gave the sufficient conditions for MASs to
reach consensus almost surely. Then, Porfiri et al. [25] considered
directed random networks with different probabilities of each edge, and
introduced the concept of expected graph, which attracted the attention
of a lot of scholars. Lin et al. [26] studied the consensus of switching
MASs in random networks and presented graph conditions for MASs
to achieve consensus almost surely and in mean square. Fu et al. [27]
considered the interval consensus of discrete-time MASs in random
networks and gave a sufficient condition for MASs to achieve interval
consensus almost surely. Cheng et al. [28] considered the sampled data
scale group consensus problem for a second-order MAS in switching
topology and random link failures, and gave sufficient conditions for
the MAS to reach group consensus in expectation. Shang et al. [29]
considered resilient consensus of MASs in directed random networks
and gave a sufficient condition for MASs to achieve resilient consensus
almost surely. Meanwhile, in [30], a sufficient criterion for MASs to
reach resilient tracking consensus in random networks is investigated.
Up to now, a lot of results have been obtained on consensus of MASs
using random networks as communication networks, but there are few
studies on min–max group consensus.

Compared to group consensus, this paper mainly emphasizes the
goals of group consensus as max-consensus and min-consensus. Al-
though they are contradictory goals, all agents can interact to achieve
their desired goals. For the max- and min-consensus, there are currently
a lot of results [31,32], and it is even possible to extend the study
methodology of max-consensus to min-consensus [33]. However, there
are rarely studies that consider both max- and min-consensus for MASs,
in which agents following different protocols can achieve max- and
min-consensus, respectively. Meanwhile, we introduce the memory
factor into our study, which can preserve important information during
the system evolution.

With the above observations, we intend to consider the min–max
group consensus for a class of MASs under random network in the
sense of almost sure and mean-square, respectively. Firstly, we design
two min–max group consensus protocols: one with memory and the
other without memory. Then, using stochastic analysis theory and the
extremal algebra, we give the necessary and sufficient conditions to
ensure that the MAS following the protocol with or without memory
achieves group consensus in the sense of almost sure and mean square,
respectively. The main contributions of this paper are listed as follows:
 a

2 
(1) A min–max group consensus protocol without memory is pro-
posed. Then, using the stochastic analysis technique, matrix
theory and random graph theory, we give the necessary and suf-
ficient conditions to ensure that the MAS following the protocol
achieves the min–max group consensus in the sense of almost
sure and mean square, respectively. It is strictly proved that the
necessary and sufficient conditions for almost sure convergence
are the same as those for mean-square convergence.

(2) Given that the protocol without memory may have the potential
for loss of the maximum and minimum initial states during the
system evolution, a novel min–max group consensus protocol
with memory is designed. Using stochastic analysis technique
and random graph theory, we give the necessary and sufficient
conditions to guarantee that the MAS following the protocol
reaches the min–max group consensus in the sense of almost sure
and mean square, respectively. It is shown that the designed pro-
tocol with memory can eliminate the phenomenon of maximum
and minimum initial state loss during system evolution.

The difficulties of this paper are as follows: (1) Due to that the
problem considered in this paper contains min–plus algebra and max–
plus algebra, a difficulty arises from how to model the behavior of the
groups, and analyze the convergence characteristics of the groups. (2)
Due to the randomness of edges’ connection in the network and the
memorylessness of the consensus protocol, the maximum and minimum
states may be lost during system evolution. Therefore, how to design
a group consensus protocol to overcome the above problem is another
difficulty.

The structure of this paper is as follows. Section 2 discusses some
necessary notions and terminologies from directed random graph the-
ory and min–max–plus systems. Formulations of the problem are pro-
vided in Section 3. Section 4 gives the criteria for MASs in directed
random networks to achieve min–max group consensus almost surely
and in mean-square, respectively. In Section 5, simulations demonstrate
our theoretical results. Section 6 gives the conclusion.

Notations: N and R are the sets of non-negative integers and real
numbers, respectively. The real vector space with 𝑛 dimensions is
epresented by the symbol R𝑛. R𝑚×𝑛

𝑚𝑎𝑥 is 𝑚×𝑛 matrix space with elements
including real numbers and positive infinity. R𝑚×𝑛

𝑚𝑖𝑛 is 𝑚×𝑛 matrix space
with elements including real numbers and negative infinity. ‖⋅‖∞ and
‖⋅‖ denotes the infinite- and 2-norm of a matrix or vector. The term 𝑥⊤

is the transpose of a given vector 𝑥. |⋅| denotes the absolute value of a
real number. The probability of event ‘‘𝑥 > 𝑎’’ is represented by 𝑃 (𝑥 > 𝑎)
and the mathematical expectation that comes with the random variable
𝑥 is expressed by 𝐸(𝑥). ⋃𝑛

𝑘=1 𝐴𝑘 is the union of 𝐴1,… , 𝐴𝑛.
⨂𝑘

𝑙=0 𝐴(𝑙)
ndicates that 𝐴(𝑘)⊗𝐴(𝑘−1)⊗⋯⊗𝐴(0). similarly, ⨂′𝑘

𝑙=0𝐴(𝑙) indicates
hat 𝐴(𝑘) ⊗′ 𝐴(𝑘 − 1) ⊗′ ⋯ ⊗′ 𝐴(0). ⨁𝑛

𝑖=1𝑥𝑖 indicates that 𝑥1 ⊕ 𝑥2 ⊕
⊕𝑥𝑛 = max𝑖=1,2,…,𝑛{𝑥𝑖}.

⨁′𝑛
𝑖=1𝑥𝑖 indicates that 𝑥1 ⊕′ 𝑥2 ⊕′ ⋯⊕′ 𝑥𝑛 =

in𝑖=1,2,…,𝑛{𝑥𝑖}. 𝑋𝑛 → 𝑋 indicates that lim𝑛→∞ 𝑋𝑛 = 𝑋. × represents
he multiplication in conventional algebra.

(𝑘+1
𝑟

)

is a combination,
.e.,

(𝑘+1
𝑟

)

= (𝑘+1)×(𝑘)×⋯×(𝑘+2−𝑟)
(𝑟)×(𝑟−1)×⋯×1 . 𝐼𝑚×𝑛 is an 𝑚×𝑛-dimensional matrix with

all elements of 𝑒. 𝑚×𝑛 is an 𝑚× 𝑛-dimensional matrix with all elements
of 𝜀.  ′

𝑚×𝑛 is an 𝑚×𝑛-dimensional matrix with all elements of 𝜀′. 𝑥𝑖 ≤ 𝑥𝑗
indicates that each component in 𝑥𝑖 ∈ R𝑛 is less than or equal to each
omponent in 𝑥𝑗 ∈ R𝑛. (𝐴 ⊕ 𝐵)𝑖𝑗 defines the 𝑖th row and 𝑗th column
lement of the matrix 𝐴⊕ 𝐵.

. Preliminaries

.1. Directed random graph

𝒢 = (𝒱 ,ℰ ,𝒜 ) is a directed graph consisting of a vertex set 𝒱 =
𝑣1, 𝑣2,… , 𝑣𝑛

}

, an edge set ℰ ⊆ 𝒱 × 𝒱 and an adjacency matrix
. Let (𝑣𝑗 , 𝑣𝑖) be a directed edge in graph 𝒢 . (𝑣𝑗 , 𝑣𝑖) ∈ ℰ signifies

hat agent 𝑣𝑖 can get the state information transmitted by agent 𝑣𝑗
nd the elements of its corresponding adjacency matrix 𝒜 =

[

𝑎
]

𝑖𝑗 𝑛×𝑛
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satisfy 𝑎𝑖𝑗 = 1. If for any 𝑣𝑖, 𝑣𝑗 ∈ 𝒱 , the presence of each directed
edge (𝑣𝑗 , 𝑣𝑖) is randomly determined by the probability 𝑝𝑖𝑗 ∈ [0, 1]
nd independent of the other edges, then graph 𝒢 is called a directed
andom graph. At this point, for different times 𝑘 ∈ N, the structure of
he interaction graph 𝒢 that we obtained may be different, denoted as
(𝑘) = (𝒱 ,ℰ (𝑘),𝒜 (𝑘)). Therefore, the information interactions among

he agents can be represented by a sequence of directed random graphs
(𝑘), denoted as {𝒢 (𝑘)}. In this paper, we assume that each vertex in
directed random graph has a fixed self-loop, i.e., 𝑝𝑖𝑖 = 1, 𝑣𝑖 ∈ 𝒱 .
enote the expected graph 𝒢 = (𝒱 ,ℰ ,𝒜 ) as the expected value of

a sequence of directed random graphs {𝒢 (𝑘)}. If for any 𝑣𝑖, 𝑣𝑗 ∈ 𝒱 ,
edges (𝑣𝑗 , 𝑣𝑖) exist with probability 𝑝𝑖𝑗 > 0, then (𝑣𝑗 , 𝑣𝑖) ∈ ℰ , otherwise
𝑣𝑗 , 𝑣𝑖) ∉ ℰ . A directed path between two different vertices 𝑣𝑖 and
𝑣𝑗 of the expected graph 𝒢 is a finite-order sequence with distinct
edges (𝑣𝑖, 𝑣𝑖1 ), (𝑣𝑖1 , 𝑣𝑖2 ),… , (𝑣𝑖𝑠 , 𝑣𝑗 ). The expected graph 𝒢 is strongly
onnected if there is a directed path from vertex 𝑣𝑖 to vertex 𝑣𝑗 for
ny 𝑣𝑖, 𝑣𝑗 ∈ 𝒱 , 𝑣𝑖 ≠ 𝑣𝑗 .

.2. Extremal algebra

The extremal algebra is a collective term for max- and min–plus
lgebras. In this subsection, we will introduce the max–plus algebra,
in–plus algebra, and min–max–plus system needed for this paper.

First, we introduce the max- and min–plus algebra. Max- and min–
lus algebras are two algebra structures that are both based on semiring
ver a set of real numbers. In max–plus algebra, its algebraic operations
re based on maximum operation (max) and addition operation (+).
n min–plus algebra, its algebraic operations are based on minimum
peration (min) and addition operation (+). Meanwhile, max- and min–
lus algebras have important applications in the consensus problem for
ASs. The cooperative and competitive relationships between agents in
ASs can be modeled and analyzed by using the operational rules and

roperties of max- and min–plus algebras. These algebraic tools help to
nalyze the stability of MASs and design suitable algorithms to achieve
he consensus of MASs.

Denote 𝑒 = 0, 𝜀 = −∞, and R𝑚𝑎𝑥 = R ∪ {𝜀}. We introduce the
ollowing two operations ⊕ and ⊗ over R𝑚𝑎𝑥, whose definitions are
s follows: 𝑎 ⊕ 𝑏 = max{𝑎, 𝑏} and 𝑎 ⊗ 𝑏 = 𝑎 + 𝑏 (∀𝑎, 𝑏 ∈ R𝑚𝑎𝑥).

𝑚𝑎𝑥 =
{

R𝑚𝑎𝑥, ⊕,⊗, 𝜀, 𝑒
}

is called a max–plus algebra. In addition, for
he matrix space R𝑚×𝑛

𝑚𝑎𝑥 , we can also introduce the above two operations
and ⊗, whose definitions are as follows: for all matrices 𝐴 =

[𝑎𝑖𝑗 ]𝑚×𝑛, 𝐵 = [𝑏𝑖𝑗 ]𝑚×𝑛 ∈ R𝑚×𝑛
𝑚𝑎𝑥 ,

(𝐴⊕ 𝐵)𝑖𝑗 = 𝑎𝑖𝑗 ⊕ 𝑏𝑖𝑗 , 𝑖 = 1, 2,… , 𝑚, 𝑗 = 1, 2,… , 𝑛,

and for all matrices 𝐴 = [𝑎𝑖𝑗 ]𝑚×𝑛 ∈ R𝑚×𝑛
𝑚𝑎𝑥 , 𝐵 = [𝑏𝑖𝑗 ]𝑛×𝑞 ∈ R𝑛×𝑞

𝑚𝑎𝑥,

(𝐴⊗𝐵)𝑖𝑗 =
𝑛

⨁

𝑘=1
(𝑎𝑖𝑘⊗𝑏𝑘𝑗 ) = max

𝑘=1,…,𝑛
{𝑎𝑖𝑘+𝑏𝑘𝑗}, 𝑖 = 1, 2,… , 𝑚, 𝑗 = 1, 2,… , 𝑞.

Similarly, we denote 𝑚𝑖𝑛 =
{

R𝑚𝑖𝑛, ⊕′, ⊗′, 𝜀′, 𝑒
}

as a min–plus
algebra, where R𝑚𝑖𝑛 = R ∪ {+∞} is an element set, 𝜀′ = +∞ and
𝑒 = 0 are the zero and one elements in R𝑚𝑖𝑛, respectively. We introduce
the following two operations ⊕′ and ⊗′ over R𝑚𝑖𝑛, whose definitions
are as follows: 𝑎 ⊕′ 𝑏 = min{𝑎, 𝑏} and 𝑎 ⊗′ 𝑏 = 𝑎 + 𝑏 (∀𝑎, 𝑏 ∈ R𝑚𝑖𝑛).
Moreover, for the matrix space R𝑚×𝑛

𝑚𝑖𝑛 , we can also introduce the above
two operations ⊕′ and ⊗′, whose definitions are as follows: for all
matrices 𝐴 = [𝑎𝑖𝑗 ]𝑚×𝑛, 𝐵 = [𝑏𝑖𝑗 ]𝑚×𝑛 ∈ R𝑚×𝑛

𝑚𝑖𝑛 ,

(𝐴⊕′ 𝐵)𝑖𝑗 = 𝑎𝑖𝑗 ⊕
′ 𝑏𝑖𝑗 , 𝑖 = 1, 2,… , 𝑚, 𝑗 = 1, 2,… , 𝑛,

and for all matrices 𝐴 = [𝑎𝑖𝑗 ]𝑚×𝑛 ∈ R𝑚×𝑛
𝑚𝑖𝑛 , 𝐵 = [𝑏𝑖𝑗 ]𝑛×𝑞 ∈ R𝑛×𝑞

𝑚𝑖𝑛 ,

(𝐴⊗′ 𝐵)𝑖𝑗 =
𝑛

⨁

𝑘=1

′(𝑎𝑖𝑘 ⊗′ 𝑏𝑘𝑗 ) = min
𝑘=1,…,𝑛

{𝑎𝑖𝑘 + 𝑏𝑘𝑗}, 𝑖 = 1, 2,… , 𝑚, 𝑗 = 1, 2,… , 𝑞.

The operations ⊕, ⊗ in R𝑚𝑎𝑥 and the operations ⊕′, ⊗′ in R𝑚𝑖𝑛
satisfy the following operation properties. ∀𝑎, 𝑏, 𝑐 ∈ R , 𝑢, 𝑣, 𝑤 ∈ R ,
𝑚𝑎𝑥 𝑚𝑖𝑛

3 
(1) commutativity: 𝑎 ⊕ 𝑏 = 𝑏 ⊕ 𝑎, 𝑎 ⊗ 𝑏 = 𝑏 ⊗ 𝑎, 𝑢 ⊕′ 𝑣 = 𝑣 ⊕′ 𝑢 and
𝑢 ⊗′ 𝑣 = 𝑣 ⊗′ 𝑢;

(2) associativity: 𝑎 ⊕ (𝑏 ⊕ 𝑐) = (𝑎 ⊕ 𝑏) ⊕ 𝑐, 𝑎 ⊗ (𝑏 ⊗ 𝑐) = (𝑎 ⊗ 𝑏) ⊗ 𝑐,
𝑢 ⊕′ (𝑣 ⊕′ 𝑤) = (𝑢 ⊕′ 𝑣)⊕′ 𝑤 and 𝑢 ⊗′ (𝑣 ⊗′ 𝑤) = (𝑢 ⊗′ 𝑣)⊗′ 𝑤;

(3) distributivity: 𝑎 ⊗ (𝑏 ⊕ 𝑐) = (𝑎 ⊗ 𝑏) ⊕ (𝑎 ⊗ 𝑐), 𝑢 ⊗′ (𝑣 ⊕′ 𝑤) =
(𝑢 ⊗′ 𝑣)⊕′ (𝑢 ⊗′ 𝑤);

(4) existence of a zero element: 𝑎⊕𝜀 = 𝜀⊕𝑎 = 𝑎, 𝑢⊕′ 𝜀′ = 𝜀′⊕′ 𝑢 = 𝑢;
(5) existence of a unit element: 𝑎 ⊗ 𝑒 = 𝑒 ⊗ 𝑎 = 𝑎, 𝑢 ⊗′ 𝑒 = 𝑒 ⊗′ 𝑢 = 𝑢;
(6) the zero is absorbing for ⊗ and ⊗′: 𝑎 ⊗ 𝜀 = 𝜀 ⊗ 𝑎 = 𝜀, 𝑢 ⊗′ 𝜀′ =

𝜀′ ⊗′ 𝑢 = 𝜀′.

Since the max- and min–plus algebras differ from the conventional
algebra, we need to define the elements of the adjacency matrices
corresponding to the communication graphs in the max- and min–plus
algebras, respectively.

Let matrix 𝒜 = [𝑎𝑖𝑗 ]𝑛×𝑛 ∈ R𝑛×𝑛
𝑚𝑎𝑥 be the adjacency matrix correspond-

ing to graph 𝒢 . If (𝑣𝑗 , 𝑣𝑖) ∈ ℰ , then 𝑎𝑖𝑗 = 𝑒, otherwise 𝑎𝑖𝑗 = 𝜀, where
𝑣𝑖, 𝑣𝑗 ∈ 𝒱 . Similarly, we define the elements of the adjacency matrix
𝒜 (𝑘) = [𝑎𝑖𝑗 (𝑘)] ∈ R𝑛×𝑛

𝑚𝑎𝑥 corresponding to the random graph 𝒢 (𝑘) as
follows:

𝑎𝑖𝑗 (𝑘) =

{

𝑒, with probability 𝑝𝑖𝑗 ,
𝜀, with probability 1 − 𝑝𝑖𝑗 ,

(1)

where 𝑝𝑖𝑗 ∈ (0, 1), 𝑖 ≠ 𝑗. Since the case with fixed self-loop is considered
in this paper, it follows that 𝑎𝑖𝑖(𝑘) = 𝑒 for all 𝑣𝑖 ∈ 𝒱 and 𝑘 ∈ N.
According to the introduction of the expected graph, we define the
adjacent matrix 𝒜 = 𝐸[𝒜 ] corresponding to the expected graph 𝒢 as
follows:

(𝐸[𝒜 ])𝑖𝑗 =

{

𝑒, for 𝑝𝑖𝑗 > 0,
𝜀, for 𝑝𝑖𝑗 = 0.

(2)

Similarly, let the adjacency matrix 𝒜 ′(𝑘) = [𝑎′𝑖𝑗 (𝑘)] corresponding
o the random graph 𝒢 (𝑘) and the adjacency matrix 𝒜 ′ = 𝐸[𝒜 ′]

corresponding to the expected graph 𝒢 in min–plus algebra scene as

𝑎′𝑖𝑗 (𝑘) =

{

𝑒, with probability 𝑝𝑖𝑗 ,
𝜀′, with probability 1 − 𝑝𝑖𝑗 ,

(3)

𝐸[𝒜 ′])𝑖𝑗 =

{

𝑒, for 𝑝𝑖𝑗 > 0,
𝜀′, for 𝑝𝑖𝑗 = 0,

(4)

here 𝑎′𝑖𝑗 = 𝜀′ means (𝑣𝑗 , 𝑣𝑖) ∉ ℰ , 𝑣𝑖, 𝑣𝑗 ∈ 𝒱 . If the expected graph 𝒢
is strongly connected, then for any 𝑣𝑖, 𝑣𝑗 ∈ 𝒱 , there must be a directed
path (𝑣𝑖, 𝑣𝑖1 ), (𝑣𝑖1 , 𝑣𝑖2 ),… , (𝑣𝑖𝑠 , 𝑣𝑗 ) such that 𝑝𝑖1𝑖 > 0, 𝑝𝑖2𝑖1 > 0,… , 𝑝𝑗𝑖𝑠 > 0.

Next, we introduce the min–max–plus system.
We call 𝑚𝑖𝑛

𝑚𝑎𝑥 = {R𝑚𝑖𝑛
𝑚𝑎𝑥, ⊕,⊕′, ⊗, 𝜀, 𝜀′, 𝑒} as a min–max–plus system,

where R𝑚𝑖𝑛
𝑚𝑎𝑥 = R𝑚𝑎𝑥 ∪ R𝑚𝑖𝑛, 𝜀 is the zero element in R𝑚𝑎𝑥, and 𝜀′ is

the zero element in R𝑚𝑖𝑛. In the min–max–plus system, if an expression
contains the operations ⊕,⊕′ and ⊗, then the expression is called a
min–max–plus expression, where the operations ⊕ and ⊕′ are used
to express the operations of the elements in R𝑚𝑖𝑛

𝑚𝑎𝑥, and the addition
operation is only expressed between the parameter 𝛼 ∈ R and the
variable 𝑥𝑖 ∈ R𝑚𝑖𝑛

𝑚𝑎𝑥.
The following definitions are useful for establishing the main re-

sults.

Definition 1 (Separated System [34]). Consider a min–max–plus system
characterized by a mapping  ∶ R𝑛 → R𝑛 of dimension 𝑛. If each com-
ponent of  is only a max–plus expression or a min–plus expression,
then the system is called separated system.

Definition 2 (Regular Matrix [34]). A matrix 𝐴 ∈ R𝑛×𝑛
𝑚𝑎𝑥 (or R𝑛×𝑛

𝑚𝑖𝑛 ) is said
to be a regular matrix if 𝐴 has at least one finite element (not 𝜀 or 𝜀′)
in per row.

Definition 3 (Positive Series [35]). For a series, if all of its terms are
non-negative, it is called a positive series.
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2.3. Some lemmas

This subsection describes some lemmas that will be utilized later.

Lemma 1 (Borel–Cantelli Lemma [36]). Let 𝑋1, 𝑋2, ⋯ be an event se-
quence in a space of probability. If ∑∞

𝑘=1 𝑃 (𝑋𝑘) < ∞, then 𝑃 (lim sup𝑘→∞ 𝑋𝑘)
= 0.

Lemma 2 (Dominated Convergence Theorem [36]). Suppose that in prob-
ability 𝑋𝑛 → 𝑋 and |

|

𝑋𝑛
|

|

≤ 𝑌 , 𝐸𝑌 < ∞. Then 𝐸𝑋𝑛 → 𝐸𝑋.

Lemma 3 ([34]). Let 𝐴 ∈ R𝑚×𝑛
𝑚𝑎𝑥 be a regular matrix. Then, for any vector

𝑢, 𝑣 ∈ R𝑛,

‖𝐴⊗ 𝑢 − 𝐴⊗ 𝑣‖∞ ≤ ‖𝑢 − 𝑣‖∞ . (5)

Lemma 4 ([37]). Consider a sequence of graphs 𝒢 (𝑘) = (𝒱 ,ℰ (𝑘),𝒜 (𝑘)), 𝑘
∈ N and let 𝒜 (𝑘) be the adjacency matrix associated to each random graph
𝒢 (𝑘). If the expected graph 𝒢 is strongly connected, then the inequality holds
s follows:

((
𝑘

⨂

𝑙=0
𝒜 (𝑙))𝑖𝑗 = 𝜀) ≤

𝑘+1
∏

𝑑=𝑑𝑖𝑗

(1 − 𝑝𝑑 )𝜂𝑑 , (6)

where 𝜀 = −∞ is the zero element in R𝑚𝑎𝑥, 𝑝 = min𝑖,𝑗∈𝑉 𝑝𝑖𝑗 ∈ (0, 1), 𝑝𝑖𝑗
indicates the probability of an edge (𝑣𝑗 , 𝑣𝑖) in existence, 𝜂𝑑 =

( 𝑘+1
𝑘+1−𝑑

)

×𝜃𝑑−1,
𝜃𝑑 ∈

(

(𝑚 − 1)𝑑−1, (𝑚 − 1)𝑑
)

, (𝑑 = 1, 2,… , 𝑘, 𝑘+1), 𝜃0 = 1, 𝑑𝑖𝑗 is the shortest
path from the vertex 𝑣𝑗 to the vertex 𝑣𝑖.

Lemma 5 ([37]). Consider a sequence of graphs 𝒢 (𝑘) = (𝒱 ,ℰ (𝑘),𝒜 (𝑘))
for 𝑘 ∈ N and let 𝒜 (𝑘) be the adjacency matrix associated to each random
graph 𝒢 (𝑘). Then for any 𝑣𝑖, 𝑣𝑗 ∈ 𝒱 , (⨂𝑘

𝑙=0 𝒜 (𝑙))𝑖𝑗 almost surely converges
to 𝑒 if and only if the expected graph 𝒢 is strongly connected.

emma 6 ([37]). MASs can achieve max-consensus almost surely, i.e.,
( lim𝑘→∞

‖

‖

𝑥(𝑘 + 1) − 𝑥𝑚𝑎𝑥‖‖∞ = 0) = 1 if and only if the expected graph
𝒢 is strongly connected.

. Problem statement

Let 𝑥𝑖 ∈ R be the state of agent 𝑣𝑖. Denote (𝒢 , 𝑥) as a network with
states 𝑥 = [(𝑥1)⊤, (𝑥2)⊤]⊤ ∈ R𝑛 and graph 𝒢 , where 𝑥1 ∈ R𝑚 is the
tates of the first 𝑚 agents in 𝑥 and 𝑥2 ∈ R𝑛−𝑚 is the states of the last
− 𝑚 agents in 𝑥. Consider a network with 𝑛 agents

{

𝑣1, 𝑣2,… , 𝑣𝑛
}

,
where 𝑚 agents

{

𝑣1, 𝑣2,… , 𝑣𝑚
}

are in sub-network (𝒢1, 𝑥1) and 𝑛 −
𝑚 agents

{

𝑣𝑚+1, 𝑣𝑚+2,… , 𝑣𝑛
}

are in sub-network (𝒢2, 𝑥2). Let 𝒱1 =
{

𝑣1, 𝑣2,… , 𝑣𝑚
}

and 𝒱2 =
{

𝑣𝑚+1, 𝑣𝑚+2,… , 𝑣𝑛
}

, then 𝒱 = 𝒱1 ∪ 𝒱2. Let
𝑁1 = {1, 2,… , 𝑚} and 𝑁2 = {𝑚 + 1, 𝑚 + 2,… , 𝑛} be the set of agent
indexes, then 𝑁 = 𝑁1 ∪𝑁2. Let 𝑁1𝑖,𝑘 =

{

(𝑣𝑗 , 𝑣𝑖)|(𝑣𝑗 , 𝑣𝑖) ∈ ℰ (𝑘), 𝑣𝑗 ∈ 𝒱1
}

be the neighbor set of agent 𝑣𝑖 at the 𝑘th time in 𝒱1, and let 𝑁2𝑖,𝑘 =
{

(𝑣𝑗 , 𝑣𝑖)|(𝑣𝑗 , 𝑣𝑖) ∈ ℰ (𝑘), 𝑣𝑗 ∈ 𝒱2
}

be the neighbor set of agent 𝑣𝑖 at the
𝑘th time in 𝒱2, then 𝑁𝑖,𝑘 =

{

(𝑣𝑗 , 𝑣𝑖)|(𝑣𝑗 , 𝑣𝑖) ∈ ℰ , 𝑣𝑗 ∈ 𝒱
}

= 𝑁1𝑖,𝑘 ∪𝑁2𝑖,𝑘.
Now we express the protocol without memory followed by the two
groups as follows:

𝑥𝑖(𝑘 + 1) =

{

max𝑗∈𝑁𝑖,𝑘
{𝑥𝑗 (𝑘)}, 𝑖 ∈ 𝑁1,

min𝑗∈𝑁𝑖,𝑘
{𝑥𝑗 (𝑘)}, 𝑖 ∈ 𝑁2,

(7)

where 𝑥𝑖(𝑘) ∈ R denotes the state of agent 𝑣𝑖 at the 𝑘th time, which
can be position, velocity, attitude, and so on. In the following, we give
the definition that protocol (7) converges asymptotically.

Definition 4. The protocol (7) is said to converge asymptotically if the
state of each agent satisfies

lim
𝑘→∞

‖

‖

‖

𝑥𝑖(𝑘) − 𝑥𝑗 (𝑘)
‖

‖

‖

= 0 for all 𝑖 and 𝑗 in 𝑁1,

lim ‖

‖𝑥 (𝑘) − 𝑥 (𝑘)‖‖ = 0 for all 𝑖 and 𝑗 in 𝑁 .

𝑘→∞ ‖

𝑖 𝑗
‖

2

4 
For agents following the protocol (7), interactions among agents
can be described by a graph. According to the division of the groups
above, we divide the adjacency matrix of the graph into four block,

that is, 𝒜 (𝑘) =
[

𝐴11(𝑘) 𝐴12(𝑘)
𝐴′
21(𝑘) 𝐴′

22(𝑘)

]

, where matrix 𝒜 (𝑘) is the adjacency

matrix corresponding to the random graph 𝒢 (𝑘), finite elements of
𝐴11(𝑘) denote directed edges between agents in 𝒱1, finite elements of
𝐴12(𝑘) denote directed edges from agents in 𝒱2 to agents in 𝒱1, finite
elements of 𝐴′

21(𝑘) denote directed edges from agents in 𝒱1 to agents in
𝒱2, and finite elements of 𝐴′

22(𝑘) denote directed edges between agents
in 𝒱2. Thus, the MAS can be described as
{

𝑥1(𝑘 + 1) = 𝐴11(𝑘)⊗ 𝑥1(𝑘)⊕𝐴12(𝑘)⊗ 𝑥2(𝑘),
𝑥2(𝑘 + 1) = 𝐴′

21(𝑘)⊗
′ 𝑥1(𝑘)⊕′ 𝐴′

22(𝑘)⊗
′ 𝑥2(𝑘),

(8)

where 𝑥1(𝑘) = [𝑥1(𝑘),… , 𝑥𝑚(𝑘)]⊤, 𝑥2(𝑘) = [𝑥𝑚+1(𝑘), ⋯, 𝑥𝑛(𝑘)]⊤.
Let 𝑥(𝑘) = [𝑥1(𝑘),… , 𝑥𝑚(𝑘), 𝑥𝑚+1(𝑘),… , 𝑥𝑛(𝑘)]⊤ = [(𝑥1(𝑘))⊤, (𝑥2(𝑘))⊤]⊤

ccording to Definition 1, (8) can be written in a compact form as
ollows:

(𝑘 + 1) = 1(𝑥(𝑘)), (9)

here 1(𝑥(𝑘)) =
[

𝐴11(𝑘)⊗ 𝑥1(𝑘)⊕𝐴12(𝑘)⊗ 𝑥2(𝑘)
𝐴′
21(𝑘)⊗

′ 𝑥1(𝑘)⊕′ 𝐴′
22(𝑘)⊗

′ 𝑥2(𝑘)

]

. It is easy to

heck that 1 is a mapping from R𝑛 to R𝑛, which has the following
roperties:

(1) 1 is monotone, namely, 1(𝑥𝑖) ≤ 1(𝑥𝑗 ), if 𝑥𝑖 ≤ 𝑥𝑗 ;
(2) 1 is homogeneous, namely, for all 𝛼 ∈ R and 𝑥 ∈ R𝑛, we have

1(𝛼 ⊗ 𝑥) = 𝛼 ⊗1(𝑥);
(3) 1 is non-expansive, namely, ∀𝑥𝑖, 𝑥𝑗 ∈ R𝑛, we have

‖

‖

‖

1(𝑥𝑖) −1(𝑥𝑗 )
‖

‖

‖∞
≤ ‖

‖

‖

𝑥𝑖 − 𝑥𝑗
‖

‖

‖∞
.

Since two sub-protocols of protocol (7) are analyzed using different
algebraic structures, agents following different sub-protocols commu-
nicating with each other may cause confusion. Consider that agents
are autonomous, reactive, proactive and can proactively adapt their
behavior and states to changes in the environment. Based on these
properties, we design the following rules.

Let 𝐴𝑖𝑗𝑘 be the matrix obtained by evolving the block matrix 𝐴𝑖𝑗 (𝑘)
in 𝑘 + 1 steps, where all the infinite entries in 𝐴𝑖𝑗 (𝑘) are denoted by 𝜀.
Similarly, let 𝐴′

𝑖𝑗𝑘 be the matrix obtained by evolving the block matrix
𝐴′
𝑖𝑗 (𝑘) in 𝑘+1 steps, where all the infinite entries in 𝐴′

𝑖𝑗 (𝑘) are denoted
by 𝜀′. All the finite entries of the two matrices 𝐴𝑖𝑗 (𝑘), 𝐴′

𝑖𝑗 (𝑘) are denoted
by 𝑒. If 𝑖 ∈ 𝑁1, then

𝐴𝑖𝑗𝑘 =
2

⨁

𝑟𝑘−1=1
⋯

2
⨁

𝑟0=1
(𝐴𝑖𝑟𝑘−1 (𝑘)⊗𝐴𝑟𝑘−1𝑟𝑘−2 (𝑘 − 1)⊗⋯⊗𝐴𝑟0𝑗 (0)),

else,

𝐴′
𝑖𝑗𝑘 =

2
⨁

𝑟𝑘−1=1

′ …
2

⨁

𝑟0=1

′(𝐴′
𝑖𝑟𝑘−1

(𝑘)⊗′ 𝐴′
𝑟𝑘−1𝑟𝑘−2

(𝑘 − 1)⊗′ ⋯⊗′ 𝐴′
𝑙0𝑗

(0)),

where ∀𝑗, 𝑟ℎ ∈ {1, 2} , ℎ = 1, 2,… , 𝑘 − 1.
Thus, (8) can also be expressed as

{

𝑥1(𝑘 + 1) = 𝐴11𝑘 ⊗ 𝑥1(0)⊕𝐴12𝑘 ⊗ 𝑥2(0),
𝑥2(𝑘 + 1) = 𝐴′

21𝑘 ⊗
′ 𝑥1(0)⊕′ 𝐴′

22𝑘 ⊗
′ 𝑥2(0),

(10)

where 𝑥1(0) = [𝑥1(0),… , 𝑥𝑚(0)]⊤, 𝑥2(0) = [𝑥𝑚+1(0),…, 𝑥𝑛(0)]⊤.
According to protocol (7), our goal is to establish the criterion

so that 𝑚 agents in the first group achieve max-consensus and 𝑛 −
𝑚 agents in the second group achieve min-consensus. Let 𝑥𝑚𝑎𝑥𝑖 =
max𝑗∈𝑁

{

𝑥𝑗 (0)
}

(𝑖 ∈ 𝑁1) and 𝑥𝑚𝑖𝑛𝑖′ = min𝑗∈𝑁
{

𝑥𝑗 (0)
}

(𝑖′ ∈ 𝑁2), then
𝑥𝑚𝑎𝑥 = [𝑥𝑚𝑎𝑥1 , 𝑥𝑚𝑎𝑥2 ,…, 𝑥𝑚𝑎𝑥𝑚]⊤ and 𝑥𝑚𝑖𝑛 = [𝑥𝑚𝑖𝑛𝑚+1 , 𝑥𝑚𝑖𝑛𝑚+2 ,… , 𝑥𝑚𝑖𝑛𝑛 ]

⊤.
Let 𝑥(0) = [𝑥1(0),…, 𝑥𝑚(0), 𝑥𝑚+1(0),… , 𝑥𝑛(0)]⊤ = [(𝑥1(0))⊤, (𝑥2(0))⊤]⊤.
We give some definitions and one lemma.

Definition 5. Discrete-time MAS (9) is said to achieve min–max group
consensus almost surely if for any initial state value 𝑥(0) ∈ R𝑛, there
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holds

𝑃 ( lim
𝑘→∞

‖

‖

‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞
= 0) = 1, (11)

𝑃 ( lim
𝑘→∞

‖

‖

‖

𝑥2(𝑘) − 𝑥𝑚𝑖𝑛
‖

‖

‖∞
= 0) = 1. (12)

Definition 6. Discrete-time MAS (9) is said to achieve min–max group
consensus in mean-square if for any initial state value 𝑥(0) ∈ R𝑛, there
holds

lim
𝑘→∞

𝐸[‖‖
‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖

2

∞
] = 0, (13)

lim
𝑘→∞

𝐸[‖‖
‖

𝑥2(𝑘) − 𝑥𝑚𝑖𝑛
‖

‖

‖

2

∞
] = 0. (14)

Lemma 7. Let 𝐴 ∈ R𝑚×𝑛
𝑚𝑖𝑛 be a regular matrix, then for any vectors

𝑢, 𝑣 ∈ R𝑛,
‖

‖

𝐴⊗′ 𝑢 − 𝐴⊗′ 𝑣‖
‖∞ ≤ ‖𝑢 − 𝑣‖∞ . (15)

Proof. Let 𝛼 = |

|

|

[

𝐴⊗′ 𝑢 − 𝐴⊗′ 𝑣
]

𝑖0
|

|

|

, then

𝛼 = min
𝑗∈𝑁

(𝐴𝑖0𝑗 + 𝑢𝑗 ) − min
𝑚∈𝑁

(𝐴𝑖0𝑚 + 𝑣𝑚)

= min
𝑗∈𝑁

(𝐴𝑖0𝑗 + 𝑢𝑗 ) − (𝐴𝑖0𝑚0
+ 𝑣𝑚0

),

where (𝐴𝑖0𝑚0
+ 𝑣𝑚0

) = min𝑚∈𝑁 (𝐴𝑖0𝑚 + 𝑣𝑚).
Hence (𝐴𝑖0𝑚0

+ 𝑢𝑚0
) − (𝐴𝑖0𝑚0

+ 𝑣𝑚0
) = 𝑢𝑚0

− 𝑣𝑚0
, eventually we get

𝛼 ≤ 𝑢𝑚0
− 𝑣𝑚0

≤ max𝑗∈𝑁 (𝑢𝑗 − 𝑣𝑗 ) ≤ max𝑗∈𝑁
|

|

|

𝑢𝑗 − 𝑣𝑗
|

|

|

≤ ‖𝑢 − 𝑣‖∞. □

4. Main results

In this section, min–max group consensus problems in almost sure
and mean-square sense are investigated. Let 1 be the initial state set
{𝑥1(0), 𝑥2(0),… , 𝑥𝑚(0)} of all agents in the first group. Let 2 be the
initial state set {𝑥𝑚+1(0), 𝑥𝑚+2(0), ⋯ , 𝑥𝑛(0)} of all agents in the second
group. According to initial states of agents, we classify this consensus
problem into the following four cases.

(1) max𝑗∈𝑁
{

𝑥𝑗 (0)
}

∈ 1,min𝑗∈𝑁
{

𝑥𝑗 (0)
}

∈ 2;
(2) max𝑗∈𝑁

{

𝑥𝑗 (0)
}

∈ 1,min𝑗∈𝑁
{

𝑥𝑗 (0)
}

∈ 1;
(3) max𝑗∈𝑁

{

𝑥𝑗 (0)
}

∈ 2,min𝑗∈𝑁
{

𝑥𝑗 (0)
}

∈ 2;
(4) max𝑗∈𝑁

{

𝑥𝑗 (0)
}

∈ 2,min𝑗∈𝑁
{

𝑥𝑗 (0)
}

∈ 1.

For case (1), Theorem 1 gives the criterion for MAS (9) to achieve
min–max group consensus almost surely.

Theorem 1. MAS (9) can achieve min–max group consensus almost surely
if and only if the two sub-graphs 𝒢1 and 𝒢2 of expected graph 𝒢 are strongly
connected.

Proof. (Sufficiency) Let 𝐴′
21(𝑘) =  ′,∀𝑘 ∈ N, then by Eq. (8), we have

𝑥2(𝑘+1) =  ′⊗′𝑥1(𝑘)⊕′𝐴′
22(𝑘)⊗

′𝑥2(𝑘) = 𝐴′
22(𝑘)⊗

′𝑥2(𝑘) = 𝐴′
22𝑘⊗

′𝑥2(0).
According to the operation property of infinite norm, we have
‖

‖

‖

𝑥2(𝑘 + 1) − 𝑥𝑚𝑖𝑛
‖

‖

‖∞
= ‖

‖

‖

𝐴′
22𝑘 ⊗

′ 𝑥2(0) − 𝐼𝑛−𝑚×𝑛−𝑚 ⊗′ 𝑥2(0)‖‖
‖∞

,

and 𝐴′
22𝑘 ⊗

′ 𝑥2(0), 𝐼𝑛−𝑚×𝑛−𝑚 ⊗′ 𝑥2(0) ∈ R𝑛−𝑚 are both finite. There exist
𝑖0 ∈ 𝑁2, such that
‖

‖

‖

𝐴′
22𝑘 ⊗

′ 𝑥2(0) − 𝐼𝑛−𝑚×𝑛−𝑚 ⊗′ 𝑥2(0)‖‖
‖∞

= |

|

|

(𝐴22𝑘 ⊗
′ 𝑥2(0) − 𝐼𝑛−𝑚×𝑛−𝑚 ⊗′ 𝑥2(0))𝑖0

|

|

|

.

Since 𝐴′
22𝑘 ⊗

′ 𝑥2(0) − 𝐼𝑛−𝑚×𝑛−𝑚 ⊗′ 𝑥2(0) ≥ 0, then
‖

‖

‖

𝑥2(𝑘 + 1) − 𝑥𝑚𝑖𝑛
‖

‖

‖∞
=(𝐴′

22𝑘 ⊗
′ 𝑥2(0) − 𝐼𝑛−𝑚×𝑛−𝑚 ⊗′ 𝑥2(0))𝑖0

= min
𝑚∈𝑁2

((𝐴′
22𝑘)𝑖0𝑚 + 𝑥𝑚(0)) − min

𝑗∈𝑁2
(𝐼𝑖0𝑗 + 𝑥𝑗 (0))

= min
𝑚∈𝑁2

((𝐴′
22𝑘)𝑖0𝑚 + 𝑥𝑚(0)) − (𝐼𝑖0𝑗0 + 𝑥𝑗0 (0))

= min
𝑚∈𝑁2

((𝐴′
22𝑘)𝑖0𝑚 + 𝑥𝑚(0)) − (𝑒 + 𝑥𝑗0 (0))

= min ((𝐴′ )𝑖 𝑚 + 𝑥𝑚(0)) − 𝑥𝑗 (0),

(16)
𝑚∈𝑁2
22𝑘 0 0
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where 𝑥𝑗0 (0) = min𝑗∈𝑁2

{

𝑥𝑗 (0)
}

, and 𝐼𝑖𝑗 = 𝑒, for ∀𝑖, 𝑗 ∈ 𝑁2, 𝑖 ≠ 𝑗.
By Lemma 5, if expected sub-graph 𝒢2 is strongly connected,

𝑃 (lim𝑘→∞(𝐴′
22𝑘)𝑖𝑗 = 𝑒) = 1 holds for all 𝑖, 𝑗 ∈ 𝑁2, 𝑖 ≠ 𝑗. Then ∃𝑖0 ∈ 𝑁2,

(lim𝑘→∞(𝐴′
22𝑘)𝑖0𝑚 = 𝑒) = 1 holds ∀𝑚 ∈ 𝑁2, 𝑚 ≠ 𝑖0. Hence ∃𝑖0 ∈ 𝑁2, one

as

( lim
𝑘→∞

min
𝑚∈𝑁2

((𝐴′
22𝑘)𝑖0𝑚 + 𝑥𝑚(0)) = min

𝑚∈𝑁2
(𝑒 + 𝑥𝑚(0))) = 1. (17)

ntroducing Eq. (16) into Eq. (17), we get

[ lim
𝑘→∞

( min
𝑚∈𝑁2

((𝐴′
22𝑘)𝑖0𝑚 + 𝑥𝑚(0)) − 𝑥𝑗0 (0)) = min

𝑚∈𝑁2
(𝑥𝑚(0)) − 𝑥𝑗0 (0)] = 1. (18)

ince min𝑚∈𝑁2
(𝑥𝑚(0)) = 𝑥𝑗0 (0), combining Eq. (18), one has

[ lim
𝑘→∞

min
𝑚∈𝑁2

((𝐴′
22𝑘)𝑖0𝑚 + 𝑥𝑚(0)) − (𝑥𝑗0 (0)) = 𝑥𝑗0 (0) − 𝑥𝑗0 (0)] = 1. (19)

ltimately, we can get

[ lim
𝑘→∞

( min
𝑚∈𝑁2

((𝐴′
22𝑘)𝑖0𝑚 + 𝑥𝑚(0)) − (𝑥𝑗0 (0))) = 0] = 1. (20)

hus, we have 𝑃 ( lim𝑘→∞
‖

‖

‖

𝑥2(𝑘 + 1) − 𝑥𝑚𝑖𝑛
‖

‖

‖∞
= 0) = 1 for all 𝑚 ∈ 𝑁2

nd 𝑚 ≠ 𝑖0. From Lemma 6, we obtain that 𝑃 (lim𝑘→∞
‖

‖

‖

𝑥1(𝑘 + 1) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞
0) = 1. It implies that MAS (9) can achieve min–max group consensus

lmost surely.
(Necessity) Assume that at least one of the two sub-graphs 𝒢1 and

𝒢2 of expected graph 𝒢 is not strongly connected. Suppose 𝒢2 is not
strongly connected, then there exists 𝑖0, 𝑗0 ∈ 𝑁2, 𝑖0 ≠ 𝑗0, such that
((
⨂𝑘

𝑙=0 𝐴
′
22(𝑙))𝑖0𝑗0 = 𝜀) = 1. This implies that there is no path between

gent 𝑣𝑗0 and 𝑣𝑖0 . Hence, if 𝑥𝑖0 (0) = min𝑗∈𝑁2

{

𝑥𝑗 (0)
}

, then 𝑥𝑗0 (𝑘) >
𝑥𝑖0 (0), ∀𝑘 ∈ N. i.e., discrete-time MAS (9) cannot reach min–max group
consensus for any initial condition. The necessity of proof has been
completed. □

For case (1), Theorem 2 gives the criterion for MAS (9) to achieve
min–max group consensus in mean-square sense.

Theorem 2. MAS (9) can achieve min–max group consensus in mean-
square sense if and only if the two sub-graphs 𝒢1 and 𝒢2 of expected graph
𝒢 are strongly connected.

Proof. (Sufficiency) Let 𝐴12(𝑘) =  , ∀𝑘 ∈ N, then by Eq. (8), we have
𝑥1(𝑘 + 1) = 𝐴11(𝑘) ⊗ 𝑥1(𝑘) ⊕  ⊗ 𝑥2(𝑘) = 𝐴11(𝑘) ⊗ 𝑥1(𝑘). From the
roof in Theorem 1, we have 𝑥2(𝑘 + 1) = 𝐴′

22(𝑘) ⊗
′ 𝑥2(𝑘). Similar to

he analytical method in [37], we can obtain the condition that almost
ure max-consensus and mean-square max-consensus are equivalent for
ll agents in the first group. That is, when the expected subgraph 𝒢1 is

strongly connected, we can obtain that lim𝑘→∞ 𝐸[‖‖
‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖

2

∞
] = 0.

Similarly, when the expected subgraph 𝒢2 is strongly connected, we
can obtain that lim𝑘→∞ 𝐸[‖‖

‖

𝑥2(𝑘) − 𝑥𝑚𝑖𝑛
‖

‖

‖

2

∞
] = 0. It implies that MAS (9)

can achieve min–max group consensus in the mean-square sense. Some
of the relevant proofs can be omitted here.

(Necessity) The method of proof is similar to that in Theorem 1. □

From the above two theorems, we obtain that MAS (9) can achieve
min–max group consensus in case (1). However, for cases (2), (3) and
(4), we find that on account of the unmemory characteristics of agents
following the protocol (7), the real maximum and minimum states may
be lost along the evolution of MAS. To solve this problem, we introduce
a memory factor and design a behavior mechanism. First, we suppose
that the agents satisfy the following assumption.

Assumption 1 (a). Each agent has memory and can store two states,
in which one is called the actual state and another is called the virtual
state. (b) Each agent can identify whether each of its neighbors is in
the same group as it. (c) Each agent can send both actual and virtual
states to neighbors who are in a same group as it. (d) Each agent can
only send the virtual state to neighbors in a different group as it.
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Remark 1. In Assumption 1, for a neighbor 𝑣𝑗 ∈ 𝒱1 (or 𝒱2) who is
in the same group as agent 𝑣𝑖 ∈ 𝒱1 (or 𝒱2), agent 𝑣𝑖 needs to send the
maximum and minimum states to the neighbor 𝑣𝑗 . The purpose is to
ensure that the maximum and minimum initial states can be saved in
the whole group such that they can be transferred to the neighbors in
the other group. For (c) and (d), we consider that each agent prefers to
trust its neighbors in the same group in real social networks. Thus they
are more willing to send all information to these neighbors.

For agent 𝑣𝑖 in 𝒱1, let 𝑥𝑖(𝑘) denote its actual state (i.e., maximum
state) at time 𝑘, and 𝑦𝑖(𝑘) denote its virtual state (i.e., minimum state).
For agent 𝑣𝑗 in 𝒱2, let 𝑥𝑗 (𝑘) denote its actual state (i.e., minimum state)
at time 𝑘, and 𝑧𝑗 (𝑘) denote its virtual state (i.e., maximum state). At
the initial time 𝑘 = 0, let 𝑧𝑖(0) = 𝑥𝑖(0) (𝑖 ∈ 𝑁1) and 𝑦𝑗 (0) = 𝑥𝑗 (0)
(𝑗 ∈ 𝑁2). Under Assumption 1, we design Algorithm 1 to describe
the novel group consensus protocol with memory and the behavior
mechanism for agents with identification.

Based on Algorithm 1, we obtain a compact form of the new MAS
with memory as

𝑥(𝑘 + 1) = 2(𝑥(𝑘)), (21)

where 2(𝑥(𝑘)) =
[

𝐴11(𝑘)⊗ 𝑥1(𝑘)⊕𝐴12(𝑘)⊗ 𝑧2(𝑘)
𝐴′
21(𝑘)⊗

′ 𝑦1(𝑘)⊕′ 𝐴′
22(𝑘)⊗

′ 𝑥2(𝑘)

]

. It is easy to

check that 2 is a mapping from R𝑛 to R𝑛, which has the same
properties as 1.

Remark 2. The protocol with memory not only considers agents’
current states, but also their previous states. Compared to the con-
sensus protocol without memory, the consensus protocol with memory
can optimize the performance. For example, it further accelerates the
convergence of consensus (e.g. [38–41]) and preserves important in-
formation of the system [42]. In this paper, we introduce memory
information to avoid the loss of maximum and minimum states of
MAS and preserve them through a behavioral mechanism to achieve
min–max consensus.

To prove that MAS (21) achieves min–max group consensus almost

surely, it is necessary to show that
[

𝐴11𝑘 𝐴12𝑘
𝐴′
21𝑘 𝐴′

22𝑘

]

converge to 𝐼𝑛×𝑛
almost surely, respectively. According to Lemma 5, we obtain that 𝐴11𝑘
converge to 𝐼𝑚×𝑚 almost surely. Similarly, we can also obtain that 𝐴′

22𝑘
converges to 𝐼𝑛−𝑚×𝑛−𝑚 almost surely. Next, we will prove that 𝐴12𝑘
can converge to 𝐼𝑚×𝑛−𝑚 almost surely and 𝐴′

21𝑘 can converge to 𝐼𝑛−𝑚×𝑚
almost surely.

Lemma 8. Consider a sequence of graphs 𝒢 (𝑘) = (𝒱 , ℰ (𝑘),𝒜 (𝑘)), 𝑘 ∈ N
and let 𝒜 (𝑘) be the adjacency matrix associated to each random graph 𝒢 (𝑘).
Then ∀𝑖, 𝑗 ∈ 𝑁 , (𝐴12𝑘)𝑖𝑗 and (𝐴′

21𝑘)𝑖𝑗 both converge to 𝑒 almost surely if
and only if the following conditions hold:

(1) the two sub-graphs 𝒢1, 𝒢2 of expected graph 𝒢 are strongly connected;
(2) there is at least one directed edge from 𝒢1 to 𝒢2;
(3) there is at least one directed edge from 𝒢2 to 𝒢1.

Proof. (Sufficiency) Suppose that there exists only one edge (𝑣𝑗′ , 𝑣𝑖′ )
satisfies 𝑣𝑗′ ∈ 𝒱2, 𝑣𝑖′ ∈ 𝒱1, 𝑃 (𝑎𝑖′𝑗′ (𝑘) = 𝑒) = 𝑝𝑖′𝑗′ ∈ (0, 1), ∀𝑘 ∈ N. Since
for any 𝑖 ∈ 𝑁1, 𝑗 ∈ 𝑁2, (

⨂𝑘
𝑙=0 𝐴(𝑙))𝑖𝑗 = (

⨂𝑘
𝑙=𝑘′+1 𝐴11(𝑙))𝑖𝑖′ ⊗ 𝑎𝑖′𝑗′ (𝑘′) ⊗

(
⨂𝑘′−1

𝑙=0 𝐴22(𝑙))𝑗′𝑗 . From Eq. (6) in Lemma 4, we have

𝑃 ((
𝑘

⨂

𝑙=0
𝐴(𝑙))𝑖𝑗 = 𝜀) =𝑃 ((

𝑘
⨂

𝑙=𝑘′+1
𝐴11(𝑙))𝑖𝑖′ ⊗ 𝑎𝑖′𝑗′ (𝑘′)⊗ (

𝑘′−1
⨂

𝑙=0
𝐴22(𝑙))𝑗′𝑗 = 𝜀)

=1 − 𝑃 ((
𝑘

⨂

𝑙=𝑘′+1
𝐴11(𝑙))𝑖𝑖′ = 𝑒) × 𝑃 (𝑎𝑖′𝑗′ (𝑘′) = 𝑒) × 𝑃 ((

𝑘′−1
⨂

𝑙=0
𝐴22(𝑙))𝑗′𝑗 = 𝑒)

≤1 − [(1 − 𝑓 (𝑝1)) × (1 − (1 − 𝑝𝑖′𝑗′ )) × (1 − 𝑓 (𝑝2))]

≤1 − 1 + (1−𝑝𝑖′𝑗′ )+𝑓 (𝑝1)+𝑓 (𝑝2)−(1−𝑝𝑖′𝑗′ )𝑓 (𝑝1) − (1−𝑝𝑖′𝑗′ )𝑓 (𝑝2)−

𝑓 (𝑝 )𝑓 (𝑝 ) + (1 − 𝑝 )𝑓 (𝑝 )𝑓 (𝑝 )
1 2 𝑖′𝑗′ 1 2
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Algorithm 1:
Input:

{

𝑥𝑖(0), 𝑧𝑖(0)
}

𝑖∈𝑁1
,
{

𝑥𝑖(0), 𝑦𝑖(0)
}

𝑖∈𝑁2
,𝒜 (𝑘) = [𝑎𝑖𝑗 (𝑘)]𝑛×𝑛

Output: 𝑥𝑖(𝑘 + 1), 𝑖 ∈ 𝑁
𝑁𝑖,𝑘 ← the set of 𝑖th agent’s neighbors at time 𝑘
for 𝑖 ∈ 𝑁 do

if 𝑖 ∈ 𝑁1 then
(1) Identify the neighbors 𝑣𝑗 ∈ {𝑣𝑗 ∣ (𝑣𝑗 , 𝑣𝑖) ∈ ℰ (𝑘), 𝑣𝑗 ∈ 𝒱 }
of agent 𝑣𝑖 at time 𝑘
if 𝑗 ∈ 𝑁1 then

Agent 𝑣𝑖 can receive both the maximum state 𝑥𝑗 (𝑘) and
minimum state 𝑦𝑗 (𝑘) of agent 𝑣𝑗

else
Agent 𝑣𝑖 can only receive the maximum state 𝑧𝑗 (𝑘) of
agent 𝑣𝑗

end
(2) Update according to following protocol with memory

𝑥𝑖(𝑘 + 1) = max{ max
𝑗∈𝑁1𝑖,𝑘

{𝑥𝑗 (𝑘)}, max
𝑗∈𝑁2𝑖,𝑘

{𝑧𝑗 (𝑘)}} (22)

else
(1) Identify the neighbors 𝑣𝑗 ∈ {𝑣𝑗 ∣ (𝑣𝑗 , 𝑣𝑖) ∈ ℰ (𝑘), 𝑣𝑗 ∈ 𝒱 }
of agent 𝑣𝑖 at time 𝑘
if 𝑗 ∈ 𝑁1 then

Agent 𝑣𝑖 can only receive the minimum state 𝑦𝑗 (𝑘) of
agent 𝑣𝑗

else
Agent 𝑣𝑖 can receive both the maximum state 𝑧𝑗 (𝑘) and
minimum state 𝑥𝑗 (𝑘) of agent 𝑣𝑗

end
(2) Update according to following protocol with memory

𝑥𝑖(𝑘 + 1) = min{ min
𝑗∈𝑁1𝑖,𝑘

{𝑦𝑗 (𝑘)}, min
𝑗∈𝑁2𝑖,𝑘

{𝑥𝑗 (𝑘)}} (23)

end
nd

≤1 − 𝑝𝑖′𝑗′ (1 − 𝑓 (𝑝1) − 𝑓 (𝑝2) + 𝑓 (𝑝1)𝑓 (𝑝2))

≤1 − 𝑝𝑖′𝑗′ [1 − 2[𝑓 (𝑝1)𝑓 (𝑝2)]
1
2 + 𝑓 (𝑝1)𝑓 (𝑝2)]

≤1 − 𝑝𝑖′𝑗′ × 𝑞,

where 𝑝1 = min𝑖,𝑗∈1 𝑝𝑖𝑗 ∈ (0, 1), 𝑝2 = min𝑖,𝑗∈2 𝑝𝑖𝑗 ∈ (0, 1), 𝑓 (𝑝1) =
∏𝑘−𝑘′

𝑑=𝑑𝑖𝑖′
(1 − 𝑝𝑑1 )

𝜂𝑑 , 𝑓 (𝑝2) =
∏𝑘′

𝑑=𝑑𝑗′𝑗
(1 − 𝑝𝑑2 )

𝜂𝑑 , 𝑞 = 1 − 2[𝑓 (𝑝1)𝑓 (𝑝2)]
1
2 +

𝑓 (𝑝1)𝑓 (𝑝2).
The above inequality is just one of the cases of (𝐴12𝑘)𝑖𝑗 = 𝜀. We

assume that there only exists one directed edge in each of the two sub-
groups, and let the shortest path lengths of 𝑣𝑖′ and 𝑣𝑖 in 𝒢1 be 𝑑𝑖𝑖′ , and
the shortest path lengths of 𝑣𝑗 and 𝑣𝑗′ in 𝒢2 be 𝑑𝑗′𝑗 . At present, we only
consider the case of (⨂𝑘

𝑙=𝑘′+1 𝐴11(𝑙))𝑖𝑖′ ⊗ 𝑎𝑖′𝑗′ (𝑘′)⊗ (
⨂𝑘′−1

𝑙=0 𝐴22(𝑙))𝑗′𝑗 = 𝜀
nd assume that the remaining cases are equal to 𝜀 with probability 1,
herefore, we can get 𝑃 ((𝐴12𝑘)𝑖𝑗 = 𝜀) ≤ 𝑃 ((

⨂𝑘
𝑙=𝑘′+1 𝐴11(𝑙))𝑖𝑖′ ⊗𝑎𝑖′𝑗′ (𝑘′)⊗

(
⨂𝑘′−1

𝑙=0 𝐴22(𝑙))𝑗′𝑗 = 𝜀). Since equation (
⨂𝑘

𝑙=𝑘′+1 𝐴11(𝑙))𝑖𝑖′ ⊗ 𝑎𝑖′𝑗′ (𝑘′) ⊗
(
⨂𝑘′−1

𝑙=0 𝐴22(𝑙))𝑗′𝑗 = (
⨂𝑘

𝑙=𝑘′+1 𝐴11(𝑙))𝑖𝑖′ ⊗ (𝐴12(𝑘′))𝑖′𝑗′ ⊗ (
⨂𝑘′−1

𝑙=0 𝐴22(𝑙))𝑗′𝑗
contains (

⨂𝑘
𝑙=𝑑𝑗′𝑗+1

𝐴11(𝑙))𝑖𝑖′ ⊗ (𝐴12(𝑑𝑗′𝑗 ))𝑖′𝑗′ ⊗ (
⨂𝑑𝑗′𝑗−1

𝑙=0 𝐴22(𝑙))𝑗′𝑗 ,
⨂𝑘

𝑙=𝑑𝑗′𝑗+2
𝐴11(𝑙))𝑖𝑖′ ⊗ (𝐴12(𝑑𝑗′𝑗 + 1))𝑖′𝑗′ ⊗ (

⨂𝑑𝑗′𝑗
𝑙=0 𝐴22(𝑙))𝑗′𝑗 , … ,

⨂𝑘
𝑙=𝑘−𝑑𝑖𝑖′

𝐴11(𝑙))𝑖𝑖′ ⊗ (𝐴12(𝑘 − 𝑑𝑖𝑖′ − 1))𝑖′𝑗′ ⊗ (
⨂𝑘−𝑑𝑖𝑖′−2

𝑙=0 𝐴22(𝑙))𝑗′𝑗 ,
⨂𝑘

𝑙=𝑘−𝑑𝑖𝑖′+1
𝐴11(𝑙))𝑖𝑖′ ⊗ (𝐴12(𝑘− 𝑑𝑖𝑖′ ))𝑖′𝑗′ ⊗ (

⨂𝑘−𝑑𝑖𝑖′−1
𝑙=0 𝐴22(𝑙))𝑗′𝑗 , there are

− 𝑑𝑖𝑖′ − 1− (𝑑𝑗′𝑗 − 1) + 1 = 𝑘− 𝑑𝑖𝑖′ − 𝑑𝑗′𝑗 + 1 cases. Thus we can obtain
(

(𝐴12𝑘)𝑖𝑗 = 𝜀
)

≤ (1 − 𝑝𝑖′𝑗′ × 𝑞)𝑘−𝑑𝑖𝑖′−𝑑𝑗′𝑗+1

𝑘−𝑑 +2 (24)

= (1 − 𝑝𝑖′𝑗′ × 𝑞) 𝑖𝑗 ,
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where 𝑑𝑖𝑗 = 𝑑𝑖𝑖′ + 𝑑𝑖′𝑗′ + 𝑑𝑗′𝑗 = 𝑑𝑖𝑖′ + 1 + 𝑑𝑗′𝑗 .
Since 𝑝𝑖′𝑗′ , 𝑞 ∈ (0, 1), then 1−𝑝𝑖′𝑗′ ×𝑞 ∈ (0, 1). ∀𝜖 > 0, ∀𝑖 ∈ 𝑁1, 𝑗 ∈ 𝑁2,

we can get
∞
∑

𝑘=0
𝑃
(

|

|

|

(𝐴12𝑘)𝑖𝑗
|

|

|

> 𝜖
)

=
∞
∑

𝑘=0
𝑃 ((𝐴12𝑘)𝑖𝑗 = 𝜀). (25)

According to Eq. (24), we obtain that 𝑃 ((𝐴12𝑘)𝑖𝑗 = 𝜀) ≤ (1 − 𝑝𝑖′𝑗′ ×

𝑞)𝑘−𝑑𝑖𝑗+2. It follows from
(1−𝑝𝑖′𝑗′×𝑞)

𝑘−𝑑𝑖𝑗+2

(1−𝑝𝑖′𝑗′×𝑞)
𝑘−𝑑𝑖𝑗+1

= 1−𝑝𝑖′𝑗′ ×𝑞 < 1 that the series
∑∞

𝑘=0(1 − 𝑝𝑖′𝑗′ × 𝑞)𝑘−𝑑𝑖𝑗+2 is convergence. Since ∀𝑘 ∈ N, 𝑃 ((𝐴12𝑘)𝑖𝑗 = 𝜀) >
0, (1 − 𝑝𝑖′𝑗′ × 𝑞)𝑘−𝑑𝑖𝑗+2 > 0, then ∑∞

𝑘=0 𝑃 ((𝐴12𝑘)𝑖𝑗 = 𝜀) and ∑∞
𝑘=0(1 − 𝑝𝑖′𝑗′ ×

𝑞)𝑘−𝑑𝑖𝑗+2 are both positive series. By the comparison principle of the
positive series, we can obtain that the series ∑∞

𝑘=0 𝑃
(

|

|

|

(𝐴12𝑘)𝑖𝑗
|

|

|

> 𝜖
)

is
convergence. And ∑∞

𝑘=0(1 − 𝑝𝑖′𝑗′ × 𝑞)𝑘−𝑑𝑖𝑗+2 = lim𝑛→∞
∑𝑛

𝑘=0(1 − 𝑝𝑖′𝑗′ ×

𝑞)𝑘−𝑑𝑖𝑗+2 =
(1−𝑝𝑖′𝑗′×𝑞)

2−𝑑𝑖𝑗

𝑝𝑖′𝑗′×𝑞
< ∞, then ∑∞

𝑘=0 𝑃 (
|

|

|

(𝐴12𝑘)𝑖𝑗
|

|

|

> 𝜖) < ∞. By
Lemma 1 (Borel–Cantelli Lemma), ∀𝜖 > 0, ∀𝑖 ∈ 𝑁1, 𝑗 ∈ 𝑁2, it is
obtained that

𝑃
(

lim sup
𝑘→∞

|

|

|

(𝐴12𝑘)𝑖𝑗
|

|

|

> 𝜖
)

= 0. (26)

Ultimately, we conclude that 𝑃 ( lim𝑘→∞((𝐴12𝑘)𝑖𝑗 = 𝑒) = 1. Similarly,
∀𝑖 ∈ 𝑁2, 𝑗 ∈ 𝑁1, 𝑃 ( lim𝑘→∞ ((𝐴′

21𝑘)𝑖𝑗 = 𝑒) = 1.
(Necessity) Assume that there are no edges (𝑣𝑗′ , 𝑣𝑖′ ) exist between

subgraphs 𝒢1,𝒢2 for any 𝑣𝑖′ ∈ 𝒱1, 𝑣𝑗′ ∈ 𝒱2, then ∀𝑖′ ∈ 𝑁1, 𝑗′ ∈
𝑁2, 𝑃 (𝑎𝑖′𝑗′ (𝑘) = 𝜀) = 1. Therefore, for any 𝑣𝑖 ∈ 𝒱1, 𝑣𝑗 ∈ 𝒱2, there is no
directed path from 𝑣𝑗 to 𝑣𝑖, i.e., ∀𝑖 ∈ 𝑁1, 𝑗 ∈ 𝑁2, 𝑃

(

(𝐴12𝑘)𝑖𝑗 = 𝜀
)

= 1.
Similarly, for any 𝑖 ∈ 𝑁2, 𝑗 ∈ 𝑁1, 𝑃

(

(𝐴21𝑘)𝑖𝑗 = 𝜀′
)

= 1, which is in
conflict with the known conditions. Thus necessity is proved. □

For cases (2), (3) and (4), we find that the analysis methods for
cases (2) and (3) is the same as that for case (4). Therefore, we mainly
consider case (4) in this paper. Based on Lemmas 5 and 8, we give a
criterion in Theorem 3 to ensure that MAS (21) can achieve min–max
group consensus almost surely.

Theorem 3. MAS (21) can achieve min–max group consensus almost
surely if and only if the following conditions hold:

(1) the two sub-graphs 𝒢1 and 𝒢2 of expected graph 𝒢 are strongly
connected;

(2) there is at least one directed edge from 𝒢1 to 𝒢2;
(3) there is at least one directed edge from 𝒢2 to 𝒢1.

Proof (Sufficiency). By the protocol 22, for any 𝑖 ∈ 𝑁1, we have

𝑥𝑖(𝑘 + 1) =
⨁

𝑚1∈𝑁1𝑖,𝑘

(𝑥𝑚1
(𝑘))⊕

⨁

𝑚2∈𝑁2𝑖,𝑘

(𝑧𝑚2
(𝑘)). (27)

Hence, for any 𝑖, 𝑗 ∈ 𝑁1,

𝑥𝑖(𝑘 + 1) − 𝑥𝑗 (𝑘 + 1) =
⨁

𝑚1∈𝑁1𝑖,𝑘

(𝑥𝑚1
(𝑘))⊕

⨁

𝑚2∈𝑁2𝑖,𝑘

(𝑧𝑚2
(𝑘))

−
⨁

𝑚′
1∈𝑁1𝑗,𝑘

(𝑥𝑚′
1
(𝑘))⊕

⨁

𝑚′
2∈𝑁2𝑗,𝑘

(𝑧𝑚′
2
(𝑘))

=
⨁

𝑚1∈𝑁1

{

(𝐴11𝑘)𝑖𝑚1
+ 𝑥𝑚1

(0)
}

⊕
⨁

𝑚2∈𝑁2

{

(𝐴12𝑘)𝑖𝑚2
+ 𝑧𝑚2

(0)
}

−

⨁

𝑚′
1∈𝑁1

{

(𝐴11𝑘)𝑗𝑚′
1
+ 𝑥𝑚′

1
(0)

}

⊕
⨁

𝑚′
2∈𝑁2

{

(𝐴12𝑘)𝑗𝑚′
2
+ 𝑥𝑚′

2
(0)

}

.

From Lemmas 5 and 8, we obtain

𝑃 ( lim
𝑘→∞

⨁

𝑚1∈𝑁1

{

(𝐴11𝑘)𝑖𝑚1
+ 𝑥𝑚1

(0)
}

=
⨁

𝑚1∈𝑁1

{

𝑥𝑚1
(0)

}

) = 1,

𝑃 ( lim
𝑘→∞

⨁

𝑚2∈𝑁2

{

(𝐴12𝑘)𝑖𝑚2
+ 𝑧𝑚2

(0)
}

=
⨁

𝑚2∈𝑁2

{

𝑧𝑚2
(0)

}

) = 1,

𝑃 ( lim
𝑘→∞

⨁

𝑚′
1∈𝑁1

{

(𝐴11𝑘)𝑗𝑚′
1
+ 𝑥𝑚′

1
(0)

}

=
⨁

𝑚′
1∈𝑁1

{

𝑥𝑚′
1
(0)

}

) = 1,

𝑃 ( lim
𝑘→∞

⨁

′

{

(𝐴12𝑘)𝑗𝑚′
2
+ 𝑧𝑚′

2
(0)

}

=
⨁

′

{

𝑧𝑚′
2
(0)

}

) = 1.

(28)
𝑚2∈𝑁2 𝑚2∈𝑁2 𝑘

7 
Thus, for any 𝑖, 𝑗 ∈ 𝑁1,

𝑃 ( lim
𝑘→∞

‖

‖

‖

𝑥𝑖(𝑘 + 1) − 𝑥𝑗 (𝑘 + 1)‖‖
‖

=
⨁

𝑚1∈𝑁1

{

𝑥𝑚1
(0)

}

⊕
⨁

𝑚2∈𝑁2

{

𝑧𝑚2
(0)

}

−
⨁

𝑚′
1∈𝑁1

{

𝑥𝑚′
1
(0)

}

⊕
⨁

𝑚′
2∈𝑁2

{

𝑧𝑚′
2
(0)

}

) = 1.

(29)

Combining Eqs. (28) and (29), we obtain 𝑃 (lim𝑘→∞
‖

‖

‖

𝑥𝑖(𝑘 + 1) − 𝑥𝑗 (𝑘 + 1)
= 0) = 1 and 𝑃 ( lim𝑘→∞ 𝑥𝑖(𝑘 + 1) = max𝑗∈𝑁 {𝑥𝑗 (0)}) = 1,∀𝑖 ∈ 𝑁1.

Similarly, for any 𝑖, 𝑗 ∈ 𝑁2, we have

𝑃 ( lim
𝑘→∞

‖

‖

‖

𝑥𝑖(𝑘 + 1) − 𝑥𝑗 (𝑘 + 1)‖‖
‖

= 0) = 1,

and 𝑃 (lim𝑘→∞ 𝑥𝑖(𝑘 + 1) = min𝑗∈𝑁{𝑥𝑗 (0)}) = 1,∀𝑖 ∈ 𝑁2. By Defini-
tion 4, we obtain that MAS (21) is able to achieve the min–max group
consensus almost surely.

(Necessity) Assume that there are no edges (𝑣𝑗′ , 𝑣𝑖′ ) between any
subgraph 𝒢1,𝒢2 for any 𝑣𝑖′ ∈ 𝒱1, 𝑣𝑗′ ∈ 𝒱2. ∀𝑖′ ∈ 𝑁1, 𝑗′ ∈ 𝑁2, there is not
a directed path from agent 𝑣𝑗′ to 𝑣𝑖′ . Since

{

𝑗′ ∣ 𝑥𝑗′ (0) = max𝑗∈𝑁
{

𝑥𝑗 (0)
}}

⊆ 𝑁2, then 𝑥𝑖′ (𝑘) < max𝑗∈𝑁
{

𝑥𝑗 (0)
}

for any 𝑖′ ∈ 𝑁1. Similarly, since
{

𝑖′′ ∣ 𝑥𝑖′′ (0) = min𝑗∈𝑁
{

𝑥𝑗 (0)
}}

⊆ 𝑁1, then ∀𝑗′′ ∈ 𝑁2, we have 𝑥𝑗′′ (𝑘) >
min𝑗∈𝑁

{

𝑥𝑗 (0)
}

. Therefore, MAS (21) cannot achieve min–max group
consensus with almost surely. This conflicts with the known conditions
of Theorem 3. The necessity of the theorem is proved. □

Next, Theorem 4 gives a criterion to ensure that MAS (21) can
achieve min–max group consensus in mean-square sense.

Theorem 4. MAS (21) can achieve min–max group consensus in mean-
square sense if and only if the following conditions hold:

(1) the two sub-graphs 𝒢1 and 𝒢2 of expected graph 𝒢 are strongly
connected;

(2) there is at least one directed edge from 𝒢1 to 𝒢2;
(3) there is at least one directed edge from 𝒢2 to 𝒢1.

Proof. (Sufficiency) Let 𝐴1(𝑘) = [𝐴11(𝑘), 𝐴12(𝑘)] ∈ R𝑚×𝑛
𝑚𝑎𝑥 and 𝐴′

2(𝑘) =
[𝐴′

21(𝑘), 𝐴
′
22(𝑘)] ∈ R𝑛−𝑚×𝑛

𝑚𝑖𝑛 . Let 𝑥𝑚𝑎𝑥𝑖 = max𝑗∈𝑁
{

𝑥𝑗 (0)
}

(𝑖 ∈ 𝑁) and
𝑥𝑚𝑖𝑛𝑖′ = min𝑗∈𝑁

{

𝑥𝑗 (0)
}

(𝑖′ ∈ 𝑁), then 𝑥1𝑚𝑎𝑥 = [𝑥𝑚𝑎𝑥1 , 𝑥𝑚𝑎𝑥2 ,… , 𝑥𝑚𝑎𝑥𝑛 ]
⊤

and 𝑥2𝑚𝑖𝑛 = [𝑥𝑚𝑎𝑥1 , 𝑥𝑚𝑎𝑥2 , ⋯ , 𝑥𝑚𝑎𝑥𝑛]
⊤. Eq. (11) can be equated to ∀𝜖 > 0,

lim
𝑘0→∞

𝑃 (
⋃

𝑘>𝑘0

‖

‖

‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞
> 𝜖) = 0.

Let
{

‖

‖

‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞
> 𝜖

}

be denoted as an event, since
{

‖

‖

‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞
> 𝜖

}

⊆
⋃

𝑘≥𝑘0

{

‖

‖

‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞
> 𝜖

}

,

we can get

lim
𝑘→∞

𝑃 (‖‖
‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞
> 𝜖) ≤ lim

𝑘0→∞
𝑃 (

⋃

𝑘>𝑘0

‖

‖

‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞
> 𝜖) = 0.

It is well known that lim𝑘→∞ 𝑃 (‖‖
‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞
> 𝜖) ≥ 0, then it is

shown that ∀𝜖 > 0,

lim
𝑘→∞

𝑃 (‖‖
‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞
> 𝜖) = 0.

For all 𝑘 ∈ N, 𝑃 (𝑎𝑖𝑖(𝑘) = 𝑒) = 1, then 𝐴1(𝑘) is a regular matrix. By
emma 3, we derive

𝑥1(𝑘 + 1) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞
= ‖

‖

‖

𝐴1(𝑘)⊗ 𝑥(𝑘) − 𝐴1(𝑘)⊗ 𝑥1𝑚𝑎𝑥
‖

‖

‖∞

≤ ‖

‖

‖

𝑥(𝑘) − 𝑥1𝑚𝑎𝑥
‖

‖

‖∞

≤ ‖

‖

‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞
.

Thus, we get that the sequence
{

‖

‖

‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞

}

is monotonic
on-increasing and bounded. From Lemma 2 (Dominated convergence
heorem), we can obtain that

lim 𝐸[‖‖𝑥1(𝑘) − 𝑥 ‖

‖ ] = 0,

→∞ ‖

𝑚𝑎𝑥
‖∞
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Fig. 1. The underlying graph with 𝑛 = 20 agents.

Fig. 2. State trajectories of twenty agents in MAS (9) for Example 1.

nd
[

‖

‖

‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖

2

∞

]

≤𝐸
[

‖

‖

‖

𝑥1(0) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞
‖

‖

‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞

]

= ‖

‖

‖

𝑥1(0) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞
𝐸
[

‖

‖

‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞

]

.

Eventually, we can get

lim
𝑘→∞

𝐸[‖‖
‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖

2

∞
] ≤ lim

𝑘→∞
‖

‖

‖

𝑥1(0) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞
𝐸
[

‖

‖

‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖∞

]

= 0.

(30)

Since lim𝑘→∞ 𝐸[‖‖
‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖

2

∞
] ≥ 0, we can get that

lim
𝑘→∞

𝐸[‖‖
‖

𝑥1(𝑘) − 𝑥𝑚𝑎𝑥
‖

‖

‖

2

∞
] = 0.

In the same way, for all 𝑘 ∈ N2, 𝑃 (𝑎𝑖𝑖(𝑘) = 𝑒) = 1, then 𝐴′
2(𝑘) is a

regular matrix. By Lemma 7, we derive

‖

‖

‖

𝑥2(𝑘 + 1) − 𝑥𝑚𝑖𝑛
‖

‖

‖∞
= ‖

‖

‖

𝐴′
2(𝑘)⊗

′ 𝑥(𝑘) − 𝐴′
2(𝑘)⊗

′ 𝑥2𝑚𝑖𝑛
‖

‖

‖∞

≤ ‖

‖

‖

𝑥(𝑘) − 𝑥2𝑚𝑖𝑛
‖

‖

‖∞

≤ ‖

‖

‖

𝑥2(𝑘) − 𝑥𝑚𝑖𝑛
‖

‖

‖∞
.

Hence we can also obtain that the sequence
{

‖

‖

‖

𝑥2(𝑘) − 𝑥𝑚𝑖𝑛
‖

‖

‖∞

}

is
monotonic non-increasing and bounded. Following a similar approach
 t
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Fig. 3. State trajectories of twenty agents in MAS (9) for Example 2.

as above, we can get

lim
𝑘→∞

𝐸[‖‖
‖

𝑥2(𝑘) − 𝑥𝑚𝑖𝑛
‖

‖

‖

2

∞
] = 0.

(Necessity) The method of proof is similar to that in Theorem 3. □

Remark 3. It is well known that almost sure convergence and mean-
square convergence are not equivalent. The main reason for the con-
vergence equivalence of the two probabilistic senses in this paper is
that the number of agents is finite. Therefore, it can be obtained that
the event sequence consisting of the agents’ states and the system’s goal
states is monotonically non-increasing and bounded, which leads to the
equivalence of almost sure convergence and mean-square convergence.
If the number of agents is infinite, the equivalence does not hold.

5. Simulations

In this section, the conclusions we obtained will be verified by four
examples. Consider a network with 𝑛 = 20 agents, where agents 1 − 10
re in group 𝒱1 and agents 11 − 20 are in group 𝒱2. The structure

of the underlying graph is shown in Fig. 1. For all edges in Fig. 1,
the probability that each directed edge (not self-loop) exists is 0.2,
i.e., 𝑝𝑖𝑗 = 0.2, the probability that self-loops exist is 1, i.e., 𝑝𝑖𝑖 = 1. The
ollowing four numerical simulations use Fig. 1 as an underlying graph
f the communication graph.

.1. Example 1

Consider 𝑛 = 20 agents with initial states of 𝑥(0) = [7, 9, 10, 13, 6, 3.7,
.5, 5.7, 6.9, 3.5, 8, 1.7, 3.1, 11, 12, 0.7, 4.3, 4.9, 3.3, 0.5]⊤, satisfying case (1).
ig. 1 is used as the underlying graph of the communication graph, and
he state trajectories of all agents are described in Fig. 2. According to
ig. 2, we observe that discrete-time MAS (9) eventually achieves min–
ax group consensus in directed random graphs, which satisfies the

esult obtained in Theorems 1 and 2.

.2. Example 2

In this example, we adopt Fig. 1 as the underlying graph. The initial
tate of 𝑥(0) = [7, 9, 13, 1, 3.7, 4.5, 5.7, 6.9, 0.4, 3.5, 8, 1.7, 3.1, 10, 11, 2.7, 4.3,
.9, 3.3, 1.5]⊤, satisfying case (2). The state trajectories of all agents
n MAS (9) are shown in Fig. 3, and we find that agents in group
2 did not reach min-consensus. Since the agent with the minimum

tate is in 𝒱1 and all agents follow the group consensus protocol (7),

he minimum state of the system has been lost through the system



J. Yang et al.

4
i
𝒱
s
t
e
a

5

i

Systems & Control Letters 193 (2024) 105938 
Fig. 4. State trajectories of twenty agents in MAS (9) for Example 3.

Fig. 5. State trajectories of twenty agents in MAS (21) for Example 4.

evolution. Therefore, we verified that discrete-time MAS (9) cannot
achieve min–max group consensus in directed random graphs.

5.3. Example 3

In this example, we adopt Fig. 1 as the underlying graph. The initial
state of 𝑥(0) = [7, 9, 10, 1, 3.7, 4.5, 5.7, 6.9, 2.7, 3.5, 8, 1.7, 3.1, 13, 11, 0.4, 4.3,
.9, 3.3, 1.5]⊤, satisfying case (3). The state trajectories of all agents
n MAS (9) are shown in Fig. 4, and we find that agents in group
1 did not reach max-consensus. Since the agent with the maximum

tate is in 𝒱2 and all agents follow the group consensus protocol (7),
he maximum state of the system has been lost through the system
volution. Therefore, we verified that the discrete-time MAS (9) cannot
chieve min–max group consensus in directed random graphs.

.4. Example 4

In this example, we also adopt Fig. 1 as the underlying graph. The
nitial state 𝑥(0) = [7, 9, 10, 1, 3.7, 4.5, 5.7, 6.9, 0.4, 3.5, 8, 1.7, 3.1, 13, 11, 2.7,
4.3, 4.9, 3.3, 1.5]⊤, satisfying case (4). The state trajectories of all agents
are obtained as shown in Figs. 5 and 6, where Fig. 5 represents the
state trajectories of all agents in MAS (21) and Fig. 6 represents the
9 
Fig. 6. State trajectories of twenty agents in MAS (9) for Example 4.

state trajectories of all agents in MAS (9). In Fig. 6, we find that MAS
(9) cannot achieve min–max group consensus. Since the agent with
the maximum state is in 𝒱2, the agent with the minimum state is in
𝒱1 and all the agents follow the group consensus protocol (7), the
maximum and minimum states of the system have been lost through
the system evolution. Therefore, MAS (9) cannot achieve the min–max
group consensus in directed random graphs. According to Fig. 5, Due to
the design of the group consensus protocol with memory and Algorithm
1, the maximum and minimum states are stored and sent to different
groups of neighbors. Therefore, we observe that following Algorithm 1,
discrete-time MAS (21) achieves min–max group consensus in directed
random graphs, which satisfies the result obtained by Theorem 3 and
also illustrates the effectiveness of Algorithm 1.

6. Conclusion

This paper investigated the min–max group consensus problems for
discrete-time MASs under directed random networks. The dynamic of
MASs was described by max- and min–plus algebras. We considered
two min–max group consensus protocols: one with memory and the
other without memory. In the protocol without memory, each agent can
achieve min–max group consensus when the agent with the maximum
state is in the group following the max-consensus algorithm and the
agent with the minimum state is in the group following the min-
consensus algorithm. We gave the necessary and sufficient conditions
for MASs to achieve min–max group consensus in the sense of almost
sure and mean square, respectively. In the protocol with memory, each
agent could ensure that important information (i.e., maximum and
minimum states) was not lost during system evolution, thus the MAS
was guaranteed to achieve min–max group consensus. We gave the
necessary and sufficient conditions for the MAS to achieve min–max
group consensus in the sense of almost sure and mean square, respec-
tively. Finally, the validity of the obtained conclusions was verified by
four examples, which showed that MASs can achieve min–max group
consensus in random communication failures. Future work will focus
on resilient max-consensus (or min-consensus) for heterogeneous MASs
with malicious agents.
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