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Analysis of H., Performance for Multi-Agent
Networks

Jiamin Wang, Jian Liu, Yuanshi Zheng, Senior Member, IEEE, and Jianxiang Xi

Abstract—In this paper, we analyze the H.. performance
of the first-order continuous-time multi-agent consensus
network and that of the corresponding sampled-data net-
work in the presence of external disturbances. Firstly, we
build the quantitative relation between the H-, performance
and the eigenvalues of directed graph Laplacian for the
continuous-time multi-agent network. Secondly, we estab-
lish the analytic expression of H., performance for the
sampled-data multi-agent network, which depends not only
the eigenvalues of Laplacian matrix but also the sampling
period. It is proved that there exists a unique optimal
sampling period such that the sampled-data multi-agent
network obtains the optimal H., performance. Furthermore,
we show that the H, performance of the sampled-data
multi-agent network is not better than that of the origi-
nal continuous-time multi-agent network. Finally, numerical
tests are given on several well-known graphs.

Index Terms— Consensus networks, H., performance,
graph Laplacian, optimal sampling period

[. INTRODUCTION

HE consensus problem of multi-agent networks has

been extensively investigated in control community for
decades since Jadbabaie et al. [1] provided a theoretical ex-
planation for the Vicsek model [2] that characterizes the coor-
dination behaviors of a group of autonomous agents. Generally
speaking, consensus means that agents in a network reach an
agreement regarding a common quantity of interest [3] such as
opinions, positions, velocities, and directions, by designing an
appropriate local interaction rule. A common line of investiga-
tion is to examine the consensus on various dynamic models of
agents such as first-order, second-order, continuous-time, and
discrete-time multi-agent networks. Some results have been
reported in [1], [3], [4]. Furthermore, research on consensus
problems in heterogeneous [5], [6] and hybrid [7]-[10] multi-
agent networks enriches the theoretical results and expands the
field of consensus problems.

This work was funded by the National Natural Science Foundation
of China (62273267), the Natural Science Basic Research Program of
Shaanxi, China (2022JC-46, 2023-JC-YB-525 and 2023-JC-QN-0766),
and the Fundamental Research Funds for the Central Universities,
China (ZYTS23021). The material in this paper was not presented at
any conference. (Corresponding author: Yuanshi Zheng)

Jiamin Wang, Jian Liu and Yuanshi Zheng are with Shaanxi
Key Laboratory of Space Solar Power Station System, School of
Mechano-electronic Engineering, Xidian University, Xi'an, 710071,
China (E-mail: wangjiamin21@outlook.com; liujianzym@outlook.com;
zhengyuanshi2005@163.com).

Jianxiang Xi is with Rocket Force University of Engineering, Xi'an,
710025, China (E-mail: xijx07@mails.tsinghua.edu.cn).

Another topic that is closely related to consensus is the ro-
bustness of multi-agent networks against uncertainties. The un-
certainties, such as external disturbances, measurement noises,
communication time-delays, and model uncertainties, are rife
in reality, which may cause agents to deviate from consensus
and deteriorate some expected performance. Typically, the
robustness of consensus networks to external disturbances is
measured by Hs norm or H,, norm, which is also termed
Hy performance or H, performance. Some studies involved
the relation between Hy performance and network topology
[11]-[13]. In [11], the authors characterized the robustness
of consensus networks against white noise as the Hs norm
of the closed-loop system, which depends on the eigenvalues
of graph Laplacian. Similarly, further results for second-order
node dynamics and time-delay were, respectively, explored in
[12] and [13]. There are growing works for H., performance.
Most of them concentrated on the H,, consensus based on
robust control theory with linear matrix inequality (LMI) [14]-
[19]. In [14], the authors took model uncertainties, time-
delays, and external disturbances into consideration and solved
the H., consensus problem with a given H,, performance
index by using the LMI technique. Then the authors in
[15] proposed a necessary and sufficient condition for the
H, output consensus problem of multi-agent networks with
higher-order integrator dynamics by model transformation and
H, control theory. Subsequently, they extended the results
to multi-agent networks with general linear dynamics [16].
Besides, the concept of H,., performance region to analyze
the existence of distributed controller was introduced in [17].
The mixed Hs/H, consensus problem was solved in [18] via
an inner auxiliary system approach. Recently, authors in [19]
solved the H, bipartite tracking consensus problem for multi-
agent networks with nonlinear dynamics over directed signed
graphs in the presence of external disturbances. It should be
noted that the analysis methods of H,, performance in the
above works are based on LMIs. However, they did not reveal
the quantitative relation between the H, performance and the
topological structure of the network.

A few studies investigated the relation between H., per-
formance and network topology [20]-[24]. For undirected
graphs, it was showed in [20] that the H,, performance
is determined by the minimum eigenvalue of the grounded
Laplacian matrix of the first-order leader-follower multi-agent
system. In [21], the authors built the relation between the
H, performance of the first-order linear consensus network
and the minimum non-zero eigenvalue of Laplacian matrix
of the undirected graph. Authors in [22] investigated the
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first-order linear multi-agent network with edge consensus
protocol on the unweighted undirected graph, and obtained
the expressions of H,, performance by using the similarity
transformation based on the incidence matrix and the edge
Laplacian. Recently, a concise graph condition was proposed
in [23] for second-order multi-agent systems to tell which one
of the absolute and relative velocity protocols has a better
anti-disturbance capability. For directed graphs, it was shown
in [24] that the H, performance of first-order leader-follower
multi-agent system depends on the minimum singular value
of the grounded Laplacian matrix. Note that authors in [20]
and [24] considered the special multi-agent system, i.e., the
leader-follower multi-agent system, whose subsystem formed
by followers is a positive system. Therefore, the maximum
singular values in H,, norms of transfer matrices occurred
at zero frequency. Moreover, the analysis in [22] also relied
on the zero frequency. Unfortunately, this property is invalid
for the classic first-order multi-agent consensus network on
the weighted directed graph. In addition, there are some
limitations in existing works. On the one hand, the expressions
of H., performance in [22] derived on unweighted undirected
graphs are implicit. Thus, they are not conducive to design
consensus network against disturbances. It may be difficult to
build explicit expressions of H,, performance on weighted
directed graphs by using their method. On the other hand,
H, performance in the all above literature characterized the
influence of uncertainties only on consensus. By contrast,
authors in [25] provided the optimal network topology in the
absence of external disturbances by minimizing a quadratic
performance index which included disagreement energy and
control effort. Inspired by the above observations, we intend
to further study the H,, performance from disturbance to
consensus and control effort for first-order continuous-time
multi-agent consensus network, build quantitative relation be-
tween the H, performance and the weighted directed network
topology, and explore the consensus network with the optimal
H, performance.

Note that the above works all paid attention to the robustness
of continuous-time multi-agent networks. However, interac-
tions among agents are usually implemented by digital sensors
and controllers which only permit information transmission
in the form of sampling data in engineering manipulation.
Therefore, sampling control for continuous-time multi-agent
networks is particularly valuable in applications, which has
received much interest (see [26]-[28] and survey paper [29] for
more details). Following from the above facts, some questions
naturally arise: 1) Whether there exists the optimal sampling
period in the presence of disturbances? 2) Does sampling
control deteriorate or improve the H., performance? The
problems raised above inspire us to further study the quan-
titative relation between H, performance, network topology,
and sampling period for sampled-data multi-agent consensus
networks, and reveal the relation between the H ., performance
of continuous-time and that of corresponding sampled-data
multi-agent networks.

In this paper, we first investigate the quantitative relation
between the H,, performance and the network topology for
continuous-time multi-agent consensus networks. Then, we

analyze the existence of optimal sampling period for sampled-
data multi-agent consensus networks. Moreover, the relation
between the H., performance of continuous-time multi-agent
networks and the H, performance of corresponding sampled-
data networks is studied. The main contributions of this paper
can be summarized as follows:

1. Different from existing works, the H,., performance in
this paper concerns the influence of disturbances on consensus
and control effort together. We build quantitative relation be-
tween the H., performance of the first-order continuous-time
multi-agent network and the eigenvalues of Laplacian matrix
associated with the weighted directed graph by orthogonal
transformation technique. For the weighted undirected graph,
we derive quantitative relation between the H, performance
and the minimum non-zero eigenvalues of Laplacian matrix.
It facilitates designing the optimal consensus network against
disturbances.

2. We establish quantitative relation between the H ., perfor-
mance, the eigenvalues of graph Laplacian, and the sampling
period, for the first-order sampled-data multi-agent network on
the directed and the undirected graph, respectively. We derive
the optimal sampling period, which is closely related to the
minimum and maximum eigenvalues of the graph Laplacian
and can ensure that the sampled-data multi-agent network ob-
tains the optimal H, performance. Furthermore, we reveal the
relation between the H., performance of the continuous-time
multi-agent network and that of the corresponding sampled-
data multi-agent network. It is shown that the H, performance
of the sampled-data multi-agent network is not better than that
of the original continuous-time multi-agent network.

3. We propose a simple sufficient condition for the op-
timal H., performance problem of the sampled-data multi-
agent network. It is convenient when the network topology
is unknown or the network size is excessive such that the
eigenvalues of graph Laplacian are difficult to compute. Fur-
thermore, a necessary and sufficient condition is developed for
the prescribed H, performance problem of the sampled-data
multi-agent network.

The rest of this paper is organized as follows. In Section II,
some preliminaries in graph theory and H., control theory
are given. The relation between the H,, performance and
the eigenvalues of graph Laplacian for continuous-time multi-
agent networks is studied in Section III. In Section IV, we
analyze the H, performance of the sampled-data multi-agent
network and some extension issues. Numerical tests are shown
in Section V. We conclude our work in Section VI.

Notation: Throughout this paper, N refers to the set of non-
negative integers, R™ is the n-dimensional real column vector
space, R™*™ is the m x n real matrix space, and C™*"™ is the
m X n complex matrix space. Let 1 and O, respectively, be
the all-one and all-zero matrices with appropriate dimensions.
Specially, 1,, and 0, denote the n x 1 all ones and all
zeros column vectors, respectively. Denote I, by the n-
dimensional identity matrix. For a matrix X, X T denotes its
transpose, X labels its conjugate transpose, and 7. (X)
represents its maximum singular value. For a Hermitian matrix
X, Amaz(X) denotes its maximum eigenvalue. X € C"*"
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is normal if XX = XXH. X € C™" is unitary if
XHX = XXH" = [,. diag{ay, as, . . .,a,} defines a diagonal
matrix whose diagonal elements are a,as, ..., a,. Define a
set Z, = {1,2,...,n}. Null set is denoted by . For the given
sets S1 and So, S1USs and S;NSs represent the set union and
set intersection, respectively. || refers to the absolute value of
the real number or the modulus of the complex number A\. A
complex number A € C is denoted by A = Re(A) + jIm(A),
where Re(A) is the real part of A, Im(\) is the imaginary
part of A, and j is the imaginary unit. L5 [0,00) denotes the
space of square-integrable signals over [0,00) and ¢5 [0, 00)
represents the space of square-summable infinite sequences.

Il. PRELIMINARIES

A. Graph Theory

Let G = (V,&, A) be a weighted directed graph with n
vertices, where V = {v1,va,...,v,} is the set of nodes,
E C V x V is the set of edges, and A = [a;j]nxrn i the
weighted adjacency matrix with a;; > 0. An edge of G is
denoted by &;; = (v;,v;), where v; is called the parent
vertex of v; and w; is the child vertex of v;. ¢;; € £ &
a;; > 0 < agent ¢ can receive information from agent j.
Moreover, assume that G has no self-cycles for every node,
ie., a;; = 0. A directed path between two distinct vertices
v; and v; is a finite-ordered sequence of distinct edges in
G with the form (v;, vk, ), (Vk,, Uky)s- -, (Vk,,v;). G has a
(directed) spanning tree if there exists at least one node having
a directed path to all the other nodes. The degree matrix
D = [d;j]nxn is a diagonal matrix with d;; = Z?zl a;j. For
convenience, let dyax = max;ez, {di;}. G is called balanced

if Zi# a;; = Z#j aj; for all i € Z,,. The Laplacian matrix
associated with graph G is defined as L = [l;;]nxn =D — A,
and L1, =

The graph G is said to be undirected if ;5 € £ & ¢5; €
& for i,5 € I,. If the graph is undirected, the associated
adjacency matrix A is symmetric, i.e., 4 = A". An undirected
graph is said to be connected if there exists a path between
any two distinct vertices of the graph.

Lemma 1 ( [1], [4]): The directed (undirected) graph G
has a spanning tree (is connected) if and only if the Laplacian
matrix L associated with G has a simple zero eigenvalue with
eigenvector 1,,. In addition, all the other non-zero eigenvalues
have positive real parts (are positive).

Let \;, ¢ € Z,, be the eigenvalues of Laplacian matrix L
associated with graph G. For convenience, in terms of Lemma
1, if G is directed and has a spanning tree, \; assume the form
0 = A < Re(X\y) < -+ < Re(\,). If G is undirected and
connected, suppose that 0 = A} < Ay < --- < A,

Lemma 2 ( [11], [14]): Let ®,, € R™™™ be a symmetric
matrix in the form of

n—1 _ 1 _ 1
n n n
-1 n=1 0 _1
n n n
Qp =1 . S - (1)
1 _1 n—1
n n n

Then, there exists an orthogonal matrix ¢ € R™*™ such that

T - In—l On—l
Q (I)nQ - (I)n - |:OT_ 0 )
where Q = [Ql Qg} and Qo = \/% is the last column of

Q. Let G be a directed graph with a normal Laplacian matrix
X € R™™ ™, which has a spanning tree. Then, we have

- X 0,_
T v 1 n—1
QXQX[ozl 0 ]

where X; € R(»=1Dx(n=1) 5 also a normal matrix and has
the same eigenvalues as X but the zero eigenvalue.

B. H., Performance Index

In this subsection, we introduce some basic conceptions in
H, control theory. More details are available in [30]-[32].
Consider the following continuous-time system

z(t) = Arz(t) + Biu(t) + Erw(t),

y(t) = Cra(t), 2)

x(0) =0,
where z(t) € R™ is the state, u(t) € RP is the control
input taking the form of w(t) = Kjz(¢), y(t) € R? is
the output, w(t) € R™ is the external disturbance satisfying
w(t) € L5]0,00), and Ay, By, Ey, C; are constant matrices

with appropriate dimensions. Let the controller u(t) = Kjx(t)
stabilize system (2). Then we can get the transfer matrix

Ti(s) = Cy(sl,, — Ay — B1Ky) ' E;

from disturbance w(t) to output y(t).
If the quantity we are interested in is the Lo gain

Jo yT )y () dt
JoS wT (tw(t)dt’

M= sup

w(t)£0
w(t)EL2[0,00)
we get a disturbance-to-output (D20) performance index -y;.
The following property is useful.
Property 1 ( [31]): If u(t) = K;x(t) stabilizes system (2),

then
(S)”om

where [|T7(5)|oc = SUP,er Omaz [Tl (Jv)] is the H,, norm of
Tl(S)

Clearly, smaller ||77(s)||-o means better ability of system
output to suppress the disturbance.

Definition 1: When u(t) = Kjx(t) stabilizes system (2),
|71 (s)]|co is termed the D20 H,, performance index.

Moreover, if the quantity we are interested in is

71 = [T

Iy Y4 uT (t)u(t)dt
Y2 = sup )
w(t)£0 T(Hw(t) dt
w(t)EEg [0,00)

we get another performance index 7.
Let z(t) = [y'(t),u"(t)]T, which is termed combined
output. Then, we can obtain the transfer matrix

To(s) = [CY K[| (sI, — A1 — B1K1) ' E4
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from disturbance w(t) to combined output z(¢). There holds
the following property.
Property 2: If u(t) = Kjx(t) stabilizes system (2), then

2 = [[T2(8)]|cos

where [|75(5)||cc = SUP,cr Omaz [Tg(jv)] is the H,, norm of
T2 (S)

Definition 2: When wu(t) = Kjx(t) stabilizes system
(2), ||T2(8)||co is termed the disturbance-to-combined-output
(D2CO) H, performance index.

Clearly, ||75(s)||oo represents the anti-disturbance ability of
combined output. And both ||T}(s)||co and ||75(s)||co can be
used to characterize the H, performance of system (2).

Consider the following discrete-time system

xz(k+1) = Asx(k) + Bou(k) + Eaw(k),

y(k) = Cox(k), 3)

z(0) =0,
where x(k) € R™ is the state, u(k) € RP is the control input
taking the form of u(k) = Koz (k), y(k) € RY is the output,
w(k) € R™ is the external disturbance satisfying w(k) €
l5]0,00), and Ay, Ba, E3, Cy are constant matrices with

appropriate dimensions. Let the controller u(k) = Kyxz(k)
stabilize system (3). Then we can get the transfer matrix

Ti(z) = Cy(zI, — Ay — BoKy) ' Ey

from disturbance w(k) to output y(k).
If the quantity we are interested in is the /5 gain

S oaeo ¥ (K)y(k)
S o (B (k)

sup

w(k)#0
w(k)€L2[0,00)

p1L =

we get a D20 performance index p;. The following property
is useful.
Property 3 ( [32]): If u(k) = Kox(k) stabilizes system
(3), then
p1 = |IT1(2)]|o0>

where [|T1(2)]loc = SUDye[0,27] Tmaz [T1(67)] is the Ho
norm of T} (z).

Clearly, smaller ||77(2)||oo means better ability of system
output to suppress the disturbance.

Definition 3: When u(k) = Koz (k) stabilizes system (3),
|71 (2)||0o is termed the D20 H,, performance index.

Moreover, if the quantity we are interested in is

¢Ziﬂwwmmm+uWMMMJ
S gw (k)w(k) ’

p2 = sup

w(k)#£0
w(k)EL2][0,00)

we get another performance index ps.
Let z(k) = [y"(k),u" (k)]", which is termed combined
output. Then, we can obtain the transfer matrix

Ta(z) = [C] , Ky | (51, — Ay — BoKy) ' Es

from disturbance w(k) to combined output z(k). There holds
the following property.

Property 4: If u(t) = K xz(t) stabilizes system (3), then

p2 = [IT2(2) loc

where [|T2(2)[lcc = SUPye0,24] Tmax [To(eV)] is the Hu
norm of T5(z).
Definition 4: When u(k) = Kox(k) stabilizes system (3),
I7T2(2)||oo is termed the D2CO H,, performance index.
Clearly, ||T2(#)||co represents the anti-disturbance ability of
combined output. And both ||T}(2)]|c and ||72(z)||o can be
used to character the H., performance of system (3).

I1l. ANALYSIS OF H., PERFORMANCE FOR
CONTINUOUS-TIME MULTI-AGENT NETWORKS

In this section, we build the relation between the H ., perfor-
mance and the eigenvalues of graph Laplacian for continuous-
time multi-agent networks.

Consider a multi-agent network consisting of n agents. The
dynamics of each agent is given as follows

xl(t) = ui(t) + wi(t)a 1€ In» 4

where z;(t) € R is the state, u;(t) € R is the control input
and w;(t) € R is the external disturbance of the iy, agent. In
addition, assume that w;(t) € £3[0,00), i.e., [;~ w?(t)dt <
oo. These agents interact in a network described by a weighted
graph G and abide by the following continuous-time consensus

protocol
wi(t) =Y aijla;(t) — xi(t)), i € L, (5)
=1

where a;; is the (4, j)n entry of the weighted adjacency matrix
A associated with graph G. Substituting (5) into (4) gives the
compact form

X(t)=U(t)+ 2(t) = —LX(t) + 2(t), (6)

where X (t)=[z1(t),..., 2, ()] T, U®#)=[ur(t), ..., un(t)] T,
2(t) = [wi(t),...,wn(t)]" and L is the Laplacian matrix
whose (4, j)n entry is given by

n

Zaij i =7,
e J=1
i

It is well known that system (6) can reach consensus under
w;(t) =0, Vi € Z,, ie.,

_aij

thj&[xl(t) —z;(t)] =0, Vi,j €1, (7)
for any initial condition X (0) if and only if the directed
(undirected) graph G has a spanning tree (is connected) [33].
However, when w;(t) # 0, 3i € Z,,, external disturbances may
make agents deviate from consensus or damage some expected
performance. To measure the disagreement degree, we define
the consensus error as follows:

1 n
ei(t) = xl(t) — 5 Zl‘j(t), i1 €1,. (8)
j=1
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Then, we get the compact form of consensus error
1 n
H=X@t-—= () = D, X (1), 9
e(t) = X(t) n;wg() (t) ©)

where e(t) = [e1(t),...,e,(t)]" and ®,, is defined in (1). It
is evident that (7) holds if and only if lim;_ . e(t) = 0.
Then the vector e(t) can be used to characterize the disagree-
ment behavior of all agents under external disturbances. For
system (6), the quantity we are interested in is the following
performance index

sup ¢ Jo~eT(Wett) + UTU () dt

v = (10)

Q)0 Jo QT () de
Q(t)EL2[0,00)

which represents the influence of disturbances on consen-
sus and control effort together. For convenience, let J. =
o et (te(t) + UT(U(t)dt and W = [;° QT (£)Q(t) dt.
However, we cannot directly compute v in time-domain since
it is impossible to enumerate innumerable disturbances in
L5 [0, 00). Accordingly, we make the following treatment.

Define a combined output

_le®)] _ [ ®n
CREA R
that is nominal for system (6). Then, the transfer matrix from
disturbance {2(t) to combined output Y (¢) is

Y

Tyols) = [‘Dﬂ (sl + L), (12)

According to Property 2 and Definition 2, we can obtain

7= 1Ty a(s)lle (13)

where [Ty o(s)|lco = SUPyer Tmax [Ty 2(jv)] is the D2CO
H,, performance index of system (6)-(11). Therefore, in-
vestigating v can be transformed to analyze the D2CO H,
performance ||Ty(8)|lcoc Which is more tractable by using
frequency-domain analysis.

Remark 1: Note the fact that |[|[Ty ()|l is not well-
defined for all network topologies. However, [Ty 2($)]co
is always well-defined for consensus networks because the
marginally stable mode of system (6)-(11) is unobservable
from output Y (¢) as long as the directed (undirected) graph G
has a spanning tree (is connected) [34].

Since Ty (s) depends on L, our goal is to explore the
relation between H,, performance || Ty »(s)|| and the eigen-
values of L to provide guidelines for designing network
topology with optimal H ., performance. The following result
is stated for a class of directed graphs.

Theorem 1: Let G be a directed graph with a normal
Laplacian matrix L. If G has a spanning tree, then the D2CO
H, performance of system (6)-(11) is

14+ |N?

Ty 0(8)|lc = ma —_—

ITa(s)lo = x| oS
Proof: The proof is presented in Appendix A. [ |

The above result can be reduced to the undirected graph
case which is described in the following.

Corollary 1: Let G be a connected undirected graph with
a Laplacian matrix L. Then, the D2CO H,, performance of
system (6)-(11) is

1
ITya(s)lloo = 41+ 55 > 1
2

Proof: Since G is undirected, L is symmetric and hence
normal. In addition, G must has a spanning tree because G
is connected. In terms of Theorem 1, the relation between
H, performance and eigenvalues of L for system (6)-(11)

is [Ty o(s)|loc = maxj—s,. n4/1+ 712 > 1. It follows from

Ao < oo <A, that || Ty o(s)]lee = 4 /1 + /\1—% > 1. The proof
is completed. [ ]

Specially, if we take no account of the control effort, output
(11) becomes

(14)

Y(t) = e(t) = B, X (1). (15)

Then, the D2CO H, performance in Theorem 1 becomes the
D20 H, performance

1

R@()\Q)'

The D2CO H, performance in Corollary 1 is reduced to the
D20 H, performance

1Ty 2(5)lloo = (16)

1
A2
obtained in [20], [21]. Therefore, our results are more general.
Furthermore, compared with [22], the expressions of H,
performance derived in this paper are more explicit such that it
is conducive to design the optimal consensus network against
disturbances.

Remark 2: Corollary 1 shows a counter-intuitive fact that
undirected networks with different topological structures but
the same Ao have the same disturbance rejection capability.
They indeed generate different levels of amplification for
a given disturbance. However, the H,, performance repre-
sents the worst level of amplification for all disturbances in
£L5[0,00), and Corollary 1 shows that it only depends on
Ao. Therefore, in the sense of H., performance, undirected
networks with different structures but the same A, have
the same disturbance rejection capability. If we use other
performance indices, the results may be different.

Remark 3: The expressions (14) and (17) are useful to de-
sign the optimal consensus network topology against external
disturbances. In the set of connected undirected networks with
0-1 edge weights composed of n agents, the complete graph
is the optimal network topology since it has the largest Ao.
For any connected undirected network, we can magnify the
weights of each edge by an equal scaling factor o > 1 such
that the Laplacian matrix L becomes aL. Then increasing «
makes A, increase, hence improving the H, performance. As
long as « is large enough, any undirected network is able to
close to optimal H, performance. In addition, as A5 increases
in (14), the influence of disturbances on consensus gradually
diminishes to almost disappear, but the influence on control
cost always exists and is invariable. Therefore, if A, is large
enough, (14) is close to H, performance limits 1 and almost

1Ty a(s)lleo = (17)
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completely reflects the influence of disturbances on control
effort.

V. ANALYSIS OF H.,, PERFORMANCE FOR
SAMPLED-DATA MULTI-AGENT NETWORKS

In this section, we will explore the H.,, performance of
sampled-data multi-agent consensus network. We intend to
derive the optimal sampling period and reveal the relation
between the H., performance of continuous-time multi-agent
consensus network and that of corresponding sampled-data
multi-agent consensus network. Before presenting our results,
we need to introduce the sampled-data multi-agent network
model. The continuous-time linear consensus protocol (5) is
periodically sampled by using a zero-order hold circuit with
a sampling period A > 0. Then, discretizing (4) yields the
following sampled-data multi-agent system:

Ti(try1) = oi(te) + hui(ty) + how;(te),
= Z aijlz;(te) —

ty =kh, k€N, i €1,,

zi(te)], if t € [testhr1), (18)

where z;(tx) € R, w;(tx) € R and w;(tx) € R denote,
respectively, the state, control input and sampled disturbance
signal of the iy, agent. Obviously, w;(t) € L2 [0, 00) renders
wi(tr) € £2[0,00), ie., Y pow?(ty) < oo. Then rewriting
(18) gives the collective dynamics

X(tr1) = (In — L)X (ty) + he2(ty), (19)
where X (ti) = [z1(tk), - - ,l‘n(tk)}T, U(ty) = [ui(te),...,
un(tr)] T, 2(tr) = [wi(tr), .-, wn(tx)]" and L is the Lapla-

cian matrix defined in (6). There is no doubt that system (19)
reaches consensus under w;(t;) = 0, Vk € N, Vi € Z,, for any
initial condition X (¢¢) if and only if the directed (undirected)
graph G has a directed spanning tree (is connected) and the
sampling period h satisfies

QRG(/\z)

2
BYE (0<h<

0<h i —
< h < min )\n)

1=2,...,n

[26]. When disturbances occur, we define the consensus error

1 n
eilty) = xi(ty) — EZ%—(W i €T, (20)
j=1

to measure the disagreement degree of each agent. Then
aggregate errors into a vector

ety) = X (i) — %" Za:j(tk.) — e, X(4), Q1)

where e(t;) = [e1(tr), - .-, en(ty)] "

In this paper, we are interested to find the optimal sam-
pling period for multi-agent networks, and investigate whether
sampling control deteriorate or improve the H, performance.
Since we use zero-order hold circuit to realize periodic

sampling, J. = [“eT(t)e(t) + UT(H)U(t)dt and W, =

j;)oo QT (t)Q(t) dt for system (6) can be respectively approxi-

mated as

o0

Ja(h) = Z(thrl —ti)[e" (tr)e(tr) + U T (te)U (tr)]

0

A“

e(te) + U (tr)U(tr)]

and

=3 (trar—te) [T ()] =D QT (t:)Q(t)
k=0 k=0

It follows from limy_,o Jy(h) = J. and limp_,0 Wa(h) =
W, that J,. and Jy(h), W. and Wy(h) are both comparable.
Therefore, it is reasonable to reveal the effect of sampling
control on H, performance by comparing performance index
~ and its counterpart

- \/ Ry, [eT (tk)e(te) + UT (1)U ()]

Ph = 5
Q(tx)#0 th:O QT(tk)Q(tk)
Q(tk)eéz [0,00)

(22)
for sampled-data multi-agent system (19). However, it is hard
to perform in time-domain. Furthermore, performance index
pr is indeed related to the sampling period but the optimal
sampling period is also difficult to determined in time-domain.
Accordingly, we make the following treatment.

Construct the following combined output

_ e(tk) _ q)n
v = o] = | 73] X
that is nominal for system (19). Then, the transfer matrix from
sampled disturbance {2(¢)) to combined output Y (¢) is

(23)

Tyo(z) = h [@z] (21, — I, + hL)~!

Noticing that in (22), constants h in the numerator and the
denominator can be simultaneously eliminated, we have

\/Zk o leT( tk (tk)+UT(tk)U(tk)}

QT () Utk)
Then, according to Property 4 and Definition 4, we can obtain
ph = [Ty 2(2) oo, (24)

where [Ty o(2)|cc = SUD,c[0,24] Tmaz [Ty (V)] is the
D2CO H, performance index of system (19)-(23). Therefore,
we can study the optimal sampling period by using frequency-
domain analysis. Furthermore, it follows from (13) and (24)
that we just need to compare | ($)|loo and || Ty 2(2)]|co to
reveal the effect of sampling control on H, performance in-
stead of v and pp, which is more tractable by using frequency-
domain analysis. Before the quantitative comparison, we need
to determine the analytic expression of || Ty (2)||co as we did
for || Ty (s)]|0o- Note that Ty (,(2) is related to L and h. We
will first study how network topology and sampling period
affect the H,, performance.

Remark 4: There are no weighting matrices for consensus
errors and controls in quadratic performance indices J. and

pn= sup
Q(tx)#0
tk)eez 0 OO

k()
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Ja(h). Because when we construct combined outputs (11)
and (23), adding weighting matrices even if simple diagonal
weighting matrices brings asymmetry for matrices ®,, and L in
output matrices such that the spectrum of Laplacian cannot be
isolated by orthogonal transformation. Therefore, for matrix-
weighted forms of performance indices J. and Jy(h), the
general analytic expressions of H., performance is difficult
to build in terms of our current approach.

Remark 5: Besides disturbances, initial conditions also af-
fect combined outputs Y (¢) = [e' (¢) U" (#)]" and Y (tx) =
[eT(tx) UT(tx)]" and then affect performance indices (10)
and (22). However, like most related works [14]-[17], [20]-
[24], we only concern the independent influence of external
disturbances. Therefore, zero initial conditions are guaranteed
to eliminate the influence of initial conditions on performance
indices (10) and (22). On the other hand, different with existing
works, we aim to obtain the analytic expressions of H.,
performance indices v and p; via frequency-domain analysis
for || Ty o(s)|lco and || Ty o(2)]|co. According to H, control
theory, (13) and (24) only hold for zero initial conditions.
Although some numerical computation methods such as solv-
ing Riccati equations [30] or LMIs [18], [19], [35], may be
useful to analyze the H., performance under non-zero initial
conditions, they are difficult to reveal the quantitative relation
between the H, performance, the topological structure of the
network, and the sampling period.

A. H. Performance on Directed and Undirected Graphs

In this subsection, we derive the quantitative relation be-
tween || Ty o(2)|lso, the eigenvalues of L, and the sampling
period h, for sampled-data multi-agent system (19)-(23) on
directed graphs with normal Laplacian matrix. Then, the result
is reduced to the undirected graph case.

Theorem 2: Let G be a directed graph with a normal
Laplacian matrix L. If G has a spanning tree, Then, the D2CO
H, performance of system (19)-(23) is

— > 1,
(1 — fpil)?

ITv ()l = max h

2,...,n

21‘%;(@1') and p; = 1 — hA;.

Proof: The proof is provided in Appendix B. ]
Moreover, the result in Theorem 2 is simplified to the undi-
rected graph case which will be used in the next subsection.

Corollary 2: Let G be a connected undirected graph with
a Laplacian matrix L. Then, the D2CO H, performance of
system (19)-(23) is
} 1

1+ A2
1Ty oz ||oo—max{\/1+v7 \/2_,1A
(25)

where 0 < h < .
Proof: Since G is undirected and connected, L is sym-
metric and hence normal. In addition, the eigenvalues of L are

all real such that 0 < h < % = 21‘%2(')\21.)' It follows

where 0 < A < min
=2 ,n

.....

min
i=2,...,n

from Theorem 2 that

1+ A2
T o = hy| ——————= > 1. 2
1Ty o (2)| 250, (1= (1= hX])? > (26)
Notethat0<h<—leadst0|1 hX| < 1,Vie{2,...,n}.

Let S1 and S, be two sets of \; that satisfy 0 < 1 - h)\ < 1
and —1 < 1 — h\; < 0, respectively. Thus, SES5US, =
{A2,...,A\n} and & NSy = O hold. For convenience, let

1+ A2
900 =M\ T e

Then, we will complete the proof by enumeration.
Case (a): S1 = {Aa,..., A\n} and Sy = 0;
It means that 0 < 1—h\; < 1, Vi€ {2,...,
have

n}. Then we

1+ X2

1+>\2 [P NER

Since g(\;) decreases as \; increases, we conclude that

1 1 11 a2
| IR S o
\/+>\2 \/+A2> \/(2—h)\n)2

It follows that maxy,cs g(A;) = maxy,cs, g(\i) = g(A2) =
1+ Ai%
Case (b): S =0 and So = {Xs,..., \n}:
In this case, we get —1 < 1 —h\; <0, Vi € {2,...,n}.

Therefore, we can obtain
>4 /1 —I—

Since g()\;) is increasing as A; is increasing, one can deduce

that
1+ !
A3’

maxy,es, 9(Ai) =

1+)\2

g(Ai) = h 2—h)\

1+A2 14 A3
(2 — h/\n)Q (2= hAg)?

Therefore, it follows that maxy,cs g(\;) =

90n) = hy/ Zoxiye
Case (¢): &1 # () and Sy # 0.

Since Ay € S; and \,, € S; must hold, we have

Ai) = max { Ai )}
max g(A;) = max | max g(;), max g(As)
14 ! h
= max =,
A5V
To sum up, we can obtain
1 14 A2
= 1+ =5, —25 > L
max{\/ +/\% \/(Q—h/\n)2}
The proof is completed. [ ]
to have a spanning tree and a normal Laplacian matrix L.
It is shown in [11] that if L is normal, G is balanced

1+ A2
2—hX\)? ("
T = i
1Ty 2(2)lo grilggg( i)
Remark 6: In this paper, the directed graph G is assumed
but not necessarily vice versa. Therefore, Theorems 1 and
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2 are only adapted for some balanced graphs. The main
difficulty in extending the results to the case of general directed
graphs is that most Laplacian matrices associated with directed
graphs cannot be orthogonally diagonalized. In this case, the
H, performance may be implicitly related to the complex
eigenvalues and the eigenvectors of L. Therefore, it is hard to
build general analytic expressions of H., performance for all
directed graphs. Moreover, for a balanced graph, containing a
spanning tree implies being strongly connected [36]. There-
fore, first-order multi-agent systems (6) and (19) can both
achieve average consensus on strongly connected balanced
graphs without disturbances [3]. The above facts mean that
consensus errors (8) and (20) are reasonable to measure
the deviation from the state of each agent to the average
value of all agent states. In addition, we only considered
first-order multi-agent networks. The complexity of higher-
order dynamics models will increase the difficulty of analysis.
We start with a preliminary attempt on first-order dynamics
models. It will provide the possibility of further investigating
the influence of sampling control on higher-order dynamics
models.

B. Optimal H., Performance on Undirected Graphs

In this subsection, we get the optimal sampling period
to guarantee that the sampled-data multi-agent system (19)-
(23) obtains optimal H,., performance on a given undirected
graph. We also prove that the H,, performance of sampled-
data multi-agent system (19)-(23) is not better than that of
the continuous-time system (6)-(11) on the same undirected
network topology. Some extension issues are also investigated.

Definition 5: Let G be a connected undirected graph. Then,
the optimal H, performance and the optimal sampling period
of system (19)-(23) is defined as

1Ty 2 (2)ll5 = min || Ty o(2)[lo0

and
h* = max { arg min ||TyQ(Z)||OO},

respectively.

Remark 7: In engineering applications, we hope that the
system maintains good robustness while a large sampling
period is expected to reduce the sampling cost. Thus we call
h* the optimal sampling period.

Theorem 3: Let G be a connected undirected graph. Then,
there exists a unique optimal sampling period

1

3 A2 = Ap,
B*= Az :
T 20+ 2030, — 200/ T+ A2 F A2 £ A2A2 Mo £ A
)\% — )\g 2 ns
such system (19)-(23) obtains the optimal H,, performance
. 1
ITva(2)lz = /14 57
2

Furthermore, the optimal H ., performance is maintained when
0<h<h”.
Proof: The proof is divided into two main steps.

Step I: Proving the existence and the uniqueness of the
optimal sampling period h*.
By inspecting (25), let

/ 1
p(h)=4/1+ Z 27
2
and
1+ A2
q(h) =h m (28)

Note that p(h) is constant and g(h) is monotonically increas-
ing as h is increasing. Therefore, p(h) —¢q(h) is monotonically
decreasing. In addition, we have limj,_op(h) — q(h) > 0,
limh_k% p(h) — q(h) < 0. Thus, p(h) — q(h) = 0 which is
equivalent to

(A2 = 2R — (AN, +4X3N)h +4+403 =0  (29)

has only one positive real root over (0,+-) denoted by
hc. Then, (25) can be expressed as a piecewise continuous
function

p(h) 0<h<he,
Ty o(2)]|eo = @(h) = 2 30
Mol =20 = iy pogne 2 @
Since ¢(h) is non-decreasing, the optimal H, performance
" . 1
[Ty o(2)5% = min @(h) =p(h) = /145
hE(O,/\—n AQ

is obtained when 0 < h < h.. According to Definition 5, the
optimal sampling period is h* = h,.

Fig. 1 shows the H,, performance of system (19)-(23).
The red line and blue line, repectively, refer to trajectories
of p(h) and ¢g(h). The solid line depicts the trajectory of
H, performance ||Ty o(2)]coc = @(h) with respect to h. As
one can see that the optimal sampling period h* is unique.
Moreover, the optimal H, performance can be maintained as
long as 0 < h < h*.

3
X
§
q(h)
1+% P(lL) DR ———
0 Loop =
h

Fig. 1: Trajectory of H, performance.

Step II: Computing ~2* under two cases.
Case (1): Ay = Ay
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©

In this case, (29) becomes

—(AA2 + AN+ 4+ 4)3 = 0. (31)
Solving (31) yields h* = & < .
Case (ii): Ay # A\p. '
The solutions of (29) are
By = 2X + 2X3N, + 2X20/1 + A2 + 22 + A3N2 L2
A2 — 22 An
hy — 20, + 2020, — 2X0/1+ A3 + 22 +A2)2 _2
A2 — \3 An’
Since 0 < h < 5=, the optimal sampling period is h* = ho.
|

Remark 8: Theorem 3 shows a counter-intuitive fact that
the H., performance cannot be improved via reducing the
sampling time when it is less than some threshold. This
may result from two aspects. On the one hand, we use H,
performance index to measure the influence of disturbances.
If we employ other performance indices, the result may be
different. On the other hand, it may be related to the sampling
method. In this paper, we only considered the simple periodic
sampling with the zero-order hold circuit. If we employ higher-
order hold circuits or other sampling methods [29] such as
aperiodic sampling, stochastic sampling, and event-triggered
sampling, the relation between H, performance and sampling
period will be totally different. Therefore, it may require
further analysis for the range of sampling periods or the
expected value of sampling periods.

It is observed from Theorem 3 that system (19)-(23) at most
maintains the same H,, performance as system (6)-(11) by
adjusting sampling period within (0,h*] on the same con-
nected undirected graph, i.e., i = 1Tv ()|l =

1+ % Therefore, we have the following significant state-

ment Wﬁich is also illustrated in Fig. 1.

Corollary 3: The H,, performance of the sampled-data
multi-agent system (19)-(23) is not better than that of the
continuous-time multi-agent system (6)-(11) on the same con-
nected undirected graph.

Remark 9: Theorem 3 answers the question 1) raised in
Section I. There exists the optimal sampling period such that
the first-order sampled-data multi-agent network obtains the
optimal H,, performance. Corollary 3 answers the question
2) raised in Section I. It is shown that for the first-order
continuous-time multi-agent consensus network, periodic sam-
pling cannot improve and at most maintains the H., perfor-
mance

Unfortunately, the optimal sampling period h* is reliant on
Ao and \,, which are hard to obtain when the network topology
is unknown or the network size is excessive. By contrast, d,ax
is easier to obtain. Therefore, the following result is deduced.

Corollary 4: Let G be a connected undirected graph. Then,
system (19)-(23) obtains the optimal H, performance

1

1Ty 2(2)|% = + 2
2

if

0<h<

2
S Sq (32)

Proof: Combining (27) with (28) yields p( L
0. Since p(h) —

q(h*) = 0, we have )% < h* which is also illustrated in
Fig. 1. In addition, we can obtain A, < 2dmax by using
GerSgorin disk theorem. It follows that 5 dmax < h*. According
to Theorem 3, system (19)-(23) can achieve the optimal H
performance ||Ty o(2)[|5 = /1 + XA‘ if0<h< 2dmax |

More specifically, for the connected undirected graph with
0-1 edge weights, (32) can be reduced to 0 < h < % because
Ap is never larger than n [37].

Naturally, we also state a necessary and sufficient condition
such that the sampled-data multi-agent network obtains the
prescribed H, performance.

Corollary 5: Let G be a connected undirected graph. Then,
system (19)-(23) obtains the prescribed H,, performance

1Ty (@)l <7 (y>4/1+ )\%) if and only if
272)\ — 291+ A2

—DA2 -1
Proof: 1Tt is inferred from (30) that ||[Tyo(2)]lee < 7
holds if and only if ¢(h) < 7, which can be solved as h >

) Q(,\)z

n

q(h) is monotonically decreasmg ‘and p(h*)

0<h<

292X, +271/14+22 2 dh 272 Ap — ,/1+,\n S
T P-DAZ-1 > 53— an < CEESypv- < k nce

sampling period should satisfies 0 < h < 3= 1t can be readily
concluded that [Ty o(2)]|e < 7 if and only if0 < h <

2920, —2v4/1+22
(v2-1)A2 -1 u
Remark 10: Most works derived sufficient conditions in the

form of LMI for the prescribed H,, performance problem,
while we provide another concise scheme which is sufficient
and necessary.

So far, we have investigated the D2CO H, performance
on both consensus and control effort. If we only consider the
influence of disturbances on consensus, output (23) becomes

y(tk) = e(tk) = @,LX(tk) (33)

and the D2CO H, performance of system (19)-(23) is reduced
to the D20 H, performance of system (19)-(33). Then the
optimal sampling period and the optimal H, performance of
system (19)-(33) are given in the following.

Corollary 6: Let G be a connected undirected graph. Then,
there exists a unique optimal sampling period h* = ﬁ
such that system (19)-(33) obtains the optimal H,., perfor-
mance [|Tyo(2)[|5 = 55

Proof: Similar to the proofs of Corollary 2 and Theorem
3, we can prove that the D20 H,, performance of system
(19)-(33) is

1 h
T -
1Ty 2(2)]lec = HMX{AQ T }

and there exists the optimal sampling period h* such
that system (19)-(33) obtains the optimal H,, performance
1Ty @(2)[l% = minycq 2 ) I Ty 2(2)]lec = 3;- The optimal

sampling period h* is unique and satisfies /\i = ﬁ
Therefore, we have h* =

(34)

2
T |
Combining (17) with Corollary 6, we can find that the
sampled-data multi-agent system (19)-(33) at most maintains
the same H,, performance as the continuous-time system
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(6)-(15) on the same connected undirected graph. Moreover,
Corollary 4 is still feasible for system (19)-(33). Similar to
Corollary 5, we can infer that the sampled-data system (19)-
(33) obtains the prescribed H,, performance ||Ty o(2)||co < ¥
(v> ) if and only if 0 < h < 2.

Remark 11: The classic discrete-time multi-agent system
[3] in the presence of disturbances is X (k + 1) = (I, —
hL)X (k) + (k). Compared with sampled-data multi-agent
system (19), the disturbances are directly injected rather
than sampling such that there is no step-size h before
£2(k). For the classic discrete-time multi-agent system, the
H,, performance on the directed graph which contains a
spanning tree and the normal Laplacian matrix becomes

1Ty 2(2)]|coc = max;=2,.. n % > /2. The H, per-

formance on the connected undirected graph is ||Ty o (2)|leo =
1+(hAn)2} > /2. Furthermore, by the

max{\/ L+ ooV oy

similar approach of proving Theorem 3, we can prove that the
optimal step-size h* still exists.

V. NUMERICAL TESTS

We show our results on some well-known graphs. Consider
some graphs with normal Laplacian matrices and 0-1 edge
weights, which include undirected complete graphs G, undi-
rected path graphs G,,,,, undirected star graphs G, undirected
cycle graphs G, directed cycle graphs Gg.,, and undirected
regular ring lattices G ;. It should be noted that G¥ , are
highly structured networks with nodes placed on a ring, each
connecting to its 2k nearest neighbors. Here, we consider the
regular ring lattice girl. The graphic representation of these
networks is available in [33] and omitted here. The graph
Laplacians of these graphs on n agents are shown in Table

L

A. Continuous-Time Multi-Agent Networks

We first compare the D2CO H,, performance and the D20
H, performance of the continuous-time system (6)-(11) on
the above graphs. In particular, the D2CO H,, performance
represents the influence of disturbances on consensus and
control effort together. The trajectories of D2CO H, perfor-
mance on various number of agents for the above networks
are depicted as solid curves in Fig. 2, which are consistent
with Theorem 1 and Corollary 1. Obviously, the D2CO H,
performance index is always larger than 1. By contrast, if we
dismiss the influence of disturbances on control effort, the
D2CO H, performance indices reduce to the D20 H, per-
formance indices (16) and (17), where (17) has been derived
in [20], [21]. The trajectories of the D20 H., performance
are exhibited as dash curves in Fig. 2. As we can see, for
each graph, the D20 H, performance index is not greater
than the D2CO H,, performance index. On the other hand,
as the size of network increases, the D2CO H, performance
index and the D20 H, performance index on the complete
graph monotonically decreases and approaches to 1 and 0,
respectively. The D2CO H,, performance index and the D20
H, performance index on the star graph are always equal
to v/2 and 1, respectively. Both the D2CO H,, performance

TABLE |: Normal graph Laplacians of several directed and
undirected graphs.

Notation Graph Laplacian
n—1 -1 -1
—1 n—1 —1
Guc Lyc = : :
—1 —1 n—1
1 -1 0 0
—1 2 -1 0
gup Lup =
0 -1 2 -1
0 0 -1 1
1 0 0 -1
0 1 0 -1
gus Lus - E
0 0 1 -1
-1 -1 -1 n-1
[ 2 -1 0 —17
—1 2 -1 0
gucy Lucy =
0 -1 2 -1
-1 0 —1 2 |
M1 -1 0 (N
0 1 —1 0
Gacy Licy =
0 0 1 -1
-1 0 0 1 |
4 -1 -1 0 e =1 =1
—1 4 -1 -1 .- 0 -1
-1 -1 4 -1 .- 0 0
g'ﬁrl Lurl = : .. .. . . t. :
0 0 e —1 4 -1 -1
—1 0 R T | 4 —1
-1 -1 ... 0 -1 -1 4
15

D2CO H,, performance indices
e'guc *gus gdcy

gup *gucy 'e'ggyrl
D20 H,, performance indices
FGue=Gus Gy |
10 gup’”gucy"'g?”«]

Number of agents

Fig. 2: Trajectories of the D2CO and the D20 H,, perfor-
mance of the continuous-time multi-agent system (6)-(11).
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index and the D20 H, performance index on other graphs
monotonically increases. In addition, either of the D2CO H
performance and the D20 H, performance on the complete
graph is the best, and the path graph is the worst. Moreover,
the undirected cycle graph outperforms its directed version all
the time.

B. Sampled-Data Multi-Agent Networks

Then we explore the D2CO H, performance and the opti-
mal sampling period of the sampled-data multi-agent system
(19)-(23) on aforementioned graphs. It is worth mentioning
that Fig. 1 has uniformly depicted the trajectories of the
D2CO H, performance on any connected undirected graphs.
Thus, we focus on the optimal sampling period on the above
undirected graphs. In Fig. 3, the solid lines and the cycle-solid
line display the trends of the upper bound of sampling period,
ie., %, and the dash lines label the trends of the optimal
sampling period h*. It is observed from Fig. 3 that as the
size of network increases, )\l of undirected graphs approaches
to 0.5, 0.5, 0.32, 0 and 0, respectively. In addition, optimal
sampling period h* converges to /\l for each graph as the size
of network increases. This means that the sampled-data multi-
agent system (19)-(23) obtains the same H., performance as
the continuous-time multi-agent system (6)-(11) over almost
the entire allowable range of sampling period if the scale of
network topology is large enough. Combining Fig. 2 with Fig.
3, we can find that the sampled-data system (19)-(23) obtains
better ||Ty (z)||5, with smaller A* among various undirected
graphs. However, a small sampling period is difficult and
extravagant in the applications. This interesting phenomenon
illustrates the trade-off we need to make between robustness
and sampling cost.

0.7

0.6

0.5 e

""" h* Of gue 'e)\l Of gu,c

h* of gup ™ of gu,p
----- h* of Gys X of Gus
""" h* of gucy*)\%’ of gu(:y
----- h* of G2 i of G2
LT o

5N [N

url — url

3 25 50 75
Number of agents

100

Fig. 3: Trends of h* and % of the sampled-data multi-agent
system (19)-(23) on various graphs.

On the other hand, most works [14]-[19] analyzed the H,
performance based on LMIs. However, they usually obtained
numerical results. Furthermore, LMI technique is hard to
reveal a quantitative relation between the H ., performance, the
topological structure of the network and the sampling period
like we show in (25). Therefore, we further compare our an-
alytic result (25) of the D2CO H., performance ||Ty »(2)]|co

and its numerical result based on LMIs. In particular, we
make the comparison on the well-known small-world network
[38]. This network can be generated by randomly rewiring the
regular ring lattice G¥ ,, which is widespread in real worlds
such as power grids, social networks, and neural networks.
Here, we randomly rewire the regular ring lattice G2, of 50
nodes with 0-1 edge weights and then obtain a small-world
network denoted by G°0. The diagram of G20 is shown in
Fig. 4. Then, for different sampling periods, we invoke the
mincx solver in Matlab Robust Control Toolbox and solve a
series of LMIs to obtain approximate numerical estimations
of |Ty (2)|lo0, Where the LMIs are derived by applying the
well-known bounded-real lemma [39] to the asymptotically
stable subsystem (38). Here, the accuracy of the LMI solver
is set to be 1076, Trajectories of the analytic result (25) and the
numerical result of |7y (2)|le on various sampling periods
are respectively depicted as the red solid curve and the blue
dash curve in Fig. 5. It is obvious that the numerical result
is basically consistent with our analytic result (25) within the
preset tiny error 10, and the optimal sampling period indeed
exists and is unique. Moreover, combining Corollary 1 with
Fig. 5, we can find that ||Ty 2(2)|lcc > || Ty 2(8)]|c = 1.7674,
which is consistent with Corollary 3.

Fig. 4: Diagram of the small-world network G20.

50

—(25)

--- | Tya(2)|l based on LMIs
pn under X (0)

—pp, under X5(0)

1.7674

0 h* =0.1418 £ =0.2225
h

Fig. 5: Trajectories of the analytic result (25) and the numeri-
cal results of || Ty (2)||oo on various sampling period for G50 .

In the above tests, we only consider zero initial conditions,
i.e., X(0) = 0,,. Here, we simulate the influence of non-zero
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initial conditions on the optimal sampling period for the small-
world network G2°. Specifically, we approximately estimate
the H,, performance index (22) over a finite set of sampled
disturbances I = {€;(t), tx, = kh,k € N}, instead of all
disturbances in ¢ [0,00), where N = 1000, ;(t;) € R
is periodically sampled from the continuous-time disturbance
signal Q;(t) = [Q}(#),...,Q2°(¢)]" € R by using a zero-
order hold circuit with a sampling period h > 0, whose action
time interval is only [0,7] (7' = 10), and

cos(it) sin[T't — cos(pi)t + i
sin(it) cos[Tt + sin(pi)t — i]
p=1,...,50.

if p is odd,

QF(t) = if p is even,

Then, for any feasible sampling period, i.e., 0 < h < Al =
0.2225, performance index (22) can be evaluated as

L h3 o e (tr)e(tr) + U T (t:)U (tr)]
P e Ry o T (t)92(t)

Here, we test two different non-zero initial conditions X (0)
and X»(0), where X;(0) = [1,...,50]" and each entry of
X2(0) is randomly selected within [—20, 20]. The trajectories
of pp under X;(0) and X5(0) are portrayed as the square-
solid curve and the star-solid curve in Fig. 5. It is shown
that under non-zero initial conditions, the H,, performance
is roughly a increasing function of the sampling period, that
is, the optimal sampling period ~A* no longer exists. However,
these tests are only approximate estimations which need to be
further theoretically analyzed in future works.

Q(tk)el‘[

VI. CONCLUSION

In this paper, we analyzed the H., performance of the
first-order continuous-time multi-agent network and corre-
sponding sampled-data multi-agent network against external
disturbances, and revealed the relation between them. The
H, performance represents the influence of the disturbances
on the quadratic performance index which contains both
disagreement energy and control effort. Firstly, we built the
relation between the H,, performance and the eigenvalues
of Laplacian matrix for continuous-time multi-agent networks
on directed and undirected graphs. Besides the properties
of network topology, we elucidated how H,, performance
depends on the sampling period for corresponding sampled-
data multi-agent networks. We derived the optimal sampling
period h* such that the sampled-data multi-agent network
obtains the optimal H,, performance. Furthermore, it was
proved that periodic sampling cannot improve and at most
maintain the H., performance. We also proposed a simple
sufficient condition for the optimal H, performance problem,
and a necessary and sufficient condition for the prescribed H .,
performance problem. Finally, we used some numerical tests
to illustrate our results. It was shown that the sampled-data
network obtained better ||Ty (2)||%, with smaller h* among
various undirected graphs. Whether the trade-off still exists
for all connected undirected graphs is an interesting topic in
future works.

APPENDIX

A. Proof of Theorem 1

Proof: The proof is divided into three main steps.
Step I: Obtaining the observable subsystem of system (6)-
1.
Since G has a spanning tree and L is normal, it follows
from Lemma 2 that there exists an orthogonal matrix @) =

Q1 Q2] eR™™ (Qy = %) such that

= L1 0
T(I)n _ (I)n — |: n—1 n 1:| 35
C? C? 0;{_1 O ( )
and B
QT LQ=L= {0’%1 0"0—1} , (36)
n—1

where L; € R(=Dx(n=1) jq also normal and has the same
non-zero eigenvalues as L. Then performing the following
orthogonal transformation

o T A T 5 QT o
X0 = QX000 = Q0. 70 = |5 7] Yo,
for system (6)-(11) yields
X(t) = —LX(t) + (1),
o, (37)

Y (t) = {_i} X(t).

According to Lemma 1, L has a simple zero eigenvalue and all
the other non-zero eigenvalues have positive real parts. Thus,
—L; is Hurwitz stable. In other words, system (37) can be
divided into an asymptotically stable subsystem of order n — 1
and a marginally stable subsystem of order 1. Clearly, the
former is observable and determines the H., performance,
while the latter is unobservable and has no contribution to
H, performance. We turn to analyze the asymptotically stable
subsystem

XY(t) = =L X (1) + Q' (1),

. . (33)
i = || 2o,
I
where X'(t) = [In-1 On_1] X(t) and QY (t) =
[In-1 0p_1] €(t). Let the transfer matrices of systems (37)
and (38) be T.i(s) and T.o(s), respectively. Since L; is
normal, according to the spectral theorem [40], there exists
a unitary matrix V € C(*=D>(=1) guch that
VHLV = A, (39)
where A = diag{ Ao, A3, ..., A\, } consists of non-zero eigen-
values of L. Based on this property, T.2(s) can be rewritten
as

= [o ] Lt

7}3(5)

VH, (40)

Step II: Verifying that ||y 2 (8)]|co = [|Te3(8)]|co-
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It follows from to system (19)-(23). Therefore, we have
N R A R
o o Cha T O K(tir1) = PX () + W10,
T.(s)= Ty o(s)Q= = n=l _ 0 . 41
ao=|% | mee=| 1ol o0 = B 2 @
T —L
0, 0
and where I Wi
T T n—1 — Onfl
vV o sl, 1+ L)~} P:In—hL:[ ! !
TCQ(S) = |:O V:| TC3(S>VH = |: £ ! 12 )1:| O;Lr—l 1

that
TH (5u)T.1 (jv) = QT T, (jv) Tya(jv)Q,
TH (j0)Te2(jv) = VTE (ju)Tes (o) VT,

. . TH (0)Ta(jv) 0,
T (j0) T (j0) = { GUe)Tiali) O 1}

Then one can deduce that Mpa.[To(Gv)Tya(jv)]
)‘maw[TgG )Tcl(jv)] /\maw[Tch(j )TcQ(jU)] =
Amaz|TH (ju)T.3(jv)].  Therefore, according to the
definition of H., norm given in Property 2, we can obtain
1Ty 0() oo = [Tt (oo = ITe2()loc = [Tes(5)lloer To
sum up, computing ||Ty(s)||s can be converted to compute
[Te3(8) ]| -

Step III: Computing [|7;3(s)||c and obtaining its lower
bound.

We can verify that T2 (ju)T.3(jv) = diag{Ys,..
where

N

14 |A\]? ,
Y, = ,1=2,...,n, v ER.
Re2(\) + [Im(N) + o2 v
Note that sup,cp Y = %, = 2,...,n. Therefore, we
can obtain '
1Ty 2(5)lloc = [[Tea(s) oo
= sup \/ A [T (50) Tes (G0)]
veER
= max [supY;
1=2,...,n vER
1+ A2
= max 5
i=2,...,n \[ Re”(\;)
Apparently, |\;| > Re(X\;), i = 2,...,n and 0 < Re(A2) <

.-+ < Re(\y) give rise to

|2 2
_max ! +2|>\z| 2 L Jge ) >1
i=2,...,n Re (/\z) Re (/\n)

The proof is completed. ]

B. Proof of Theorem 2

Proof: The proof is divided into four main steps.

Step I: Obtaining the observable subsystem of system (19)-
(23).

Note that G has a spanning tree and L is normal. It follows
from Lemma 2 that there exists an orthogonal matrix @ =
Q1 Q2] € RV (Qy = %) such that (35) and (36) hold.
Then we apply the following orthogonal transformation

X(0) = QTX (1), 9(0) = Q7)) = |G - o0

and L, € R=Dx("=1) j5 also normal which has the same

non-zero eigenvalues as L. Since 0 < h < rgin
1=2,...,n

the eigenvalues of I,,_; — hL; satisfy || = |1 — h)\;| < 1,
i=2,...,n. Thus, I,,_, — hL, is Schur stable. That is to say,
system (19)-(23) can be decomposed into an asymptotically
stable subsystem of order n — 1 and a marginally stable
subsystem of order 1. Obviously, the former determines the
H, performance, while the latter is unobservable and has
no impact on H, performance. Consider the asymptotically
stable subsystem

XY (tpy1) = (Ino1 — hLy) X (tr) + RO (t1),

N . 42
Vity) = [I_nij X (tw), @
where Xl(tk) = [In—l On—l] X(tk) and Ql(tk) =

[In-1 Onp_1] Q(t1,). Let the transfer matrices of systems (41)
and (42) be Ty1(2) and Tyo(z), respectively. Since L is
normal, (39) can be leveraged to decompose Ty2(z) into

T ( ) _ Vo h’(ZIn—l - In—l + hA)_l
2E =0 V| | —hA(zlyy — Ty + hA)~!

Tas(z)

VH

where A = diag{)a, A3, ...
values of L.
Step II: Verifying that ||Ty (2)|leo = || Ta3(2)||oo-
It follows from

, An} consists of non-zero eigen-

rHT
0
Tu(z) = |9 | Tro(1
[ h(ZIn—l - In—l + hil)il On—l
| 0, . 0
T |=hLi(2Lh—1 — In—1 +hL1)™t 0,1
i o) , 0
and
V o0
TdQ(Z) = |:0 V:| ng(Z)VH
o thInfl — In,1 + hilz_l
o —hlq (Zln—l — I+ hLl)_l
that

T ()T () = QT TV () Ty o () Q,

TH() Ty () = VTE () T3 () VH,

T3 () Taa (V) 0y
0/ 0 |-

n—1

TH ()T () = [

Then we can deduce that Anu.[T(e37)Tyq(e3?)]
Amaz (T4 (€°) Tar ()] Amaz [T (€°) Taz(e1)]
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Amaz [T (e39)Tyz(e?)]. Therefore, according to the definition for i = 2,...,n. Since 21&(";”’) < Re(QM, we can get
of H,, norm given in Property 4, we can get [Ty (2)|loc =  pip 2BeQd) ~ 2 Vi € {2 n}. Therefore, we

— — . i—2 . m |)\i|2 = RE(Ai)’ ge ey . y
ITaG)le = [Tl = [Tas()lc Compared with i=2ioin I

1Ty 2 (2)|loos || Ta3(2)]|co is more computationally tractable.

Step 'III: Turning to calculate ||7y3(2) | oo- . . 2Re(\)
Noticing the fact e/¥ = cosv + jsinwv, we can verify that h 5 > 1, Yhe (0, . min W)
TH () Ty3(el?) = diag{¥s, ..., ¥, }, where C o
h2? + h2|\; |2 for any ¢« = 2,...,n. Then it can be notably concluded that

U, = d

[cosv+hRe(Ai)fl]2+ [Sinv+hIm()\i)]2 . 1+ A2 )

ma —— = > 1L
_ h2 + h2| A2 i\ = )
1+ |pi|? 4 2hIm(N;) sinv + 2[hRe();) — 1] cosv
h2 4 h2|\ 2 The proof is completed. [ ]
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