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This paper develops new practical stability criteria for impulsive stochastic functional
differential systems with distributed-delay dependent impulses by using the Lyapunov-
Razumikhin approach and some inequality techniques. In the given systems, the state
variables on the impulses are concerned with a history time period, which is very
appropriate for modelling some practical problems. Moreover, different from the ex-
isting practical stabilization results for the systems with unstable continuous stochastic
dynamics and stabilizing impulsive effects, we take the systems with stable continuous
stochastic dynamics and destabilizing impulsive effects into account. It shows that under
the impulsive perturbations, the practical exponential stability of the stochastic func-
tional differential systems can remain unchanged when the destabilizing distributed-
delay dependent impulses satisfy some conditions on the frequency and amplitude of the
impulses. In other words, it reveals that how to control the impulsive perturbations such
that the corresponding stochastic functional differential systems still maintain practically
exponentially stable. Finally, an example with its numerical simulation is offered to
demonstrate the efficiency of the theoretical findings.

© 2023 Elsevier Ltd. All rights reserved.

1. Introduction

The practical stability (PS), originally introduced in [ 1], has attracted great attention for many years due to its important

roles in characterizing the stability of many dynamical systems, such as reaction-diffusion systems [2,3], impulsive
systems [3-6], switched systems [7-10], chained systems [11], stochastic age-dependent capital systems [12], stochastic
systems with uncertainties and disturbances [13]. The analysis of PS aims to investigate the stability of systems when the
origin is not necessarily an equilibrium point (refer to [4,12]).

Needless to say that impulsive systems can be appropriate tools in mathematical modeling of many real world
systems, which have crucial applications in a variety of areas, such as mechanical systems, complex networks, secure
communication, population growth and biological systems [14-16]. On the other hand, delay effects are also frequently
encountered in lots of practical systems [17-20]. Up to now, increasing attention has been paid to the stability analysis
for the impulsive systems with delay effects (see e.g., [3,5,17,21-32]). For example, in [5], the authors discussed the
practical exponential stability (PES) of impulsive stochastic functional differential systems with G-Brownian motion by
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employing stochastic analysis technique, Razumikhin-type theorem and vector G-Lyapunov function. In [21], the authors
investigated input-to-state stability problem for impulsive and switching hybrid time-delay systems by using the method
of multiple Lyapunov-Krasovskii functionals. In [22], the authors studied the robust stability, stabilization and H,,-control
for uncertain impulsive systems with time-delay by using Lyapunov-Razumikhin (LR) approach. However, for the PS
problem of impulsive systems, one may observe that the state variables on impulses only considered the discrete delay
effects in the literature. In fact, in some special fields, impulsive effects may be concerned with distributed delay when the
jumps of systems states only rely on the accumulation of the system states over a history time period, such as population
dynamics, financial markets, network connections [23,28,29,33]. Therefore, it is great meaningful to investigate the PS of
the systems with distributed delay dependent impulses.

Moreover, to the best of our knowledge, an impulsive system can be viewed as a hybrid one, which generally comprises
three classes of systems: (1) the system with unstable continuous stochastic dynamics and stabilizing impulses; (2) the
system with stable continuous stochastic dynamics and destabilizing impulses; (3) the systems where both the continuous
dynamics and the discrete dynamics are stable. Recently, numerous results have been reported for stability analysis of
three classes of impulsive systems (see e.g., [4,5,21-32]). For example, [4,5,24,26-29,32] investigated the first class of
impulsive systems. [8] discussed the second class of impulsive systems. [21,30,31] studied the first and second classes
of impulsive systems. [23] considered the first and third classes of impulsive systems. [22] investigated the first and
third classes of impulsive systems. However, it should be mentioned that only the first class of impulsive systems were
considered in the analysis of PS in the literature (see e.g., [3,4]). In addition, for the systems with distributed-delay
dependent impulses, the authors just investigated the exponential stability of the first and third classes of impulsive
systems (see e.g., [23,28,29]). Therefore, in this paper, we will analyse the PS of the systems with distributed-delay
dependent impulses, in the case that the continuous stochastic systems are practically exponentially stable (PES) and
distributed-delay dependent impulses are destabilizing.

Inspired by the above discussion, by using the LR approach and some inequality techniques, we will investigate the PS
of impulsive stochastic functional differential systems with destabilizing distributed-delay dependent impulses, and give
some new sufficient conditions for the practical exponential stability in pth moment (PESpM) and almost sure practical
exponential stability (ASPES). The contributions of this paper are summarized as follows: (1) The systems with distributed-
delay dependent impulses are a type of more general systems. Up to now, the stability of this type of impulsive systems
in the literature were only considered in [23,28,29], where the exponential stabilization of the corresponding first and
third classes of impulsive systems were studied. In this paper, we not only further discuss the PESpM and ASPES for such
systems, but also consider the corresponding second class of impulsive systems; (2) So far, there have been few results
on the PS of the second class of impulsive systems, and our results can also be applied to the deterministic systems when
we do not consider the stochastic effects. Moreover, the obtained practical stability results complement and generalize
some existing results in the literature (see e.g., [4,5,23,28,29])

The remainder of this paper is organized as follows. In Section 2, we introduce the model, together with some basic
assumptions and definitions. In Section 3, some sufficient conditions of PESpM and ASPEM are established for the studied
system. In Section 4, we give an example with its numerical simulations. Finally, some conclusions are presented in
Section 5.

Notations. The following notations are used throughout this paper. (§2, 7, P) denotes a complete probability space
with a filtration {F},., satisfying the usual conditions (i.e., it is right continuous and ¥, contains all P-null sets), and
w(t) = (wi(t), ..., wn(t)T be an m-dimensional standard Wiener process defined on (£2, F, P). N, R;, R" and R™™
denote the set of positive integers, the set of nonnegative real numbers, the n-dimensional real space and n x m-
dimensional real matrix space, respectively. E stands for the mathematical expectation operator with regard to the given
probability measure P. If A is a vector or a matrix, its transpose is denoted by A”. For x € R", |x| = VxTx denotes the
Euclidian vector norm. Given t > 0, PC ([—7, 0]; R") denotes the family of piecewise continuous functions from [—, 0]
to R". For ¢ € PC ([—7, 0]; R"), the norm is defined as ||¢||; = sups¢[_, o) l¢(s)]. For p > 0 and t > 0, let Lpf[ ([—7,0]; R")
denote the family of all F;-measurable PC ([—7, 0]; R")-valued random processes ¢ = {¢(—s) : —t < s < 0} such that
SUP_, <5< El@(s)IP < oo. Moreover, PC? ([—7, 0]; R") denote the family of all bounded PC ([—z, 0]; R")-valued functions.

2. Preliminaries

To begin, we introduce the following nonlinear stochastic system with distributed-delay dependent impulses
dy(t) =f (t,yo) dt +g (¢, yo) dw(t), t # t, t > to,
Ay = I (& [, ¥)ds) . £ =ti, ke, (2.1)
Vg = ¢7 i'e'v y (tO + S) = ¢(S)’ RS [—T, 0]

with initial value ¢ € PC? ([—t, 0]; R"). y(t) € R" is right continuous at each t = t;. y; = y(t +5) € Lpﬂ ([—z, 0]; R™).
For all k € N, y, > 0 is the distributed delay satisfying yx <y <t with y = supyey ¥ f : Ry X L‘;[ ([—7,0]; R") - R",
g :RyxL% ([—7,0R") — R™™ [, : Ry x L% ([—7,0]; R") — R" and Ay () =y (t) —y (t, ) with the fixed moments
of impulse times t; satisfying 0 <ty <t; <--- <ty — o0 (as k - o0).
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As a standard hypothesis, f (t, ¢), g (t, ¢) satisfy the Lipschitz condition. In addition, suppose that f(t,0) # 0,
g(t,0) # 0 and Ii(t, 0) # 0 for all t > to, k € N, then system (2.1) does not admit a trivial solution y(t, 0) = 0.
The following assumptions and definitions are presented to obtain the main results.

Assumption 2.1. For almost all t € [tg, 00), f (t, ¢) and g (t, ¢) are continuous, and there exist positive constants L; and
Ly such that [If(t, )Il < Lill¢ll- and [|lg(t, @)Il < Lall¢ll- for any (t, ¢) € Ry x L% ([—7,0]; R").

Assumption 2.2. For all t € Ry, x,y € R", there exists a positive constant L3 such that ||[,(t, x) — L(t, y)|| < L3]lx — y|.

Remark 2.1. Assumption 2.1 implies that f (t, ¢) and g (t, ¢) satisfy the linear growth condition. Assumption 2.2 means
that impulsive function satisfy Lipschitz condition and the linear growth condition. Therefore, there is a unique stochastic
process y (t, tg, ¢) for system (2.1) by [4,23,29].

Assumption 2.3. For all k € N, there exist positive constants ¢ and h satisfying ¢ = infiey {ty — tx_1} > 0 and
h = supey {tk — tk—1} < 00, and re < y < (r + 1)g, ie, the impulse number is no more than r on each interval

[tk — Vi, ti].

Definition 2.2 ([4]). System (2.1) is said to be practically exponentially stable in pth (p > 1) moment (PESpM), if for all
¢ € PC? ([—t, 0]; R"), there are positive constants z, C and 5 such that the following inequality holds

Ely (¢, to, 9)IP < CllgplPe " 4+, £ > to. (2.2)

Remark 2.3. Noting that in Definitions 2.2, if let = 0 and assume y(t, 0) = 0 for all t > t;, we then obtain the classical
definition of the exponential stability in pth (p > 1) moment (ESpM).

Definition 2.4 ([4]). The ball B, := {y € R" : |y] < n}, n > 0, is said to be almost surely practically exponentially stable
(ASPES) if it follows that

y (¢, to, §)] < Cllgp[IPe 2 49, as. (2.3)

for any initial data ¢ € PC? ([—t, 0]; R") and every t > to. Furthermore, if there exists > 0 such that B, is ASPES, then
system (2.1) is said to be ASPES.

Definition 2.5 ([4]). Let 1% ([ty — T, 00) x R™; R,) denote the family of all nonnegative functions V(t, y) on [ty — T, 00) X

R" that are continuously once differentiable in t and twice in y. For a function V e ¢'2 ([ty — T, 00) x R"; R,), we define
the operator LV : [tg, 00) X Lpft ([—7,0],R") — R for system (2.1) by

1

where ¢ € L ([—7,0], R") and

av(t, av(t, av(t, a%Vv(t,
V[(t,y): ( y)» Vy(tay): ( y)»ww ( y) s Vyy(tvy): M .
ot 3}’1 8yn ayfayf nxn

Remark 2.6. In the previous theorems given in [4,5], the continuous dynamics of the suggested systems may not be
PES, and stabilizing impulses are considered such that the continuous stochastic dynamics are PES. In the forthcoming
theorem, sufficient conditions are given to ensure that the continuous dynamics of system (2.1) can maintain PES, when
the system is subjected to destabilizing impulses.

3. Main results

In this section, we will discuss the PESpM and the ASPES of system (2.1) by using the LR approach and some inequality
techniques.

Theorem 3.1. Letcy, &, C, Z, @, Cp, g, Wy, Wy, k > 1, p > 1 be positive constants and & be nonnegative constants. If
Assumptions 2.1-2.3 are satisfied, and there exist functions V e ¢ ([to — T, 00) x R"; Ry) and ¢ € PC ([ty — 7, 00) ; R,)
such that for any x,y € R" and ¢ € L’}[ ([-7,0]; R")
H1) ¢lylP < V(t,y) < clyl’ forallt > tg —1;
(H2)EV (t,y + I (t. y)) < kEV (t7,y) + pxe &1 for all t = t,, k € N, where
0 < px < p with p = SUPge Pk < 00;
(H3) ELV(t, ¢) < —c(t)EV(L, 9(0)) + e 2~ forall t > to, t # ty, k € N, if
EV(t +s, ¢(s)) < gEV(t, ¢(0)) + 6 for s € [, 0];
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(H4) EV(t, x +y) < W1EV(t, x) + WZEV(réy)for allt =ty, ke N;
(H5) 1 < Wik + chz%Lg (quzp +By7C+ Lgyzprp) ST < g < off,
infr~¢, c(t) > C.
Then, system (2.1) under destabilizing distributed-delay dependent impulses is PESpM.

Proof. Given an initial data ¢ € PC? ([—t, 0]; R"), we write y (t, to, ) = y(t) for simplicity. Let d; = Wik, dy =

_ 3
Wae, 3’; ! 154 (L‘]’yzp + Lgyipcp + Lgyzl’rp>. By condition (H5), a sufficiently small z > 0 can be chosen such that

1< &™) (dy + dpe ™)) < g < 7, z <¢, (3.1)

and there are § = qe?"*?) > 1 and M > 0 such that gc, < M. Define J(t, y(t)) = 2~ V(t, y(t)) for t > ty — 7. Then,
from condition (H1), we see that

1
EJ(t, (1)) < EV(t, ¥(1)) < cEl¢|? < EME I g2 < ME||]1? + e, Vt € [to — 7, to], (3.2)

_ _ dq+deT ) )ah
Geh  Go _ ( T ) ah—
where ¢ > max e Rl ah, R o) ah—pt.

We will show that, for all t € [t,_1,t), k €N,
EJ(t, y(t)) < ME[|¢]? + ge”*1). (3.3)
In view of z > 0, we can get that ¢ < ce?!~%)_ This shows that if the following inequality holds, then (3.3) is also true
EJ(t, y(t)) < ME|®|P + ¢, Vt € [ti—1. t), k€ N. (34)

Next, we will further prove (3.4), and the following proof will be divided into several steps by induction.
Step 1: First, we will show that

EJ(t, y(t)) < ME|p|? + ¢, Vt € [to, t1) . (3.5)

If (3.5) is not true, then there must hold that EJ(t,y(t)) > ME||? + ¢ for some t € [to, t;). Define t* =
inf{t € [to, t1) : EJ(t, ¥(t)) > ME||P + ¢}

Combining the well-known Lebesgue dominated convergence theorem with condition (H1), we can get that t €
[to, t1) — EV(t, y(t)) is a continuous mapping. In addition, the property of continuous function shows that E/(t, y(t)) =
e?t—EV(t, y(t)) is also continuous over t € [to, t;). Therefore, we have
lim EJ(t, y(t)) = tlirg EJ(t, y(t))

—bh

=ty

= EJ (to, y (to))

< ME||¢|* + ¢,
which implies that t* € (ty, t1). Then, there hold that
EJ (t*, y(t*)) = ME|¢[? + <, (3.6)
EJ(t, y(t)) < ME[$]? + ¢, Vt € [to — T, t%). (3.7)

Clearly, there exists ty € [to, t2) satisfying tv = sup{t € [to, t°] : BJ(t, y(t)) < %MIElld)ll‘r’ + £} such that
1 S
EJ (tv, ¥(tv)) = EMEIIQSIII,’ + 7 (3.8)

0 > ZMEIGIE + £, e (r0, 4], (39)

Consequently, for all t € [ty, t*], we get from (3.6)-(3.9) that
EJ(t +5,¥(t +5)) < ME[¢|? + ¢ < gEJ(t, ¥(t)), s € [-7,0],
which leads to
EV(t 45, y(t 4+ 5)) = e 2Rt +5, y(t +5))
< qe H TR (e, (1))
< qe*"EV(t, y(1))
< gqEV(t,y(t))+ 6, s € [—7,0].

(3.10)
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This together with condition (H3) shows that

ELJ(t, ye) = €O ZEV(t, (1)) + ELV(L, y1))
A (3.11)
< (z = c(t)BJ(L, ¥(£)) + o, Yt € [ty, t7].
Then, using (3.11) and the Itd formula on [ty, t*], we further have
[A
B (14, 50%) = B b,y + [ B,y
ty
[A
< EJ (tv, ¥(tv)) + / [(z — c(sNE/(s, ¥(s)) + e]ds
ty
[A
=EJ (tv. y(tv)) + | (2 — c(s)EJ(s. y(s))ds + o (£ — tv) ,
ty
and thus,
tA
EJ (t%, y(t*)) < EJ (ty, y(ty)) + / (z — c(s))EJ(s, y(s))ds + ah. (3.12)
ty

Thus, from (3.1), (3.6), (3.8) and the Gronwall inequality, we infer that

[A
(z—c(s))ds

EJ (tAvy(tA)) < (B (tv, y(tv)) + ah) eftv
< (&) (tv. y(to)) + arhy ()

1 ), 1
< EMIEIId)II, + E; +ah

1
< ME[9|? + ~¢ +ah

< ME|¢|? + ¢
=EJ (%, y(t))
which is a contradiction. It is easy to see that (3.5) is true and (3.4) must hold for k = 1. Therefore, (3.3) is satisfied for

k=1.
Step 2: Assume that fork=1,2,...,1(le N, > 1),

EJ(t, y(t)) < ME[|#|I? 4+ ¢, Vt € [tr1, k) (3.13)
Next, we turn to show that (3.4) holds as well for k =1+ 1, i.e,,
Ej(t, y(t)) < ME|¢|? + ¢, Vt € [t;, tiy1) . (3.14)

Suppose (3.14) is not true and further define t% = inf{t € [t;, tiq) : BJ(t, ¥(t)) > ME||@||P + £}, where £ = ¢ + ah
with 0 = ¢ + ah + p. Then, for t € [t; — y,, t;), integrating system (2.1) on both sides from ¢ to ¢, follows that

@) f-
y(t) - f f(s.99) ds+f g(s,¥5) dws+zll 1<tz 1,/ y(S)dS>, (3.15)
f

t —i— Vi

where r(t) stands for the number of impulses on the interval [t, t,’). Now, let us further integrate both sides of (3.15)
over [t — y, ti],

L2}
’My (&) / Y(s)ds
ft Y

H/ f(s ys) ds dt +
=y Jt

/ g (s, ys) dws dt

=y

r(t i
/ (ZII l(tl n/ Y( )d >> dt
=y t—i—Vi—i
/ / g (s, ys) dws dt
=y Jt
f ) i
f (le ,(t, is / y(s)ds)) dt
=y O—i=Vi—i

i=1

(3.16)

7]
/ f (s, ds dt
=y Jt
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Define Al :=1; (t,, ftz WY ds) — I (t, vy (&)). By Assumption 2.2, we have

t p
B < BE |y (i) - [ ytsxs (3.17)
=y
This together with C,-inequality yields that
t p
E’V:y (t7) - / y(s)ds
; tz—yz
1
sE(M/ sy ds de| + ‘/ /lgsjwdwsm
=y Jt t1=v
f r(t) i
[ }:n,zyhf yis)ds) ) ae| (3.18)
=y \ i=1 f—i=Vi—i

t t p t f p
<3P 1E ‘ / f(s,y)dsdt| +37'E ‘ / / g (s, ys) dws dt
=y Jt =y Jt
t r(t) i p
+ 3 E f (Zl, ,(tl l,/ y(s)ds)) dt
0=y \ i=1 G—i=Vi—i

Then, using the Holder inequality, Burkholder-Davis—Gundy inequality and Assumption 2.1, we arrive at

p

t 1]
E / f (s.y5) ds dt
t]

1=V Jt

<1E</ / IIf (s, ys)lldsdt>
-y
sE(/ / Ly lysll, ds dr)
=y t[ »
1
Lm]E< / ||ys||,ds> (3.19)
[l;l/l »
<IPyE ( / sup ||y(s+s>||ds>
ti—y §€l-7,0]

P
<hy”E (‘g ISUP Iy (& +¢) ”)
€

—-7-%.0

<Ly* sup E IIy &+
Ee[—1—y,0]

/ / g (s, ys) dws dt
=y

]
<yE| sup g (s, ys) dws
telti—y.t]

p)
f 5 2
= V]pCpIE </ llg (s, ys)l dS)
=n

P_1q ]
< J/lp?/lz GE </ llg (s, ys)IIP dS)
t=n (3.20)
3l_1 [l
=Lyt GE ( f ||ys||Pds)
=y
34 7] p
<Ly’ GE (/ ( sup |ly (s+s)||> ds)
-y \£€l-7.0]

= Lle G sup E ly (& + 5)”17
§€[-t-.0

< pr 2C sup E ”y (tf +§)”p
ge[~t~y,0]
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where C, > 0 is a positive constant given by the Burkholder-Davis-Gundy inequality, and only depends on p. Meanwhile,
applying again Holder inequality and Assumptions 2.2, 2.3, we arrive at

r(t)

t t—i
e [ (X (o [ v e
=y \ i=1 b—i=Vi—i
t—i
I tl—i»/ y(s)ds
O—i=Yi—-i

I r(t)
([
=% \ =1
il (o) t—i P
<E < / (Z Ls / y(s)ds ) dt)
=7 \ i=1 G—i=YI—-i

p

)e)

P (3.21)
LyPE Z f ly(s)lds
f—i=Vi—i
p
L3y E (Z Viei  suply (i + S)II)
i—1 ge[-v-i.0]
< LyyfyPr? sup E ly (&7 +8)[°
&e[—2y,0]
<Ly sup E|y(q +8&).
§€[-1—y.0]
Thus, it follows from (3.18)—(3.21) that
t p
Ellw () — / y(s)ds
41—y 3 (3.22)
< 31 (L‘l’yzp + LgyTPCp + L’3’y2prp> sup Ey (¢ +8)”.
se[-t—y.0]
According to (3.22) and condition (H1), we can derive that
t p
EllAL" < I5E |y () — f y(s)ds
4=
_ 3p _
<3 Ly + G yPr) s E|y( +6) (323
§€[-7—y.0]
301
<1 (prZP + Ly ¥ G+ 15 2”r”) sup  EV (7 +§).
€1 §€[-t—y,0]

This together with conditions (H1), (H2) and (H4) further gives that

L2}
EV (t;, y(t;)) = EV (t,, y(t7)+1 (rl, / y(s)ds))
t=n

=EV (t,y (t7) + 1 (t vy (¢7)) + AL) (3.24)
<WEV (6, y () + L (t vy (67))) + WaEV (4, Al
<WikEV (7, y (7)) + WaGE [| AL + pe 21710,
By using (3.23) and (3.24), we have

EJ (t, y(t1))

< TRV (4, y(1))

< WiBJ (67,5 (t7)) + WzCzez(t’ftO)E ||A11||p + o

(&)

< WikE] (67,5 (1)) + Wace? ‘0>[ L" (pr2P N S, 2PrP)

B (3.25)
sup EV (67 +&)1+p
§e[—t—y.0]

17
< WikE] (17, (67)) + wzcz[—L” (L‘;yzp SIS o L’;yz"r”) AT H)

sup  EJ (7 +&) 1+ o
se[—t—y.0]
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In what follows, we first claim that
_ _ 1 1
EJ (¢ . y(6)) < EMIEllqbll’; + 5(; + ah). (3.26)

Arguing by contradiction once more, we assume that (3.26) is not true, and then, two possible cases will be examined.
Case 1: For all t € [ti_1, ty), EJ (t, y(t)) > %MEllquIQ + %(g + ah). Combining this with (3.13), one can see that, for
t € [ti, t),

EJ(t +s,y(t +5)) < ME[$l7 + ¢ < gEJ(t, ¥(t)) — ah < gEJ(t, ¥(¢)). s € [-7,0]. (3.27)

Similar to (3.11), one can check that EZJ(t,y:) < (z — c(£))EJ(t, ¥(t)) + o for all ¢t € [tl_l, tl’]. Then, applying the It
formula on [t_q, t; ], we know that

b

BJ (67 3(67)) = BJ (tr. Y(t1)) + / ELJ(s. ys)ds

t-1

- (3.28)
1
< EJ (ti-1, y(tia)) + / (z — c(s)EJ(s, y(s))ds + ot — ti—1).
f1
By (3.1), (3.13), the Gronwall inequality and the property of definite integral, we further know that
U
EJ (67, 9(67)) < [BJ (v (1) +a (7 — tiog) ] el @
< MIE||¢||‘T’e(Z_E)([’_”*1) + @ O(-t-1) (¢ 4 gh)
1 1
< aMJEIIqﬁIIf + a(g + ah) (3.29)

1 1
< EME”(MIT) + a(s‘ + ah)

<Kk (tli,Y(tzi)) s

which is a contradiction. Clearly, (3.26) is true in Case 1.
Case 2: There exists t € [t;_1, t;) such that EJ (t, y(t)) > %MIEllqbll’ﬁ + %(g + ah). In this case, define t = sup{t €
[ti-1, &) - BJ(E, Y(£)) < sME[S? + Z(s + ewh)). Then,

o 1 1
EJ(t, (1)) = EMIEII¢II€ + 3 (¢ +ah), (3.30)

EJ(t, y(t)) > %MIEII(PII? + % (¢ +ah), Vt e (f, t,) . (3.31)

Similar to the argument in Case 1, from (3.13) and (3.31), we know that (3.27) also holds for t € [f, tl) in Case 2.
Then, according to the proof processes of (3.10) and (3.11), it can be checked that E£J(t, y:) < (z — c(t))EJ(t, y(t)) + «

for all t € [t, t;”]. Obviously, by using the Itd formula once more, one can see that EJ (t;, y(t;)) < EJ (£, y(f)) + f;’ (z—
c($)EJ(s, ¥(s))ds + a(t;” — t). Now, combining this with the Gronwall inequality, the property of definite integral and
(3.30), we have

BJ (67 y(67)) < [EJ(E,y(E)) + alty — D)l @0

1 1 _ (T
< [ZMEGI} + 2 (s +ah) +a (7 — )70

1 1 ooz o _
< ZMEISI7 + ae('Z*C)("*f)(g +ah) + 9Dy (57 —F)
=

1 1 v o . )
—ME|p|P + je(l—f)(tl—f)(g +ah) + ez=0(t-1) (t, — t) .
q q
Together with the fact that e?~9(t—t) < 1, we can find that %e(z’a(t”f)(g + ah) + #0110 (t—1) < i(c+ah)is
allowed to be true, which can be rewritten as
ge@=(u-1) g (t, - f)
1 — ez=0)(ti=)

E=1|

¢ +oah>
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On the other hand, it is noted that if we consider all possible t € [t;_1, t;) satisfying EJ(t, y(t)) > %MIEllqbll‘r’ +%(g +ah),
then t will become a continuous random variable on [t;_1, t;). Thus, we can define the following function:
G o(z—8)(4—F) ( -
_ Qe a(t—1) .
U(t) = TR telt,t).

Then, to prove (3.26), we only need to verify that ¢ + ah € [min¥(t), b] is true, where b is a arbitrary constant
satisfying b < oo (i.e, for all t € [t_1, t;) satisfying EJ(t, y(t)) > %ME||¢||‘,’ + %(g + ah), there must be at least one
(-Ie(z—E)(t,—f)a(tl_f)

76(2—6)0,—?)

t € [ti_1, t;) such that ¢ + ah > ( ). To simplify computation, let u = (¢ — z)(t; — t), then

u qau _
vt — = ,ue0,(c—2z2)tt—t_-1)],
(= =—) Z—0a e 0, (c = 2)(ti — ti-1)]
and
av (o — =) _ et —1—ue
du (et —1)
dw (-4 -
Obviously, W) > 0 for all u € (0, (C — z)(t; — tj—1)]. Thus, ¥(t; — i) is a strictly monotone increasing function
on (0, (¢ —z)(t; — t;_1)]. Meanwhile, it can be checked that lim,_o ¥ (t; — i) = qu“z Now, we can conclude that if

l—]e(z—f)(tl—f)a([’_f)

eI ). Then, we easily get that
—e

¢ > Cq%‘z — «h, then there must exist some t € [t;_1, t;) such that ¢ + ah > (

1 1
BJ (&7, y(67)) < EME||¢||’T’ + 5(5 + ah)

<E (47, (),

which is a contradiction. Thus, we can conclude that (3.26) also holds in Case 2. By simple induction, (3.26) must be true
for all possible cases.
Similar to (3.26), we can further claim that

(€—z)(T+y) elc=2)(t+y)

B (i + 6 +8) s ————MEIGIL + ———(s +ah), & e[t —y,0L (3.32)

o z) T+y)

If
2)

(3 32) is not true, then there must exist A € [—t — y, 0] such that EJ (tl + Ayt + A)) ME|¢|? +
(t+

7 (g + ah). To avoid loss of generality, we assume that t; + A € (tym—1, tm], m € N, m < L In the followmg, there
also exist two cases to be considered.

Case 1: BJ(t, y(1)) > " ME|pP + 7”(; + ah) over t € [tm_1, ti + A). Together this with (3.13), for all
t € [tm_1, t; + A), we can obtam that

EJ(t + &, y(t +§)) < ME[l9|} + ¢
< NHIME| G| + ¢
< qEJ(t, y(t)) — ah
< qEJ(t, y(t)), § €[-7 —y,0l
By the similar proof processes of (3.11) and (3.12), one can check that EZJ(t,y:) < (z — c(t))EJ(t, y(t)) + « for all
t € [tmo1.t + A], and then BJ (7 + A, y(t] + A)) < EJ (tm_1, Y(tm—1)) +ftf Az — c(s)EJ(s, ¥(s))
ds + a(t; + A — ty_1). Combining this with the proof of (3.29), we consequently have

o(C—

(3.33)

4 +A

_ _ —_ — d

B (6 + A+ A)) < [B) Gy W) + o (6 + A — ) el O
ele=2)(t+y) elc=2)(z+v)

ME|$]? + (¢ + ah)

ql—m-H

(c—z)(t+vy) elc=2)(z+v)
< TMEH(PHQ + T(s‘ + ah)

<EJ (7 + A, y(t7 + 4)),

ql—m-H

which is a contradiction. Thus, (3.32) holds in this case.
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o z)(r+y) elC— z) +y)

Case 2: There exists t € [t,_1, tj + A) such that EJ(t, y(t)) > ME|¢|P + € (¢ + ah). Then, there must

exist t € [tm_1, t; + A) satisfying t = sup{t € [tm_1, t; + A) : EJ(t, y(t )) < mMIEHd)HP—i-m( +ah)} such that
pE—2)T+7) elE-2)T+)

EJ(t, (1)) = TMEH(PHQ + 7 (¢ +ah), (3.34)
elc—2)t+y) elc—2)z+y)

EJ(t, y(t)) > #ME”(PHP —q (¢ +ah), Vte (t,t+ A). (3.35)

The rest is also similar to Case 2 in the proof of (3.26), it can be verified that
EJ (&7 + A y(t; + A)) < EJ (¢, (¢ )—i—ft Yz —c(s NEJ(s, y(s))ds +a(t” + A—t) for t € [t,t; + A], and then, there

(z=C)t+Y) g

exists ¢ > qe? — ah such that

f (z c(s))ds
[B (. y(t) +a (7 +A—t)]e!
elE-2Xr+y) elE-2Xr+y)
TMJEIWII’? + T(g +ah)

EJ (t + Ayt + A))

IA

IA

<EJ(t7 + A ¥t7 +4)), Ae[-Tt—y,0]

Thus, (3.32) also holds in this case. Obviously, (3.32) must be true for all possible cases.
Consequently, by (3.1), (3.25), (3.26) and (3.32), one can see that

EJ (t;, y(t1))
(E-2)T+7) (E-2)+7)

1 1 e e
<d; [quElkblli + E(S‘ +ah)] + dye?t™ ) I:{_JME”(ZS”I; + T(; + (xh):| + 01

< MMEW@ dh + dpe7) dze W)(g +ah)+ py
< ME|¢|? + ¢ + ah + p,
and thus,
EJ (&1, y(t)) < ME[¢l? + o. (3.36)

In view of (3.36), the definition of t* in step 2 and the continuity of EJ(t, y(t)), t € [t;, ti+1), we derive that t2 € (t;, ti41).
Meanwhile, it is easy to find that

EJ (¢4, y(t%)) = ME[$II? + ¢, (3.37)

EJ(t,y(t)) < ME|p|? + €, Vt € [t,t7). (3.38)
Obviously, there must exist ty < 1, t*) satisfying tv = sup {t € [ty — 7. 4] : BJ(t, y(1)) < 472y
E|l¢|IP + o} such that

dq + dpet7)
wammwnsz—%———mem+g, (3.39)

dy + dpeftY)
EJ(t, y(t)) > %MIEIWII? +o, Vte (tv,t]. (3.40)
Let us now fixany t € [tv, tA], and suppose that t+s > t; foralls € [—t, 0]. Forall s € [—7, 0], (3.37)-(3.40) show that
EJ(t +s,y(t +5)) < ME|p|? + ¢

q qe
< —EJ(¢t, y(t)) — —————
S T g YO —
_ qe
< qEJ(t, y(t)) — & & dyei )
< qEJ(t, y(t)),
which implies that EV(t + s, y(t +5)) < qEV(t, y(t))+ S for t € [tv, tA], s € [—7, 0]. Then, using the same arguments in
(3.11) and (3.12), for ¢ € [ty, t*],
[A

EJ (t4, y(t*)) < BJ (tv, ¥(tv)) +/ (z — c(s))EJ(s, ¥(s))ds + ah.
10
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Consequently, employing (3.1), (3.37), (3.39) and the Gronwall inequality, we arrive at

EJ (2, y(t2)) < (B] (ty. y(te)) + ah) el

< (B (to, y(te) + ahy =)

dy + dyefTt?)
<412 __ME||P + (0 + ah)
< ME||¢||? + (¢ + «h),
and thus,
EJ (%, y(t%)) < ME[$]? + ¢, (3.41)

which is a contradiction. Obviously, (3.14) must be true and (3.4) holds for k = [+ 1. Thus, (3.3) holds as well for k = [+ 1.
By the method of induction, (3.3) must hold for any k € N.
Step 3: Finally, by condition (H1) and (3.3), we derive that

EV(t)  Ej(t)e 21

a (3.42)

M '

< ZE|jg[Pe 0 + =
C1 C1

Ely()]P <

Therefore, system (2.1) is PESpM with n = il O

C

Remark 3.2. The continuous-time stochastic dynamics of system (2.1) are PES when the condition (H1) and (H3) are
satisfied, which is a straightforward extension of the results given in [5].

Remark 3.3. In Theorem 3.1, the condition x > 1 is assumed, which implies that the distributed-delay dependent
impulses are destabilizing. Moreover, c(t) > 0 shows that the continuous dynamics of system (2.1) are PES for almost
all t > to. Therefore, the system studied in Theorem 3.1 can be viewed as the second class of impulsive system, which is
described in the Introduction.

Remark 3.4. A lower bound of ¢ is given explicitly in condition (H5), which implies that the destabilizing impulses should
not happen so frequently. Meanwhile, combining Assumption 2.3 with condition (H5), one can see that an upper bound
of h is also required, which implies that the destabilizing impulses should also be frequent in some degree. Therefore, the
impulsive intervals must be bounded, and meet some necessary conditions. Moreover, from conditions (H3) and (H5), one
may find that the amplitude of the impulses must be appropriately associate with the decline rate of EV, distributed delay
¥ and time delay 7. Theorem 3.1 tells us what extent we can reduce the restriction on the distributed-delay dependent
impulses such that system (2.1) still maintain the PESpM, in the case when the impulses potentially destroy the PES of
the given system.

Remark 3.5. The derivative of the Razumikhin function c(t), which is a time-varying function, is allowed to take values on
R, in our results. This is more general than [28], where the derivative is given by a fixed constant c. In fact, the constant
¢ frequently does not exist in lots of systems, especially the systems with time-varying coefficients (refer to [31]).

Remark 3.6. In [4,5], the PES of the systems with unstable continuous stochastic dynamics and stabilizing impulsive
effects is investigated. In this paper, we discussed the PES of the systems with stable continuous stochastic dynamics and
destabilizing impulsive effects. To the best of our knowledge to date, so far little is known concerned with this case, and
the aim of Theorem 3.1 is to close the gap. Moreover, as far as the addressed stability is concerned, the stability concept
in this paper is also more general than [8,23,24,28,30,32]

Corollary 3.7. If the required conditions in Theorem 3.1 are all fulfilled, except that condition (H5) is replaced by 1 <
Wik + Wshey ?Lg (LY + Lyy?rP) 0 < q < €%, infi=, c(t) > C, we then derive that the deterministic impulsive
system with distributed-delay dependent impulses is PESpM. Moreover, if we further assume y(t,0) = 0 for all t > ty, and
o = p = § = 0, then this system is ESpM.

We now give some sufficient conditions for the ASPES of system (2.1).

Theorem 3.8. Assume the required conditions of Theorem 3.1 with p > 2 are all satisfied, and there exist positive constants
L wand H > 1 such that for all (t, ¢) € [to, 00) x L ([—7,0]; RY),

E (If(t, )I” + 18(t, @)IP) < L ?Hpo]Elw(S)l” + . (343)

11
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0.2

0.19 | 1

0.18 b

y(t)

0.14 | | | | | | |
0 10 20 30 40 50 60 70 80

t/s

Fig. 1. Trajectory of y to system (4.1) without impulses.

Then, (3.42) implies that
Y (©] < CllglPe " 4 HP, Ve > 5, as. (3.44)
In other words, for system (2.1), the PESpM implies the ASPES.

Proof. The detailed proof of Theorem 3.8 is omitted since it can be completed by using the similar proof process of
Theorem 3.3 in [4] for impulsive stochastic functional differential system. O

Remark 3.9. Noting that the system given in [4] is the first class of impulsive system, which is described in the
Introduction. Therefore, in [4], impulses are utilized to stabilize the unstable continuous stochastic dynamics of the given
system in the PES sense, which is different from our results.

Remark 3.10. In this paper, Theorems 3.1 and 3.8 can be interpreted as two kinds of PS results because the system in the
absence of distributed-delay dependent impulses is PESpM, but the system with destabilizing ones is still PESpM if we
impose some basic constraints on the ones. Also, if the system is already PESpM before the distributed-delay dependent
impulses are considered, the obtained results give sufficient conditions for the system with destabilizing ones to maintain
PESpM. The above discussion shows that the stable systems may bear some controlled impulsive perturbations, which
implies the robustness.

4. An example
In this section, an example will be provided to verify the efficiency of the proposed results.

Example 4.1. Let us consider the following system with distributed-delay dependent impulses:
dy(t) = (—2y(t) + 0.5 |cos(tanh(y(t — 7) + 0.57))|) dt+
0.5y(t — t)dw(t), t # ti, t >0,
Ay (t;) = 0.09 f;("_yk y(s)ds, keN,
ytO = 02,

(4.1)

where the system data are given by 0.55 < ty — ty—1 < 1, » = y = 0.6 and t = 0.7. Then, f(t,y:) = —2y(t) +
0.5] cos(tanh(y(t — 0.7) + 0.57))| and g(t,y,) = 0.5y(t — 0.7). The impulses can be regarded as perturbations of the
continuous stochastic dynamics of system (4.1). Fig. 1 shows that system (4.1) is PES when there is no impulsive effect.

In what follows, we will apply Theorem 3.1 to derive a PESpM result of system (4.1). Here, we can choose p = 2 and
V(t,y) = |y|% then C, = 4 (see [34] ) and

EIf(t. y)I” + Elg(t, yo)I* < 8 (Ely(t)]* + Ely(t — 0.7)*) +0.1.

12
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n=0.16

0.8

state y
o N
sl
|
|

0.6 8

0.2
SN SN N TN A A AT A

100 110 120 130 140 150 160 170 180 190 200
time t

Fig. 2. Trajectory of y to system (4.1) under destabilizing distributed-delay dependent impulses..

Therefore, (3.43) is satisfied for system (4.1) with L = 8 and © = 0.1. By a simple computation, the constants in
Theorem 3.1 can be chosenasc; =c; =1,q=4.4,§ =0,r =1,L; = 2.5, L, = 0.5 and L3 = 0.1. Obviously, we can see
that

ELV (t,y1) < —4E|y(t)]* + Ely(t)y(t — 0.7)| 4 0.25E|y(t — 0.7)|?

< —2.75EV(t, y) + 0.005e>%~t0)

and
EV(t,x +y) < 2EV(t, x) + 2EV(t, y).

Thus, c(t) = ¢ = 2.75, « = 0.005, W; = 2 and W, = 2. As mentioned in [28], condition (H2) can be satisfied with
k= (1+0. 09y) = 1.110916 and ,ok = p = 0.002. Moreover, one can see that (H5) also holds with d; = Wy« = 2.221832

and dy = Wae, 215 (13y% + 15y ¥ G, + Ly ™17 ) = 0.05. Now, let z = 0.05, we have

h @ dy + dre“ Tt oh
g>max{ g _qoz — ah, (_1 2 ) —ah—p; =0.16,
q

g—1c¢—z — dq — dpett+Y)

and thus, we can set ¢ = 0.16.

Therefore, from the abovementioned discussion the required conditions in Theorem 3.1 are all fulfilled. Hence, system
(4.1) is PES in mean square and ASPES with n = C = 0.16. It is clearly demonstrated from Fig. 1 and Fig. 2 that the PS
property can be preserved irrespective of destablllzmg distributed-delay dependent impulses.

Remark 4.2. [4,28,29] considered the systems with unstable continuous-time dynamics and stable discrete-time
dynamics, which is different from this paper. For system (4.1), the condition (iii) of Theorem 3.1 in [4] satisfies

ELV (t,y:) < —4E[y(t)]* + Ely(t)y(t — 0.7)] + 0.25E[y(t — 0.7)]?
< —2.75EV(t,y) + 0.005.

One can get ¢ = —2.75, which is a contradiction with the fact that c is a positive constant in [4]. On the other hand, if
we do not consider the stochastic effect in system (4.1), then the condition (ii) of Theorem in [28] satisfies

LV (t,y0) < =4O + ly(t)y(t — 0.7)]
= —3V(t, y).
One can see ¢ = —3, which is also a contradiction with the fact that c is a positive constant in [28]. Moreover, in [29],

it is easy to verify that 0 < v < 1. However, for system (4.1), there holds that v = (1 + 0.09y)> = 1.110916. Therefore,
system (4.1) does not satisfy the sufficient conditions presented in [4,28,29]. Together with the argument in Example 4.1,
the PES result of system (4.1) is further verified.

13
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5. Conclusions

In this paper, we have investigated the PS problem of stochastic functional differential system subject to destabilizing
distributed-delay dependent impulses, and obtained some Razumikhin-type conditions for the PESpM and the ASPES of the
suggested system. It has been shown that, the PES of the system subject to impulsive perturbations can be guaranteed
when we impose some conditions on the destabilizing impulses. Finally, an example has been given to illustrate the
effectiveness of the stability results. In the future, it would be interesting to consider the synchronization (or practical
synchronization) problem of the nonlinear impulsive stochastic systems with delay effects (see e.g., [35-37]).
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