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Fully distributed secure consensus control of nonlinear multiagent systems under communication link
attacks is achieved, where the design criteria are independent of the Laplacian matrix related to the com-
munication topology and its corresponding eigenvalues. Firstly, this article proposes an edge-based fully
distributed adaptive protocol for leaderless nonlinear multiagent systems with communication link
attacks to achieve secure consensus control, where the interaction strengths between neighboring agents
are adaptively adjusted on the foundation of the transmitted relative states to counteract influences of
communication link attacks. Then, the problem of secure consensus control for leaderless nonlinear mul-
tiagent systems with communication link attacks is transformed into the stability of secure consensus
error systems, and sufficient conditions for leaderless nonlinear multiagent systems achieving fully dis-
tributed secure consensus control are given. Furthermore, main results for leaderless nonlinear multia-
gent systems are extended to leader-following cases. Finally, theoretical results are verified by two
numerical examples.

� 2023 Elsevier B.V. All rights reserved.
1. Introduction

Coordinated control for multiagent systems (MASs) has
received a considerable amount of research attention due to its
wide application prospects across various fields of modern society,
including consensus/formation control [1–5], network synchro-
nization [6,7], swarm robotics [8–10], and power grids [11,12],
et al. Fully distributed consensus control is an important research
topic in coordinated control for MASs, which refers to that every
agent achieves an agreement on some quantity by depending only
on local information and information exchanged with its neighbor-
ing agents. The fully distributed consensus control strategy offers
better scalability, robustness, and flexibility, as it avoids a single
point of failure and reduces communication overhead, so designing
a fully distributed consensus control approach for MASs is of great
significance.
1.1. Literature review

Extensive research results concerning fully distributed consen-
sus control for MASs have been attained, which can be classified
into two main groups: edge-based and node-based approaches.
For example, the edge-based consensus control protocols were
designed for leaderless MASs with the undirected topology in
[13,14], where the state information obtained from the two end-
points of the communication link is utilized to adaptively adjust
the weight of each communication link. Li et al. in [15,16] designed
the node-based distributed adaptive consensus protocols for the
high-order linear and Lipschitz nonlinear MASs, which utilize local
neighboring information to adaptively adjust the coupling strength
for each agent. Moreover, the applicability of node-based fully dis-
tributed adaptive protocols to MASs with a general directed graph
that contains a spanning tree was demonstrated in [17,18]. But the
works in [13–18] all require that the communication link environ-
ment is safe and perfect. Given the spatial distribution of agents
and the open exchange of information between them, it is imper-
ative to note that MASs are vulnerable to potential malicious
attacks aimed at disrupting communication links, whichmay cause
negative effects on the properties of MASs. Therefore, it is a chal-
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lenging task to design a fully distributed secure consensus control
(SCC) strategy for MASs against communication link attacks.

A lot of literature has discussed fully distributed SCC for MASs
against different kinds of communication link attacks, where two
typical attacks on communication links are deception attacks and
DoS attacks [19]. Dos attacks can block link information transmis-
sion and result in information packets loss and delay, and decep-
tion attacks tampered actual information with false information
and affect the normal control actions. For DoS attacks, the fre-
quency and duration of attacks were first proposed to depict the
features of DoS attacks in [20]. From the perspective of graph the-
ory, the information interaction among agents subjected to DoS
attacks can be interpreted as the topology switching process, in
which the structure of the communication topology varies ran-
domly over time. Switching theory was used to deal with SCC for
MASs under DoS attacks in [21–23], where it was assumed that
the controllers are invalid in the attack phase. Xu et al. in [24] pro-
posed event-triggered and sample-data communication control
strategies to deal with SCC for first-order MASs with distributed
DoS attacks launched by multiple attackers. For deception attacks,
the general replacement attack and the impulsive false data attack
were investigated in [25,26], respectively. Note that the model in
[20–26] failed to depict the communication link attacks of MASs,
comprehensively.

The actual communication link attack can be suitably described
as a sequential scaling attack. Deception attacks and DoS attacks
were unified into a sequential scaling attack in [27,28], where
SCC for high-order linear MASs can be realized in a fully distributed
manner and the sequential scaling attack was launched on the
communication links among agents and the sensor-to-controller
communication channel. It can be found that the attack scaling fac-
tor in [27,28] is time-invariant, which cannot be applicable to the
situation that communication link attacks are time-varying and
unknown. Li et al. in [29] modeled data manipulation attacks in
the communication link as communication link faults. Based on
this communication link attacks, fully distributed SCC for MASs
with leader-following and leaderless structures was achieved in
[30–34]. Noted that the problem of SCC in [29–34] can be solved
by designing the state observer for each agent, but at the same
time it may add some extra computational burdens. In addition,
when the dynamics of MASs is nonlinear, the above control strate-
gies are not applicable. To the best of our knowledge, the following
two challenging issues deserve further investigation: 1) How to
design an efficient control strategy for MAS with communication
link attacks to achieve a fully distributed SCC; 2) How to eliminate
the influences of the nonlinearity on SCC under the condition that
the weights of attacked communication links are time-varying and
unknown.
1.2. Contributions

This article develops a distributed adaptive SCC strategy in the
sense that the design criteria are independent of the Laplacian
matrix related to the communication topology and its correspond-
ing eigenvalues. Firstly, an edge-based fully distributed adaptive
protocol for leaderless nonlinear MASs with communication link
attacks to achieve SCC is proposed, where the interaction strengths
between neighboring agents are adaptively adjusted on the foun-
dation of the transmitted relative states to counteract the influ-
ences of communication link attacks. Then, the problem of SCC
for leaderless nonlinear MASs with communication link attacks is
transformed into the stability of secure consensus error systems,
and the fully distributed SCC criteria for leaderless nonlinear MASs
with communication link attacks are given. Finally, by the nonsin-
gular theory and the property of the nonlinear dynamics, main
2

results for leaderless nonlinear MASs are extended to leader-
following cases.

Compared to previous works related to SCC for MASs with com-
munication link attacks, the specific contributions of this article
contain three aspects:

1. An edge-based fully distributed adaptive protocol is proposed,
which can be implemented in a fully distributed manner;
namely, the design criteria do not depend on the Laplacian
matrix related to the communication topology and its eigenval-
ues. This is in contrast to previous works in [35,36] that are
dependent of the nonzero eigenvalues of the Laplacian matrix
for the gain matrix design.

2. A twin damping coupling strength is introduced to avoid con-
tinuous increases and prevent overlarge control input. The
impacts of time-varying and unknown attacked weights on
the consensus property are eliminated to achieve SCC for MASs
with communication link attacks by adaptively adjusting cou-
pling strengths.

3. Different from the usual SCC problem for MASs with communi-
cation link attacks in previous works in [27–30], where the
dynamics is assumed to be linear, this article generalizes the
system to nonlinear, ultimately enabling the system to achieve
not only asymptotically SCC, but also fully distributed control.

1.3. Organization and notations

The outline of this article is outlined as follows. Section II
describes the SCC problem of the nonlinear MASs with communi-
cation link attacks. In Section III, the fully distributed SCC criteria
for leaderless nonlinear MASs with communication link attacks
are presented. Main results for leaderless nonlinear MASs are
extended to leader-following cases in Section IV. Section V pre-
sents two numerical simulations. This article is concluded by Sec-
tion VI. Rd�q denotes the set of d� q dimensional real matrix and
Rp denotes the set of p dimensional column vector. 1N represents
N dimensional column vectors with all entries equal to 1. 0 and 0
denote the zero number and a zero matrix with an appropriate
dimension. Im denotes the identity matrix of dimension m. For a
matrix E; kminðEÞ and kmaxðEÞ denote the minimum and maximum
eigenvalues of E, respectively. For a vector zðtÞ 2 Rn; zðtÞk k denotes
its 2-norm. E� F represents the Kronecker product of matrices E
and F. Z < 0ðZ > 0Þ is called a negative-definite (positive-definite)
matrix. The symbol * represents the symmetric terms of a symmet-
ric matrix.
2. Problem description and preliminaries

2.1. Graph theory

The communication topology of a nonlinear MAS with N agents
can be described by an directed graph G ¼ V;E;Að Þ, where
V ¼ v1;v2; � � � ;vNf g denotes the set of node, in which each node
stands for an agent, E# V;Vð Þ denotes the set of edges, the edge
v i;v j
� �

denotes the communication link from nodes v j to v i, and

A ¼ wij
� � 2 RN�N denotes the adjacent matrix associated with the

graph G, which is defined by wij ¼ 1 if v j;v i
� � 2 E and 0 otherwise.

The Laplacian matrix is denoted by L ¼ lij
� � 2 RN�N with

lij ¼ �wij; i – j and lii ¼
PN
j¼1

wij otherwise. A directed path from

nodes v i1 to v ik is a sequence of ordered edges in the form of
v ilþ1

;v il

� �
; l ¼ 1;2; � � � ; k� 1ð Þ. The graph G with the property that

there at least exists a node with the directed path to other nodes
is said to contain a directed tree, where the node is called to be a
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root node. The graph G is undirected ifwij ¼ wji for any v i;v j 2 V. If
there exists an undirected path between any two nodes, then the
undirected graph G is said to be connected.

2.2. Problem description

Consider a group of homogeneous leaderless nonlinear MAS
consisting of N agents, and the dynamic of each agent is described
as

_xiðtÞ ¼ AxiðtÞ þ BuiðtÞ þ Cf xiðtÞð Þ i ¼ 1;2; � � � ;Nð Þ; ð1Þ
where xiðtÞ 2 Rn is the system state, uiðtÞ 2 Rp is the system control
input, A; B, and C are system matrices with the appropriate dimen-
sions, and f ð�Þ : Rn # Rd satisfy the Lipschitz condition
f xðtÞð Þ � f yðtÞð Þk k 6 j xðtÞ � yðtÞk k with the Lipschitz constant
j > 0. Here, it is assumed that the pair A;Bð Þ is stabilizable. In this
article, the communication topology of leaderless nonlinear MAS (1)
is subject to a communication link attack, which is modeled as

�wijðtÞ ¼ DijðtÞwij i; j ¼ 1;2; � � � ;Nð Þ; ð2Þ
where DijðtÞ 2 R is an attack scaling factor with DijðtÞ > 0 and
�wijðtÞ 2 R is the attacked weight of the edge ðv i;v jÞ. In this case,
define the Laplacian matrix associated with the attacked communi-
cation topology as �LðtÞ ¼ �lijðtÞ

� � 2 RN�N with �lijðtÞ ¼ ��wijðtÞ; i – j

and �liiðtÞ ¼
PN

j¼1 �wijðtÞ otherwise.

Remark 1. Communication link attacks (2) covers the sequential
scaling attacks in [27,28], communication link faults or attacks in
[29–34], and the uncertain communication link model used in
[35,36], which implies that the transmitted data on some commu-
nication links can be tampered by attackers. Attacks on the
communication link are assumed to have the scaling property,
which means that the attacker scales down the original informa-
tion data in the communication link; that is, if the original
information date is rijðtÞ in the communication link v i;v j

� �
, then

it becomes DijðtÞrijðtÞ when nonlinear MASs are suffered from
communication link attacks. In particular, the communication link
v i; v j
� �

can be regarded as free of attacks if DijðtÞ � 1 and the
deception attack otherwise. The attacked communication topology
is modeled into a sequential scaling switching topologies in
[27,28], where the attack scaling factors DijðtÞ are known and
time-invariant. Since the attack scaling factors DijðtÞ are time-
varying and unknown, the attacked weights �wijðtÞ are also
unknown and time-varying. It is to be noted that the derivative
of the attacked weights �wijðtÞ in the previous works [30,34] is
supposed to be bounded, while this condition is not required in
this article. Moreover, since the Laplacian matrix associated with
the attacked communication topology is strongly coupled with the
attack scaling factors DijðtÞ, it is challenging to realize SCC for
leaderless nonlinear MAS (1) and design an efficient control
strategy independent of the communication topology information
under the condition that the attack scaling factors DijðtÞ are time-
varying and unknown. Define the transmitted relative state hijðtÞ
for the communication link v i;v j

� �
as

hijðtÞ ¼ �wijðtÞðxiðtÞ � xjðtÞÞ i; j ¼ 1;2; � � � ;Nð Þ: ð3Þ
Since attack scaling factors DijðtÞ are time-varying and

unknown, agents cannot receive the actual state of the neighboring
agents. The following assumptions of the communication topology
are required in this article.

Assumption 1. The undirected graph G is connected, the attack
scaling factors DijðtÞ are bounded.
3

Assumption 2. The transmitted relative state hijðtÞ is measurable
for the control design of each agent. Based on the transmitted rel-
ative information of neighboring agents for the edges, an edge-
based fully distributed adaptive protocol is proposed as follows:

uiðtÞ ¼ �K
XN
i¼1

dijðtÞhijðtÞ;

_dijðtÞ ¼ hijðtÞTChijðtÞ � rijðdijðtÞ � d̂ijðtÞÞ;
_̂
dijðtÞ ¼ dijðdijðtÞ � d̂ijðtÞÞ;

8>>>>><
>>>>>:

ð4Þ

where K 2 Rp�n and C 2 Rn�n are gain matrices to be designed,

dijðtÞ 2 R is a coupling strength for each edge, d̂ijðtÞ 2 R is a twin
damping coupling strength related to dijðtÞ, and dij and rij are adap-
tive factors with dij > 0 and rij > 0. Moreover, initial values of dijðtÞ
and d̂ijðtÞ are satisfied with dijð0Þ P d̂ijð0Þ P 0.

The definition of leaderless nonlinear MAS (1) with communica-
tion link attacks (2) achieving SCC by edge-based fully distributed
adaptive protocol (4) is given as follows:

Definition 1. Leaderless nonlinear MAS (1) with communication
link attacks (2) is said to achieve SCC by edge-based fully
distributed adaptive protocol (4) if there exist two gain matrices
K and Cindependent of the bounded initial states
xið0Þ i ¼ 1;2; � � � ;Nð Þ such that limt!1 xiðtÞ � xjðtÞ

� � ¼ 0
i; j ¼ 1;2; � � � ;Nð Þ.

The following three problems are mainly investigated in this
article: (i) How to design the gain matrices K and Csuch that lead-
erless nonlinear MAS (1) with communication link attacks (2) real-
izes a fully distributed SCC; (ii) How to eliminate the impacts of the
nonlinear dynamic terms on the secure consensus property of
leaderless nonlinear MAS (1) under the condition that the attack
scaling factors DijðtÞ are time-varying and unknown; (iii) How to
extend main conclusions for leaderless nonlinear MAS (1) to the
leader-following cases.

Remark 2. The edge-based fully distributed adaptive protocol (4)
can realize SCC for leaderless nonlinear MASs with communication
link attacks, where the interaction strengths between neighboring
agents are adaptively adjusted on the foundation of the transmit-
ted relative states to counteract the influences of communication
link attacks. The edge-based fully distributed adaptive protocol (4)
contains two key features. The one is the edge-based fully
distributed adaptive protocol can be implemented in a fully
distributed manner in the sense that the design criteria do not
depend on the Laplacian matrix related to the communication
topology and its corresponding eigenvalues, the gain matrix design
depends on the nonzero eigenvalues of the Laplacian matrix
related to the communication topology in the previous works in
[35,36]. The other one is that the transmitted relative state hijðtÞ is
used to design the control protocol under the condition that
weights of communication links are time-varying and unknown in
the presence of attacks, while weights of communication links are
generally assumed to be time-invariant and known. Note that the
variable hijðtÞ is dependent of the attacked weight �wijðtÞ. Even
though one cannot resolve DijðtÞ and regards it as a known variable,
hijðtÞ can be deemed as the overall measure data for the protocol
design, which can be found in the previous works such that
[13,14,28].
3. SCC for leaderless nonlinear MASs

This section presents SCC criteria for leaderless nonlinear MASs
(1) with communication link attacks (2) by edge-based fully
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distributed adaptive protocol (4). Firstly, based on the attacked
communication topology G, a virtual communication topology Gv

is constructed, where the interaction strengths among neighboring
agents are adaptively adjusted on the foundation of the transmit-
ted relative states hijðtÞ. Then, the problem of SCC for leaderless
nonlinear MAS (1) with communication link attacks (2) is trans-
formed into the stability of the secure consensus error systems.
Finally, an approach to design the gain matrices of edge-based fully
distributed adaptive protocol (4) is given.

Define the adjacent matrix of a virtual communication topology

Gv as �̂AðtÞ ¼ dijðtÞ�wijðtÞ
� � 2 RN�N , which is associated with the

attacked communication topology G and the adaptive coupling
strengths dijðtÞ. Since the attacked communication topology G is
connected and dijðtÞ > 0 for 8t > 0, the virtual communication
topology Gv is also connected. The Laplacian matrix associated
with the virtual communication topology Gv is denoted as
�̂LðtÞ ¼ �̂lijðtÞ

h i
2 RN�N , which is obtained by the definition of the

Laplacian matrix. From (1)-(4), it can be found that

_xðtÞ ¼ ðIN � A� �̂LðtÞ � BKÞxðtÞ þ ðIN � CÞf ðxðtÞÞ; ð5Þ

where xðtÞ ¼ xT1ðtÞ; xT2ðtÞ; � � � ; xTNðtÞ
� �T and f ðxðtÞÞ ¼ f Tðx1ðtÞÞ; f T

h
ðx2ðtÞÞ; � � � ; :f TðxNðtÞÞ�T . Define the secure consensus error for agent
i be

eiðtÞ ¼ xiðtÞ � 1
N

XN
j¼1

xjðtÞ; ði ¼ 1;2; � � � ;NÞ; ð6Þ

let eðtÞ ¼ eT1ðtÞ; eT2ðtÞ; � � � ; eTNðtÞ
� �T , then one can find that

eðtÞ ¼ ðU � InÞxðtÞ; ð7Þ

where U ¼ IN � 1
N 1N1

T
N with �̂LðtÞU ¼ �̂LðtÞ ¼ U �̂LðtÞ. Thus, one can

obtain from (5) and (7) that

_eðtÞ ¼ ðIN � A� �̂LðtÞ � BKÞeðtÞ þ ðU � CÞf ðxðtÞÞ: ð8Þ
Before deducing the SCC conditions, the following lemmas are

introduced to be used later.

Lemma 1. [37]: For an undirected graph, the eigenvalues of the
associated Laplacian matrix L satisfy 0 ¼ k1ðLÞ
< k2ðLÞ 6 � � � 6 kNðLÞ and k2ðLÞ ¼ min

x–0;1T x¼0

xTLx
xTx if the undirected

graph is connected.
Lemma 2. [37]: Let P ¼ PT 2 Rd�d;Y ¼ YT 2 Rp�p and Z ¼ ZT 2 Rd�p,

then the condition P Z
ZT Y

� �
< 0 is equivalent to any one of the

followings

(1) Y < 0 and P � ZY�1ZT < 0;
(2) P < 0 and Y � ZTP�1Z < 0.

The following theorem is main result of this section, which shows that
leaderless nonlinear MAS (1) with communication link attacks (2) by
edge-based fully distributed adaptive protocol (4) realizes SCC.
Theorem 1. Leaderless nonlinear MAS (1) with communication link
attacks (2) achieves SCC by edge-based fully distributed adaptive pro-
tocol (4) if there exist two positive-determined matrices R and Q such
that the following linear matrix inequality holds
4

H1 ¼
AR�1 þ R�1AT � 2BBT þ e1CCT jffiffiffiffi

e1
p R�1 R�1

� �In 0
� � �Q�1

2
64

3
75 6 0; ð9Þ

where e1 is any positive constant. In this case, K ¼ BTR and

C ¼ /RBBTR with 0 < / 6 1= max
8tP0;i;j¼1;2;���;N

DijðtÞ;, and dijðtÞ and d̂ijðtÞ
will converge together to a common finite-valued constant as t ! 1for
8i; j ¼ 1;2; � � �N.
Proof: Select a candidate Lyapunov function as

V1ðtÞ ¼ eTðtÞðIN � RÞeðtÞ þ 1
2

XN
i¼1

XN
j¼1

ðdijðtÞ � cÞ2

þ rij

2dij

XN
i¼1

XN
j¼1

ðd̂ijðtÞ � cÞ2; ð10Þ

it is easy to be found that V1ðtÞ P 0. From (4) and (8), one can
obtain that the time derivative of V1ðtÞ is

_V1ðtÞ ¼
XN
i¼1

XN
j¼1

ðdijðtÞ � cÞDijðtÞ �wijðtÞ xiðtÞ � xjðtÞ
� �TCðxiðtÞ � xjðtÞÞ

	 


þeTðtÞ IN � ðRAþ ATRÞ � �̂LðtÞ � RBK þ ðBKÞTR
	 
	 


eðtÞ

þ2eTðtÞðU � RCÞf ðxðtÞÞ � dij
XN
i¼1

XN
j¼1

dijðtÞ � d̂ijðtÞ
	 
2

:

ð11Þ
Due to K ¼ BTR and C ¼ /RBBTR, one can find that

_V1ðtÞ 6 eT ðtÞ IN � ðRAþ ATRÞ � 2 �̂LðtÞ � RBBTR
	 


eðtÞ
þ2eT ðtÞðU � RCÞf ðxðtÞÞ

þ/
XN
i¼1

XN
j¼1

ðdijðtÞ � cÞDijðtÞ �wijðtÞðxiðtÞ � xjðtÞÞTRBBTRðxiðtÞ � xjðtÞÞ
	 


:

ð12Þ

Due to �wijðtÞ ¼ �wjiðtÞ; dijðtÞ ¼ djiðtÞ, and 0 < / 6 1=
max8tP0;i;j¼1;2;���;NDijðtÞ, one can obtain that

/
XN
i¼1

XN
j¼1

ðdijðtÞ � cÞDijðtÞ �wijðtÞðxiðtÞ � xjðtÞÞTRBBTRðxiðtÞ � xjðtÞÞ
	 


6
XN
i¼1

XN
j¼1

ðdijðtÞ � cÞ �wijðtÞðeiðtÞ � ejðtÞÞTRBBTRðeiðtÞ � ejðtÞÞ
	 


6 2eTðtÞ �̂LðtÞ � c �LðtÞ
	 


� RBBTR
	 


eðtÞ:
ð13Þ

From (12) and (13), one can derive that

_V1ðtÞ 6 eTðtÞ IN � ðRAþ ATRÞ � 2 �LðtÞ � RBBTR
	 


eðtÞ
þ 2eTðtÞðU � RCÞf ðxðtÞÞ: ð14Þ

Moreover, since
PN
i¼1

eiðtÞ ¼ 0, one has

XN
i¼1

eiðtÞRC f ð1
N

XN
j¼1

xjðtÞÞ � 1
N

XN
j¼1

f ðxjðtÞÞ
 !

¼ 0: ð15Þ

From (15), it can be derived by the Lipchitz condition that

2eTðtÞðU � RCÞf ðxðtÞÞ ¼ 2
XN
i¼1

eiðtÞRC f ðxiðtÞÞ � 1
N

XN
j¼1

f ðxjðtÞÞ
 !

¼ 2
XN
i¼1

eiðtÞRC f ðxiðtÞÞ � f ð1N
XN
j¼1

xjðtÞÞ
 !

6 eTðtÞ IN � ðe1RCCTRT þ 1
e1
j2InÞ

	 

eðtÞ;

ð16Þ
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where e1 is any positive constant. According to Lemma 1, one has

� 2eTðtÞ �LðtÞ � RBBTR
	 


eðtÞ 6 �2k2 �LðtÞð ÞeT ðtÞ IN � RBBTR
	 


eðtÞ: ð17Þ

Substituting (16) and (17) into (14), it follows that

_V1ðtÞ 6 eTðtÞ IN � ðRAþ ATR� 2ck2 �LðtÞð ÞRBBTRþ e1RCCTRT þ 1
e1
j2InÞ

� �
eðtÞ;

ð18Þ

Since k2 �LðtÞð Þ > 0, there must exist a sufficiently large
designed constant csuch that ck2 �LðtÞð Þ P 1 for 8t P 0. If H1 6 0
holds, then one can obtain by Lemma 2 that

RAþ ATR� 2RBBTRþ e1RCCTRþ j2

e1
In þ Q 6 0: ð19Þ

From (18), one can find that

_V1ðtÞ 6 �eTðtÞ IN � Qð ÞeðtÞ: ð20Þ
Thus, it follows that _V1ðtÞ 6 0 and _V1ðtÞ ¼ 0 if and only if

eðtÞ ¼ 0, which means that leaderless nonlinear MAS (1) with com-
munication link attacks (2) achieves SCC by edge-based fully dis-

tributed adaptive protocol (4). Let ~dijðtÞ
¼ dijðtÞ � d̂ijðtÞði; j ¼ 1;2; � � � ;NÞ, then it can be obtained from (4)
that

_~dijðtÞ ¼ �ðrij þ dijÞ~dijðtÞ þ hijðtÞTChijðtÞ; ð21Þ
and (21) can be solved as

~dijðtÞ ¼ e�ðrijþdijÞt~dijð0Þ þ e�ðrijþdijÞt
Z t

0
eðrijþdijÞshijðsÞTChijðsÞds: ð22Þ

Due to dijð0Þ P d̂ijð0Þ, one has ~dijðtÞ P 0 for 8t P 0. To show that
~dijðtÞ will converge to zero as t ! 1for 8i; j ¼ 1;2; � � �N, the follow-

ing two cases are considered. CaseI: If
R t
0 e

ðrijþdijÞshijðsÞTChijðsÞds is

bounded, it is obvious that limt!1~dijðtÞ ¼ 0. CaseII: IfR t
0 e

ðrijþdijÞshijðsÞTChijðsÞds is unbounded, that is;

lim
t!1

Z t

0
eðrijþdijÞshijðsÞTChijðsÞds ¼ 1: ð23Þ

According to L’Hôpital’s rule, one can find that

lim
t!1

e�ðrijþdijÞt
Z t

0
eðrijþdijÞshijðsÞTChijðsÞds

� �

¼ lim
t!1

ðrij þ dijÞ�1hijðtÞTChijðtÞ ¼ 0: ð24Þ

Thus, it can be obtained that limt!1~dijðtÞ ¼ 0. Hence, dijðtÞ and
d̂ijðtÞ will converge together to a common finite-valued constant
as t ! 1for 8i; j ¼ 1;2; � � �N. The proof of Theorem 1 is completed.
j.

Remark 3. Theorem 1 shows that a fully distributed SCC for
leaderless nonlinear MAS (1) with communication link attacks (2)
can be achieved by utilizing the property of the Laplacian potential
for the undirected graph and the Lipchitz condition, as shown in
(13) and (16). It is to be emphasized that a sufficiently small /can
be selected such that the design criteria are independent of the
parameters of communication link attacks. Moreover, it is worth

mentioning that dijðtÞ and d̂ijðtÞ will converge together to a

common finite-valued constant as t ! 1. Due to ~dijðtÞ P 0 and
_̂dijðtÞ ¼ dij~dijðtÞ, one can obtain that d̂ijðtÞ is monotonously increas-

ing. Due to ~dijðtÞ P 0, one can find that dijðtÞ will first increase and
5

then decrease if the initial values of dijðtÞ and d̂ijðtÞ are set to

dijð0Þ ¼ d̂ijð0Þ for 8i; j ¼ 1;2; � � �N. Thus, dijðtÞ does not keep growing
to avoid overlarge control input (see [17,38]). However, coupling
strengths are monotonously increasing in [29,30,34].
4. Extension to leader-following cases

According to the different communication topology, MASs can
be divided into the leaderless and leader-following structures.
Leaderless MASs require all agents to jointly determine the final
consensus state through local information interaction, while
leader-following MASs require all followers to reach consensus
and track the state of the leader; that is, the final consensus state
of leader-following MASs is determined by the leader. SCC for a
leader-following MAS with communication link attacks (2) is
investigated in this section. By the edge-based fully distributed
adaptive protocol, sufficient conditions for leader-following MASs
with communication link attacks (2) achieving SCC are presented.

4.1. Problem description for leader-following cases

Consider the case that a leader and N � 1 followers consist of
the leader-following communication topology. In this case, the lea-
der is indexed by 1 and the followers are indexed by 2;3; � � � ;N. The
dynamics of each agent is identical to (1). Since the leader receives
no information and sends information to the followers, the control
input of the leader is assumed to be zero, namely,

_x1ðtÞ ¼ Ax1ðtÞ þ Cf x1ðtÞð Þ;
_xiðtÞ ¼ AxiðtÞ þ BuiðtÞ þ Cf xiðtÞð Þ i ¼ 2;3; � � � ;Nð Þ;



ð25Þ

where the notations are identical to the previous sections. The fol-
lowing assumption is required in this section.

Assumption 3. The communication links among followers are
undirected and the graph Glf contains a directed spanning tree
with the leader as the root. Similar to the previous section, the
edge-based fully distributed adaptive protocol is used to deal with
the problem of SCC for leader-following nonlinear MASs with
communication link attacks (2). The following definition can be
described the problem of SCC for the leader-following cases.
Definition 2. Leader-following nonlinear MAS (25) with commu-
nication link attacks (2) is said to achieve SCC by edge-based fully
distributed adaptive protocol (4) if there exist two gain matrices K
and Cindependent of the bounded initial states xið0Þ i ¼ 1;2; � � � ;Nð Þ
such that limt!1 xiðtÞ � x1ðtÞð Þ ¼ 0 i ¼ 2; � � � ;Nð Þ.
4.2. Design criteria for leader-following cases

Let the Laplacian matrix related to the graph Glf under commu-
nication link attacks (2) be denoted by �LðtÞ , which can be parti-

tioned as �LðtÞ ¼ 0 0
�L2ðtÞ �L1ðtÞ

� �
with �L2ðtÞ 2 RðN�1Þ�1 and

�L1ðtÞ 2 RðN�1Þ�ðN�1Þ. Note that �L1ðtÞ is a symmetric and positive-
definite matrix, which can be found in [37]. The Laplacian matrix
�̂Llf ðtÞ associated with the virtual leader-following communication
topology Glf ;v can be partitioned in the above form, similarly. Let
tiðtÞ ¼ xiðtÞ � x1ðtÞði ¼ 2;3; � � � ;NÞ be the tracking error for follower
i, then one can obtain from (4) and (23) that

_tðtÞ ¼ ðIN � A� �̂L1ðtÞ � BKÞtðtÞ þ ðIN
� CÞ �f xðtÞð Þ � 1N � f x1ðtÞð Þ� �

; ð26Þ



Fig. 1. Communication topology among agents for leaderless cases.
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where tðtÞ ¼ tT2ðtÞ; tT3ðtÞ; � � � ; tTNðtÞ
� �T and �f xðtÞð Þ ¼ f T x2ðtÞð Þ;

h
f T x3ðtÞð Þ; � � � ; f T xNðtÞð Þ�T . The following theorem is main result of this
section, which shows that leader-following nonlinear MAS (25)
with communication link attacks (2) by edge-based fully dis-
tributed adaptive protocol (4) realizes SCC.

Theorem 2. Leader-following nonlinear MAS (25) with communica-
tion link attacks (2) achieves SCC by edge-based fully distributed
adaptive protocol (4) if there exist two positive-determined matrices R
and Q such that the following linear matrix inequality holds

H1 ¼
AR�1 þ R�1AT � 2BBT þ e1CCT jffiffiffiffi

e1
p R�1 R�1

� �In 0
� � �Q�1

2
64

3
75 6 0;

ð27Þ
where e1 is any positive constant. In this case, K ¼ BTR and

C ¼ /RBBTR with 0 < / 6 1= max
8tP0;i;j¼1;2;���;N

DijðtÞ, and dijðtÞ and d̂ijðtÞ
will converge together to a common finite-valued constant as t ! 1for
8i; j ¼ 1;2; � � �N. Proof: Select a candidate Lyapunov function as

V2ðtÞ ¼ tT ðtÞðIN�1 � RÞtðtÞ þ 1
2

XN
i¼2

XN
j¼2

ðdijðtÞ � cÞ2 þ rij

2dij

XN
i¼2

XN
j¼2

ðd̂ijðtÞ � cÞ2

þ
XN
i¼2

ðdi1ðtÞ � cÞ2 þ dij
rij

XN
i¼2

ðd̂i1ðtÞ � cÞ2:

ð28Þ
Following the similar line of the proof in Theorem 1, one can

obtain the time derivative of V2ðtÞ, as follows

_V2ðtÞ ¼ tTðtÞ IN � ðRAþ ATRÞ � 2 �̂L1ðtÞ � RBBTR
	 


tðtÞ
þ2tTðtÞðIN � RCÞ �f xðtÞð Þ � 1N � f x1ðtÞð Þ� �
þ/
XN
i¼2

XN
j¼2

ðdijðtÞ � cÞDijðtÞ�wijðtÞðtiðtÞ � tjðtÞÞTRBBTRðtiðtÞ � tjðtÞÞ
	 


þ2/
XN
i¼2

ðdi1ðtÞ � cÞDi1ðtÞ �wi1ðtÞtTi ðtÞRBBTRtiðtÞ
	 


;

ð29Þ
Similar to (13) and (16), the following inequalities hold

/
XN
i¼2

XN
j¼2

ðdijðtÞ � cÞDijðtÞ �wijðtÞðtiðtÞ � tjðtÞÞTRBBTRðtiðtÞ � tjðtÞÞ
	 


þ2/
XN
i¼2

ðdi1ðtÞ � cÞDi1ðtÞ �wi1ðtÞtTi ðtÞRBBTRtiðtÞ
	 


6 2tTðtÞ �̂L1ðtÞ � c �L1ðtÞ
	 


� RBBTR
	 


tðtÞ;
ð30Þ

2tTðtÞðIN � RCÞ �f xðtÞð Þ � 1N � f x1ðtÞð Þ� �
6 tTðtÞ IN � ðe1RCCTRþ j2

e1
InÞ

	 

tðtÞ; ð31Þ

where 0 < / 6 1= max
8tP0;i;j¼1;2;���;N

DijðtÞ and e1 is any positive constant.

Then, from (29), one can obtain that

_V2ðtÞ6 tT ðtÞ IN �ðRAþATR�2ck1 �L1ðtÞð ÞRBBTRþe1RCCTRT þ 1
e1
j2InÞ

� �
tðtÞ:

ð32Þ

Since �L1ðtÞ is a positive-definite and symmetric matrix, there
must exist a sufficiently large designed constant csuch that
ck1 �L1ðtÞð Þ P 1 for 8t P 0. The rest of the proof is similar to that
of Theorem 1, which is omitted for brevity.jMain results of Theo-
6

rem 2 are achieved by determining the relationship between the
linear quadratic function associated with the Laplacian matrix
and the terms associated with state errors. The difficulty extending
to leader-following cases in Section 4 is that the Laplacian matrix
of the leader-following is not symmetric, which can be solved by
the decomposition of the Laplacian matrix and its structure fea-
tures. Leader-following MASs are more widely used in the biolog-
ical community in nature and practical engineering, such as flying
geese, UAV formation reconnaissance targets and so on. The advan-
tages extending to leader-following cases include two aspects,
namely, the research of SCC theory for MASs are further enriched
and main results can be applied to related potential application
scenarios.

Remark 4. In [29–33], SCC for leader-following MASs is investi-
gated, where SCC is realized by designing the distributed leader
state observers. Since it is necessary to solve the distributed leader
observer, the control systems inevitably add some extra compu-
tational burdens. However, the proposed schemes in this article
can reduce the computational cost to some extent. Main results of
this article need to deal with two key difficulties. The one is to
establish the relationship between the Lipschitz nonlinear terms
f xiðtÞð Þ and the terms associated with state errors eiðtÞ and tiðtÞ to
eliminate the impacts of the Lipschitz nonlinearity on SCC, as given
in (16) and (31), which can be dealt with by the Lipschitz function
property and the structure features of the Laplacian matrices
related to the attacked communication topology. The another one
is to determine the relationship between the linear quadratic
function associated with the Laplacian matrix and the terms
associated with state errors eiðtÞ and tiðtÞ, as given in (13) and (30).
The solution to this difficulty is benefited from the symmetric
property of undirected graphs. Note that �L1ðtÞ is also a positive-
definite symmetric matrix in the leader-following structure, then
one can obtain that main results for the leaderless structure can be
extended to the leader-following structure.
5. Numerical simulation

In this section, we provide two numerical simulation examples
to demonstrate the effectiveness of main results for both leaderless
and leader-following cases.

Example 1. (Leaderless cases): Consider a nonlinear leaderless
MAS that consists of six agents with the communication topology
given in Fig.1. As shown in [39], the matrices in (3) are given by

A ¼ 0 1
0 �0:5

� �
;B ¼ C ¼ 0

1

� �
; f ðxiðtÞÞ ¼ � sinðxi1ðtÞÞ:



Fig. 2. Secure consensus error trajectories for leaderless cases with the proposed approach.

Fig. 3. Secure consensus error trajectories for leaderless cases with the existing approach in [29,30,34].
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For simplicity, it is assumed that the weights wijði; j 2 f1;2; � � � ;6gÞ
of communication links free of attacks are equal to 1 if there exists
a communication link between agents i and j, and the attack scaling
factors are set to be DijðtÞ ¼ 1þ 0:5 sinðtÞði; j 2 f1;2; � � � ;6gÞ. It can
be easy to verify that Assumptions 1 and 2 hold. The initial states
of agents are x1ð0Þ ¼ ½5;�6�T ; x2ð0Þ ¼ ½�2;3�T ; x3ð0Þ ¼
½�3;2�T ; x4ð0Þ ¼ ½3;3�T ; x5ð0Þ ¼ ½0;�5�T ; x6ð0Þ = ½3;�1�T . The parame-
ters of protocol (4) are chosen as rij ¼ 150;

dij ¼ 2; dijð0Þ ¼ d̂ijð0Þ ¼ 0:1ði; j ¼ 1;2; � � � ;6Þ and / ¼ 0:66. According
to the theoretical results of Theorem 1, one can obtain that
7

R ¼ 6:4520 3:7718
3:7718 4:8041

� �
and Q ¼ 0:8921 0:0517

0:0517 0:8832

� �
with e1 ¼ 1. In

this case, one can obtain that K ¼ BTR ¼ ½3:7718;4:8041� and

C ¼ /RBBTR ¼ 9:3895 11:9594
11:9594 15:2325

� �
. For comparison purposes, the

simulations with the existing approach in [29,30,34] are presented,
where SCC is realized by designing the distributed state observers
for each agent. It is to be noted that parameter settings in the sim-
ulation are identical with the ones in this article, parameters not
involved in this paper are identical with the ones in [34].



Fig. 4. Trajectories of the coupling strengths dijðtÞ for leaderless cases. (a) by protocol (4). (b) by the existing approach in [29,30,34].

Fig. 5. Trajectories of the coupling strength errors dijðtÞ � d̂ijðtÞ for leaderless cases.
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The secure consensus error trajectories for leaderless cases with
the proposed approach and the existing approach in [29,30,34] are
given in Figs. 2 and 3, respectively, which indicate that leaderless
nonlinear MAS (1) with communication link attacks (2) achieves
SCC by two approaches. One can also find from Figs. 2 and 3 that
the convergence rate of SCC applying the proposed approach is
obviously faster compared with the existing approach. This may
be because the actual state tracking observer state requires a cer-
tain system response time in the existing approach, which leads
to the slow convergence speed. The trajectories of the coupling
strength dijðtÞ for leaderless cases by protocol (4) are given in
Fig. 4(a). Coupling strengths with the existing approach in
[29,30,34] are plotted in Fig. 4(b). One can see from Figs. 4(a)
and 4(b) that the convergency values of coupling strengths by pro-
tocol (4) are much smaller than the ones obtained by the existing
approach when SCC for leaderless nonlinear MAS (1) with commu-
nication link attacks (2) is achieved. By introducing the twin damp-

ing coupling strengths d̂ijðtÞ, one can see that dijðtÞ in Fig. 4(a)
increases at first and then decreases but dijðtÞ in Fig. 4(b) increases
continuously. The trajectories of the coupling strength errors

dijðtÞ � d̂ijðtÞ for leaderless cases is given in Fig. 5, where the cou-
8

pling strength errors dijðtÞ � d̂ijðtÞ converge to zeros; that is, dijðtÞ
and d̂ijðtÞ converge together to a common finite-valued constant
as t ! 1for 8i; j ¼ 1;2; � � �N.

Example 2. (Leader-following cases): Consider a nonlinear MAS
with a leader and N � 1 followers, where the communication
topology is given in Fig. 6 and the dynamic of each agent is denoted
by (25) with

A ¼

0 1 0 0
�48:6 �1:26 48:6 0
0 0 0 10
1:95 0 �1:95 0

2
6664

3
7775;B ¼

0
21:6
0
0

2
6664

3
7775;

C ¼ I4; f ðxiðtÞÞ ¼

0
0
0
�j sinðxi1ðtÞÞ

2
6664

3
7775;

where xiðtÞ ¼ xi1ðtÞ; xi2ðtÞ; xi3ðtÞ; xi4ðtÞ½ �Tði ¼ 1;2; � � � ;6Þ and
j ¼ 0:0333. The initial states of the agents are
x1ð0Þ ¼ ½�4;0;10;8�T ; x2ð0Þ ¼ ½5;�8;�3;�3�T ; x3ð0Þ ¼ ½�3;8;0;12�T ;



Fig. 6. Communication topology among agents for leader-following cases.
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x4ð0Þ ¼ ½�6;13;�12;�8�T ; x5ð0Þ ¼
½�13;�4;12;�3�T ; x6ð0Þ ¼ ½8;�3;12;�3�T . Communication link
attacks are assumed to be a sequence of the communication link
scaling attacks. Specifically, the attack signal is depicted as one-
period square wave, which starts at t ¼ 0 with height 0.3 and width
2; that is the attack scaling factors DijðtÞ ¼ 0:7 if the nonlinear MASs
is under attacks and 1 otherwise. The parameters of protocol (4) are
chosen as rij ¼ 300; dij ¼ 10, and / ¼ 1. According to theoretical
results of Theorem 2, one can obtain that
Fig. 7. Secure consensus error traject

9

R ¼

0:3047 0:0309 �0:2458 0:6250
0:0309 0:0088 �0:0190 0:1172
�0:2458 �0:0190 0:2285 �0:3350
0:6250 0:1172 �0:3350 3:6088

2
6664

3
7775;

Q ¼

0:0030 0:0003 �0:0003 0
0:0003 0:0028 0 0
�0:0003 0 0:0031 0
0 0 0 0:0031

2
6664

3
7775:

In this case, one can obtain that
K ¼ BTR ¼ ½0:6670 0:1905 �0:4102 2:5314 � and

C ¼ /RBBTR ¼
0:4449 0:1271 �0:2736 1:6885
0:1271 0:0363 �0:0782 0:4823
�0:2736 �0:0782 0:1682 �1:0383
1:6885 0:4823 �1:0383 6:4081

2
664

3
775. As in

Example 1, the simulations with the existing approach in
[29,30,34] are presented. The secure consensus error trajectories
for leader-following cases with the proposed approach and the
existing approach in [29,30,34] are given in Figs. 7–9, respectively,
which indicate that leaderless nonlinear MAS (1) with communica-
tion link attacks (2) achieves SCC by two approaches. One can also
find from Figs. 7 and 8 that the convergence rate of SCC applying the
proposed approach is obviously faster compared with the existing
approach. The trajectories of the coupling strength dijðtÞ for
leader-following cases by protocol (4) and the existing approach
in [29,30,34] are given in Figs. 9(a) and 9(b), respectively. One can
ories for leader-following cases.



Fig. 8. Secure consensus error trajectories for leader-following cases with the existing approach in [29,30,34].

Fig. 9. Trajectories of the coupling strengths dijðtÞ for leader-following cases. (a) by protocol (4). (b) by the existing approach in [29,30,34].
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see that the convergency values of coupling strengths by protocol
(4) are much smaller than the ones obtained by the existing
approach when SCC for leader-following nonlinear MAS (1) with
communication link attacks (2) is achieved. The trajectories of the
10
coupling strength errors dijðtÞ � d̂ijðtÞ for leader-following cases is

given in Fig. 10, which indicates that dijðtÞ and d̂ijðtÞ converge
together to a common finite-valued constant as t ! 1for
8i; j ¼ 1;2; � � �N.



Fig. 10. Trajectories of the coupling strength errors dijðtÞ � d̂ijðtÞ for leader-following cases.

M. Zhao, J. Xi, L. Wang et al. Neurocomputing 551 (2023) 126505
6. Conclusions

Fully distributed SCC of nonlinear MASs under communication
link attacks was achieved. An edge-based fully distributed adaptive
protocol was proposed, which can be implemented in a fully dis-
tributed manner in the sense that the design criteria do not depend
on the Laplacian matrix related to the communication topology
and its corresponding eigenvalues. By adopting adaptive tech-
niques and rmodification methods, the impacts of time-varying
and unknown attacked weights on the consensus property are
eliminated, and the phenomenon that coupling strength is contin-
uously increasing can be avoided. Based on the nonsingular M-
matrix theory and property of the nonlinear dynamics, main
results for leaderless nonlinear MASs were extended to leader-
following cases. Future research directions can focus on two
aspects. The first one is to study SCC for MASs containing complex
nonlinear dynamics. The other one is to investigate the secure opti-
mal consensus control for MASs with communication link attacks.
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