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Abstract

In this paper, we investigate the consensus tracking problem of nonlinear MASs with nonuniform
time-varying input delays and external disturbances. For each follower, the composited disturbance
observer and the state observer are employed to estimate bounded composited disturbances and un-
measured states, and a distributed observer based on output-feedback is proposed to approximate the
leader’s states approachably. Sequentially, the consensus tracking control is converted into a stability
control problem for the nonlinear MASs with nonuniform time-varying input delays. Subsequently, a
distributed controller based on the truncated prediction approach is presented, which only depends on
the boundary value of time-varying input delays. The distributed controller can render each follower
synchronically stable via the Lyapunov stability theory. Finally, a group of single-link manipulators is
used as an example to verify the effectiveness of the theoretical results.
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* Corresponding authors.
E-mail addresses: shmchen@ecjtu.jx.cn (S. Chen), xjzhao @jxstnu.edu.cn (X. Zhao), zhengyuanshi2005@ 163.com
(Y. Zheng).

https://doi.org/10.1016/j.jfranklin.2023.05.015
0016-0032/© 2023 The Franklin Institute. Published by Elsevier Inc. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jfranklin.2023.05.015&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jfranklin.2023.05.015
http://www.elsevier.com/locate/jfranklin
mailto:shmchen@ecjtu.jx.cn
mailto:xjzhao@jxstnu.edu.cn
mailto:zhengyuanshi2005@163.com
https://doi.org/10.1016/j.jfranklin.2023.05.015

S. Chen, X. Zhao, Z. Zhang et al. Journal of the Franklin Institute 360 (2023) 7063-7084

1. Introduction

The distributed cooperative control of multi-agent systems (MASs) has received increasing
attention because of its great potential in unmanned aerial vehicles (UAVs) formation [1,2],
power systems [3,4], wireless sensor networks [5,6]. Consensus is a crucial premise of dis-
tributed cooperative control, which is accomplished only through the interaction of neighbor
information rather than global information to achieve a common behavior [7-9]. Consensus
control strategies can be separated into leaderless consensus [10-12] and leader-following
consensus [13,14]. Leader-following consensus, also known as consensus tracking, ultimately
enables all followers to synchronize with the leader’s state. Consensus tracking is more suit-
able for practical systems, as it has obvious advantages over leaderless consensus in terms of
determining control directions and saving energy. The consensus tracking problem for MASs
primarily focused on linear MASs [15,16] and nonlinear MASs [17,18].

In reality, most physical systems are described as nonlinear systems, where only the output
variables are known by measurements, but the state variables are not measurable. Output-
feedback state observers based on adaptive neural networks have attracted extensive attention
due to their powerful nonlinear approximation potential. In [19], an adaptive control strategy
was propounded for high-order nonlinear MASs to achieve consensus tracking by employ-
ing output-feedback observers. In [20], a distributed consensus tracking control scheme was
presented for nonlinear MASs with directed switching communication topology. Distributed
tracking control based on output-feedback was proposed for nonlinear MASs with unmea-
surable states in Li et al. [21]. In the above works, the leader system model is known and
the output is bounded, which means that the leader’s state is known. However, this is not
applicable to the consensus tracking problem of nonlinear MASs including the leader models
with uncertainties.

Unknown external disturbances are inevitable for practical MASs, and can lead to degra-
dation and instability of system performance. In general, external disturbances in MASs exist
in the form of frictions, environmental interference, measurement noise, etc. In robust con-
troller design, disturbance observer techniques have been presented as an efficient disturbance
rejection method for MASs with uncertain external disturbances. In [22], an adaptive output-
feedback control strategy was proposed by designing nonlinear disturbance observers. In [23],
a sliding-mode based disturbance observer was designed to address the consensus control
problem of cascaded nonlinear MASs involving unknown external disturbances. An adaptive
control method employing disturbance observers was developed for nonlinear parameterized
systems with mismatched disturbances in Liu and Li [24]. In [25], for pure feedback non-
linear systems with state constrained, an adaptive backstepping control scheme was proposed
by exploiting a class of disturbance observers. Nonetheless, these works mainly focused on
consensus problems for MASs without input delays, which cannot be applied to MASs with
input delays.

Information is transmitted and shared through communication networks. Due to the limita-
tion of network bandwidth and its own computing power, agents receive delayed information
from neighbors. Input delay is a general phenomenon in MASs due to communication net-
works or computation, such as spacecraft systems, electrical networks, and multi-manipulator
systems. Considering only the exponential term of the system matrix as the prediction and
ignoring the inconvenient integral terms, feedback control approaches based on truncated pre-
dictors have been developed for MASs with input delays, which can be deployed to address
the consensus problem. In [26], for Lipschitz nonlinear system subjected to time-varying input
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delays, a truncated predictor control scheme was proposed to solve the consensus control prob-
lem. In [27], a truncated predictor feedback strategy was established to address the consensus
problem for nonlinear MASs including input delays. Hy, scaled consensus algorithm was
developed for nonlinear MASs subjected to external disturbances and hybrid delays in Chen
et al. [28]. The control signal is transmitted through a complex shared network, which leads
to the uncertainty in time delays. Therefore, it is essential to consider the input delay as an
uncertain time-varying function. In [29], for nonlinear MASs that incorporate unknown time-
varying input delays, a distributed output-feedback method was used to study the consensus
control problem. However, the nonlinear functions in the above methods must be uniform for
each agent and needs to strictly follow the Lipschitz condition. For practical nonlinear MASs,
this brings a great restriction. For each agent, it is more appropriate to describe the nonlinear
system function as a nonuniform nonlinear function due to their distinct functions. However, if
the input delays are are time varying, unknown, and nonuniform, then these proposed consen-
sus algorithms poses more challenges to stability analysis. For example: 1) the construction of
Krasovskii functional becomes nontrivial for input delays being time-varying; 2) if the delays
are unknown, the truncated prediction method faces a challenge in practical implementation;
and 3) it is difficult to design the distributed controller due to the difficulty in subtractive
processing among these agents when delays of all agents are nonuniform. Motivated by the
above discussion, consensus tracking control strategies need to be investigated more depthly
for nonlinear MASs with uncertain nonlinear functions, nonuniform time-varying input delays
and external disturbances. The main contributions can be summarized as threefold.

(1) A novel consensus tracking approach is developed for nonlinear MASs with nonuniform
time-varying input delays via distributed output-feedback control. Nonuniform nonlinear
functions satisfy the boundedness only and the upper bound does not need to be known,
which replaces the strict Lipschitz condition and avoids the restriction condition in Li
et al. [29].

(2) For each follower, a distributed output-feedback controller is proposed through a trun-
cated prediction approach, which only depends on the bound value of the time-varying
input delay, whereas the controller design depends on the input delay in Chen et al.
[28].

(3) In the design of distributed observers and state observers, the estimation of composite
nonlinear disturbances is employed to compensate for the uncertain disturbances, which
uniformly can further reduce the error and eliminate the effect of adverse factors in
engineering systems.

2. Preliminaries and problem formulation
2.1. Graph theory

The network topology among the N + 1 agents is represented as a digraph G. The node set
and the edge set are denoted by V(G) = {0, 1, ..., N} and £(G) C V(G) x V(G), respectively.

If there exists an edge (i, j) € £(G), i can receive the information of j and j is a neighbor
of i. For V(i, j) € £(G), G is an undirected graph if (j,i) € £(G). i has a path to j if there

is an edge sequence in the form of (i, iy), (i1, i2), ..., (ig—1, ig), (ig, j). If there exists a path
from root node 0 to any other node, G contains a directed spanning tree. The adjacency
matrix is defined as A = [a;;] € RV fori=1,...,N,and j=1,...,N, where a;; > 0 if
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(i, j) € £(G) and 0 otherwise. £ = [/;;] € RV*V is the Laplacian matrix of A, where [; =
Zi# a;j, and l;; = —a;j, Vi # j. Define H = L + B, where B = diag{b,, ..., by} with b; +
...+ by >0, b; > 0 if [ can access information from 0, otherwise, b; = 0.

2.2. Problem formulation

Consider nonlinear MAS consisting of N + 1 agents, N followers, and one leader. Let
the leader be the agent indexed by 0 and other agents be followers indexed from 1 to N.
The MAS dynamics are described in the following form with nonuniform time-varying input
delays and uncertain bounded disturbances:

X = Ax; + Buy(6;(1)) + fi(xi 1) + di(1) 0
y,':C)Ci, l=0,1,,N

where x; € R",y; € R? and u; € RP are the state, system output and control input, respectively.

All state variables are unmeasurable, only the output can be measured, and uy(6y(¢)) = 0. 6;(¢)

is a smooth function and satisfies 6;(t) =t — 7;(¢), where t;(¢) expresses the nonuniform time-

varying input delay. d;(¢) : RT — R" indicates the uncertain external disturbance. A € R"™",

B € R"P and C € R?*" are constant matrices with (A, C) being observable and (A, B) being

controllable. f; : R" x [t, +00) — R" is an uncertain smooth nonlinear function vector.
Throughout this paper, the research is based on the following assumptions.

Assumption 1. The leader-following graph G contains a directed spanning tree.

Assumption 2. The nonuniform time-varying input delay 6;(tr) =t — 7;(t) satisfies 0 <
7i(t) <7;and 0 < 6, < 6;(t) < +oo(i=1,...,N), where 7; and 9, are known constants.

Assumption 3. The nonlinear function f;(x;) and its derivative f,-(x,-) are bounded, i.e.,
lfi(xp)ll < f7 and ||f,-(x,-)|| < f¥, where f° > 0 and f > 0 are unknown constants.

Assumption 4. The external disturbance d;(7) and d;(t) are bounded, i.e., ||d;(1)| < d; and
|di(t)| < df, where d? > 0 and d > 0 are unknown constants.

Remark 1. Assumption 1 reflects the communication relationship between agents, which is
a fundamental prerequisite for addressing the consensus tracking problem. Assumption 2 is
a basic condition for the bounded time-varying input delays (see Zuo et al. [26]), including
the case where the input delay is a known constant. Assumption 3 explains that nonlinear
function satisfys the boundedness, which replaces the strict Lipschitz condition in Chu et al.
[17], Li et al. [29], Wang et al. [30]. Assumption 4 describes that the external disturbance
is bounded in practical systems, and the upper bound should exist accordingly. In addition,
these upper bounds in Assumptions 3 and 4 are not required to be known for executing the
proposed control scheme, but only for theoretical analysis.

Remark 2. In practical engineering applications, many systems can be described in the form
of model Eq. (1), including pendulum systems, single-link manipulator systems, etc. Generally
speaking, since each agent has its own task in practical systems, it is more appropriate to
describe the nonlinear system functions in terms of nonuniform nonlinear functions. In [28,29],
the nonlinear functions must be uniform for each agent and need to strictly obey the Lipschitz
condition. It brings great restriction for the practical nonlinear MASs. Consequently, a novel
distributed consensus tracking scheme will be evolved to loosen these strict conditions for
nonlinear functions.
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Lemma 1 [30]. For any function vector v : [p,q] — R" (p,q € R and q > p) and positive-
definite matrix Q, one has

( f o (S)dS>Q< / o (s)ds) <(@-p) / "V (5)0v(s)ds.
)4 P 4

Lemma 2 [30]. For any positive-definite matrix T, there is a constant ¢ > 0 such that the
following identity holds:

t
T T —
et —e7'T = —e‘”/ e TP dt
0

where P = —ATT' —T'A + oT. Moreover, if P is a positive-definite matrix, then ATt <
e’'T.

2.3. Radius basis function neural networks (RBFNNs)

The uncertain smooth nonlinear dynamics F(X) : R? — R can be linearly parameterized
by

F(X)=WTSX) +e(X)

r
= wis;(X) + £(X)
j=1
where X = [x1,...,x,]" € RI, W =[wy,...,w,]” € R is an unknown constant weight matrix
and the estimation will be specified in the controller design, S = [sy, ..., s,]¥ € R is the

neural function vector, and r is the neural node number. s;(X) is the known neural activation
function and selected as s;(X) = exp(—(X — cj)T(X — c,-)/w?), w; is the width of s;(X),
and ¢; = [cj1,...,cjq]" is the center vector. £(X) is the estimation error. According to the
property of Gaussian functions s;(X) < 1, we arrive at STX)S(X) <r.

The optimal weight matrix W* is given as

W* := argmin { sup |F(X) — WTS(X)||}
werr  |xeQy
where Qx C R? and W* satisfies |[W*|| < W? with W being positive constant. Invoking the
optimal weight matrix yields

F(X)=WTSX) +¢*(X)

where £*(X) is the minimum estimation error and satisfies ||e*(X)| < &, and ¢ is an arbitrarily
small constant.

Define A f;(x;) = fi(x;) — fi(X;), where %; is the estimated value of x; and will be designed
in state observer. By employing RBFNNSs to estimate the uncertain nonlinear functions f;(%;),
we get fi(X;) = WTS;(%;) + &i(%;). Then, one has

fix) +di(t) = fi(x) + Afi(%) + di(¢)
= WIS (%) + e(%) + A[E) + di(r)
= WTSi(%) + @i (%i, 1)
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Fig. 1. Diagram of consensus tracking control scheme.

where @;(X;, 1) = e(%;) + Afi(x;) +d; is regarded as a composited disturbance. According
to Assumptions 3 and 4, and the defination of composited disturbance, we obtain that
loi (X, 1))l < @ and [|¢;(%;, )| < @ with ¢ > 0 and ¢f > 0 being positive constants.
The MAS Eq. (1) can be rewritten as
X = Ax; + Bu; (0;(1)) + WTS; (%) + ¢;(%;, 1) 2
yisz,-, l=1,,N
In this paper, the main objective is to design a distributed controller based on output-feedback
for each follower to drive the system Eq. (2) to achieve the consensus tracking, such that the
errors of consensus tracking are uniformaly ultimately bounded.

3. Adaptive RBFNNs based observer design for nonlinear MASs

In this section, a design structure of consensus tracking control is proposed for each fol-
lower, which consists of three types of observers based on adaptive RBFNNs, composited
disturbance observer (CDO) ¢;, local state observer (LSO) x; and namely, distributed ob-
server (DO) z;. The disturbance observer is presented to observe the composited disturbance
composed of external disturbances and error variables. The local state observer is applied
to estimate the follower’s state information according to its own output, and the distributed
observer is designed to observe the leader’s state based on the output of neighbors. Fig. |
depicts a diagram of consensus tracking control scheme.

3.1. Composited disturbance observer

An adaptive RBFNNs based composited disturbance observer is developed to estimate the
compound disturbance. For convenience, ¢; is a brief representation of ¢;(x;, ), similarly,
u; (0;) = u;(6;(¢)). The following auxiliary variables are defined as

3

Wi = Qi — PiX;
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where p; is a positive constant.
According to Egs. (2) and (3), one has

W = Qi — PiXi
= ¢i — pi(Ax; + Bu;(6) + W7 S; (%)) + @i + pix;) “)

To estimate the disturbance, the estimation of ¢; is defined as follows:
$i = @; + piki

A . < . . . . %)
w; = _/Oi(Axi + Bu; (6;) + W T S;(%) + & + Pixi)a i=1,...,N.
where ¢; is the estimation of composited disturbance ¢;, @; is the estimation of z;, and Wl*
is the estimation of weight matrix W;*.

Define @; = w; — @;. Combining with Eq. (5), one has

@i = @i — pixXi — Pi + Piki (6)
= @i — piXi (6)

where ¢; = ¢; — ¢; and X; = x; — X;.
Differentiating Eq. (6), and considering Eqs. (4) and (5) yields

ZD',‘ZZI'T,'—Zf)',‘

= @i — pi (Afi + WS (%) + @ + Pifi) @)

where Wl* =Wr - Wl* is the estimated error of weight matrix.

Remark 3. Both nonlinear approximation errors &(x;), Af;(x;) and external disturbance d;
are unfavorable factors for system stability. It is for the first time by taking them as a whole
@;. The composite disturbance observer ¢; is employed to deal with them uniformly, which
can further reduce the error and eliminate the effect of adverse factors. From the disturbance
observer Eq. (5), p; is the disturbance observer gain. @; is the intermediate variable, which
can be seen as state information of the nonlinear composited observer. In the disturbance
observer, the problem that the derivative of the state cannot be computed due to unmeasured
states can be avoided by introducing intermediate variables.

3.2. State observer

Design of local state observer x; for the ith follower:

%i = A% + Buy(6;) + Wi TS;(5) + g+ K (i = 50) ®
Hi=Ch, i=1...N.

where X; € R" is the estimated value of the state x;, y; € R? represents the output of the state
observer, and K € R"™? denotes the gain matrix such that A + KC is Hurwitz.
Define state observation error X; = x; — X;, one has

%= A% — KC(x; — £) + WTSi(R) + @ik, 1)
= A%+ WTSi(%) + ¢ )
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where A = A — KC.
Then, the Eq. (9) can be rewritten in the following form of compact matrix

X = (IN®A)X+M+¢
=AX+M+® (10)

where X = [7,%1,.... 5017, A, =Iv®A, M =[STGEOW, ..., SEGEWET, and & =
gl ....¢01".

The following lemma summarizes the results in Sections 4.1 and 4.2.
Lemma 3. Under Assumptions 3 and 4 and ||¢;|| < ¢}, the composited disturbance observer
Eq. (5) and the local state observer Eq. (8) are uniformly ultimately bounded for the ith
Jollower (i.e., limy oo 1%l < X, limsoo 194l < @i, and limy o [W|| < W, where x; > 0,
@i > 0, and W > 0 are the upper bounds) with the adaptive law of RBFNN weight matrix
W* as
W = = (W + 51 ) an
where w; is a design parameter, and h; is a positive constant, if there exist a positive definite
matrix Q, = QT > 0, and positive design parameters 7, y, p and [i such that

PxAx + AZPX < _2Qx

P Pyl
0 < 2(Qx = 7P — Z(IIAll + 57Ix)
e (12)
0<p ”

il _ F(P+1)
0=5-—5—

Proof. Consider V, = XTP,X as the Lyapunov candidate function, where P is a positive
definite matrix. Based on Eq. (12), the derivative of V, is obtained as follows:

Ve = XT(PA, + ATP)X +2X"P.(M + @)
< 2XT0.X +2XTP. (M + ). (13)
Considering Eq. (10), Young’s inequality (Zab <yad + %b2, y > 0) and the property of
Gaussian functions 0 < SiT X)S;(X) <r; (r = max{ry, ..., ry}, r; denotes the node number),
we arrive at
2XTP.(M 4+ @) =2XTPM +2XTP.®
< 2XTP M| +2XT P || ®||

N - N
< IPIXTX + 231 + 23 | (14)
Y i=1 Y i=1
By substituting Eq. (14) into Eq. (13), one has
] 1 N 7 N . 2
Ve < =20 =Y IPDXTX + = 3181 + 2 3 Wy (15)
i=1 i=1
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Consider V,, = %vazl @? as the Lyapunov function. From Eqs. (2) to (7), one obtains

N N N N N
V(p = Z C’ff,’(bi — Z piAiﬁTifi - Z pfzﬁiii - Z Pié_iVVi*Si(xAi) - Z pié}z
i=1 i=1 i=1 i=1 i=1

(16)

Invoking Young’s inequality, the Gaussian functions property and ||¢;|| < ¢}, it follows

that

N 1 N N
> @i < - Yooy Y lEl’
i=1 i=1 i=1

- Zp,A ik < —||A|| Z &+ Z I

2 N
+y Y @l
i=1

where p = max{p;}.
Substituting Eq. (17) into Eq. (16), one yields

(HAJI +—p2Lv

N 72— N
. _ 5 pr -
Vo <= =4 Y1l + 2T |+
i=1 i=1

—W”‘2 one has

Considering the Lyapunov function V =V, +V, + Z, 1 3

N o
V:K+%—Z: ~W

I A

i

alls

+ZHW*
1w’ - ZH

IA

1 _
337
i=1

where 1 = max{u;}.
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Combining Eqs. (15), (18), (19) and (20),it is easy to see that

l)fjnfmuz
- “Zﬂw” 2: Q1)

=2
V< —(Z(Qx — 7P — %(IIAII + 521N)>XTX — (/3 —

_<ﬁ;rl szrl))ZHW*

Integration of Eq. (21) yields

N N
~ 2
< —aXTX =20 3 NI -2 Y| W
i=1 i=1

—AV +D

<.
A

+D

IA

where A = min{A;, A>, A3}, A; is the minimal eigenvalue of (2(Q, — y|P|) — p>(IA] +
p2Iy)/y) > 0, A, is the minimal value of (5 — (4y> —1)/y) > 0 and A3 is the minimal
value of (/2 —7 —7(p> + l)/y) > 0. With the boundedness of W*, there exists a positive
constant D > 0 such that 2/2 3" |W*|]? + L Z, N 1(,0,2/)/ <D.

Furthermore, it is concluded that

D\ ,, D
O0<V=(\VO)——)e"+— (22)
A A

Obviously, the Lyapunov function candidate V is uniformly ultimately bounded, which
demonstrates that the disturpance observer error ¢;, the state estimation error )"c'i,_ and the esti-
mated weight matrix error W;* are uniformly ultimately bounded with [|W;*|| < W* < /D/4s,
6l < @i < /D/Aa, IIXll <X < /D/Ay, where W* >0, ¢; >0 and x; > 0 are the upper
bounds. [

Remark 4. According to Lemma 3, Assumptions 3 and 4 are the premise of exponential
stability of the disturbance observer error ¢; and the state observer error x;. The constant 4; is
cancelled out by the computation of Egs. (19) and (20). According to the above analysis, D
is minimized, and A;, A, and A3 are maximized by selecting appropriate design parameters
r, v, p and 1. Consequently, the disturbance observer error and the state observer error can
converge to arbitrarily small bound.

3.3. Distributed observer

The distributed output-feedback observer is designed for the ith follower as follows:

L= AL+ WTSi(8) + Aer

(23)
b =C%, i=12,....N

where Z; € R" represents the estimation of the leader’s state. V; € RY denotes the output of the
distributed observer, e; is the consensus tracking error, and A € R?*" is the gain matrix. e; is
defined as

e = Z aij(D; — i) + bi(yo — 0;)
JeN;
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=C Zaij(fj —Zi) + bi(xo — Zi) (24
JeN;

Defined the distributed observer error as Z; = xo — z;. Then, we obtain

B = Avo + folxo) — (A2 + W TSi() + Aer)

=A%+ fi+ AC[ D aii G — 7) + biZ; (25)
JeN;

where f; = fo(xo) — W TSi(2). .

Define Z =[z],...,Z0]" and F = [f],..., 1. It follows from Eq. (25) that
Z=(UyQA)Z—- (HQAC)Z+F

=AZ+F (26)
where A, = Iy ® A — H ® AC.
Lemma 4. Under the Assumption 1, there exists a matrix A such that A, is a Hurwitz matrix.

Proof. From Assumption 1, all the eigenvalues A;(i = 1,..., N) of matrix A have positive
real parts (i.e., Re(X;) > 0). A unitary matrix is defined as B € CM*V satisfying E7 B = Iy
and E¥HE = A, where E” is the conjugate transpose of the matrix E, and A is an upper
triangular matrix and A;(i =1, ..., N) is the diagonal elements of A.

Similarly, one yields
U= (E" @ Iv)A,(E® Iy)

= (E" @ Iy)(Iy ® A —H ® AC)(E ® Iy)

=E"RIVIy®AE®Iy — EY @ ZWH ® ACE® Iy

=Iy®A—-AQ®AC.

It is obtained that W is a lower triangular block matrix, each diagonal block is A, =

A — M AC, and A, determines the eigenvalues of A;. Consequently, matrix A makes A, for a
Hurwitz matrix. [

The following lemma summarizes the results in this section.

Lemma 5. Under Lemma 4, the leader’s states can be estimated by the distributed observer
Eq. (23), i.e, lim; o |Zi]l = imy— oo llXo — Zill < Z; and Z; > O is the upper bound, if the
following inequalities hold

PA.+Al'P, < —Q.
0<Q;—7IEI

where Q, = QZT > 0 is a positive definite matrix and y is a positive constant.

27

Proof. Consider V, = ZT P.Z as the Lyapunov function. According to Young’s inequality and
Eq. (27), the derivative of V, is obtained as follows:

V,=Z"(PA, +AlP)Z +2Z"P,F
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T Ly=p2 T
§—ZQJ+;VH+NEMZ (28)

From Assumption 3 and the property of Gaussian functions, the following inequalities
hold:

Liep = L5
Y B 4 i=1 l
1 N
< ;Z<||f0||2+ W75 +2||fo||HW*TS @) )
1 l;l
=< —Z< r+f0 )
4 i=1
! - * 2 o=
5;;( +(F+ 1) (”W ||+HW ) —i—for)
N
< LS G + (o RO+ 4 557)

1

Then, Eq. (28) is rewritten as

< —(Q, —yIPINZTZ + - }: + (P4 )W+ W)+ f57)
i=1
<AV +D.

where A, is the minimal eigenvalue of (Q, — y[|P.|l). It follows from Lemma 3, Assump-

tion 3 and the boundedness W;*, there is a positive constant D, > 0 satisfying Zﬁvzl( fO02 +
F+ [ WS+ W2+ f57) ]y < D..
It is concluded that

0<V, <(V,(0) - e_“—i—&

T ™ A,
which implies that z; uniformly ultimately bounded with ||z;|| < z; < «/D,/X; and Z; is the
upper bound. [J

Remark 5. The distributed output-feedback observer Eq. (23) is proposed according to the
consensus tracking error, which is employed to estimate the leader’s state in a bounded
range. Both the state observation information and the distributed observation information are
used in the consensus tracking algorithm, and can be used directly in the controller design.
The specific form will be described later. From definitions of Z; = xo — Z; and %; = x; — &,
it can be obtained that |x; — xol| = |5 + X% — 2 — Zill < I — Zi|l + %1 + |Z:]l. According
to Lemmas 3 and 5, ||z;|| and ||x;|| are uniformly ultimately bounded, that is |z;|| < z; and
Ix% |l < x; as t — oo, which means that the MAS Eq. (2) can achieve the consensus tracking
by applying two observers Egs. (8) and (23), if ||X; — Z;|| is uniformly ultimately bounded.
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4. Stability analysis

The consensus tracking control is converted into a stability control problem for the nonlin-
ear MASs with nonuniform time-varying input delays. Subsequently, a distributed controller
based on the truncated prediction approach is presented, which only depends on the bound
value of time-varying input delays.

Define & = X; — Z;, combining Eqgs. (8) and (23), the consensus tracking control problem of
MAS Eq. (2) can be transformed to the stability analysis of the nonlinear system as follows:

§ = A& + Bu;(6)) + KC%; — Ae; + f; +d; (29)
where d; = ¢; and f; = W7S;(£) — W7 S:(2).

Then, based on Lemmas 3 and 5, we will design a distributed controller to drive the system
Eq. (29) to achieve the consensus tracking.

Theorem 6. Under Assumptions 1-4, Lemmas 3 and 5, the consensus tracking can be achieved
for the MAS Eq. (2) by designing the composited observer Eq. (5), the local state observer
Eq. (8), the distributed observer Eq. (23), and the following controller:

up = Tie'tg; (30)
with T; = —BT P, for the ith follower; if there exist positive constants Bi, .1, o satisfying
BB < p;P!
ATA < yl,
AT + A < 1, (31)
VAT + AY; — 2BB" + (68} + M)I,) Y.
Y,1 L <0
i Pi

where P; is a positive definite matrix, Y; = P7' and ¢; = (1,7:(e”% — 1) + Zfiz,BizeZﬁ"Q;l)/y,-.

L

Proof. Since the consensus tracking control is transformed to the stability analysis of system
Eq. (29), as long as the truncation error method [30] is used to ensure that the system
Eq. (29) achieve stability by the controller Eq. (30) under the conditions Eq. (31).

By substituting Eq. (30) into Eq. (29), one has
§ = A& + BTi""5(6) + KCT; — Aei + fi + d;

= AE; + BL; " eME + KCK — Aei + fi + d;

5
= (A + BLie" " ™)g + KCE; — Ae; + fi+d; + BB'P, Y ny; (32)
j=1

where 7;; is defined as

t
Nt = eA(f"_T’)/ AUIB AT E (1)) ds (33a)
0;
t
N = i [ ATIKCT (s)ds (33b)
0;
t
niz = —eA(f'ff")v/. A Ae;(s)ds (33¢)
0;
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1
nia = LG / A9 (5)ds (33d)
0,

'
Nis = eA(f,-frf)/ A (s)ds (33e)
0;

According to Eq. (32), the Lyapunov function is defined as V;; = &! P,&;. Taking the deriva-
tive of V;; along Eq. (32), one has

Vi = & (A"P, + PA = PBB" P! (%, — v;) — &' (%; — m)P;BB" P))§;

5
+26] Pi(KC; = Aei+ fi+di) + 26T PBETR Y . (34)
j=1

Then, the following integral equation follows from Eq. (34)
~PBB" Pe' (7 — w) — ¢! (T — 1:)PiBB' P;

Ti—Ti

T,—T;
= —PBB"P, / Ae*ds — PBBTP, — / AedsP,BBT P, — PBB' P,
0 0

T—1; =T
= —-PBB"P, / AeMds — / A""ATdsP,BB" P,
0 0

Based on Assumption 2, Lemmas | and 2, conditions Eq. (31) and Young’s inequality, we
arrive at

Ti—T; Ti—T;
—P.BB"P; / AeNds — &"SATdsP.BBT P,
0 0

1 T—T; ) T,—T;
< yiPBB" P.P,BB" P, + — / A dsATA / Mds
Yi Jo 0
< ViB{PP: + s / T e
Vi 0
u(t — 1 Tt
< VviB PP + b= n) / ¢ ds
Vi 0
2 uti, .z
< viB PP+ — (" — DI, (35)
Vi

1

According to Assumptions 3 and 4, Young’s inequality and Eq. (34), the following in-
equality holds.

’ B - - 1 o 1 s 27 a2 a2

26 P,(KCF — Aertf; +d) < 4yl PP + — IKCEIP+— I Aeil® + = || +— | ¢
Vi Vi Vi Vi
(36)

where y; is a positive constant.

Invoking Young’s inequality and Eq. (34) results in

1 2 1 2

+2¢" PBB" Pmi; < vi& (PBB' P)’&; + " Ini|” < viBZEl PPE + ;”mj I (37
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From Lemmas 1, 2, Egs. (31) and (33a), one obtains
”771'1 ”2 < T; / EiT (ei)eAl Til)iBBTeAl (th)e(Al +A)(Ti*fi)eA(lfs)BBTI)ieATiEi(ei)ds
0;
t
<up; / e ITHATWET (0,)&(6))ds
0;

< ‘L’ﬂ2 2tzn/ éiT(Qi)éi(Qi)ds

By taking t = 6;, one has ds = ([d@i/ds]|S=9‘7|(T))’1dr. Then, ||n;]|? is rewritten as fol-
lows: '

i3 t
2 _ =2 2utip—1 T = 2 2,71 2
nall” < T:pie"6; & (v)&i(r)dt < T;fje™"0; f & (T)"d~ (38)
0;(6;) 1=27;
Similarly, according to Lemmas 1 and 2, Assumption 1, and Eq. (33), one has
t t
In2l? < / [KC)Zi]TeAT(’_‘Y)e(AT+A)(T"_Tf)eA(’_‘Y)KC)Z,vds < Tet / |KCx:|*ds (39)
g =1
t r r _ _ t
all < v [ [Aer]re e A nds < e [ et (40)
bi -
t - r r B - _ t 2 _ t
||,7i4||2 < Ti/ fieA (l—s)e(A +A)(ri—rf)eA(t—S)ﬁ,ds < fielﬂ"/ fz ds < 2?1_',-6‘2”/
O -7 -
41
t - T r _ - _ t _n2 _ t 2
Inisl? < Ti/ A" (=9 gATHA T g A=) T g < fielzti/ ‘ A <7 tzti/ ”@;” ds
O =7 -7
(42)

Substituting Eqs. (35)-(42) into Eq. (34) yields
0 Ti(e? —1)

Vi

0T

. p2Ti
Va =& (ATP,-+BA+yi (687 +4)P.P+ I~ 2P,-BBTP,->5,-+ e
”

L

t—1;

= 22 271
+‘L’,ﬁi€ 0

i i

t
) o
/ &) Pde + & / |KCE2ds + ~|KCE |2
thr, —% Vi

S= LT pt ot [t
#2245 [ ineipdseiaen+ ol @
Vi —7 Vi Vi Ji-% Vi Vi
For Egs. (32) and (43), we take the Lyapunov function as
6
Vi= YV “
j=1

where V;; is described as the following Lyapunov function:

132 2[21,9 1 27%;
Vo = ||a||2drds

7077



S. Chen, X. Zhao, Z. Zhang et al. Journal of the Franklin Institute 360 (2023) 7063-7084

.L,etzr, T t _ 5
Vs = / / IKCx;||"ds
Vi
f.elzfz
Vis = / f |AeilPds
Yi t—s
27T e
Vis =
7,62 ~ 12
V=" / / ||¢,.|| ds
Vi 0 t—s

Then, we get the derivative of V;;, j =2,...,6 as

. .L.“BZ 2[21,9 t
Vip = —<2r,||s,||2 / ||si||2dr>
Yi t—2%;

. fielzl_’i B -2 t 2
Vis = LI KCx||” — IKCx;||"ds
Vi —%

. .Eielzf; _ ) t )
Vi = FllAel? — / IAel ds)
Yi =%
R [ a2 [ 2
Vis = 7 | W, —/ wr

—7T;

Vi i

. _i 1 T; B R t .
i = 2 (ol - [ 1alas) )
i t—71;

Substituting Eqs. (43) and (45) into Eq. (44), one has
Llfi(etzfi -+ 2fi2ﬁi2e2!2fiQ;1[ )E

*

=& (ATP,- +PA = 2PBB" P, + yi(68] + 4)P.F; +

Vi
T2el2i 41 B 2 2 2ot 4 1 _
P (Zr + o] ) + (KGRI + 1AeilP) (46)
Based on Egs. (9), (10) and (22), one yields
IKCx|* < IKCIPIX > < on (47)

where 0;; = |KC|?D/;.
It follows from Egs. (24), (25), (26), and (29) that:

2
[ Ae]|* < AC( Z a;;(Zj — 2i) + bi(xo — i‘))
JeN;
< |-(H®AOZ|* < on (48)

where 0 = |[H ® AC|*D./x..
According to Lemma 3, and definations of ¢; and W*, one has

[6:]* = ller = @I” < (lgall + 16:1)* < i3

2 -2 -
i = o = (o

)2 = Oia
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where ;3 = max{¢{ + ¢;} and 0;3 = max{W? + Wi*}.
Substituting Eqgs. (47) and (48) into Eq. (46) yields

V; = £/ L& + D, (49)

where  T1; = AP, + PA — 2PBB" P + yi (6] + )PP, + [(uTi(e™ — 1) + 2877270, )
/vill, < 0. With the boundedness of W¢, Wi*, ¢? and @;, there exists a positive con-
stant D, > 0 that makes (77€% + 1)(0i + 0 + 053 + 270u)/vi <D, hold. It can be
obtained that I1; < 0 is equivalent to Y;AT + AY; — 2BBT + (687 +4) + [(Ti(e?" — 1) +
28772270, ) /vilYY < 0.

From the analysis above, the controller Eq. (30) can ensure the system Eq. (29) to achieve
consenus tracking to the desired accuracy under condition Eq. (31). O

Remark 6. The conditions specified in Eq. (31) is a prerequisite of the consensus tracking
for the MAS Eq. (2). It is worth noting that ¢; and ¢, can be identified independently, while
the other two conditions have to be checked simultaneously. However, significant difficulties
may arise in finding a feasible solution to satisfy all conditions simultaneously, especially for
large input delays with a small variation rate 6,. The iterative methods developed in Zuo et al.
[26] may also be applied here for finding a feasible solution of the conditions. A feasible
solution P; = Yfl is derived by computing Eq. (31), which indicates that the designs of the
observers and the feedback law are coupled. However, for large input delays and small positive
constants y;, a feasible solution P; tends to be very small. Additionally, since the values of
input delay bound 7; and y; are fixed and they are not the decision variables of Eq. (31), a
feasible solution may not exist if the values of 7; is too large and y; is too small.

Remark 7. In contrast to the works [26,28], input delays are nonuniform time varying in
this paper, which relax the restrictions. The proposed controller no longer depends on the
input time-varying delay t;(z), but only on the upper bound of the delay 7;. Furthermore, the
nonlinear functions are in a nonuniform form for each agent, whereas the nonlinear functions
in the above approach must be uniform and need to strictly follow the Lipschitz condition.
Obviously, our results require less restrictions on nonlinear functions and input delays, and
are more robust.

5. Simulation

The simulation results are given in this section to illustrate the effectiveness of the presented
consensus tracking scheme based on adaptive RBFNNs output-feedback in Theorem 1. Under
a digraph shown in Fig. 2, the following application example shown in Fig. 3 consists of five
single-link manipulators indexed by 0-4.

According to Chen and Ge [22], the dynamic of the ith single-link manipulator is described
as

{Miéii + smiglisin(q;) = ¢i(6;) + €

50
Vi = (i (50)

where M; denotes the moment of inertia, g; represents the angle position, ¢; denotes the angle
velocity, ¢; is the angle acceleration, m; represents the mass of the link, g = 9.8m/s” is a
positive constant, /; denotes the length of the link, ¢; denotes the control torque, 6; is described
as input delay and ¢; indicates the disturbances acting on the manipulator.
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Fig. 2. The directed communication topology G.

Fig. 3. Single-link manipulator.

Define x;; =¢q;, xp=¢;, and u; = ¢;(6;). Consider x; = [xif, x2]” € R2, the system
Eq. (50) is rearranged as

(5D

Xi = Ax; + Bu;(0;) + fi(xi, t) +d;(t)
yvi=Cx;, i=0,1,...,4.

10 1
10 0
B =1[0,1/M;]". The design parameters are chosen as [; = 0.2 m, m; = 0.3 kg, M; = 1 kg m,
0;=t—(0.01(t +1)/2t + 1), ¢; = 0.26sin(x;1), €0 = 0, and uy(6y) = 0. It can be conclude
that Assumptions 1-3 hold for MASs Eq. (51). From the directed communication topology
G in Fig. 1, we obtain that

where f,-(x,-) = [0, —migli sin(x“)/ZMi]T, di(l‘) = [0, éi/Mi]T, A :|, C= [1, O], and

0 0 0 0 10 0 0
-1 1 0 0 -1 1 0 0

B=[t 0 0 dhL=1o 5 oH*={o -1 1 of
0o 0 -1 1 0 0 -1 2
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Fig. 4. Disturbance observer error signals ¢; — ¢;, and local state observer error signals x; — X;.

According to Egs. (5), (8) and (23), we design the disturbance observer, the state observer
and the distributed observer, respectively. The adaptative laws W* are decided by Eq. (11).
The controller is given by Eq. (30).

Choosing parameters 7; = 0.01, 8, =1 to satisfies Assumption 1 for i=1,...,4. We
choose the design paramters as y; =25, B; =4, t; = 1.25 and ¢, = 1.05 in controller
condition Eq. (31) for i=1,...,4. According to B and B;, we select matrices P, =

2.9089  —1.4869
|:—1.4869 4.1721

By choosing K =[1,2]7 and A =[1,2]", y =0.4, p =2.85, 7 =9, i = 0.1. The initial
state values for simulation are chosen as xy(0) = [0.4, 0.2]7, x;(0) =[1.2,2.3]7, x(0) =
[—2.1, 1.3]7, x3(0) = [1.2, —2.5]7, x4(0) = [2.1, 1.3]7, ¢,(0) = [0, 1.1]", ¢,(0) = [0, 3.3]7,
@3(0) = [0, —0.8]7, @4(0) = [0,2.2]", £;(0) =[0.2, —0.3]7, %(0) = [-1, —2.3]7, £(0) =
[2,1.5]7, £4(0) = [1.3, =217, 2,(0) = [1.6,0.2]7, 2,(0) = [—1.2,2.4], 73(0) = [2.2, —0.5]"
and 74(0) = [—1.1,2.6].

The hidden layer of RBFNN contains 9 neurons. Let S;(%;) = [s; (%), ..., so(£;)]” denote
the basis functions vectors, where s; (%) = exp( — |15 — ¢;l|*/11?), the width ; = 1 and the
center of the activation function ¢; uniformly distributed in the interval [—2, 2] x [—2, 2],
i=1,...,9.

Fig. 4 shows that the designed observers can accurately estimate the corresponding sig-
nals of composited disturbance and followers’ local state. Fig. 5 indicates that the designed
distributed controller ensures the MAS Eq. (50) to achieve consenus tracking. Fig. 6 is the
trajectory curve of the distributed controller input and system output. It implies that the al-
gorithm in Theorem 1 is effective for the consensus tracking control problem of the system
Eq. (50).

Making some comparisons between the method proposed in this paper with the ones of
existing works as follows:

i|, I = [1.4869 —4.1721] to satisfy Eq. (31).

(1) The disturbance observer is proposed to observe the composited disturbance composed
of external disturbances and error variables, which uniformly can further reduce the
error and eliminate the effect of adverse factors. Compared with [22], an adaptive output
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Fig. 6. Control input signals u;, and system output signals y;.

feedback controller was designed by nonlinear disturbance observers for single system,
which is not applicable to MASs, and it can be regarded as a special case of this paper.

(2) A distributed output-feedback controller is proposed through a truncated prediction ap-
proach, which only depends on the boundary value of the time-varying input delay,
whereas the controller design depends on all known input delays in Chen et al. [28]. As
a result, the scheme proposed in this paper is convenient for applications in engineering
systems.

(3) The uncertain nonlinear function is estimated by RBFNNs, which just needs to meet
boundedness and the value of bound is an unknown constant, which replaces the strict
Lipschitz condition in Chu et al. [17], Li et al. [29], Wang et al. [30]. It is more suitable
for practical engineering and has universality.
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6. Conclusion

The distributed control design has been proposed based on output-feedback observer for
the nonlinear MASs with uncertain external disturbance and nonuniform time-varying input
delays. Three adaptive RBFNNs based observers have been designed for each follower, in-
cluding disturbance observer, local state observer and distributed observer. These observers
are applied to estimate the composited disturbance, the follower’s state and the leader’s state,
respectively. In addition, the proposed controller has been strictly verified the effectiveness
by the Lyapunov theory. Further work is how to generalize the proposed approach to solve
the consensus control problem of the practical uncertain MASs.
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