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Abstract. This paper considers the learning-ability for discrete-time iterative learning control
(ILC) systems with feedforward. More specifically, the relation between the output realizability
and the feedforward matrix is first established. Then, the learning-ability of four ILC systems is
considered. It is shown that the proportional type (P-type) update law can only ensure the fully
asymptotic learning-ability. By only using the feedforward matrix, a more efficient point-wise P-type
update law is developed, which can ensure the fully (7" + 2)-step learning-ability, where T is the trial
length. In the case that the state is measurable and controllable, it is proven that the update law with
current state feedback can ensure the fully monotone learning-ability and the fully 2-step learning-
ability, respectively. In addition, by only using the output data at the previous trial, a full output
feedback update law is proposed, which can respectively ensure the fully 2-step learning-ability and
the fully monotonic learning-ability.
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1. Introduction. Iterative learning control (ILC) technique is developed for
systems repetitively operated over the finite time interval whose task is to track the
given desired trajectory over the whole finite time interval. Since ILC can achieve the
tracking task over the whole finite time interval with a satisfactory precision [1], it
has been widely studied during the past three decades, and great progress has been
made in both fundamental theories [2, 5, 10, 22] and practical applications [6, 7, 17].

The idea of ILC is to exploit the repetitive operation characteristics of control
system and all the available information to design an update law for the system in-
put, which can drive the control system to track the given desired trajectory. Here,
the available information may include the known part of system dynamics, the in-
put data, the measurable output data, and the measurable state data. Clearly, if
it is expected that the ILC update law designed can drive the control system to
track the given desired trajectory with any given precision, there must exist at least
a desired initial state and a desired input such that supplying them to the control
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system yields the given desired trajectory, i.e., the given desired trajectory must be
realizable over the whole finite time interval [14]. This means that the study of out-
put realizability is crucial for ILC systems. On the output realizability, one can see
that the existing literature falls into two categories. Some literature directly assumes
that the given desired trajectory is realizable [3, 9, 20, 21], while others directly
ignore the realizability of the given desired trajectory [5, 16, 18]. The main reason
for this phenomenon is the technical route of convergence analysis for the system out-
put sequence. When the indirect technical route is adopted, i.e., the convergence of
the output sequence follows from the convergence of the input sequence, it requires
the desired state and output equations to get the convergence of the input sequence.
This is the immediate cause of the hypothesis that the desired trajectory is real-
izable. However, when we directly conduct the convergence analysis of the output
sequence, i.e., the direct technical route is adopted, the desired state and output
equations are not needed any more. This creates an illusion that the realizability
assumption can be removed.

Up to now, the research of output realizability has made some progress. It was
shown in [12, 13] that for a class of single-input-single-output (SISO) discrete-time
systems, when the input-output coupling parameter (IOCP) is nonzero, any given
desired trajectory is realizable and for any given initial state there is a unique de-
sired input corresponding to the given desired trajectory. The article [11] extended
the results in [12, 13] to discrete-time system with time-varying IOCP. The article
[14] studied the output realizability for a class of multi-input-multioutput (MIMO)
discrete-time systems, and built the relation between the output realizability and the
input-output coupling matrix (IOCM). It reported that when the IOCM is full-row
rank, any given desired trajectory is realizable and when the IOCM is not full-row
rank, the output is unrealizable almost everywhere. However, the output realizabil-
ity criterion for systems with feedforward has not been addressed yet, though it is a
problem of great interest.

In ILC, under the premise of the given desired trajectory being realizable, the core
problem becomes to design an effective ILC update law for the system input sequence
that can drive the control system to track the given desired trajectory. The primary
concern is the convergence properties of the iterative learning process: asymptotic
convergence, monotone convergence, finite-step convergence, and so on. Obviously,
the convergence properties of ILC process are mainly determined by the ILC update
law, and the designs of the ILC update laws are inseparable from the information
of dynamics structure or dynamics matrices. It can be found that the convergence
performance of the designed ILC system will be better and better as the available
information becomes more and more [4, 19, 23], in which the control system together
with an ILC update law designed is termed as an ILC system. When the IOCM is
full-row rank and available, for linear or local-Lipschitz-nonlinear-affine systems, the
proportional type (P-type) update law can only ensure the exponential convergence of
output sequence and for continuous-nonlinear-affine systems, the P-type update law
can only guarantee the asymptotic convergence of output sequence [23]. When the full-
row rank IOCM and the state-output coupling matrix (SOCM) are available, for the
linear time-invariant (LTI) system, the P-type update law with current state feedback
can ensure the 2-step convergence [8]. When the full-row rank IOCMs, the SOCMs,
and the output matrices are available, for a class of linear time-varying continuous-
time systems, the P-type update law with current state feedback can ensure the 2-step
convergence [15]. Clearly, the convergence performance of an ILC system depends on
not only the ILC update law designed but also the available information of system
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dynamics. This motivates us to further investigate how to leverage the different parts
of system dynamics to design an highly efficient update law, and whether the required
system dynamics are learnable.

Inspired by the above observations, this paper intends to explore the output re-
alizability, how to exploit the different parts of system dynamics to design highly
efficient update law, and whether the dynamics required by the ILC update law de-
signed are finite-step learnable. The main differences between this paper and [14] lie
in two aspects. Clearly, the control systems considered in this paper and [14] are
different. Note that [14] considered the relation between the output realizability and
the IOCM, the learning mechanisms for system dynamics and the monotone conver-
gence of D-type update law with current state feedback. Therefore, the problems
considered in this paper and [14] are different. The main contributions of this paper
are highlighted as follows.

e The output realizability over the whole time interval is considered. It gives
the sufficient and necessary condition for the output to be fully realizable.
Meanwhile, it presents an upper bound of the dimension of the realizable out-
put space in the case the feedforward matrix is not full-row rank. Moreover,
in the case the feedforward matrix is full column-rank and the input dimen-
sion is less than that of output, for a fixed initial state, any given desired
trajectory corresponds to at most a desired input.

e It is shown that in the case the output dimension is less than that of the input,
there are infinite many desired inputs and states corresponding to the given
desired trajectory. And we show how to utilize the direct technique route
of convergence analysis and the Cauchy convergence criterion to prove the
exponential convergence of system input and state sequences for the classic
P-type update law without resorting to the input transformation technique
used in [14, 16, 23].

e It establishes the relations between the convergence performances of ILC
systems and the output, feedforward, and lower triangle Toeplitz-type block
matrices. The P-type update law can only ensure the fully asymptotic learning-
ability, in which the feedforward matrix required for designing the gain ma-
trix is (p + 1)-step learnable. In addition, only using the feedforward matrix,
we can get a more efficient point-wise update law that can ensure the fully
(T 4 2)-step learning-ability. When the state is measurable and controllable,
we can obtain a P-type update law with current state feedback that can en-
sure the fully 2-step learning-ability and the fully monotone learning-ability,
respectively, in which the required output matrix is at least (np + 1)-step
learnable. In the case that the state is unmeasurable or uncontrollable, only
using the output data at the previous trial can also get an update law that
can, respectively, ensure the fully 2-step learning-ability and the fully mono-
tonic learning-ability, in which the required lower triangle Toeplitz-type block
matrix is (p + 1)-step learnable.

The rest of this paper is organized as follows. In section 2, the output realizability is
considered. Section 3 considers the learning-ability of ILC system. Section 4 concludes
the paper.

Notation. Throughout this paper, A4 = {1,2,...}, /T = {2,3,...}, and R"
refers to the n-dimensional real column vector space. For a given vector or matrix
x, x7 denotes its transpose and ||z|ly labels its ¥-norm (¢ = 1,2,00). Let ¥ =
{0,1,..., T}, ST ={1,...,T}, and ¥~ ={0,1,...,T — 1}, where the positive integer
T labels the trial length. For a matrix D € R9*P with columns being dy,...,dp,
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span(D) denotes the linear space {a1d; + -+ apd,, : [a1,...,a,] T € RP} and rank(D)
refers to the rank of D. For given positive integers m and n, I,, denotes the n x n
identify matrix, 0, labels the n-dimensional zero column vector and 0,,x, denotes
the m x n matrix whose entries are all zero. p(A) denotes the spectral radius of a
square matrix A € R™>"™,

2. Output realizability. Consider the following MIMO discrete-time repetitive
system:

xp(t+1) = Az (t) + Buk(t), t € S,
(2.1) Yy (t) = Cxg(t) + Dug(t),t € .7,
25 (0) = 2,

where t denotes the discrete time and k € .4 labels the trial number. wug(t) € R? is
the input, yx(t) € R? is the output, and z(t) € R™ is the state. A € R"*" B e R"*P
C €R9*" and D € R7*P are the unknown matrices. x4 (0) = 2° means that the initial
state can be reset to a fixed state 2°.

In ILC, the control objective is to exploit the available information to design an
update law for the input sequence wuy(+) such that the output sequence yi(-) can track
the given desired trajectory/output y4(-) when k tends to infinity, i.e., limg_,c0 yx(t) =
ya(t) for all t € . Here, the available information may include the known system
dynamics information and the input, output, and state data. The control objective
inherently requires y4(-) to be realizable, i.e., there exists at least a desired input uq(-)
that can drive the control system to yield yq(-). Note that the system state signals
over the finite time interval .#T are only determined by the system input. Therefore,
ya(+) is realizable means that there at least exists a pair of ug(-) and z4(-) satisfying

$d<t +1)= A.’L‘d(t) + Bud(t),t IS
(2.2) ya(t) = Cxq(t) + Dug(t),t € .7,
24(0) = 2°.

In this paper, one of the issues we are interested in is to explore the criterion for
the output realizability of system (2.1). The following definitions are useful.

DEFINITION 2.1.
o A given desired output yq(-) for system (2.1) is said to be realizable if there
exists at least a pair of uq(-) and xq(-) satisfying (2.2).
e The set % defined by

{[(ya(0)) ", (ya(T))"]" : ya(-)is realizable for system (2.1)}

is termed as the realizable output space (ROS).
e The output is said to be fully realizable if %y =RIT+1),

The following theorem gives the necessary and sufficient conditions for the output
to be fully realizable.

THEOREM 2.2. The output of system (2.1) is fully realizable if and only if D is
Sfull-row rank.

Proof. First, we prove the sufficiency. On account of rank(D) = ¢, we have p > g.

Case 1: p=q.

This case implies that D is nonsingular. Therefore, for any given y4(-), there
exists a unique pair of ug(-) and x4(-), given by the recursion formula (2.3), satisfying
(2.2). This means that the output of system (2.1) is fully realizable:
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ug(t) = D~ ya(t) — Cza(t)], tes,
(2.3) valt+1) = Azg(t) + Bua(t), te. 7~
I’d(O) :{ZZO.

Case 2: p>gq.

Let d;(1 < i < p) denote the ith column of D. Due to rank(D) = g < p, there
exist di,,...,d;, (1 < iy < --- < iy < p) such that the matrix D; = (diy,...,ds,] is
nonsingular. Let Dy = [b,, ..., bj,_,], where 1 < jy <--- < jp_q <p,

(i, vigh (V- dp—q} =0,
{iv o vigH Ul dp—a b = {1, .0}
For t € ., u,(t) denotes the ith component of uq(t). Let
wa(t) 2 [ug (1), uf ()]
wat) £ [uf (8), ()
Then, (2.2) becomes

xd(t+1):Axd(t)+Bud(t), te S,
(2.4) ya(t) = Czq(t) + Diul(t) + Doulj(t), te.”,
24(0) =29,

which together with the nonsingularity of D; yields

wy(t) = [D1] " [ya(t) — Cza(t) — Daulf(t)], te.?,
zq(t+1) = Azq(t) + Bug(t), teS,
zq(0) ==z

(2.5) _
0

According to (2.5), for any given y,4(-) and u)j(-), there exists a unique pair of u/(-)
and x4(-) satisfying (2.4). Therefore, the output of system (2.1) is fully realizable.

Next, we prove the necessity by contradiction.

What we need to do is to show that if rank(D) < ¢, there exists at least a desired
trajectory yq(t)(t € %) that is not realizable.

Let r =rank(D) and span(D) be a vector space spanned by the column vectors of
D. Clearly, span(D) is a r-dimensional true subspace of R?. Therefore, there exists
y5(0) that belongs to R? and does not belong to span(D). It is easy to check that if
ya(t)(t € ) satisfies y4(0) = y,(0) + Czq(0), then it is not a realizable desired output
for system (2.1). This completes the proof of necessity. ]

The following theorem gives the upper bound of the dimension of the ROS %; in
the case the rank of D is less than q.

THEOREM 2.3. If the rank of D is less than q, then the dimension of the ROS
%y is no more than T + r, where r =rank(D).

Proof. Case 1: r=p<q.
In this case, there exists a nonsingular matrix ) to ensure that QD = [ojir]-
Let y,(0) = Qya(0). We partition y/(0) and Q as

(2.6) yﬂ@{iﬁj&ﬁﬂ and Q:{g;y
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where ¢/,(1,0) €R", y/,(2,0) €ERT™", Q; € R"*%, and Qo € R(4=7)X4. Then, we have

y57(1,0) = Q1Czq(0) + uq(0),
¥(2,0) = Q2024(0).

Obviously, for any given y/(1,0), there exists a unique u4(0) satisfying (2.7). On
account of y4(0) = Q1y/(0), ya(t)(t € %) is not realizable if y4(0) does not take the
form of (2.8). This means that the dimension of the ROS %} for system (2.1) is at
most ¢T + r:

2.7)

(28) )= | SO ]

Case 2: r <p.
In this case, there exist the nonsingular matrices @ and P satisfying

T 0 _

2.9 QDP = [ v rx(p=r) } .
29 Og=ryxr Otg=r)x (=)
Let u/,(0) = P~ u4(0). Due to r < p, we partition u/,(0) as

4 — Ufj(].,O)

(210 w0 = 460

where u/;(1,0) € R" and u/;(2,0) e RP~".
Using (2.6), (2.9), and (2.10) together with y4(0) = Cx4(0) + Dug(0) yields

{yga,m = Q1Cza(0) +u}y(1,0),

211) Y)(2,0) = QsCiral0).

Then, for any given y/(1,0), there is a unique u/;(1,0) to meet (2.11). Since yq(0) =
Q7 1y5(0), ya(t)(t € ) is not realizable if y4(0) does not take the form of (2.8).
Therefore, the dimension of the ROS % is less than ¢T" + r.

This completes the proof of Theorem 2.3. O

The following theorem shows that when D is full-column rank and the output
dimension is greater than that of the input for a given desired trajectory there exists
at most a pair of desired input and state satisfying (2.2).

THEOREM 2.4. Assume that rank(D) = p < q. For an arbitrarily given desired
trajectory yq(-), there exists at most a pair of ug(-) and x4(-) satisfying (2.2).

Proof. We will complete the proof by contradiction.
Assume that ug4(-) and z4(-) is a pair of desired input and state satisfying (2.2)
and u/,(-) and /() is another pair of desired input and state satisfying (2.12):
xl(t+1) = Axl)(t) + Bu)(t),t € S,
(2.12) ya(t) = Caly(t) + Duly(t),t € 7,
z/,(0) = 0.
Since the state signals over .+ are only determined by the input signals over .7~
and the initial state signal z°, what we need to do is to show

(2.13) ug(t) =ul(t) for allte.”.
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Tt follows from (2.2) and (2.12) that

(2.14) za(t+1) — 2l (t +1) = Alwq(t) — 2 (t)] + Blua(t) —uy(t)],t € L,
(2.15) 0g = Clzq(t) — 2 (t)] + Dlua(t) — uy(t)],t € .7,
(2.16) 2q(0) — 24(0) = 0,,.

Using (2.15) and (2.16) leads to
(2.17) Dlua0) — u4(0)] =0,

By (2.17), together with the condition ¢ > p = rank(D), we get

uq(0) = uly(0).
What the rest we need to do is to show
(2.18) ug(s+1)=uj(s+1)
provided that
(2.19) ug(t) =ul(t) for allt€{0,1,...,s},

where 0 <s<T —1.
Using the induction hypothesis (2.19) together with the condition z4(0) = z/,(0) =
x0 gives

(2.20) za(s+1)=al(s+1).
By (2.15) and (2.20), we get
(2.21) Dlug(s+1) —ul(s+1)] =0,.

Using rank(D) =p < ¢ and (2.21) yields (2.18). This completes the proof. O

Remark 2.5. According to Theorem 2.3, it makes no sense to assume that a given
desired output is realizable when system (2.1) contains unknown dynamics informa-
tion. However, this does not deny the theoretical feasibility of the indirect technology
route of the convergence analysis. According to Theorem 2.4, any realizable desired
trajectory only has a pair of desired input and state satisfying (2.2) if D is full-column
rank. This means we can use the desired state and output equations (2.2) to get the
convergence of input and output sequences.

Remark 2.6. It follows from Theorems 2.2 and 2.3 that the output realizability
does not depend on the trial length, the ILC update law designed, and the repetitive-
ness of the control system, which is an inherent property of the control system.

3. Learning-ability of ILC system. In the previous section, we have discussed
the output realizability. It is observed that the output realizability only depends on
the dynamics of control system including its initial state. The output realizability
only reflects whether the control system has the potential ability to achieve the control
objective. Clearly, that the output is realizable is only a prerequisite for the control
objective to be feasible.

In this section, what we care about is the learning-ability of ILC system. We
should first clarify what the learning-ability of ILC system is. System (2.1) together
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with an ILC update law designed is termed as an ILC system. Since the dynamics
matrices of system (2.1) are completely unknown, the connotation of the learning-
ability of ILC system should include three aspects: the given desired trajectory to
be realizable, the output sequence convergent to the given desired trajectory and the
required system dynamics information to be learnable.

The following definitions are useful.

DEFINITION 3.1.
e Te{A B,C,D,H} is said to be m-step learnable if there is a learning scheme
by which we can obtain Y through running system (2.1) m times, where m
18 a positive integer and H s the lower triangle Toeplitz-type block matrix

defined by
D
CB D
(3.1) H—| CAB CB D
CAT-'B ... CAB CB D

e System (2.1) with an ILC update law is said to have fully asymptotic learning-
ability if (1) any given desired trajectory is realizable; (2) for any initial input,
the output sequence can asymptotically converge to any given desired trajec-
tory; and (3) the required system dynamics information is m-step learnable.

e System (2.1) with an ILC update law is said to have fully monotonic learning-
ability in the sense of 9-norm if (1) any given desired trajectory is realizable;
(2) for any initial input, the output sequence can monotonically converge to
any given desired trajectory in the sense of ¥-norm; and (3) the required
system dynamics information is m-step learnable, where ¥ =1,2, co.

e System (2.1) with an ILC update law is said to have fully M-step learning-
ability if (1) any given desired trajectory is realizable; (2) for any initial input,
the output at the Mth trial can be any given desired trajectory; and (3) the
required system dynamics information is m-step learnable, where M is a pos-
itive integer.

e The state of system (2.1) is said to be measurable if it can be obtained directly
by a sensor or other means of measurement.

3.1. P-type update law. We first show that if D is full-row rank, system (2.1)
with P-type update law (3.2) can ensure the fully asymptotic learning-ability:

(3:2) U1 (t) = un(t) + Loy (1),

where I' € RP*9 is the learning gain matrix and dyx(t) = ya(t) — yr(?).

It is well known that under the condition rank(D) = ¢ < p, the output sequence
of system (2.1) with update law (3.2) is exponentially convergent to the desired tra-
jectory if and only if p(I, — DI') < 1. It follows from the proof of Theorem 2.2 that
for any given desired trajectory, there are infinitely many desired inputs and states
satisfying (2.2). Therefore, we cannot directly use (2.2) to prove the convergence of
system input and state sequences. However, by Cauchy convergence criterion together
with the direct technique route of convergence analysis, we can get the exponential
convergence of the input and state sequences, respectively. The above fact can be
summed up in Theorem 3.2 whose proof can be found in the appendix.
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THEOREM 3.2. Assume that the update law (3.2) is applied to system (2.1) and
D is full-row rank. Then, for any given yq(-) and ui(+), yr(-) exponentially converges
to ya(-) when k tends to infinity, and ug(-) and xi(-) are exponentially convergent
when k tends to infinity whose limits together with yq(-) satisfy (2.2) if and only if
p(I, — DI) <1.

Let
(3.3)
Vi =[(we(0) "5y (ur(T) 1T, Ya = [(9a(0)) T, ., (wa(T)) '], G = diag{T,..,T'}.
———

T+1

Then, the output sequence Y} of system (2.1) with update law (3.2) satisfies
(3.4) Vi1 = Uy(rs1) — HG)8Ys,

where §Y, =Y; — Y, and H is given by (3.1).

It is easy to verify that for any initial input, the output sequence monotonically
converges to the desired trajectory in the sense of ¥-norm, i.e., limy_, o, Yy = Yy and
16Yrs1llo < [|0Yx]l9 if and only if p(I; — DI') < 1 and |[Iyp41) — HG|l9 <1, where
¥ =1,2,00. However, by only tuning the learning gain I', the monotone convergence
condition cannot be ensured.

Theorem 3.2 tells that for system (2.1) with update law (3.2), D is the only
system dynamics information involved in designing the learning gain matrix I'. Now,
we show how to use the column-by-column learning mechanism given in [11] to get
the feedforward matrix D through running the repetitive system (2.1) p+ 1 times.

Let d; be the jth column of D, where j =1,...,p. u}f (t) denotes the ith component
of the column vector u(t), where 1 <i<p and t €.7.

Step 1. Arbitrarily choose an admissible initial system input u; (¢)(¢t € ). Sup-
plying system (2.1) with it yields y:(t)(t € .%). ‘

Step 2. Let ujy1(t)(t € .7) satisfy u), , (0) = ui(0) + 6, u},,(0) = u}(0) for i #j
and w;y1(t) =wuq(t) for t #0, where 0 is a nonzero constant. Using u;1(t)(t € ) to
drive system (2.1) gives y;41(t)(t € ).

By steps 1 and 2 together with z;11(0) =z1(0) ==

(3.5) Yj+1(0) — y1(0) = 0d;.

Thanks to 6 # 0, using (3.5) gives d; = M.
Following the facts above yields Theorem 3.3.

0 we have

THEOREM 3.3. The feedforward matriz D is (p + 1)-step learnable.

According to Theorems 2.2, 3.2, and 3.3 and the facts stated above, there holds
Theorem 3.4.

THEOREM 3.4. Assume that D is full-row rank. System (2.1) with update law
(3.2) can ensure the fully asymptotic learning-ability if and only if p(I, — DT') < 1.

3.2. Pointwise update law. The following theorem shows that when D is
available, we can get a better pointwise update law (3.6) such that the output of
system (2.1) with update law (3.6) at the (T + 2)th trial is the desired trajectory:

Jur(k=1)+Toyp(k—1) fort=k—1,
(3.6) UkJrl(t)_{uk(t) fort £k —1,

where the initial input uq (t)(t € .%) is arbitrarily given and 1 <k <T + 1.
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THEOREM 3.5. Assume that D is full-row rank. System (2.1) with the pointwise
update law (3.6) can ensure the fully (T + 2)-step learning-ability if DI = I,,.

Proof. Since the full-row rank matrix D is (p + 1)-step learnable, what we need
to do is to show that when DT = I, for any given y4(-) and u;(+), the output at the
(T + 2)th trial is the given desired trajectory, i.e., yri2(t) = ya(t)(t € 7).

At the 1st trial, supplying system (2.1) with uy(¢)(t € ) yields y1(¢)(t € 7).

Since u2(0) =u1(0) + T'dyx(0) and uqg(t) =uq(¢) for t #0, it follows from DI' =1,
that y2(0) =ya(0).

Next, we show that when wug42(t)(t € .7) is applied to system (2.1), the output
Yp+2(t)(t € ) satisfies ygy2(t) = ya(t) for 0 < ¢t < k provided that when we apply
up41(t)(t €.7) to system (2.1), the output yxr1(t)(t € .%) satisfies yx11(t) = ya(t) for
0<t<k—1(k>1).

On account of yj11(t) =yq(t) for 0 <t <k — 1, using (3.6) yields

upy1(k) +Doypy1(k) fort =k,

(8.7) wira(t) = {uk+1(t) fort # k.

Using (2.1) and (3.7) together with DI" = I gives rise to yx42(t) = yq(t) for 0 <t <k.
It follows from mathematical induction that yri2(t) = yq(t)(t € 7). O

Remark 3.6. It follows from Theorems 3.4 and 3.5 that if the full-row rank
feedforward matrix D is available, from the point of view of efficiency, the learning-
ability of system (2.1) with pointwise update law (3.6) outperforms that of system
(2.1) with update law (3.2). Clearly, neither of the above two ILC systems can
guarantee the fully monotone learning-ability.

3.3. P-type update law with current state feedback. When the system
state is controllable and measurable, incorporating the state feedback mechanism
into update law (3.2) gives rise to a more efficient update law (3.8). Applying it to
system (2.1) achieves Theorem 3.7:

(3.8) up41(t) = ug(t) + Klzg1(t) — 2x(6)] + Loyr(2),

where K is the state gain matrix and I' is the learning gain matrix.

THEOREM 3.7. Assume that D is full-row rank and the state of system (2.1)
is controllable, i.e., the controllability matriz Q. = [A""'B, A" 2B,... ,AB,B] is
full-row rank. Then, system (2.1) with update law (3.8) can ensure the fully 2-step
learning-ability if DI' = I, and C'+ DK = 0gxr,. Meanwhile, system (2.1) with update
law (3.8) can ensure the fully monotone learning-ability in the sense of ¥-norm if and
only if p(I; — DT) <1 and ||I¢r41) — HG|ly <1, where ¥ =1,2, 00,

D
¢8 D
g_| caB ¢B D
CAT-'B ... CAB CB D
C=C+DK, and A=A+ BK.

Proof. Since D is full-row rank, it follows from Theorem 2.2 that any given desired
trajectory for system (2.1) is realizable.
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The rest of what we need to do is show that (i) when D' =1, and C+DK = 0gx»,
for any given y4(-) and wuy(+), the output at the 2nd trial is the desired trajectory, i.e.,
y2(t) = ya(t)(Vt); (ii) for any given yq(-) and wy(), the output sequence y(t) is
monotonically convergent to y4(t) in the sense of ¥-norm if and only if p(I, — DI') < 1
and || Iyr11) — HGJly <1; and (iii) under the conditions that the state is measurable
and Q. is full-row rank, A, B, and C are M-step learnable, where M is some positive
integer.

We first prove (i).

Since D is full-row rank, there exists the gain matrices I' and K such that DI' = I,
and C'+ DK =04x,. Using (2.1) and (3.8) yields

(3.9) 0ya(t) = [Ig — DT']oyi1(t) — [C + DK][z2(t) — z1(t)]

for t € .. It follows from (3.9) together with DI' = I, and C' + DK = Oy, that
y2(t) = ya(t) for t € 7.

Next, we prove the sufficiency of (ii).

Using (2.1) and (3.8) yields

(3.10) §Yies1 = Z6Yr,

where = = Iq(T-‘,—l) - HG

Since p(I; — DI') < 1 and Z is a lower triangle Toeplitz-type block matrix with
I, — DT being its main diagonal block entries, it follows that p(Z) < 1 which implies
that limg_ 0 Yy = Yy. Using (3.10) together with the condition ||Z]|y < 1 leads to
10Yit1llo < ||0Y%]|l9, where ¥ = 1,2,00. This completes the proof of the sufficiency
of (ii).

Now, we move to prove the necessity of (ii). What we need to do is to show that
when p(I; — DI') > 1 or ||Z]|y > 1, there exist a desired trajectory Y; and an initial
input u; (¢) such that the output sequence Y; does not monotonically converge to Yy
in the sense of ¥-norm, where ¢ =1, 2, co.

In the case p(I,—DT") > 1, it follows that p(=) > 1. Since D is full-row rank, using
(3.10) and p(E) > 1 together with the same arguments used in the proof of Theorem
3.2 gives that there does exist a desired trajectory Yy and an initial input w;(¢) such
that the output sequence Y}, does not converge to Yy. Therefore, p(1,—DI') > 1 implies
that there are Yy and wuq(-) such that the output sequence Y}, does not monotonically
converge to Yy in the sense of 1/2/co-norm.

In the case p(I,— DI') < 1 and |||y > 1, there exists a column vector &y € RI(T+1)
such that ||€y]lo =1 and |2y ||ls = |||y, where ¥ =1,2,00. Since D is full-row rank,
for a given initial input u(-) there exists a desired trajectory Yy such that 0Y; = £y.
Therefore, ||0Y2]|s > ||0Y1]ls. The above fact implies that the conditions p(I,—DI") <1
and ||Z|ly > 1 cannot ensure the output sequence to be monotonically convergent in
the sense of ¥-norm. This completes the proof of the necessity of (ii).

Finally, we prove (iii).

Under the condition that the state is measurable, by the column-by-column learn-
ing scheme, we can obtain the input matrix B through running the repetitive system
(2.1) p+1 times. When Q. is full-row rank, by the learning scheme developed in [14]
we can conclude that A and C' are at least (np + 1)-step learnable. This completes
the proof of (iii). d

Remark 3.8. A direct computation yields

T-1
1Bl <[lg = DT[i+]C + DKy (Z ||A+BK||§> 1B l1,
=0
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T-1
[Ellee <1[Ig = DT{joo+[|C + DKoo (Z 1A+ BKII&) BT [|oo
=0

I1Ell2 < VIEILIE]loo,

where |[A + BK||9 = 1 and ||A + BK||% = 1. Clearly, there are two options for
designing the gain matrix K. One is to utilize the available information of A and B.
However, it cannot ensure the monotone convergence even if A and B are completely
available. Another is to leverage the available information of C' and D to design K.
Under the condition that D is full-row rank, this option can ensure the monotone
convergence as long as the available information of D and C' is accurate enough.

3.4. Full output feedback update law. When the state is unmeasurable, the
update law (3.8) is unfeasible. Next, we will show that the ILC update law (3.11)
using only the output signals of the previous trial, which is termed as full output
feedback update law, can also guarantee the fully 2-step learning-ability and the fully
monotone learning-ability in the sense of 1/2/co-norm, respectively.

(3.11) g1 (t) = uk(t) + ZFt,Séyk(s),
s=0

where I', € RP*9(0 < ¢ <T) are the learning gain matrices.

THEOREM 3.9. Assume that D is full-row rank. Then, (a) there exist the gain
matrices T'y(0 <t < T) such that system (2.1) with update law (3.11) can ensure the
fully 2-step learning-ability; (b) system (2.1) with update law (3.11) can ensure the
fully monotone learning-ability in the sense of 9-norm if and only if p(I, — DI') < 1
and || Iyry1y — HY|l9 <1, where ¥ =1,2,00 and

Lo
r, T
G = I, It T
p -+ Iy It Ty
Proof. We first prove (a).
Since D is full-row rank, any given desired trajectory for system (2.1) is realizable.
Next, we illustrate that for any given desired trajectory and initial input, there

exist the gain matrices I';(0 <t < T) such that the output at the 2nd trial is the given
desired trajectory. Using (2.1) and (3.11) gives rise to

where H is given by (3.1). Let 1y = DT and ¢; = >.'_y CA*"1=5BI, 4 DI for
1=1,2,...,T. Then, a direct computation yields

o
Y1 o

(3.13) HG = |Y2 ¥1 o

Yr o s B W
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Therefore, what we need to do is to show that there exist the matrices I';(0 <¢ <T)
solving DI'g = I, and

1—1
(3.14) > CAT' B+ DIy =04y, fori=1,2,...,T.
s=0

On account of rank(D) = ¢, there is I'g solving DI'y = I,. For such a Iy there exists
I'y solving the matrix equation CBI'g+DI'y = 04x4. Suppose that for 1 <ig <T there
exist I'g,I'y,..., T, solving the matrix equation ZZO:_Ol CAW=1=5BT + DIy = 0gxq-
For such a group of gain matrices I'g,I'1,...,I';;, using the condition D is full-row
rank yields that there exists I';,41 solving the matrix equation Y .2  C A ~*BT, +
DTU'jy41 = Ogxq. It follows from mathematical induction that there exist the gain
matrices I'g,I'1,...,I'r solving DI'g =1, and (3.14).

Clearly, the design of the gain matrices I'g,T'1,...,'r requires the information of
the matrix H. Since the first p columns of H contain all of its information, what we
need to do is to design a learning scheme for the first p columns of H.

Let Uy = [(ux(0))7,...,(ur(T))"]" and & = [CT cAaT ... (C’AT)T]T.
Then, we can get

(3.15) Y, = HU + ®2°,

where Y}, is defined by (3.3).

Let h; denote the ith column of H, where 1 < i < p. Arbitrarily choose an
admissible initial system input u;(-). Supplying system (2.1) with wu;(:) yields Y3.
Let the input w;41(-) satisfy ul,,(0) = ui(0) + 6, ul,,(0) = u}(0) for I # i and
uiy1(t) =wuy(t) for t #0, where 6 is a nonzero constant. Using u;41(-) to drive system
(2.1) gives Y;11. By (3.15) together with a simple computation, we obtain

hy = Yé+19— Y (1<i<p).

The above fact implies that we can get the first p columns of H through running the
repetitive system (2.1) p+ 1 times. Therefore, the lower triangle Toeplitz-type block
matrix H is (p + 1)-step learnable. This completes the proof of (a).

Now, we move to prove (b).

In the proof of (a), we have shown that under the condition D is full-row rank,
any given desired trajectory is realizable and the matrix H is (p + 1)-step learnable.
Therefore, the rest of what we need to do is show that for any given desired trajectory
Y, and initial input wq(-), the output sequence Yj of system (2.1) with update law
(3.11) monotonically converges to Yy in the sense of ¥-norm if and only if p(I,—DI') <
Land ||[Iyry1) — HY|l9, where ¥ = 1,2, cc.

Using (2.1) and (3.11) yields

(3.16) Y1 = Ly(rs1) — HY)OY:.

Then, by (3.16) together with the same arguments as those used in the proof of
Theorem 3.7, we can prove that Y; monotonically converges to Yy in the sense of
¥-norm if and only if p(f, — DI'g) < 1 and ||I;¢p41) — HY ||y < 1, where ¥ = 1,2, c0.
To save space, we omit it. This completes the proof of (b). d

Remark 3.10. The column-by-column learning scheme for D or H only requires
the information of system input and output and does not require any additional
information. Therefore, D and H are unconditionally learnable.
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4. Conclusions. This paper first studies the output realizability over the whole
operation time interval. In the case the feedforward matrix is full-row rank, the output
is fully realizable, and the initial state has no influence on the output realizability. In
the case the feedforward is not full-row rank, the dimension of the ROS is no more
than ¢7'+rank(D), and the initial state may have influence on the realizability of the
given desired trajectory. When the feedforward matrix is full-column rank and the
output dimension is greater than the input dimension, for any given desired trajectory
there exists at most a pair of desired input and state. Then, the learning-ability of ILC
system is considered, in which we consider the fully asymptotic learning-ability, the
fully monotone learning-ability, and the fully finite-step learning-ability. We show that
the classic P-type ILC update law can only ensure the fully asymptotic learning-ability,
in which the full-row rank feedforward matrix is (p 4+ 1)-step learnable. Meanwhile,
we show how to utilize the Cauchy convergence criterion and the direct technique
route of convergence analysis to prove the exponential convergence of system input
and state sequences for the classic P-type update law without resorting to the input
transformation technique. Furthermore, a pointwise P-type update law is given to
show that we can only use the information of the feedforward matrix to design an
update law for ensuring the fully (T + 2)-step learning-ability. It should be pointed
that the above two ILC update laws cannot ensure the monotone learning-ability. If
the state is measurable and controllable, the P-type ILC update law with current state
feedback can ensure the fully 2-step learning-ability and the fully monotone learning-
ability, respectively, in which the required output matrix for designing the state gain
matrix is (np + 1)-step learnable. If the state is unmeasurable or uncontrollable, an
ILC update law only using the output data at the previous trial can also ensure the
fully 2-step learning-ability and the fully monotone learning-ability, respectively, in
which the required Lower Toeplitz-type block matrix is (p+1)-step learnable. In brief,
more available information of system dynamics may mean better learning-ability.

Appendix. The following is the proof of Theorem 3.2.
Proof. Using (2.1) gives rise to

1) yr(0) = Cz° + Duy(0),
' yr(t) = CAL2® + 3170 C A5~ Buy(s) + Dug(t) fort € .#F,

where A° refers to the identify matrix I,,. By (4.1) and (3.1), for all k € .4 we have
(4.2) yk+1(0) = [I; — DT'}dyx(0),

t—1
(4.3) Syrr1(t) = [I, — DT|oyy(t) — Y  CA'"™*"'BTdy,(s) forte s+
s=0

We first prove the sufficiency.

Under the condition p(I, — DT") < 1, by direct technique route of convergence
analysis we can get the exponential convergence of the output sequence yi(-), i.e.,
there exist two positive constant numbers ® and p € (0,1) such that

(4.4) 0yx ()]s < ®p®  for allt € .Zandk € A
In addition, it follows from (3.1) and (4.4) that for all k> 1, m>1, and t € .7,

||
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which together with Cauchy convergence criterion yields that the system input se-
quence ug(t) is convergent when k tends to infinity for all ¢ € .. Furthermore, taking
t—1
(4.6) zp(t) = At20 + Z A" Byy(s)  for allt € 7T
s=0

into consideration yields that zy(t) converges when k tends to infinity over .. Let

ug(t) £ klim ur(t)(t€) and z4(t) = hm xp(t)(t €.7).
c— 00 k—o0

It is easy to check that u4(-) and z4(-) together with the corresponding desired tra-
jectory yq(-) satisfy (2.2).

Next, we illustrate that uy(t) and 2 (t) exponentially converge to uq(t) and z4(t),
respectively. Since (4.5) holds for all m > 1, it follows that

||

(47) o)~ (@) < 20 gor
In addition, by (4.6) and (4.7) together with 24(t) = A'z® + Y221 A*=5~1Bu,(s) for
tc ST, we get

T-1
OBl T[]y
4. Allf 571 ) —————=p" for all +
(4.8) 162k ()]l < (gll I ) T, ¢ foralles
where 6z, (t) = 24(t) — 1 (t) and dug(t) = uq(t) — ux(t). Note that z4(0) = z4(0) = 2°
for all k. Therefore, we have

T—1
@||B||1]|T']]1
4.9 Sz Alf—s-1 ) 22 Gk for allt € 7.
(4.9) 625 () ||1 < <s§oll Il ) - p

By (4.7) and (4.9), we get that x(-) and ug(-) are exponentially convergent to x4(-)
and ug(-), respectively. This completes the proof of sufficiency.

Next, we move to prove necessity.

What we need to do is to prove that if p(I, — DI') > 1, then there at least exists
a desired trajectory yq(-) and an initial input signal u(0) such that y;(0) does not
converge to y4(0). According to Jordan canonical form theorem, there is a nonsingular
matrix ¥ such that

Jml()\l)
Tmy (A
U(I, - D)V = (o) _ ,

I, (Av)

where J,,, (\;) is an m;-by-m,; Jordan block taking the form of

Aq
1 N\
1 N
where A1,..., ]\, are the eigenvalues of the matrix I, — DI' and m; +---+m, =¢. Due

to p(I; — DT') = maxi<i<y |A\i| and p(I, — DI') > 1, there exists iy € {1,...,v} such
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that |A;,| > 1. Without loss of generality, assume that ig = 1, which implies |A1]| > 1.
Let ¢1 be the first row of ¥. Then, using (4.2) leads to

©16Y1+1(0) = A1p10yk (0),

which together with |\;| > 1 implies
(4.10) 10y (0)] = [16y1(0)|  for allk € A"
Let u1(0) = 0,. Then, y;(0) = Cz". On account of the nonsingularity of ¥, ¢, is a
nonzero row vector. Let ¢! be the ith entry of the row vector ;. Therefore, there
exists i1 € {1,...,q} such that ¢i* # 0. Let y{(0) and y’(0) be the ith entries of
y1(0) and yq(0), respectively. Choose y4(0) satisfying y5(0) = y;(0) for i # i1 and
y, (0) =yi*(0) 4+ 1. Using (4.10) gives rise to

l10y,(0)| > 0% | >0 for allk € A,

which implies that y;(0) do not converge to y4(0). This proves the necessity. d
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