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Abstract—This paper proposes a new aggregative game (AG)
model with feedback delays. The strategies of players are selected
from given strategy sets and subject to global nonlinear inequality
constraints. Both cost functions and constrained functions of
players are time-varying, which reflects the changing nature of
environments. At each time, each player only has access to its
strategy set information, and the information of its current cost
function and current constrained function is unknown. Due to
feedback delays, the feedback information of corresponding cost
functions and constrained functions is not revealed to players
immediately after the selection of strategies. It would take a
period of time for players to observe their feedback information.
To address such an AG problem, a distributed learning algorithm
is proposed with the local information from their neighbors and
the delayed feedback information from environments, and it is
applicable to time-varying weighted digraphs. We find that the
two metrics of the algorithm grow sub-linearly with respect to
the learning time. A simulation example is given to illustrate the
performance of the proposed algorithm.

Index Terms—Aggregative games, dynamic environments,
feedback delays, generalized Nash equilibrium.

I. INTRODUCTION

Game theory has been receiving increasing attention in the
control community [1]-[4], mostly inspired by its various
applications in multi-agent systems, such as smart grids and
electric vehicles [5]-[8]. Generalized Nash equilibrium (GNE)
seeking problems is one of the main problems in game theory
[9]-[11]. With the development of the Cournot model, some
literature focuses on AG problems where the cost functions
of players depend on their strategies and the aggregation of
the strategies of all players [12]-[17]. For example, to defend
attacks, targets are surrounded by several robots whose cost
functions depend on their own positions and the center of the
positions of all robots. In games on networks, players only
obtain the information from their neighbors [12], [13], [18],
[19].
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The main feature of the aforementioned work is that the cost
functions of all players are time-invariant. However, environ-
ments are changing and uncertain. In such dynamic environ-
ments, cost functions are time-varying and are only available
to players after the selection of strategies. The algorithms for
seeking GNE of such games are called online or learning
algorithms [20]. In [21], online algorithms were proposed to
seek the GNE of noncooperative games in the presence of local
strategy set constraints and time-invariant coupled constraints.
Due to dynamic environments, coupled constraints are also
time-varying and revealed to players after the selection of
strategies. For example, in smart grids, the total energy supply
is hard to be predicted due to the uncertainty of renewable
energy such as solar and wind power [22]. In this work,
we assume that players select their strategies from prescribed
compact sets. The compactness of prescribed strategy sets is
not a strong assumption for game problems [19], [21]. Lots of
strategy constraints in practical applications, e.g., constrained
rendezvous of unmanned aerial vehicles within a prescribed
safety area and limited power generation of generators, can
be formulated as compact strategy set constraints.

In the literature, see [21] and [23], online algorithms for
noncooperative games in dynamic environments were pro-
posed in the scenarios where the information of cost functions
and constrained functions is revealed to players immediately
after the selection of strategies. However, due to the computing
overhead or inherent lag of observing the information, there
exist feedback delays from the choice of a strategy to the
observation of the corresponding feedback information from
environments [24]. For example, in advertisement placement
problems, there exist lags between the placement of an ad-
vertisement and its conversion. In game problems, feedback
delays would affect the sub-linearity of metrics which are
utilized to illustrate the performance of algorithms. The main
difficulty in analyzing feedback delays is to quantify the
impact of feedback delays.

In this paper, AG problems in dynamic environments are
investigated. Different from [21] and [23] where noncoopera-
tive game problems in dynamic environments were addressed,
we focus on AG problems. In addition, our studied model has
some new features, such as feedback delays and time-varying
digraphs. The main contributions are summarized as follows.
1) This work investigates AG problems in dynamic environ-

ments where both cost functions and constrained functions

are time-varying. We propose a new learning algorithm in

a distributed setting and apply it to a time-varying digraph.
2) Since, for each player, it takes a period of time from

the selection of its strategies to the observation of the
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corresponding feedback information from environments,

feedback delays are investigated. The effects of feedback

delays on the sub-linearity of metrics are quantified. In
addition, the upper bounds of feedback delays are analyzed
to guarantee the sub-linearity of metrics.

3) Time-varying learning rates effectively guarantee the pro-
posed algorithms with non-zero learning rates. Existing
works on feedback delay problems only focus on fixed
learning rates with the learning time as the denominator
[25]. When the learning time approaches to infinite, fixed
learning rates would approach to zero.

The rest of this paper is organized as follows. In Section
II, AG problems are formulated. In Section III, a distributed
learning algorithm is proposed. Then, a simulation example is
given in Section IV. Section V concludes this paper.

Notations. R(R ) denotes the set of (positive) real numbers.
col(zy, -+ ,xn) denotes [zT,---  2%]T, where 1, ,xn
are vectors. O(x) is a function that is linear with respect to .
[2]+ denotes the projection of z € R onto R . Po(x) denotes
the projection of a vector x € R™ onto set {2 C R".

II. PROBLEM FORMULATION

We first introduce some basic concepts of graph theory
[26]. Consider a time-varying digraph G; = (V, &, A;) with
N nodes. In consensus problems or distributed optimization
problems, nodes represent agents [27]-[29]. In game problems,
nodes represent players [12], [30]. V = {1, ..., N} denotes the
node set. & denotes the edge set. If (j,i) € &, then node
j is an in-neighbor of node ¢ at ¢, which means that node
i can receive the information from node j. aj; denotes the
weight that node 7 allocates to the edge (j,%) € & at ¢t. Matrix
At = (af;)nxn denotes the adjacency matrix with af; > 0 if
(4,i) € & and aj; = 0, otherwise. If there exists a directed
path between any pair of nodes, then the digraph is strongly
connected.

A. AG with and without feedback delays

Consider the AG problem consisting of N players in the
time-varying digraph G;. Each node in digraph G; represents
a player. For 7 € V), denote the strategy of player ¢ by
x; € £, where ; C R™ is the strategy set of player
i, n; denotes the strategy dimension of player . x_; =
col(@y, ++ ,i—1,Tiy1, - ,xn). ¢ = (x5, 2_;) € Q C R,
where 2 = J],.,, Q; is the strategy set of all players and
n = Zfil n;. In dynamic environments, at each time ¢, the
private cost function J; 4(x;, ;) : R™ x R"™™ — R and
the private constrained function g; ;(z;) : R™ — R of player
1 is unknown in advance and is only gradually revealed after
that player ¢ selects its strategy x; ; from €2; at ¢. Denote such
an AG problem as Gn (G, Jit, git)-

In Gn(Gi, Jit, git), the cost function of player ¢ depends
on its strategy z; and the aggregation of the strategies of all
players. For ¢ € V, the specific cost function is given by
Jit(zi,x_;) = hi(x;, s(x)), where the aggregation of the
strategies of all players is given by s(z) = E;\le w;(x;)
and p;(x;) : R™ — R™ is the continuous nonlinear mapping
of player ¢. The time-varying global inequality constraint
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is specified by gi(xz) = Z;V:lgj,t(xj) < 0. In game
GN(Gi, Jity git), player ¢ aims to minimize its own cost
function at each time, i.e.,

min Jiﬂg (l‘i, l‘_i),
T

N (1)
st. x; € Qi, Zgjyt(xj) <O0.

j=1

Consider a practical example of the resource sharing in
a network with N prosumers (players) [31]. Denote x; as
the volume of trade of prosumer 4, where i € {1,--- ,N}.
If z; > 0, player ¢ is a producer and injects resources
into the network. If x; < 0, player ¢ is a consumer and
buys resources from the network. Each player aims to solve
the problem (1). The cost function of player i is given by
Jii(wi,x_i) = pi(x) — %(Zil x;)x;, where p;.(-) is the
generation cost function of producer ¢ or the disutility of
consumer . g;(+) is the market price function. Due to dynamic
environments, e.g., market policy adjustment, the price or the
generation cost are time-varying, which implies that J; ; is
time-varying. For player ¢, the volume of trade is chosen
from a prescribed set Q; = [z;,Z;]. The injection into the
network or the buy from the network results in the fluctuation
of the network. To guarantee the stability of network, network
constraint vazl git(x;) = Bx — b, < 0 is needed, where
b, € R,z = col(x1,--- ,xn) and B is a matrix. The controller
of each prosumer adjusts it volume of trade to balance the
network. As long as the injection or buy can be balanced in a
long run, we say that the algorithm performs well.

Denote x;; as the strategy of player ¢ at time ¢. In
Gn(Ge, Jit, gir) without feedback delays, player i observes
the feedback information of J; ; and g; ; immediately after the
selection of ;. Then, the observed information is utilized
to obtain the next strategy x;;.;. However, in practical
applications, the observation of the feedback information of
Ji+ and g; + from environments may be delayed. In this paper,
the AG problem with feedback delays is investigated. Consider
the feedback delay 7 satisfying 7 < T', where T is the learning
time. At the time ¢, player ¢ updates its strategy x;;. After
player 4 selects its strategy x; ;- at ¢t + 7, the information of
Ji+ and g; ; is first observed and utilized to update strategies
after ¢t + 7.

B. Assumptions for the AG model
For digraph G;, the following assumption is given.
Assumption 1 ( [32, Assumption 1]): The time-varying
weighted digraph G; = (V, &, A;) satisfies that
1) If (j,i) € &, then the weight a}, > a, where a € (0,1);
2) A; is doubly stochastic, i.e., Zf\;l aﬁj =1forall j €V
and Z;V:;L aj; =1 for all i € V;
3) There exists a constant ) > 0 such that the digraph
v, Uz:o,--- 0-1 Eiy1) is strongly connected for all ¢ > 1.
Denote x = QN xY, where x? = {z € R"|g:(x) < 0}. For
1 €V, the mapping H, ; is defined by

1
H;4(xi,2;) = (vxihi,t('a s) + sthi,t(%’ ')V%) ls=2; 5
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where V; is the gradient of ¢;. Denote gradient vector Fy(z)
as Fy(z) = col(Hy(x1,s(x)), -, Hy(zn, s(x))). For any
i € V and t > 0, some assumptions on strategy sets, cost
functions and constrained functions are given as follows [12],
[19], [21].

Assumption 2:

1) ©; is non-empty, convex and compact. x is non-empty;

2) Jiu(zi,x_;) is continuously differentiable with respect to
x, Lipschtiz with respect to x; and convex with respect to
x; for every xz_;;

3) gi+(z;) is continuously differentiable and convex with
respect to x;;

4) @;(x;) is Lipschitz with respect to x;.

Assumption 3:

1) Fy(z) is strongly monotone, i.e., there exists uf” > 0 such
that (¢ —y)7 (F(2) ~ Fi(y)) > uF le—y|? forall 2,y €

2) H,;(x;,y) is Lipschitz with respect to y, i.e., there exists
a constant x> 0 such that | H; +(z;,y) — Hi(2:,9')]| <
pf |y — o], for all x; € Q;, y,y’ € R™.

In Assumption 2, condition 1) guarantees that there exists
C, > 0 such that ||z;|| < C, for all x; € Q; and i € V.
Condition 2) in Assumption 2 guarantees that there exist L, >
0 and I, > 0 such that |g; +(z;)| < Lg and ||V, 95+ ()] < 14
for all z; € Q;. Since ;(x;) is Lipschitz, there exists u? > 0
such that ||p;(z;)—wi(2})]] < p?llz;—}||. Under Assumption
2, there exists 7 > 0 such that ||J;(z;, z_;) — Ji(zh, ;)| <
i — ).

In this paper, we focus on the variational generalized Nash
equilibrium (v-GNE) [33, Definition 3.10]. The v-GNE is a
subclass of general Nash equilibrium and characterizes the
same penalty to fulfill the coupling constraints for each player.
By [34, Theorem 2.3.3], Assumptions 2 and 3 guarantee the
existence and uniqueness of the v-GNE. 7, is the v-GNE if
and only if there exists a bounded Lagrange multiplier y; <
Cy, where Cyy > 0, such that the following KKT conditions
are satisfied [12], [21], [33].

ﬁfﬂﬁ(ﬁ¢—%Hm@%ﬁ@D)—@V%JQJ%)

N
ﬁp+2%mm},mv
i=1 +
2)

C. Two regrets

In Gn (G, Jit, git). since J; , and g; , are revealed to player
1 only after the selection of x;;, it is impossible to obtain
xj, at each time ¢. Also, the inequality constraints cannot be
satisfied at each time. Therefore, specific metrics, dynamic
regrets and violations of constraints, are needed to define the
performance of learning algorithms. Since player 7 aims to
choose 7, at each time ¢, the sequence {z},}icv ¢>1 over
the learning time 7" is utilized as the benchmark sequence.
The first metric R}, say the dynamic regret [21], with respect
to the benchmark is given by

T
R;‘F = Z (Ji,t(xi,tvx*—i,t) - Ji,t(x;'k,taxii,t))- (3)

t=1
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Due to the unknown J; ; before choosing x; ., the difference
between J; ¢(zi, v, ,) and J; (2], 2, ;) exists, and thus
RT grows as t. In addition, another metric is needed to capture
the violation of global inequality constraints. The second
metric RgT, say the violation of constraints, is given by

T N
Rg = {Z Z gi,t(l’i,t)] . €]
t=1 i=1 +
Time-varying global inequality constraints only need to be sat-
isfied in a long run instead of at each time ¢. It is expected that
the above-mentioned accumulations R and Rg are sub-linear
with respect to the learning time 7', i.e., limp_, RlT/T —0
and lim7_, o R;/T — 0.

III. MAIN RESULTS

In this section, a distributed learning algorithm is proposed.
We illustrate that metrics R and R are sub-linear with
respect to the learning time T for every i € V.

Due to the feedback delay 7, player ¢ cannot obtain the
feedback information of J;; and g, for t € [1,--- ,7 + 1].
Thus, for the first 7 4 1, strategies should be set in advance.
After the selection of x; -1 at the time 7 + 1, the feedback
information begins to be observed. For ¢ > 7 + 1, player
¢ utilizes the information of J;;_, and g; ;. to update the
strategies x; ;1 based on the distributed algorithm. Motivated
by [25], forevery i € V, weset x; 1 = Tj0 = -+ = Ty 741 €
Q;and ;1 = ¥i2 = - - = Ys,r+1 = 0. In addition, we need to
initialize that n; ; = ¢;(x; ) for the first 7+1. For t > 741,
the learning algorithm is given by

Ty =(1 — s )zis + a7 Po, <x1t
— e Hipr (Tis—rs i —r )
- OlffTV!h‘,tfr (xi,tr)ﬂi,t) ,
MNit+1 =Nit + Qi (%’,tﬂ) - @i(xi,t), o)

Yijt+1 = [ﬂm +oa (gmr (zip—r) — atrgi,t>:| )

+
N N
~ t ~ t
Nit = Z AigMjt,  Yit = Z @i;Yjt
Jj=1 Jj=1

where oy, = (t_ﬁ is the learning rate. 7; ; is the estimate
of s(z¢). yi is the estimate of Lagrange multiplier. H; ¢,
Vgi+—r and g; . are delayed feedback information from
environments. The updates of z;; and y;, are motivated
by the primal-dual method. A penalty term —a?_ g;; is
employed so that the upper bound of y;; can be obtained.
The update of 7, indicates that each player estimates the
global information s(x;) only by using the information from
itself and its neighbors. Note that the delayed information of
cost functions and constrained functions from environments is
employed to update ; ¢, 7;,; and y; ¢.

Remark 1: The algorithm (5) is different from the one
given in [21]. 7;, is employed to estimate the aggregation
of strategies of all players in AGs. Constrained functions g; ¢
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and Vg, ; are time-varying. Moreover, the delayed information
of J;; and g;, is utilized in our algorithm.

Remark 2: Feedback delays were investigated in optimiza-
tion problems [25]. Different from [25], we consider feedback
delays in a distributed scenario. The information from envi-
ronments is delayed for all players. In our algorithm (5), the
learning rate o is time-varying. Even when 7' — oo, ay # 0
forall t <T.

It follows from Assumption 2 that there exists k&1 > 0
such that k1 = sup,,cq HHzt (zi,t,ﬁm)u‘. In the following,
the main result on the sub-linearity of R; and Rg is given,
which reflects the performance of learning algorithm (5).

Theorem 1: Suppose that Assumptions 1, 2 and 3 hold for
the AG model Gn (G, Ji ¢, gi,¢) described in (1). If the learning

el s

® ®
(@) (b)
® ® T
©) ® o & 2|
©) ® 4
0 50 100 150 200 250 300
(© (d)

Fig. 1. 4 switching communi-
cation graphs.

Fig. 2. Trajectories of x; ¢, ¢ € V.

5 3
rate is given by ay = s where 0 < [, < %, then, for every 4 R R, R}
i€V and T > 1, the upper bounds of the dynamic regrets in = 3 Ra R z
(3) and the violation of constraints in (4) are given by Sl w
1
. k(T)T of= 0
T Lilar./ T\l =t
Ri SO(T2+ ( @T + 1) + ( T + 1)T 2 ) + HJ Y -10 50 100 15{,0 200 250 300 0 50 100 1?0 200 250 300

RT <O(T3+=(\/OT +1) + (V7 + DT~ %)

+ /2N uFk(T)T,

N T
where ©7 = Doim1 Doi—1 Hx;tﬂ

ation of the Nash equilibrium. k(1) =
N240\ 20, Cyp? 2NC, (2k1+Lyly)7?
1-6 ) F + nkf :
Proof: The proof can be found in Appendix B.

Theorem 1 quantifies the effects of feedback delays and the
variation of generalized Nash equilibria on the sub-linearity of
RI and Rg. Large 7, such as 7 = T — 1, cannot guarantee
the sub-linearity of R and R . If 7 is sub-linear with respect

_la

to Tle, ie., limp_ o 7rw = 0, then limp_, Tl% VTl —
1

and lim7_, o TE2VHT) ”Tk(T) = 0. The upper bounds of RlT and ’Rg

are also related to ©p, which implies that a drastic fluctuation

of the v-GNE sequence {z}}_, may affect the sub-linearity

of RT and Rg. If ©7 is sub-linear with respect to 712!« j.e.,

1

limp e 225 = 0. then limg_, o, Y"1 _ (_ Since
lo < %, the sub-linearity of 7 and ©7 with respect to 7'«
and T'~2!» guarantees that the proposed learning algorithm
performs well. Note that the upper bounds of R and Rg with
7 = 0 coincide with the conclusion of Corollary 1 in [21].
In the case of static regrets, OT = 0 and the benchmark is
given by z} = argmin,,cq, Zle Ji (x4, x* ;). Static regrets
are another metrics reflecting the performance of learning
algorithms.

Remark 3: The result of Theorem 1 is valid in the case
where feedback delays are different for players, ie., 7 is
replaced by 7, i € V. Then, the upper bounds of R} and
RgT are related to max;cy{7;}. In this paper, we just consider
a common feedback delay 7.

— x},|| denotes the vari-
(2NT + 2N +

IV. A SIMULATION EXAMPLE

In this section, we consider an example to illustrate the
performance of the proposed distributed learning algorithm.
R;/t and R} /t are plotted.

© 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.or

Fig. 3. Trajectories of RY/t and R} /t, i € V.

Consider a time-varying network with five players labeled
by index set V = {1,2,3,4,5}. For i € V, the time-varying
cost functions are given by

Jit(@ig, w_iy) = (wi,t)Q —0.5¢ sin(é)xu + 0.5s(xt)2,
%E?le]‘7t. The time-varying global con-
strained functions are given by g¢:(z;) = Zg’:l Tip —
Z?:l liﬂg < 0, where ll,t = lg,t = lgﬁt = l47t = 0.1 SIH(%)
and l5’t = 0. Ql = {75 § Tit § 5}, i € V. At GNE,
Tiy=my sin(%), where m; = 0.18, mg = 0.43, ms = 0.68,
my = 0.93 and mg = 1.18.

where s(x;) =

The communication graph is considered with @ = 4,
where the switching graphs are given in Fig. 1. aﬁj = 0.5
if (j,i) € &; and aﬁj = 0 otherwise. To satisfy Assumption

1, the diagonal entries are set as al;, =1 — 25:1 agj, i €V,

7

Set 7=1s,T =300 s and [, = =. Initial values are given
by w1y =m = —1, X2y = 2y = =3, T3 = N3¢ = —2,
Tap =Nas = —0 and x5, = 15, = —1 for the first 7+ 1 s.
Fig. 2 shows the trajectories of z;. Fig. 3 shows the trajectories
of time-average regrets R!/t and the time-average violation
Rg/t, i € V. From Fig. 3, we observe that both R!/t and
’R; /t can converge to zero for @ = 4 and 7 = 1 s, which can
corroborate the theoretical result of Theorem 1.

1
5

V. CONCLUSIONS

In this paper, the GNE seeking of AG problems was
investigated in dynamic environments. A distributed learning
algorithm was proposed with the local information and the
delayed feedback information. The effects of both feedback
delays and the variation of the Nash equilibrium on the sub-
linearity of metrics have been quantified. An example has been
utilized to illustrate the performance of the proposed learning
algorithm.
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VI. APPENDIX
A. Some prelimiary lemmas

To prove the main result of the sub-linearity of regrets, i.e.,
Theorem 1, we first list several lemmas related to the proposed
learning algorithm (5).

Lemma 1 ([32, Lemma 1]): Suppose that Assumption 1
holds for the AG model Gy (G, J; ¢, i) described in (1).
Consider sequences {n; ; }icy,>1 and {x; ¢ };ev 1>1 generated
by algorithm (5). Then, s(z;) = 7 = %Zi\; Mit
¥ Xty pilie).

It follows from Assumption 2 that ||; (||, ||7:]| and ||7;.¢]]
are bounded. It follows from Lemma 3 in [32] that there
exists C, > 0 such that || < C, for all ¢t > 0
and ¢ € V. Denote 7, = %21:1 ni+. Then we have
H; (x4, 7i4) = Hit(zit,s(x¢)). A result on the sequences
updated by weighted averaging and a perturbed term is given
as follows.

Lemma 2 ([35, Theorem 4.2]): Suppose that Assumption 1
holds for the AG model Gn (G, J; ¢, i) described in (1).
Denote %;; = Z;V:lafjjzjyt and z, = %Z;\le zj1. The
update of sequence {z;}icy >1 is given by

Zig4l = Zig + €, t2T+1,

where ¢; ; is the perturbation at time ¢. Then,

|Zi t41 — Ze41]] < NyOs—r mjax lzjrel

T N N
1
+ § Ory1-1 § llejall + N E leg el + [l erall,

I=r+2 j=1 j=1

-2
where a and () are given in Assumption 1, v = (1 — ﬁ%)

1

Q
and 0 = (1 — 53=

From the learning algorithm (5) for every ¢ € V), the upper
bounds of y; ; and g; ; are obtained as follows.

Lemma 3: Suppose that Assumptions 1 and 2 hold for
the AG model Gn (G, Ji+,gi+) described in (1). Consider
sequence {y;;}icy,>1 generated by algorithm (5). Then,
Yit < Lo and Uir < aLg for every i € V and t > 7 + 1.

Xt —7 t—T

Proof: Since y; 741 = 0, yjr41 < z—j holds. Consider that
Yis < =22 for t > 7 4 1. Then,

Qt—r

Yijtrl = {zﬁ,t + oy <gi,t—T (zig—r) — O‘t—Tﬂi,t>:|
+

t—1

L
<[00 b,
+

Ly ©)

Qt1—r1

L, <
Q7 o

IN

By induction, it follows from y; r+1 < g—j and (6) that y; ; <
Lff for ¢t > 7 + 1. We have that §; ;11 = Zjvzl aﬁjyj’tﬂ <
Ofi Zjvzl aﬁj < afi, where the last inequality is based on
Assumption 1. Then, we can conclude Lemma 3. |
In the following lemma, we obtain the upper bound related
to the gap between the strategy x; + and its delayed strategy
Tig—rt€Vandt > 7+ 1.
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Lemma 4: Suppose that Assumption 2 holds for the AG
model Gy (G, J; 1, i) described in (1). Consider sequence
{1 }iev,i>1 generated by algorithm (5). Then, for every ¢ €
Vand t > 7+ 1,

SN wis — iy o] < 2NC,r, TH1<t<or,
N
Zi:l Hmi,t — xi,tfrH S 2NCITOét,27—, 27' + ]. S t.

Proof: From the distributed learning algorithm (5) and As-
sumption 2, for t > 7 4+ 1, we have that

||xi,t+1 - %tH

<

o Pq, (xi,t — e Hiyr (Tip—r, Tist—r)

— o7 Vi s (xi,tr)gi7t> — 0y T
S2Owat—7-~ (7)

It follows from (7) and the non-expansiveness of projection
operators that, for t =27+ 1,--- , 74+ T,

N
> lwie = wie |l
i=1

7—1

> @it riiir = it el

i=1 5=0
,

=

-~ <
I

1
20,05 <2NCToy 2.
t—21

s

s
Il
-

J

Fort=7142,---,27,since z;1 = Tj2 = - = Tjry1, WE
have that Zf\; iy — xit—r| < 2NCyr. For t = 7 + 1,
lzir+1 — @i1|| = O implies that the above inequality holds.
Therefore, we conclude Lemma 4. |

The upper bound related to the gap between the strategies
and strategies at GNE is given as follows.

Lemma 5: Suppose that Assumptions 1, 2 and 3 hold for
the AG model Gy (G, Ji+,git) described in (1). Consider
sequences {x;¢}icy.i>1 and {y;¢}icy>1 generated by al-
gorithm (5). Then,

T
> e —af|f?
t=1

<OT* 0" + T 4 T' e 7T ) 4 k(1)

TN
- Z Z ﬁgi,t (Tit) Pisttr- (8)

t=1 i=1

Proof: The Jensen’s inequality implies that ¢(>, piz;) <
> pi¢(z), where p; >0, >, p; = 1 and ¢ is convex. Then,
for t > 7+1, it follows from the distributed learning algorithm
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(2) and (5) that

N
Z [@i,e41 — x:,tfr”Q
i=1

N
=2
1=1
- Oétf'rHi,tf'r (xi,tf'r» ﬁi,tf'r)
— o} Vi s (ﬂ?mr)ﬂm) — oy Po, (x;‘k,tr
- at*THi,t*T (x;t777 S(.’IJ:?T))
- Oé?,,rvgi’t,f,- (‘r;tT)sz)

= A% + o 1Al + ap_ | As]1? = 207 AT A,
— 208 ATA; +20f  ATA; ©)

(1 —o—r)(ip —x7,_,) + . Po, (l’u

2

where Ay = x5 — 2}, . Ao = Hiy o (Tig—r,Tlit—r) —
Hivr (a7, s(x ;) and Az = Vi r(Tie—r) iz —
v.giﬂf—T (m;,tfv')yzc—r‘

It follows from Assumption 2 and Lemma 1 that ||7; ||
is bounded and H;; is continuous. Therefore, for ¢t > 7 +
1, N [|As]l2 < 4k2N. Tt follows from Assumption 2 and
Lemma 3 that, for t > 27 + 1,

N N LQ
Yl <o, > 23 (2
i=1 i=1 t—7

<2NIZ(L; + C2),

+ Cj)
(10)

where oy, < 1 is employed in the last inequality. Since
Yij—r = 0 for t = 7+ 1,---,27, (10) holds. It follows
from Assumption 2 and Lemma 3 that oy Zfil ATA; <
2Nkyly(Lg + Cy). Under Assumptions 2, 3 and Lemmas 1
and 4, for t > 27 + 1, we have that

N
> ATA,
=1

N
= Z (mi,t—T

- th_T)T <Hi,t—7' (aji,t—T) ’F]t—T)
=1

- it—1 (I;t—T’ S(II—T)) + Hi,t—T ('I'L',t—fa ﬁi,t—T)
N
— i,t—‘r(xi,t—ﬂ 77t—7'))> + Z (xi,t - xi,t—r)T
=1
X <Hi,t—7' (xi,t—Tv ﬁi,t—‘r) - Hi,t—T (z;t—77 S(II_T))>

N
> Pl — @i P =20 ™Y Niie—r — Tl |

i=1
— 4NC$]€17'O{t_27-. (11)
Similarly, for t =7+ 1,--- , 27, we have that
N
> OATAy =pf ||y — af_ > — ANCykyT
i=1
N
=20 p™ Y e — el (12)

=1
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From (5), y; > 0 and ;4 > O forevery ¢ € V and ¢t > 1. From
(2), x},_, satisfies that 3" | g; - (2},_,) < 0. Therefore,

ZZN:1 Git—r (z},_. )7t < 0. Moreover, for ¢ > 27 + 1, it
follows from Assumption 2, Lemmas 3 and 4 that

N
Ot —r Z A,{A?)

i=1
al T
= Qp—r Z (wi,tf'r - mzth) v.gi,tf‘r (xi,tf'r)gi,t
i—1
K2 N T
+ oy Z (i — Tit—r) Vigr(Tit—r) it
=1
7N T
— Q¢r Z (fUz',t - f?,tf'r) Vit—r (fﬂi‘,tﬂ)yiir
i—1
N ' N
> oy r Zgi,t—r (Tist—r) it — Lgoi—r Z %0 — 7l
i=1 i=1

—ONC,Lylyray oy — 2NCyl,Cyary -+, (13)

where the last inequality follows from (z;,— . — x;t_T)T X
vgi,tfr (*/Ei,t*‘r) Z gi,tf‘r (xi,tfr) - gi,tf‘r (-’L‘Zt_T)- Slml]aﬂy

fort=7+1,---,27, we have that
N
ar-r ) AT A
i=1
N N
> oy—r Zgi,t—T (Ii,t—f)gi,t —Lgo_~ Z 1Gie — Gell
i=1 i=1

—2NC,Lylym — 2NCylyCyay_r. (14)
Based on inequalities (10), (11), (12), (13) and (14), summing
@ overt=7+1,--- 7+ T, we have that

T+T
> My — i
t=1+1
+T N 1
< Z Z W(”xiﬁ - fvi‘,t_fllz — |7 e41 — I::t_THQ)
t=7+1i=1 t—7
g ™+T N

Z Z ||ﬁi,t—7 - ﬁt—‘r”

t=7+1i=1

+

2C; 1
©F
+T N

=k Ur\ L
2 ~ _
+ E (Matr + MF) + ﬁ E E %0 — 9l

t=7+4+1 i=1

- Z Z%gi,t—f(l‘i,t—T)gi,ta

t=7+1i=1

15)

where ky = 4kiN + 2NIZ(L2 + C;) + 4Nk1ly(Ly + Cy) +
ANCl,Cy and
U= QNCw(Qk'l + Lglg)Oét_gT,
2NC,(2k1 + Lyly),

T+ 1<t< 2T,

2r+1<t. (16)
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The first term on the right side of (15) is bounded by

+T N
> Z Fa (Nie = 5o 1P = Nwiern — 25—, )
t=7+1 i=1 t—7
N 714+T
4C, 2NC?
”‘rz 1—7 — 25 TH +
~ 2uFar_ T;f;—l " - prag
= O(T?=0T 4 T%-), (17)
Based on the definition of oy, we have that
T—7—1 T 1—1
T @
¢l = =O(T" ).
Z at - ]_ — l / 1 _ la ( )
(18)

Then, EZ+TT+1 2I:LF ai_, = O(T*~!=). To bound the second
term on the right side of (15), Lemma 2 is utilized. We
represent the iteration of 7; ¢ in (5) as 75441 = Mit + €, 15
where €, ; = @;(xi141) — @i(zi). It follows from (7) and
Assumption 2, for ¢ > 7 + 1, we have that

€n: el =lli(@ie41) — @ilzin)| < 207 Crap—r.  (19)
It follows from Lemma 2 that
T-1
Z 17,641 — el
t=7+1
T—1-1
2yu¥CL N6
< (2 =T 4ue0,
N~0
+ —— max|[n; r 1. (20)
1—-6

Hence, it follows from Assumption 1, (18), (19) and (20) that

g T+T N

Z Zant T nt T”

'u t7'+111

2Cmu

2C’Iu
( S S s —
t=74+1 i=1
+Z||n”+1 Tes ]l + Z lemt mII)
t=7+2 i=1
N2y9\ 2C,
< <2N7+2N+ - 79> CC;”‘ +OT ). @1
- "

In addition, we present the iterate y; in (5) as follows.

Yit+1 = Yi,t T €y, t;

where €,, ; = [?]i,t + o (gi,t—'r (zip—r) — at—rﬂi,t)] -
+
| <

i1~ It follows from Assumption 2 and Lemma 3 that ||¢,, ;
2Lg40_ . Therefore, it follows from Lemma 2 that

+T N

" Lo S~ S g -l

t=74+11=1

Ly (2yL,N26 d -
<Zo (e 2y, N =0T ). (22
_MF(l_g + g);a (=), (22)
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It follows from the definition of ¥ in (16) that

T+T 1 27
o Z uF< > 2NC,(2ky + Lyly)T

t=7+1 t=7+1

T+T
+ Y 2NC.(2k + Lglg)mt27>
t=27+1
2NCy(2k1 + Lyly)7?
uF
It follows from (15), (17), (21), (22) and (23) that
T+T
> e — 2|
t=7+1
< O(T%@T 7% Tl 4 7T le) 4 k(1)
T+T N

- Z ZatFngt T xzt T)yzt

t=7+1 i=1

+O(TT ). (23)

Then, we obtain the result in Lemma 5. [ |
To obtain the upper bounds of RY and R, the following
relation is needed.
Lemma 6: Suppose that Assumption 2 holds. For y > 0,

T N
— oy Z Z(ﬂuuﬁ — ) g (wis)
t=1 i=1
<N + i o? Jy? + O(T 2 (24)
-2 t=1 t '
Proof: Tt follows from the learning algorithm (5) that
N
Z 1Yie41 — Il
< Z lyie — yl> + ANL2a7? , + Naj [yl
=1
N
+ 2041 Z(ﬂvt — 7 gis—r (wig—r). (25)
i=1
Summing (25) over t =7+ 1,--- , 7+ T, we have that
T+T N
—rr DY (it =) Giar (i)
t= T+1 i=1
1
5 Z Z lyie =yl = lyiee1 =yl )
t=74+1i=1
T+T N
+ D <2NL2at ot 2a?_7y||2). (26)
t=7+1

Since y; + = 0 for all ¢ <7 + 1, we have that

N 1+T
Z ”yi,t —yl* - yie41 — Z/||2)

N
Z 1Yire1 =yl = llgireria —yl?) < Ny? @7

It follows from the definition of «y that ZZtT 41 a? <

T _ 712l
1—121a + ftzlt 2o = T = = O(T'~2!). Then, combing

(26) and (27), we obtain the result in Lemma 6. |
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B. Proof of Theorem 1
Adding the inequalities (8) and (24), we have that

T 1 I N
S llwe — 2 + a S ard gii(wie)y
t=1 t=1 =1
< O(T*@T + T 4 T' e 7T ) 4 k(1)
T
N 2\, 2
t=1
It follows from Assumption 2 that RY < p/ 37 |jais —
zi 4 < ,u‘]\/T Zthl |z — z}||2. Set y = 0. Based on (28),
we obtain the upper bound of RY.

[Ez;l o 300 gi (x”)]
N(1+Z?:1 af)

1 I N
% Z Ot Z Gi,t (l’i,t)l/ -
= =
[Zthl Oy Zzlil Jit (mlt)yﬁ
2NpF (143, of)
ar(Ry)?
TANWF(L Y 6F)
Then, it follows from (28) and (29) that
2 <2N“F(1 + 23:1 a3) (
< oz

+ Tl 7Ty k(7).

Then, we obtain the upper bound of Rg. ]

(28)

+. Then, we have that

Set y =

NA+Y a?)

o

(29)

(Ry) o1 + 72
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