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Abstract—This article considers consensus of first-
order/second-order hybrid multiagent systems (MASs) based
on game modeling. In the first-order hybrid MAS (HMAS), a
subset of agents select the Nash equilibrium of a multiplayer
game as their states at each game time and the others update
their states with first-order continuous-time (C-T) dynamics.
By graph theory and matrix theory, we establish sufficient and
necessary conditions for consensus of the first-order HMAS with
two proposed protocols. The second-order HMAS is composed
of agents whose states are determined by the Nash equilibrium
of a multiplayer game and agents whose states are governed by
second-order C-T dynamics. Similarly, sufficient and necessary
conditions are given for consensus of the second-order HMAS
with two proposed protocols. Several numerical simulations are
provided to verify the effectiveness of our theoretical results.

Index Terms—Consensus, hybrid multiagent systems (MASs),
multiplayer games, Nash equilibrium.

I. INTRODUCTION

OORDINATION control of multiagent systems (MASs),

including consensus [1], [2], [3], [4], [5], formation
control [6], [7], containment control [8], [9], coverage con-
trol [10], and etcetera, has been widely concerned. Group
consensus is an important problem in coordination control
and has been attracting a lot of attention. Existing works sug-
gest that, by using local information, a group of agents may
reach consensus. In retrospect, consensus of homogeneous
MASs has received a lot of attention, regardless of whether
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the dynamics of the agents are discrete-time (D-T) (e.g., [11]
and [12]), or continuous-time (C-T) (e.g., [13], [14], and [15]).

However, the dynamics of agents in MASs are not
always the same in practical applications. For example,
pilot-controlled aircrafts cooperate with computer-controlled
unmanned aircrafts in combats and human operators cooper-
ate with robots in human-robot systems [16], [17]. Hence,
much interest is focused on the consensus of hybrid MASs
(HMASs). Hybrid generally refers to heterogeneity of nature
or composition. Zheng et al. [18] first proposed the con-
cept of HMASs, which consist of first-order C-T and D-T
dynamic agents. For HMASs considered, they provided three
kinds of consensus protocols. Moreover, sufficient and neces-
sary conditions were obtained for solving consensus problems
in light of matrix theory and graph theory. As an extension
of [18], consensus of HMASs was studied in [19], where the
agents with C-T dynamics can exploit their own states in real
time. Zheng et al. [20] considered the consensus of HMASs
composed of second-order C-T and D-T dynamic agents.
For HMASs with heterogeneous dynamics, Zhao et al. [21]
presented two effective protocols and established sufficient and
necessary conditions for solving consensus problems. For net-
worked games, the Nash equilibrium computation problems
were solved in [22] for the HMASs which contain C-T and
D-T dynamic agents. Consensus of HMASs which contain C-T
and D-T dynamic agents was investigated in [23] by using a
game-theoretic approach. Ye et al. [24] proved that HMASs
with first- and second-order players converge exponentially
to the Nash equilibrium by using game theory. It should be
pointed out that game theory is not only an analysis tool,
but also a powerful system modeling tool. Stackelberg games,
aggregative games, multiplayer games, and bimatrix games, to
name a few, have been extensively used to model the systems
(e.g., [25], [26], [27], [28], [29], [30], and [31]).

Game theory can be used to model the strategy interac-
tions of agents. In a game, each agent iteratively decides its
action by minimizing its cost, which depends on the actions
of itself and its neighbors. For example, each person’s opinion
in social networks is effected by many factors. Persons often
make decisions independently and pursue cost minimization.
Then, an opinion spread model is able to be established
by game theory. The application of game theory to MASs
modeling is abundant. Specifically, Ma et al. [26] leveraged
a standard two-player zero-sum game to model the MASs.
Etesami [27] provided a Stackelberg game to model the MASs
and demonstrated convergence of optimal response dynamics.
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Ghaderi and Srikant [28] studied how opinions are formed
in social networks. They modeled the spread of opinions in
social networks as a network interaction game and proved
that opinions can reach an agreement under optimal response
dynamics. Parise et al. [29] employed network aggregative
games to model multiagent populations and showed the con-
vergence of optimal response dynamics. Kebriaei et al. [30]
extended aggregative games to multipopulation games and
modeled MASs. Ma et al. [31] studied MASs with two classes
of agents. They employed a repeated bimatrix game to model
the MASs, in which different agents form a union, and proved
that agents belonging to the same unions can achieve consen-
sus. Zhou et al. [32] employed multiplayer games to model the
MASs and provided criteria for realizing coordination control.

Inspired by all the above analysis, this article focuses
on studying the consensus problem for HMASs. Different
from [18], [19], [20], and [21] that considered the dynamics
of all agents in HMASs to be preset, the dynamics of some
agents in the HMASSs considered in this article are unknown.
Therefore, we consider HMASs which are composed of agents
with C-T dynamics and agents whose states are governed
by a multiplayer game. In some of the existing literature,
for example, Vamvoudakis et al. [33], Lopez et al. [34], and
Niazi and Ozgiiler [35] considered the scenario that players
prefer fewer control input and to be closer to their neighbors.
The player’s cost function they considered depends on not
only the states of itself and its neighbors but also on control
inputs. Different from them, we consider the scenario that all
players are rational and selfish, and they prefer fewer states
changes and to be closer to their neighbors. Therefore, in the
multiplayer game models designed, each agent independently
updates its state according to its own state at the last time
and its neighbors’ states at the current time, which is dif-
ferent from [23]. Regardless of whether the agents with C-T
dynamics in HMASSs are first- or second-order, we prove that a
unique Nash equilibrium exists under rationality assumptions.
Then, we establish sufficient and necessary conditions for the
consensus of HMASs developed in this article, respectively.
Difficulties come down to how to model and analyze HMASs
considered in this article. The main contributions of this work
are threefold.

1) A novel class of HMASs is developed based on game
modeling, which consists of agents whose states are
determined by a multiplayer game and agents whose
states are governed by first-order/second-order C-T
dynamics.

2) For first-order HMAS, we propose two protocols for
agents whose states are governed by first-order C-T
dynamics. In light of game theory and matrix theory,
sufficient and necessary conditions are established sepa-
rately to ensure consensus of the first-order HMAS with
two proposed protocols.

3) For second-order HMAS, two protocols are provided for
agents whose states are governed by second-order C-T
dynamics. By utilizing game theory and matrix theory,
sufficient and necessary conditions are separately estab-
lished for consensus of the second-order HMAS with
two protocols considered in this article.
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The remainder of this article is structured as follows. Some
notions in graph theory and lammas are listed in Section II.
Our problem is formulated in Section III. The consensus
problem for first- and second-order HMASs are solved in
Sections IV and V, respectively. Section VI provides several
numerical examples to illustrate the validity of our theoretical
results. Conclusion is given in Section VII.

II. PRELIMINARIES
A. Graph Theory
A weighted directed graph G = (V, £, W) consists of a

vertex set V = {1,2,...,n}, an edge set £ and a weighted
adjacency matrix W = (wy;) € R™".If (j, i) € € for i # j,
then w; > 0; otherwise w;; = 0. Beside, w; = 0 for i € V.

The weight of paths of length K from j to i is denoted as
(WK);;, which is the (i, ) entry in the matrix WK, Let \; =
{j € VI(j, i) € £} denote the neighbor set of vertex i. A finite-
ordered sequence of distinct edges (i, k1), (k1, k2), ..., (ki,))
is called a directed path between two distinct vertices i and
jof G=W,EW). If (i,)) € £, we call that i is the par-
ent of j. A directed graph is called a directed tree if every
node in the graph has only one parent except the root node.
A spanning tree is a directed tree composed of all vertices
and some edges in the directed graph. The degree matrix
D = (dij) € R™" is a diagonal matrix with d;; = Zje/\/} Wij.
Throughout this article, let Z,, = {1, 2, ..., n} is the set of the
agents labeled 1 through n. Similarly, Z,, = {1, 2, ..., m} and
Ii\Zm={m+1,m+2,...,n}

If every entry of the matrix A is non-negative, A is said to be
non-negative. A non-negative matrix with each row summing
to 1 is said to be a (row) stochastic matrix. If a stochastic
matrix P = [pjjlyx, satisfies that limy_, o P¥ =1,y", where y
is some column vector. Then, it is called indecomposable and
aperiodic (SIA). Given a graph Gp with n vertices, graph Gp
is called the graph associated with P if (j,i) € £ & P > 0.

B. Game Theory

Next, we introduce some basic notions of multiplayer games
(please refer to [36] for more details).

A multiplayer game consists of n(> 2) players, a set
of strategies available to those players and an individual
cost function for each player. Each player in the multiplayer
game selects a strategy that minimizes its own cost function.
They make decisions independently and simultaneously. The
precise description of a multiplayer game is provided below
together with the notations to be used. Suppose that n play-
ers vy, v, ..., v, play a multiplayer game G. Denote the set
of all players as V. Player v; has strategies in ; C R.
Then, the strategy space of the multiplayer game G is Q =
Q1 x Qp x --- x Q. If each v; € V corresponds to a strategy
x; € Q;, then (x1,x2,...,x,) is an n-tuple of strategies. The
cost of v; is Ji(x1, x2, .. ., x,). Players make their strategies to
seek the minimum possible cost independently by considering
the possible choices of the other rational players.

The Nash equilibrium of the multiplayer game G with m
players is defined as follows.
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Definition 1: For any given X[, (x}],x3,...,xy,) is said
to be the Nash equilibrium of the m-player game G if the
inequalities

Jl(x’l‘,xz, e, m, X:) < Jl(xl,x’z*, e X, XC*)
Jz(x‘f,xg, e X Xg") < Jg(x‘{,xg, X, XC*)
Jm(xf,xg, e X, Xc’f) < Jm(x‘{,xg, s X X:f‘)

hold for all x; € Q;, i € Z,,.

C. Some Lemmas

Lemma 1 [37]: B = (bj) € R™" is said to be strictly
diagonally dominant (SDD) if |b;;| > Z;Zl,#i by, i € Iy,
and the SDD matrix is invertible, that is, det B #= 0.

Lemma 2 (Gersghorin Circle Theorem) [12]: Let C =
(cij) € R and A1, A2, ..., A, be all eigenvalues of C. Then,
ri € U, Gi, i € T, where G; = {zl|z — cii| < Zj’vzl,j;éi lcijl}-

Lemma 3 [18]: Let A = [ajj]yx, be a stochastic matrix with
positive diagonal elements. If G4 has a spanning tree, then A
is SIA, that is, 3 v, s.t. lim,, .o A™ = 1, vI. Here, v is a
non-negative vector and ATy =, lgv =1.

Lemma 4 [21]: For x € (—00, 0), we have that f(x) = *
and g(x) = (¢/* — 1)/x are increasing functions, where 4 > 0
is a constant.

III. PROBLEM STATEMENT

We consider the consensus of an HMAS with n agents
whose states are denoted by x;(f) € R,i € Z,. The initial
condition of agent i € Z, is x;(0). The HMAS is composed
of m (m < n) agents in Z,, and n —m C-T dynamic agents in
I.\Z,. The states of agents in Z,, are governed by a multi-
player game G that will be given later. Moreover, the dynamics
of the agents in Z,,\Z,, are governed by

V@) = uir) (1)

where xl@ (¢) denotes the sth-order time derivative of x;(¢) and
ui(t) € R is the control input of agent i € Z,\Z,. In the
following, s = 1 and s = 2 will be investigated, respectively.

Remark 1: There are many examples that fall into the
HMASSs under consideration. A representative example is the
Internet of Vehicles [38], in which the vehicles are in C-T
dynamics while the drivers determine their states by a mul-
tiplayer game. One more example is the air traffic control
systems [39], in which the computer-controlled unmanned air-
crafts are governed by C-T dynamics while the pilot-controlled
aircrafts update their states by a multiplayer game.

The definition of game G is given as follows.

1) Players: The set of all players is Z,,.

2) Cost: The cost function of agent i € Z,, is defined as

follows:

Xn(tr41)) = 0 (xi(trp 1) — Xi (1))
2

+ Bi| xitxr1) — Z wiiXj(tk+1) 2
JeN;

Jix1 (tkg1)s -+ -

where Zjej\/,—wij =lLog+B=10<qa < 1,
tx = kh (k € N) is the game time and & > 0 is the
game period. For simplicity, we use J;(#x+1) to denote
the cost function of agent i. Note that the cost func-
tion of agent i € Z,, depends not only on the states
of its neighbors in Z,,, but also on the states of its
neighbors in Z,\Z,,. For notational convenience, let
xf(-) = x;(-) for the agent i € Z,\Z,, at every game
time, and X7 () = A() = (X1 (), Xmg2()s -, X ()}
be the set of states of agents in Z,\Z,. Thus, we
can represent the cost function of agent i € 7, as
JiOc1 (kg 1), X2tk 1) - ooy X (kg 1), X (tra1)).

3) Strategy: Player i € Z,, chooses its strategy in 2; C R.
Suppose that it selects the strategy x](fx41) € €; as its
state at time #;41, where

X (k) = arg min_ Ji(x (1), oo X (k1)

Xi (Tk+1

Xi(tk 1)y Xy 1) - o Xy (i) X2 (k) (3)

for i € Z,,.

Remark 2: x} is the state selected by agent i at game time.
Formula (3) introduces the way for agent i € Z,,, to determine
x;“, which is different from that for agent i € Z,\Z,,.

Assumption 1: The agent i € Z,, neither knows the specific
form of the cost functions of other agents, nor the parameters
a; and B; of other agents j € Z,,.

Assumption 2: We assume that every state in the strategy
set is reachable for all players. Moreover, if player i selects
state x7(fx41) at time fx41, it will reach the state x7(fxy1)
before time f7.

Then, we show that the game G is well defined.

For the agent i € 7, if x;-k(tkH),j € I,,j # i are fixed, it
is obviously that

VACHGR) Xt 1)y XX (tig1))

is a quadratic function of x;(#¢+1), i € Z,,. Therefore

Xi(tk41)s - - -

Ji(X k), - Xi (g )s oo X (1) X (11))

has only one global minimum x} (#¢+1), i € Z,,, which satisfies
Ai(trr1) | i e _
gx}ft(k,:l?) OF 1) eeof (1) oeoy (k1) XF(t111)) @)
() | O () (), i (1), X)) > O

That is to say, for i € Z,,

arg min_J;(x1 k1), X2 (G - - Xt 1) s X (1))

Xi (Tk+1
has a unique solution. This implies that game G is well
defined. Combining with (2)—(4), we know that the states
x}(tkg1), 1 € Iy, satisfy the following formula:

X (1) = Bi Y ik (tre1) = aixi(ty). )
JjeN;
It is assumed that all agents in Z,, are rational, that is, the
following assumption holds.
Assumption 3: All agents in 7, are rational, that is, they
consistently make decisions to minimize their costs and update
their states independently. Besides, each agent i € Z,, believes
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that all of its neighbors are rational. In other words, each agent
in Z,, knows that the strategies of its neighbors are to make
decisions to minimize their costs.

Remark 3: Note that «; is the weight of the cost of agent i €
I to change its own state. The larger «; is, the more opinion-
ated agent i € 7, is. If &; = 1, then the agent i € Z,, will insist
its state without changing, that is, x;(tx+1) = x;(tx) = x;(0).
Such agent is called as a leader. Consider an HMAS* which
is composed of agents in Z,, whose states are determined
by the game G with «; = 1 and C-T dynamic agents in
Zo\Zy. If m = 1, consensus problem for HMAS* becomes
a leader—follower control problem for MAS. And if m > 1,
the consensus problem for HMAS* becomes a containment
control problem for MAS.

It is easy to check that at each game time, a game G
has a unique Nash equilibrium for any given X}. Under
Assumption 3, the state of agent i in Z,, is the ith compo-
nent of the Nash equilibrium at each game time #;41. Without
causing confusion, we directly use x;(-) to denotes the state of
agent i € 7,, corresponding to the Nash equilibrium.

IV. FIRST-ORDER HMASS
In this section, we investigate the consensus of an HMAS, in
which the states of agents in 7, are governed by a multiplayer
game G defined above and the dynamics of agent i € Z,\Z,
are governed by

Xi(1) = ui(1), i € Iy\Inm (6)

where the control protocol u;(¢) will be given later.
Definition 2: The first-order HMAS is said to reach con-
sensus if for any initial states

lim |lx; (k) — xj(t)| = 0, i,j € 1y )
t— 00
and
lim [|x;(8) —x;(®) | =0, i,j € Z,\Lp. (8)
1— 00

In the following, we will consider two scenarios for agent
i€ Z,\Ln.
1) Agenti € Z,\Z,, only exploits its own state at the game
time.
2) Agent i € 7,\Z,, exploits its own state in real time.

A. Case of C-T Dynamic Agents Only Using Their Own
Game Time States

Consider the following distributed protocol for agent i €
To\Ln:

wi(t) = Y wii(x() — (), 1€ (e tirr]. )
JEN;

Devise an HMAS in which the states of agents in Z,, are
governed by game G defined above and the states of agents
in Z,\Z,, are governed by first-order C-T dynamics (6) with
protocol (9). For convenience, we use HMAS; to denote such
an HMAS. Besides, let x(-) = [x1(-), x2(), ..., x, ()17
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The following theorem establishes the relation between the
states of two adjacent game times for HMAS;.

Theorem 1: For HMAS|, one has x(1er1) = By 'Aix(t),
where

A| = diagq oy, 02, ..., am, 1l —h, 1 —h, ..., 1 —h
n—m
+ hdiag10,0,...,0,1,1,...,1 W
m n—m
By =1,—diagi{ 81,62, .-, Bm,0,0,...,0 s W. (10)
— —

n—m
Proof: When t = t;4, it follows from (6) and (9)

that:

xi(tirn) = (1= hyxi(t) +h Y wipi(1) (1)
JjeN;
for i € Z,\Zp.
Since (x1(tx+1), X2(tk+1)5 - - -, Xm(tk+1)) is the unique Nash
equilibrium of game G, it follows that:

{xi(tk+]) = Bi Xojen; Wixj (k1) = aixi(t), i € Iy
Xi(tiey1) = (L= Wxi(t) + h )i pn wigxi (), i € L\
(12)

By the definitions of A; and By, the compact form of (12) is

Bix(tit1) = Arx(ty).
Let b;; denote the (i, j)th entry of matrix By. Then, it is easy
to verify that

{ 27:1,1'#,' |sz| = Z}l:l,ﬁgﬂ - lgiWij| =Bi<1=1bil,i € Iy

Z]’Ll,ﬁéi |b,]| =0<1= |bi,'|, i e In\Im.

This implies that By is SDD. By Lemma 1, one obtains that
B, is invertible.

Therefore, x(tx4+1) = Bl_lAlx(tk).

The following theorem gives a sufficient and necessary
condition to ensure consensus of HMAS;.

Theorem 2: Assume that G is directed and 7 < 1. HMAS;
reaches consensus if and only if G has a directed spanning
tree.

Proof (Sufficiency): First, we prove that Bl_lAl is a stochas-
tic matrix. It is obviously that

Bil, = | I, —diag] B1. B2 ..., B, 0,0,...,0 W |1,
———

n—m

=|1-8 Zalj,-..,l—ﬁm Zamj,l,l,...,l

L /GM .jeMN n—m
- T
=|1-8,1—-82,...,1 =8, 1,1,...,1
———
L n—m
- T
=|a,0,...,0, 1,1,...,1
———
n—m

Authorized licensed use limited to: XIDIAN UNIVERSITY. Downloaded on November 05,2022 at 12:51:03 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

ZHOU et al.: GAME-BASED CONSENSUS OF HMASs

= | diagf a1, 02, ..., 0, 1 —h, 1 —h, ..., 1 —h
n—m
+ hdiag40,0,...,0,1,1,..., 1 ;W |1, =A1,.
m n—m
Note that B; is invertible. Then, one has
B A1, =1,. (13)
Let Q1 = diag{f1,B2,...,Bm,0,0,...,0}. It is easy to
—

n—m
verify that By = I, — Q1 W. It is assumed that Ay, A2, ..., A,
are all eigenvalues of Q1 = (¢;j) € R™". Then, one has
A € U?:] Gi, i € I, by utilizing Lemma 2, where

n

dlz—cil < Y leyl

=L

_ [ ale=0r= Sl = 181 <1}, i ez,
{zllz—0l <0 < 1}, i € T,\Zn.

G;

This means that |A;| < 1 for i € Z,,. Therefore

Bi' =, — W) =) (i)

n=0

As matrix 01V is non-negative, Bl_l is non-negative with its
diagonal elements being positive. Since 7 < 1, A; is non-
negative with its diagonal elements being positive. Combining
with (19) yields that BflAl is a (row) stochastic matrix whose
diagonal elements are positive.

Next, we prove that graph G BlA, has a directed spanning
tree. Denote the directed spanning tree of graph G as Tg. For
each edge (j, i) € Tg.

1) If i € Z,, one has (Q1W); > 0,j € Z, from B; > 0

and w;; > 0,j € Z,. Then, we can deduce that (Bfl)ij #*
0,j € Z,. Therefore, the following formulas hold:

(Bl_lAl),-j - g(Bl_l>ik(Al)kj

- (5) 0 32 (57,00

k=1,k%j
> (B;I)U(Al)jj > 0.

2) If i € Z,\T,, one has (B]'A1);j = (A1) > 0,j € T,

Therefore, graph G, A also has a directed spanning tree.
1

Thus, B;lAl is an SIA matrix according to Lemma 3. Then,
there exists v such that
m
lim (B7'41)" =17

m—0oQ

(14)

where (Bl_lA])Tv = v, lfv =
manipulation yields that

1. Therefore, a simple

1
lim x(f) = lim (B;lAl) “X(0) = 1,7 x(0)
tp— 00 tg—> 00

which means that (7) holds. Similar to the analysis in [21], (8)
holds. This completes the proof of sufficiency.

Necessity: Suppose that graph G does not have a directed
spanning tree. Then, there exist at least two vertices i and j
(i # j) such that there is no path between them. By Bl_1 =
Z;io(QIW)” and B; > 0, we know that there is also no path
between vertices i and j in graph Gp,. Through analysis yields
the following.

1) IfieZ, and j € Z,,, then

n
B_IA) - ~(B—1) (B_l) hwy; = 0.
(1 1); =4\ l.jf"Z 1), W

k=m+1
2) IfieZ, and j € Z,\Z,,, then

n
-1 o -1 -1 _
(5 Al)ij_(l n(B; )ij+ > (Br") hwy =o.
k=m+1
P

3) If i € Z,\Z,, and j € T,, then
(Bl_lAl)” = hw;; =0.
ij

Thus, we can draw the conclusion that gBrn A also does
not have a directed spanning tree, which means that (14) does
not hold. Therefore, HMAS; cannot reach consensus. This
completes the proof of necessity.

Remark 4: The cost (2) is based on the current states of the
neighboring players without any time delay. When the time
delay 1 <7 < tjax, T € Nt exists, we can modify the cost
function of agent i € 7, as follows:

Jit (1), + s Xn(tes1)) = (i (tg1) — Xi(86))?
2
+ Bi| xitrn) = Y wixi(tirr — Th) (15)
JEN;

where T« denotes a upper bound of t.
Similar to the analysis in Section III, one has

Xi(te1) = Bi Z wiXj(tk) + ixi(tk+1 — Th)
JEN;
= xi(t) + Bi Y wij(i(tes1 — Th) — xi(tx))
jeN;
for agent i € Z,,,, where «; + B; = 1.

Consider an HMAS*, in which the states of agents in Z,,
are governed by game G defined above with cost function (15)
and the states of agents in Z,\Z,, are governed by the first-
order C-T dynamics (6) with protocol (9). When t = 1 in (15),
the HMAS* is the HMAS which is considered in [21]. When
1 < 7 < Tmax in (15), the HMAS* is an HMAS with time
delays.

B. Case of C-T Dynamic Agents Using Their Own
Real-Time States

Consider the following distributed protocol for the agent
i€ L\Ly:

wi(t) =Y wii(x (@) — xi(1)), 1€ (te. i1 ].
JeN;

(16)
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Devise an HMAS in which the states of agents in Z,, are
governed by game G defined above and the states of agents
in Z,\Z,, are governed by first-order C-T dynamics (6) with
protocol (16). For convenience, we use HMAS> to denote such
an HMAS.

The following theorem establishes the relation between the
states of two adjacent game times for HMAS;.

Theorem 3: For HMAS,, one has x(1e1) = By 'Ax(ty),
where Bj is defined by (10) and

. —h —h —h
Ay =diagf oy, 00, ...,y e e, .., e
~— ——
n—m

+ diag{0,0,...,0, 1 —e7", ... 1—e "t
m n—m

Proof: From (6), (16) and Zje/\/} w;j = 1, one has

silt) = e 0 + (1= ™) 3wy A7)
JjeN;
for i € Z,\Z.
Since (x1(tx+1), X2(tk+1)5 - - -, Xm(fk+1)) is the unique Nash
equilibrium solution of game G, it follows that:

Xi(te1) = Bi Dojen; WiiXj (k1) = ixi(ti), i € I

xi(teg1) = (L —e™) D ieN; Wi (te)
+e xi(ty), i€ I\

(18)

The compact form of (18) is Bix(#x+1) = Ax(#). Since Bj is
invertible, one obtains that x(f41) = Bl_lAzx(tk).

The following theorem gives a sufficient and necessary
condition to ensure consensus of HMAS;.

Theorem 4: Assume that G is directed. HMAS, reaches
consensus if and only if G has a directed spanning tree.

Proof (Sufficiency): First, we prove that Bl_lAz is a stochas-
tic matrix. It is obviously that
- T

1_ﬂ171_ﬁZa"'vl_ﬂWhl’lv"'vl
——

n—m

Bi1, =

r T

o, 1,1, 0001
—_———
n—m

= | U],00, ..

—h _—h —h
L Op,e e ..., e
[ —;
n—m

= | diag{ o1, a2, ..

+ diag{0,0,...,0, 1 —¢ ", ..., 1—e"tW |1,

m n—m

= As1,,.
Note that B; is invertible. Then, one has

By 'Ax1, =1, (19)

From the proof of Theorem 2, Bfl, whose diagonal elements
are positive, is non-negative since 0 < «; < 1 for all i € 7,
and 0 < e " < 1,0 < 1—e " < 1 for h > 0, A is non-
negative with its diagonal elements being positive. Therefore,
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Bl_lAz is a (row) stochastic matrix whose diagonal elements
are positive.

The subsequent derivation is similar to the proof in
Theorem 2, which is omitted here.

Remark 5: Theorem 2 indicates that if agent i € Z,\Z,
only exploits its own state at the game time, then the game
period & has an upper bound. Theorem 4 demonstrates that
there is no upper bound on the game period # when the agent
i € I,\Z, exploits its own state in real time. In practical
applications, the energy of each agent is limited. Monitoring
own state and communicating with neighbors both result in
energy consumption for the agent. Therefore, by comparing
the results of Theorems 2 and 4, a compromise should be made
between the frequencies of state monitoring and neighboring
communication.

V. SECOND-ORDER HMASS

In this section, consensus problems are investigated for an
HMAS, in which the states of agents in Z,, are governed by a
multiplayer game G defined above and the dynamics of agent
i € I,\Z, are given as follows:

Xi(1) = vi®), vi() =ui(®), i€ I\In (20)
where v; € R is the velocity of agent i and the control protocol
u;(t) will be given later.

Definition 3: The second-order HMAS is said to reach
consensus if for any initial states

lim lx; () — x|l = 0, i,j € Zp 2h
tp—> 00

and
lim [lx;(1) —x;j(®) | =0, lim [|vi(t) —vj() | =0 (22)
—00 t—00

for i,j € T,\Zp,.

We also consider two scenarios for agent i € Z,\Z,,. Agent
i € Z,\Z, in one scenario only exploits its own state at game
time, while in the other scenario can exploit its own state in
real time.

A. Case of C-T Dynamic Agents Only Using Their Own
Game Time States

Consider the following distributed protocol for the agent
i€ \Ly:

wit) =Y wii(xj () — xi(t1) — kivi(t)
JjeN;

(23)

where t € (, tr+1] and k1 > O is the feedback gain.

Devise an HMAS in which the states of agents in Z,, are
governed by game G defined above and the states of agents
in Z,\Z,, are governed by first-order C-T dynamics (20) with
protocol (23). For convenience, we use HMAS3 to denote such
an HMAS.

Let yy (tx) = xi(tx) + (2/k1)vi(tx), which is called the state
of the nominal agent i’. Then, for i € Z,\Z,, and i = n—m+1i,
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it follows from (20) and (23) that:

xilte1) = 5 3 n Wi o) + kayy (1)

+(1 =k = 5 )xitno)

yi (k1) = (1= ka)yir (1) + k3 3 je nr wiixj (1)
+ (kg — k3)x;(t)

where ky = (hk1/2) — (h*k3/4), k3 = (h%/2) + (2h/ky), and
ks = (hk1/2) + B2k} /4).

Let ¥'() = [x1(),%2()s s X0 ()s Y17 (D -y Y O,
which is called the augmented state of the HMAS3. The fol-
lowing theorem establishes the relation between the states of
two adjacent game times for the HMAS3.

Theorem 5: For HMAS3, one has X' (te41) = By 'As¥’ (1),
where B is defined by (24), at the bottom of the next page
and

Ay Ap A
Az = | Ay A A
A3zl Am Az

W = ( V1D mxem V12 mx (n—m) )
V2D (nemyxm OV22) (=) x (n—m)
A1 = diag{oy, aa, ..., ap}
2
A2 =A13 = 0 (n—m), A21 = 3W21

n? h? n?

Axp = di 1———ky,..., 1 —— —k —
2 lag 2 2 > 2( + 2 W
n—m
Axz =diagl ko, ko, ..., k2 ¢, A31 = k3o
———

n—m

Azp =diag{ ks — k3, ..., ks — k3 ¢ + kaWn
n—m
Az =diagy 1 — k4, 1 — kg, ..., 1 — k4
n—m

Proof: Since (x1(tg+1), X2(tx41), - - - » Xm(tx+1)) is the Nash

equilibrium of game G, it follows that:

Xi(tier1) = Bi 2ojen; Wiikj(tier1) = aixi(te), i € Iy
Xi(tk+1) = (1 —ky — %)xi(fk) + % 2 jeN; WiiXi(ti)
ko (1), i € T\Tm (25)
i (1) = (1= Ka)yir (1) + k3 3 e nr wiixj (1)

+(kg — k3)x;(t), i € T\ Lp.

The compact form of (25) is Byx'(tx+1) = Asx' ().
Let b;.j denote the (7, j)th entry of the matrix B. Then, a
direct computation yields that

S bl = S| = Biwyl = Bi < 1= b, i € T,
Y b =0 < 1= by, i€ T\Ty

Y =0 < 1=Vl i € L\

Therefore, By is SDD. According to Lemma 1, B is invertible.
Thus, X' (te41) = B, 'A3x (1).

The following theorem gives a sufficient and necessary
condition to ensure consensus of HMAS3.

Theorem 6: Assume that G is directed, 0 < h <
(V5—-1)/2 and 2 < ki < (v/5—1)/h. HMAS3 reaches
consensus if and only if G has a directed spanning tree.

Proof (Sufficiency): First, we prove that B, TA3 is a stochas-
tic matrix. It is obviously that

- T
By =|1=B1,1 =B ..., 1 =B, 1,1,...,1
~———
B 2n—2m
- T
=|a,a,...,a, 1,1,...,1
———
2n—2m

A312n7m = [011,012,...,0{"1
h2 h2 h2 h2
—+l-—-h+thk,... . =+l-——k+k
2+ ) 2+ k2 2+ 5 »+ky

n—m

T
k3+k4—k3+1—k4,...,k3+k4—k3+1—k4i|

n—m
T

Lo, 1,1, 001
———
2n—2m

= | x],0,..

Therefore, one has By15,_,, = A312,_,,. Since B, is invertible,
it follows that:

By 'Asloy i = Loy 27)

Let

C =diag!Bi,,....Bm0,,...,0 ( w O n—m) )
—— 0(nfm)><n 0(nfm)x(nfm)
2n—2m

It is easy to derive that By = Ip,—,, — C. Assume that
AL, A2, ..., A, are all eigenvalues of C = (¢;;) € R™". Then,
one has A; € | J_| G;, i € Z, by utilizing Lemma 2, where

n

dle—cil < Y leyl

j=1#

_ [ {allz=0r = S 1B = 181 <1}, i ez,
[Zllz—0/ <0 <1}, i € Z\Tm, i € T\Tpm.

G,

This means that |A;| < 1. Therefore, BZ_l = (by—m — C)_1 =
Y o2 o(O)" is non-negative with positive diagonal elements
because matrix C is non-negative.

AsO < h < (V5—=1/2and 2 < ky < (/5 = 1)/h,
we can obtain that kp = (hk1/2) — (hzk%/4) > 0, k3 =
(h?)2) + Qh/k;) > 0, and 1 — ky = 1 — (hky/2) —
(h*k%/4) > 0. It is worth noting that (h*/2)k} — (h*/2) > 0,
(hk1/2) — (2h/ky) > 0, and (W’k}/4) — (h*/2) > 0. Thus,
1— (h)2) —ky = (1 — ky) + (B*/)k} — (H*/2) > O,
ky — ks = (lhki/2] = [2h/ki]) + (B3 /4] = [W2/2]) > O.
Therefore, A3, whose diagonal elements are positive, is non-
negative. Together with (27), B, 1A3 is a (row) stochastic
matrix whose diagonal elements are positive.
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It is easy to obtain that

(Cll)mxm (C12)m><(n—m) 0m><(n—m)
C= 0(n—m)><m 0(n—m)><(n—m) 0(n—m)><(n—m)
0(n—m)><m 0(n—m)><(n—m) 0(n—m)><(n—m)
One has
| k11 k12 *13
By, A3 = | Aot Az A
Azl Az Az

where #11 = (Iy+Ci1+Chy+- - ) (A1 +CAa), #12 = U+
Cn +C%1 +---)C12A2, *13 = I+ C1y +C%1 +---)C12423.
Next, we prove that graph ng_l A has a directed spanning
tree. Denote the directed spanning tree of graph G as Tg. For
each edge (j, i) € Tg.
D Ifi € Zyj € Ly then (B;'A3)y = (x11)j =
(C11A1)ij = (C11)ii(A11) = Biwija; > 0.
2) IfieZy,,j€Z,\Iy and j/ = n—m-+}, then (Bz_lAg),-j >
Biwijej > 0 and (B, 'A3)y; > 0.
3) If i € Z,\Zy, j € Iy, then (B2_1A3)ij =W; > 0.
4 Ifi € Z,\Zn,j € T,\I,, and j/ = n — m + j, then
(By'A3);j = Wy > 0 and (B; 'A3)y; > 0.
Thus, graph ng—l A5 also has a directed spanning tree.
The above analysis leads to that B, A3 is an SIA matrix.
Then, there exists v such that

lim (B;1A3)m — 1,7 (28)

m— 00
where (B, '43)Tv = v, and 1Ty = 1. Similar to the analysis
in [21], we obtain (21) and (22) hold.
This completes the proof of sufficiency.
Necessity: Denote the directed spanning tree of graph
QB2_1 4, 88 T’g. First, one has

W2, + WiaWa

W2 — < Wi Wi + W12W22>
Wor Wi + Waa Wy

W3, + Wa1 Win

where Wé > 0 denotes that there is a path from j to i.
For each edge (j, ) € T (i # )).
1) IfieZy,,je Iy, then

0 2

h

Ge11)yj = <§ Ak+](W11)k(AA11W121 + EWIZWZI)
k=0

+ Aqq +AA11W11> >0

IEEE TRANSACTIONS ON CYBERNETICS

(WiDK(W?, + WiaWap); > 0, k = 0,1,..., holds,
which means that there is a path from j to i in G.
2) Ifiel,,je I,\Zy, then

o
(12, i—m) = (Z AkH(Wll)k(AAngle
k=0
h2
+ ?W12W22> + AA2W12> >0
i,(j—m)
in which
h2 2
Ay =di 1l———ky,..., 1 —— —k
2 1ag 5 2 3 2

n—m

and A = diag{pBi, B2, ..., Bn}. Thus, at least one of
(W12)i—my > 0, (Wi (W11 Wiz + WiaWa2))i immy >

0,k=0,1,..., holds, which means that there is a path
from j to i in G.
NIt i € I\Lu.j € ILn then (A2)i—m),; =

(h*/2)(Wa1) (i—my j > O.
4) If i € Z,\T, j € L\ T, then

h? n?
(Azz)(i,m)’(j,m) = dlag 11— —— kz, ey 1——— k2
2 2
n—m
hZ
+ ?sz > 0.

(i—m),(j—m)

For each edge (j,i') € T,,j € Iy, i € I,\Zy, and i’ =
n—m+ i, one has W;; > 0.

Through the above analysis, we draw the conclusion that G
also has a directed spanning tree. Thus, if G does not have a
directed spanning tree, then 9351 A5 does not have a directed
spanning tree, which means that (28) does not hold. Therefore,
HMAS3 cannot reach consensus. This completes the proof of

necessity.

B. Case of C-T Dynamic Agents Using Their Own
Real-Time States

Consider the following distributed protocol for agent i €
I \Lp:

i wi(t) =Y wii(x(t) — xi(0) — kivi(0) (29)
where A;; = diag{a,00,...,a,) and A = jeN;

diag{Bi, B2, ..., Bm}. Thus, at least one of (Wy1);; > 0, where t € (%, tx41] and k; > 0 is feedback gain.

By = Ly — diag{ B1. B2, ..., B 0,0, ...,0 ( w O -y ) (24)
S~——— O(n—m)xn 0(n—m)><(n—m)
2n—2m
. kike  2kg kike  2kg 2kg
AL, =d ks—k; — —— —, .. ks —k; — — — — 1—ks+— W 26
L, = diag{ ks 5 T 5 > a +< 5+k1) 22 (26)
n—m
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Devise an HMAS in which the states of agents in Z,, are
governed by game G defined above and the states of agents
in Z,\Z,, are governed by first-order C-T dynamics (20) with
protocol (29). For convenience, we use HMAS,4 to denote such
an HMAS.

Let yy (tx) = xi(tx) + (2/k1)vi(tx). Then, for i € Z,\Z,, and
i =n—m++i, it follows from (20) and (29) that:

xiltip1) = (1= ks) Yen wiri(t) + 5%y ()
+ (ks — 24 )xia0)

i (ten) = (ks — Ky — 258 — 3 )xiap)

_|_(1 — ks + 2k—"16> Djen; Wixi () + (% + k7)yi/(fk)

for i € T,\Z,, and t = x4, where ks = (re"\" —r1e"2") /(ry —
r). ke = (€' ="M /(ro—r1), ky = (e —rie"™ /(ra—r1),
ri= (ki +/k} —4)/2 and r, = (—k; — /K2 —4)/2.

Let X() = [x1(),x20)s s %) Y s ooy O,
which is called the augmented state of the HMASy4. The fol-
lowing theorem establishes the relation between the states of
two adjacent game times for HMAS,.

Theorem 7: For HMASy, one has X' (f; +1) = B;1A4x’(tk),
where B; is defined by (24), A/32 is defined by (26), at the
bottom of the previous page and

Al A Agz
/ / /
A/21 A/22 A/23
Ay Az Ay
M1 mxcm
W =
((WZI)(n—m)xm
A1 = diag{oy, oz, ..

Aq =

(W12)m><(n—m) )
(WZZ)(n—m)X(n—m)
L] am}

A = A13 = 0y (n—m)

Ay = (1 — ks)Way

. kike kike
Ay, = diag kS—T,---,kS—T + (1 = k5)Wa»
n—m
. kike kike kike
AL, = diag ] S0 M%6 - fike
23 1ag ) > )
n—m
2ke
Agl — <l - kj + F)Wzl
.| kikes kike kike
Ah, =d — 4+ k7, — +ky,...,— +k
33 = d1ag) — + k7 ) + k7 3 +ky
n—m

Proof: The proof is similar to that in Theorem 5, which is
omitted here.

The following theorem gives a sufficient and necessary
condition to ensure consensus of HMAS,.

Theorem 8: Assume that G is directed and k; > 2. HMAS,
reaches consensus if and only if G has a directed spanning tree.

9
Proof: First, we prove that B, 1A4 is a stochastic matrix

- T
A412n7m = alv 0‘2, MR am’ )/1’ Vl, MR Vlv J/Z’ )/21 MR )/2

L n—m n—m

= T

= a0, ...,0n 1,1, 1| =Bly_p
————
L 2n—2m

where y; = 1 — ks + ks — (k1ke/2) + (k1ke/2) and y» =
1 —ks+ (2ke/k1) +ks —k7 — (kike /2) — (2ke /K1) + (k1ke /2) +k7.
Therefore, one has

By ' Agloy = 1oy (30)

From the proof in Theorem 6, one has that B, I = (Lp—m —
O =% (0" =Dy +C+C?>+--- and By is non-
negative with positive diagonal elements.

As ki > 2 and r» < r; < 0, we can draw the conclusion
that k5 > 0 and k¢ > O from Lemma 4. Moreover, it is easy to
obtain that 1 —ks = [(¢"2"—1)/ry— (""" —1)/r11/(r2—r1) > 0,
ks — (kike)/2 = (kike)/2 + k7 = (" + €?")/2 > 0 and
1 — ks + 2ke¢/k1 > 0. It is obvious that (k;/2) > (2/k1),
thus ks — k7 — (kike/2) — (2ke/k1) > ks — k7 — (kike/2) —
(k1ke/2) = 0. Therefore, A4, whose diagonal elements are
positive, is non-negative. Together with (30), B, 1A4 is a (row)
stochastic matrix whose diagonal elements are positive.

The subsequent derivation is similar to the proof in
Theorem 6, which is omitted here.

Remark 6: This article establishes a unified framework for
agents whose states are governed by a multiplayer game and
the agents with C-T dynamics. More specifically, if m = 0,
the HMAS becomes a first-order/second-order C-T MAS,
which reaches consensus if and only if the network con-
tains a directed spanning tree [12], [40]. If m = n, the
HMAS becomes a game-based MAS, in which the interac-
tions among agents are described as a multiplayer game. The
game-based MAS reaches consensus if and only if the network
has a directed spanning tree [32]. It can be seen that the
obtained results in this article include the above-mentioned
two scenarios.

VI. SIMULATIONS

In the following, numerical simulations for our theoretical
results are presented.

We consider an HMAS with eight agents. The digraph
G, which has a directed spanning tree, is shown in Fig. 1.
In the subsequent simulations, x(0) = [5, 10, -5, 15, —10,
20,25, —151", « = [0.2,0.3,04,05]", and B =
[0.8,0.7,0.6,0.5]".

Example 1: Consider HMAS| under digraph G, in which
agents 1-4 decide their states by multiplayer game G and
agents 5-8 update their states with first-order C-T dynam-
ics (6) under protocol (9). Figs. 2 and 3 depict the tra-
jectories of agents’ states in HMAS; for # = 0.25 < 1
and h = 0.7 < 1, respectively. They are both in accor-
dance with Theorem 2. Consider the HMAS/1 which is similar
to the HMAS| except that « = [0.8,0.85, 0.86, 0.9]7 and
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Fig. 1. Digraph G.

+ agent1

* agent2
agent 3

© agent4
——agent5
—— agent 6
agent 7

— agent 8

Fig. 2. Trajectories of agents’ states in HMAS|, where h = 0.25.

30

+ agent1

* agent2
agent 3

+ agent4
——agent 5
= agent 6
agent 7

— agent 8

t

Fig. 3. Trajectories of agents’ states in HMAS{, where & = 0.7.

+ agent1

+ agent2
agent 3

© agent4
——agent5
= agent 6
agent 7

— agent 8

Fig. 4. Trajectories of agents’ states in HMAS/I.

B = [0.2,0.15,0.14,0.1]7. Let h = 0.25 < 1. Then, the
trajectories of agents’ states in HMAS] are drawn in Fig. 4.
It also verifies the result of Theorem 2.

Example 2: Consider HMAS, under digraph G, in which
agents 1-4 decide their states by multiplayer game G and

IEEE TRANSACTIONS ON CYBERNETICS

+ agent1

+ agent2
agent 3
agent 4
——agent5
== agent 6
agent 7
—agent 8

t

Fig. 5. Trajectories of agents’ states in HMAS;.

+ agent1

© agent2
agent 3

+ agent4
——agent5
w— agent 6
agent 7
—— agent 8

t

Fig. 6. Trajectories of agents’ states and C-T dynamic agents’ velocities in
HMAS3.

+ agent1

© agent2
agent 3

+ agent4
——agent5
30 40 50 60 | — agente
t agent 7

— gonts
20 ; ; ; , ——agen

0 5 10 15 20 25 30

Fig. 7.
HMAS,.

Trajectories of agents’ states and C-T dynamic agents’ velocities in

agents 5-8 update their states with first-order C-T dynam-
ics (6) under protocol (16). Let &~ = 0.4. Fig. 5 depicts the
trajectories of agents’ states in the HMAS;, which shows the
result of Theorem 4.

Example 3: Consider HMAS3; under digraph G, in which
agents 1-4 decide their states by multiplayer game G and
agents 5-8 update their states with second-order C-T dynam-
ics (20) under protocol (23). Let 0 < h =0.25 < 35— 1)/2
and 2 <k} =22 < (V5 — 1)/h. Theorem 6 is illustrated in
Fig. 6 by the trajectories of agents’ states and C-T dynamic
agents’ velocities in HMAS3.

Example 4: Consider HMAS,4 under digraph G, in which
agents 1-4 decide their states by multiplayer game G and
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agents 5-8 update their states with second-order C-T dynam-
ics (20) under protocol (29). Let h = 0.35, k; = 2.5 > 2.
Fig. 7 depicts the trajectories of agents’ states and C-T
dynamic agents’ velocities in HMAS,4, which shows the result
of Theorem 8.

Remark 7: In Examples 1-4, t+ = k represents time #.
Example 1 indicates that « and g will affect consensus con-
vergence rate of agents in Z,,, and h will affect the consensus
convergence rate of agents in Z,,. Agents 5 and 6 interact with
agents 1-4 at every time ¢, which leads to the nonsmoothness
of trajectories in Figs. 2 and 3. Large |us| — |ug| are produced
as a result of the initial states of agents 5-8 deviating signif-
icantly from those of their neighbors. Therefore, it is shown
in Figs. 4 and 5 that the slope of tangent line of trajectories
is relatively large at the beginning.

VII. CONCLUSION

This article investigates the consensus of HMASs based on
game modeling, in which some agents select the Nash equi-
librium of a multiplayer game as their states at each game
time and the others update their states by first-order/second-
order C-T dynamics. Moreover, we consider two protocols for
agents with C-T dynamics. In one protocol, they only exploit
their own states at game time, while in the other protocol,
they exploit their own states in real time. Then, sufficient and
necessary conditions are separately obtained for the consensus
of first-order/second-order HMAS. Future work will focus on
establishing different cost functions of games to model MASs.
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