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Consensus Tracking for High-Order Uncertain
Nonlinear MASs via Adaptive
Backstepping Approach

Xiujuan Zhao ', Shiming Chen

Abstract—In this article, we focus on the problems of consen-
sus control for nonlinear uncertain multiagent systems (MASs)
with both unknown state delays and unknown external distur-
bances. First, a nonlinear function approximator is proposed for
the system uncertainties deriving from unknown nonlinearity for
each agent according to adaptive radial basis function neural
networks (RBFNNs). By taking advantage of the Lyapunov-—
Krasovskii functionals (LKFs) approach, we develop a compen-
sation control strategy to eliminate the effects of state delays.
Considering the combination of adaptive RBFNNs, LKFs, and
backstepping techniques, an adaptive output-feedback approach
is raised to construct consensus tracking control protocols and
adaptive laws. Then, the proposed consensus tracking scheme
can steer the nonlinear MAS synchronizing to the predefined
reference signal on account of the Lyapunov stability theory and
inequality properties. Finally, simulation results are carried out
to verify the validity of the presented theoretical approach.

Index Terms—Backstepping techniques, external disturbances,
output feedback, state delays, uncertain nonlinear multiagent
systems (MASs).

I. INTRODUCTION

ISTRIBUTED coordination of multiagent systems

(MASs) has attracted great attention due to the
high potential in various applications, such as flocking
control [1]-[3]; formation control [4], [5]; synchroniza-
tion [6], [7]; containment control [8]; and consensus [9]-[18].
Consequently, a variety of distributed control protocols has
been presented to finish different cooperative tasks. The
consensus is the essential premise in distributed cooperative
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control for MASs. The consensus control protocol guaran-
tees that groups of agents agree upon a certain behavior by
receiving its neighboring information for each agent through
communication networks [12]-[14]. In consensus control, con-
sensus control strategies have been divided into leaderless
and leader-following. The leader-following consensus track-
ing control means that all followers synchronize with the
predefined reference signal provided by the leader, which
has advantages over leaderless consensus for saving energy,
enhancing communication ability, and clarifying the direction
of consensus control. Thus, the consensus tracking con-
trol problems of MASs were widely studied, such as linear
MASs [15]-[17] and nonlinear MASs [19]-[23].

It is well known that many engineering systems are non-
linear. In recent years, the consensus control problems of
nonlinear MASs are more attractive, for instance, [24]-[35].
Meanwhile, both state delays and external disturbances often
coexist in engineering systems. Their existence can degrade
the performance of the MAS and even possibly destroy
the system stability, especially with unknown state delays
and uncertain external disturbances. Usually, external distur-
bances exist in the form of measurement noises, environmental
interferences, and frictions in MASSs. For the MASs with exter-
nal disturbances, many results were presented by using various
control methods, such as the output regulation theory [24],
adaptive control [25]-[28], and sliding-mode control [29].
State delays are often encountered and unavoidable due to
calculation and communication, such as spacecraft systems,
electrical networks, and multimanipulator systems. Two alter-
native approaches are available to overcome the difficulties
derived by state delays in the tracking control of nonlin-
ear MASs. They are Lyapunov—Krasovskii functionals (LKFs)
and Lyapunov—Razumikhin functionals (LRFs), respectively.
Therein, LKFs were adopted widely to solve state-delays prob-
lems as an effective and convenient method in [30]-[32].
However, few works have considered both unknown state
delays and uncertain disturbances.

For the consensus control of nonlinear MASs, the existence
of unknown nonlinear dynamics presents great difficulties for
stability analysis. Adaptive neural networks and fuzzy-logic
systems are powerful tools for controllers design in uncertain
nonlinear MASs for excellent approximation and learning abil-
ities. Lots of adaptive neural/fuzzy control strategies were used
to approximate the unknown nonlinear functions for uncer-
tain nonlinear systems [32]-[37]. An adaptive controller was
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constructed based on the adaptive neural control approach
for nonlinear MASs with unknown dynamics and external
disturbances in [30]. An adaptive neural control technique
addressed uncertainty problems caused by nonlinear functions
for the robot system [33]. Unmeasured states were estimated
by the observer based on the adaptive fuzzy-logic system in
nonlinear MASs [34], [36]. In [35] and [37], an adaptive fuzzy
approach was proposed to solve problems of uncertain non-
linearities and unknown stochastic disturbances in stochastic
nonlinear MASs.

By applying adaptive backstepping techniques, the con-
sensus tracking control problems of high-order nonlinear
MASs were well solved in [38]-[40]. Radial basis func-
tion neural networks (RBFNNs) observer-based consensus
control strategies were proposed to approximate unmeasured
states of followers via backstepping techniques in [21]. The
stability problem was addressed for uncertain continuous
nonlinear multiple-input multiple-output MASs composed of
interconnected subsystems by employing the backstepping
approach [38]. Incorporating neural networks into the back-
stepping approach was utilized to solve stabilization problems
with output constraints for nonlinear uncertain MASs [39]. An
adaptive neural backstepping approach was presented to solve
consensus tracking problems via output feedback for nonstrick
feedback MASs [40]. However, these nonlinear MAS cannot
take both state delays and external disturbances into considera-
tion. State delays and external disturbances may cause instabil-
ity for high-order nonlinear MASs, especially unknown state
delays and uncertain disturbances. Moreover, lots of adaptive
parameters were required to obtain the desired approximation
accuracy (see [38]-[40]). Especially for uncertain nonlinear
systems with high-order dynamics, the complexity of stabil-
ity analysis is more prominent. It was difficult to apply to
engineering MASs for heavy computational burden.

This article will further address leader-following consensus
control problems for uncertain nonlinear MASs with unknown
nonlinear dynamics, unknown state delays, and uncertain
external disturbances. To the best of our knowledge, few
works have taken all these issues into consideration. The main
contributions of this article are summarized as follows.

1) A novel adaptive control approach is presented for a
more general class of uncertain high-order nonlinear
MASs with both unknown bounded external distur-
bances and unknown state delays.

2) The control approach proposed in this article does not
require a restrictive assumption that the boundaries of
disturbances are known. The adaptive RBFNNs method
is employed to compensate for the unknown disturbance
boundary function. Nevertheless, there is a restrictive
assumption in control methods [21] and [27], that is, the
norm of unknown disturbance functions is bounded by
a positive constant, which is difficult to be determined
in practical engineering MASs.

3) In order to improve the approximation accuracy of
unknown nonlinear functions, most existing adaptive
consensus control methods need a large number of
neurons, which make the computational cost very
high (see [38], [41], [42]). However, in the proposed
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controller, each follower only updates one parameter of
the adaptive law, that is, the norm form of the RBFNN
weight matrix. This approach can greatly reduce the
amount of calculation and is convenient for engineering
applications.

The remainder of this article consists of the following
sections. Section II is made up of system models and prelimi-
naries. Section III shows the design process of the adaptive
control protocol and stability analysis. In Section IV, sim-
ulation examples are given to illustrate the effectiveness of
the control scheme. Finally, conclusions are presented in
Section V.

Notations: R™™ denotes the n x m-dimensional matrix
space. The symbol 2 indicates a subset of R". ||| repre-
sents 2-norm of the vector. diag{b1, ..., b,} denotes a diagonal
matrix. max(-) and min(-) stand for the maximum and the min-
imum value of -, respectively. The notation ® represents the
Kronecker product and WT denotes the transpose of matrix W.

II. PROBLEM FORMULATION AND PRELIMINARIES
A. System Model and Assumptions
Suppose that the nonlinear MAS is composed of n followers
(labeled from 1 to n) and one leader (labeled ). The dynam-
ics of followers are modeled by the following differential
equation:
X k(1) = X1 (1) + fik (Xi k(D)
+ ik (Xik(t — ) + dig(t, Xk ()
XN () = ui (1) + fin(xin (D)
+ hin(XiNG — 1)) + din (2, XN (D)

yi) =xi1(0), i=1,....,nk=1,...,N—1 (1)
where x;x(f) € R", and Xix() = [xi1(®),...,xix®O]F
@=1,...,N;k = 1,...,n) are system states vectors of

the ith follower. u;(f) € R™ and y;(f) € R™ are the control
input and the measured output of the ith follower, respectively.
fik() € R™ and h;(-) € R™ denote unknown smooth nonlin-
ear functions with uncertainties. t; is the unknown state delay.
di k(-) € R™ denotes the unknown external disturbance.

The leader’s dynamic is given by

X (1) = fr(0)
yr(t) = x,(1) 2)

where y, (1) € R™ denotes the output of the leader, and f;,(¢) €
R™ represents the smooth function and satisfies bounded con-
ditions for ¢ > 0, that is, ||f,(®)|| < ¢, ¢ is a positive known
constant. The value of the constant ¢ is required just for ana-
Iytical purposes. Thus, it is unnecessary to be known in the
controller design.

In this article, the main objective is to propose an adap-
tive consensus tracking controller u;(#)(i = 1, ..., n) for the
high-order nonlinear MAS (1) via adaptive backstepping tech-
niques. The adaptive control strategy guarantees that all signals
are semiglobally uniformly ultimately bounded (SGUUB).
Meanwhile, the output of each follower y;(#)(i = 1,...,n)
synchronically tracks the leader’s output signal y.(f) to the
desired accuracy.
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Assumption 1: For uncertain state delays 7;, i = 1,...,n,
there exists a positive known constant tpax such that 7; < Tpax.
For nonlinear functions 4; j(X; j(t)), there exist known bounded
smooth functions p; j(x;;j(¢)) satisfying ||k ;(x; ;D) =<
pij(xij(t)) < pij, and p;; are positive constants.

Assumption 2: For unknown external disturbance dynam-
ics d;j(t,xj®), i = 1,...,n and j = 1,...,N,
there are unknown smooth functions ¥;;(x;;(f)) to satisfy
di j(xi i) < (X (D).

B. Algebraic Graph Theory

Let G = (V, E, A) denote an undirected graph, where V =
{vi,..., vy} denotes the node set, E € V x V represents the
edge set, and A = [a;;] € R denotes the adjacency matrix.
ejj = (vi, vj) € E means that information flows between agents
J and i. N; = {vj|(v;,v;) € E} denotes the neighbor set of
node v;. If ¢;; € E, then a; > 0, otherwise, a; = 0. The
Laplacian matrix L = [l;;] € R™" is defined as [;; = —a;; and
li = Z;lzl a;j for all i # j. If there exists a sequence of edges
in the form of (v;,vi1), ..., (vii, vj), G has a path between v;
and v;. An undirected graph is connected if there is a path for
each pair of distinct nodes.

Let B = diag{by, ..., b,} be the communication weight
matrix between the leader and followers. b; > 0 if and only if
follower i can receive information from the leader, otherwise,
b; = 0. It is assumed that there is one follower connected with
the leader at least, and by + --- + b, > 0.

C. Radius Basis Function Neural Networks

In the practical controller design, MASs always contain
some unknown nonlinearities. It is well known that RBFNNs
have excellent approximation abilities. To overcome difficul-
ties caused by unknown nonlinearities, RBFNNs are utilized to
approximate any unknown continuous function ¢(X) : R" —
R™ with the desired accuracy in [30], [33], and [43]

o(X) = WS +8(X), 800 <e 3)

where X € Qx C R", W* = [wi,...,wg]T € RO, W* is
the ideal weight matrix of the RBFNN, and ¢ is the number

of neurons. S(X) = [s1(X), ...,sq(X)]T is the basis function
vector, 5;(X) = exp[—((X —v)T(X — V,')//,Liz)] is a Gaussian
function, y; is the width of s;(X), and v; = [v;.1, ..., vi]' is

the center vector. §(X) is the minimum approximation error
between the unknown nonlinear function ¢(X) and the ideal
approximation W*TS(X). The actual value of the ideal weight
matrix W* needs to be estimated in the controller design. ¢ is
a positive constant.

The ideal weight matrix W* is defined as

W* = arg min{ sup | p(X) — W*TS(X) H } 4)

W*eR1 | XeQx

D. Supporting Lemmas

Lemma 1 [44]: The undirected communication network G
is connected if and only if its Laplacian is irreducible.

Lemma 2 [45]: If L = [I;] € R™" is the Laplacian matrix
of an undirected connected graph G, and B = diag{by, ..., b,}

is the communication weight matrix between the leader and
the followers, then all the eigenvalues of the matrix L=L+B
are positive, and by + --- + b, > 0.

Lemma 3 (Young’s Inequality [46]): For arbitrary a, b € R,
we have

P 1
ab < —|lall’ + —|b||?
p qcl

where c>0,p>1,g>1and (p—1)(g—1) = 1.

Lemma 4 [41]: There exists a continuous function V(¢) > 0
for t > 0, and V(0) is bounded. If the time derivative of V(¢)
satisfies V(f) < —yV(r) + «, where y and « are positive
constants, the following inequality holds:

V() < V(e 7 + g(1 —e 7).
14

III. MAIN RESULTS

In this section, a consensus tracking controller design
approach is developed for model (1) by combining adaptive
RBFNN approximation techniques, LKFs, and backstepping
approaches. For the ith follower, the adaptive backstepping
design approach contains N steps. Some notations need to be
defined before introducing the adaptive backstepping design
approach. Let W;”‘,{Sl’,k be the approximator of the unknown
nonlinear function based on RBFNNs at the kth step. Then,
we define adaptive laws as

6 = max{ [ W " k=1,....N}i=1,....n
where 0; is an unknown constant. Let éi be the estimation of
0;, and will be specified at the N step. é,’ =6, — él- denotes the
estimated error.

In the article, the communication topology G is supposed
to be an undirected connected graph. According to MASs
dynamics (1) and (2), the consensus tracking error is defined as

ei(®) = Y aj(yi(t) — yj(®) + biyi(®) — yr (1) € R™. (5)
JEN;
In the following, an adaptive consensus control scheme

based on the backstepping technique is presented for
model (1). Let coordinate transformation variables be

zi,1(0) = yi(®) =y (1)

Zik(D) = X1 () —mwij—1(8), k=2,...,N (6)

where 7; ;1 () is the intermediate virtual controller and will
be specified at the kth step.
Then, (5) can be rewritten as

eit) =Y ay(zi1(t) — 11 (0) + bizi,1 (1) (7
JEN;
Construct a Lyapunov function as
1 -
Vi=3Z{({L®ln)Z ®)

where Z; = [Z1,1(t),...,zn,1(t)]T € R [ = L+ B, and
B = diag{by, ..., by}. According to Lemmas 1 and 2, L is
a symmetrical positive-definite matrix and Vj is a positive-
definite function.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

By Lemma 2, eigenvalues of the matrix L are
positive, which can be indicated by Aq,...,A,. Let
Eits -y Em 6215+ Eamy -, 8ty - Enm denote eigenvec-
tors of the positive-definite matrix L &® I, corresponding to
eigenvalues Ap, .. JA2 ey A respec-

——

L AL A, . ey A,
———
m m

m
tively. Let M = [&11, ..., Eum] € R M can be considered
as a set of orthogonal bases of R™, then MM = MM" = I,
My
and L® I, =MHM ™' =M MT.
Ml

Based on the analysis above, we rewrite the smooth func-
tion V, as

.
143 EZlT(L@Im)Zl

1
~ZIM HMZ,
2

1
5 TMTHH™'HMZ,

1
3 TMTHMM™H™' MMTHMZ,

[ .
§ZIT (Ll )M H'M(L®1)Z

1 ¢
= Ee (HAe(t) 9)

where H = diag{Al,, ..., Al and A = MTH M.
Then, the following inequality holds:

n n

Pt S el = v < S e (o
i=1 i=1

where Apmin(A) and Apax(A) are the minimum and the maxi-

mum eigenvalues of the matrix A, respectively.

We present the design process of the adaptive backstepping
approach for the ith (1 < i < n) follower as follows. For
the sake of simplicity, let z; x replace z;x(f), k = 1,...,N.
Similarly, the notations of other variables will be used in the
following in the same way.

Step 1: The intermediate virtual controller m;; can be
obtained in this step. From (1), we can obtain the time
derivative of z; 1 as follows:

Zi,l = j’i - )-Jr
= xi2 4+ fi1 (Xi1) + hig (X (0 — )
+ dii (6, Xi1) — dr-
The time derivative of Vi along with (9) is

Vi =Z{ (L®I.)Zi
n
= Z el (021
i=1

n
=Wz + Y. e (D
k=1,kzi
= e} (xi2 +fi1 (%) + hig (i1 — 1)
n
+ di(t.Xi1) — 3r) + Z G
k=1,ki

(1)
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= el (zip +fi1 (Fin) +min + hia (i1 — )
n
+ dii(t,xi1) —r) + Z ed(Dik 1
k=1 ki

(12)

Under Assumptions 1 and 2, the following inequali-
ties can be obtained by Lemma 3 and Cauchy inequality

Qory akbi)? < Oy a)* (i bi)?

elhin (Xt — 1)) < lleilloii (Fi1 (= )

. 2 2 )_C t— T
_ leil 7 (Xia (= ) 13
2 2
efdii(t,xi1) < lleilldii(xi1)
¢ lleil?92, (xia
<26l "—21(’) (14)
2 251’,1
. leill> @2
—eiyr < leillllfr (0l < #+7 (15)
T
leill®>  zia%i2
efzip < leill|ziz] < # IT (16)

where ¢; is a positive constant.
Substituting (13)—(16) into (12), it is obtained that

T 2 (x
) 24zi0 _ Jor X',l(l‘ —T)
Vi <elmi+ +€,'Tﬁ,1(Xi»l)+_l’l( = :
2 n
¢2 ;‘.’1 3 .
+ gl Y i an
k=1,k#i

where f; 1(Xi1) = fi1 (1) + [lleill*97 &i1) /287 1.

The nonlinear function fi,l(X,;l) cannot be implemented
directly for containing unknown functions f;1(x;1) and
¥.1(x;,1). The RBFNN W:lTSiyl(Xi,l) is used to approximate
fi1(Xi.1), and one has

fi1= WflTSi,l(Xi,l) + 8i.1(Xi1) (18)

where X; | = [X;.1,¢/]T € Qyx; 1, 18i1(Xi1)| < é&1and g > 0.
By Lemma 3, we can obtain the following inequality:

elfin = e (WiTSi1(Xin) +8i1(Xin))
1

21)1.2’1

2

Pii | e

2 2

where p; 1 is a positive constant.

Using (19), we rewrite the inequality (17) as

1
szl
2 (= T

pF (Xi1( — 1) ) ZinZi2
B T 2les be 7
> + 2lleill” + 3
n
+ ni1 + Z e (D
k=1 ki

H Wl*{ H2 ”61'”2»5‘;-1:151')1

IA

2 2
I~ i
2

(19)
” W:{||2”ei”25;1:15i’1

: T
Ve <emii+

(20)

where n;.1 = (7 1/2) + (¢71/2) + (¢7/2) + (¢}, /2).
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Then, considering the following LKF to eliminate diffi-

culties coming from unknown state delays t;,i = 1,...,n,
one has
N L,
Vii= —/ i1 (Xi1(9)). (21)
2 -7 ’
Taking the time derivative of ‘A/i,l is
X 1 _ 1 _
Vit = 0 (1) — 507 (Fin (¢ — ). (22)

2 2

Obviously, difficulties can be reduced by \A/i,l to compensate
uncertainties of the inequality (20) derived from unknown state
delays 7;.

Based on (20) and (22), considering the Lyapunov function
candidate as V;1 = VL + \A/i,l, the time derivative of V; 1 is

Vi,] = VL+‘711

< efmi+ 55 n T leillST 181

p; X',l(t) 2
+ 1,1(21 )+2||el” 4 B2ThE lZl
n
+it+ Y g (23)
k=1 ki
According to p;i(x;j(1) =< pijG = 1,...,N) in
Assumption 1, it is obtained that
. 2
Vir < efmin + — Wi | lleil ST Sia + 2lleill®
2,
T n
24’221',2 T .
12 +taii+ Y, e (D (24)

k=1 ki

where a; 1 = i1 + (57,/2)-
Then, we construct the intermediate virtual controller 7; | as

mi1 = —(B +2e; — ——bieiS] S (25)
Pi
where B is a positive constant and specified later.
Substituting (25) into (24) it has
Vir < —llel’ + - (H WiT|* = 6,) leil ST, i
T n
Z;9%i2 .
et D g 0. (26)

k=1,k£i
Step 2: Based on (1) and (6), the following equations hold:
X2 = xi3 + fi2(Xi2) + hi2(Xi2(r — 1)
+ dia(t,Xi2)
Zi2 = Xi2 — 1.

27)
(28)

Taking the time derivative of (28) along with (27), one has

Zip = xi3 +fi2(Xi2) + hi2 (X200 — )
+ dia(, Xip) — il (29)

where 77; 1 is a continuous function.

Choose the Lyapunov function candidate as follows:

Via = Vi1 + =zi,zi2. (30)

2

Taking the time derivative of \7,;2 along (26) and (29),
one has

Zi2
Vio < —Blleill* + ’22’

+ E(“ WeTI? = ) lestPST i
i,

+ 25 (23 + mi2 + fia(i2)

+hip(Xia(t — 1)) + dia(t, Xi2) — 1)
n

toait+ Y e 31)
k=1,ksi
Similarly, by using Lemma 3, we can obtain
T 2 (=
_ 2azin P (X2 — 1))
2iohia(Fia( = 1) < =3 = (32)
th 7209 (%)
T - i,2 1,241,271 2\ M,
Dadin(t, %) < -2 4 2L R2TET (33)
2 265
T T
Zi0%i2  Z;3%i3
T . < i,2%0 i,3%L 34
%253 < =5 B (34)

Substituting (32)—(34) into (31), the following inequality
can be yielded:

. , 3
Vio < —ﬁlleill + i

(|| T = 6) eSS

+ Zi,z(”i.z +fi2(Xi2) — i)
,sz (Xi2(t — 1) 1331,-,3
2 2

T
Z-’2Zi,2

+a11+—+ Z e (D1 (35)

k=1,k#i

where f;2(Xi2) = fi2(i2) + [} 12207, (i 2) /26551,
For any given positive constant ¢g;2, there exists
WiTS; »(Xi2) such that

i
fir= WfszSi,z(Xi,z) + 8i2(Xi2

where X;» = [Xi2, zi2]".
Based on Lemma 3, the following inequality can be yielded:

Tofin = Z,T2( W3 Si2(Xi2) + 8i2(Xi2))

) (36)

=27, WP ] ST
. L7 &2
+ l% —”ZZ’ZZH + -2 37)
where p; 2 > 0 is a constant.
Then, employing the LKF ‘A/,-,z
N I
Vo= f P2 (i 2(5))ds (38)
t—71;
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Taking time derivation of f/,-,z, we can obtain

<

1 _ 1 _
12 = 202 (Fa0) = 3Pl (Fiat — ). (39)

Choosing the Lyapunov function V;, = ‘7,',2 + ‘A/,-,z, and
substituting (35), (37), and (39) into V; >, one has

1;1:32[,3
2
! «T|2 _ 5 2T
+ -5 (”Wn” _91')”31'” Si1Si
2pt,l ' ’

1 N
o (I - 8ol

Vio < —Blleill* +

+mio+ 222 — 7:fi,1) +ain
n
+ Y e (O (40)
k=1,k+i

where a2 = i1 + (p7,/2) + (671,/2) + (p}5/2) + (¢/2).
Constructing the virtual controller ;> as
éiZi,2S}:ZSi,2

—(Bi2 +2)zip — s

Wio = + 7 41

where ;> is a positive constant.
Substituting (41) into (40), the following inequality holds:

T
13Zl3
V2< ,3”61” _'312Z12Z12+ )

+ 2p2 (HWflT“z - éi)lle,-IIZSEIS, |
i1
L «T2 _
+ 2p12,2 (H Wi,2 “

n
T .
taint Y ek
k=1.ksi

) el sTasio
42)

Step k: Similarly, completing design procedures is the same
way as in step 2 for step k (3 < k < N — 1). The following
ones can be obtained from (1) and (6):

Xik = Xigr1 +fik(Tik) + ik (Xix(t — )

+ di k(2. %) (43)
Zik = Xik — Tik—1- (44)
The time derivative of (44) along (43) is
Zik = Xik+1 +in(Fik) + hik (i@ — )
+ di (¢, Xik) — Tik—1 (45)
where 7; ;1 is a continuous function.
Consider the following Lyapunov function:
Vik = Vik + Vi (46)

where \7,',1( = Vik—1 + (ZEkZi,k/z) and ‘A/i,k =
(1/2) [, pik ik (s))ds.

Similar to the proof process of step 2, by a series of orderly
steps, such as taking the time derivative of V;; along (45),

using the inequality in Lemma 3, and employing the LKF \A/,; k
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to compensate state-delays item, we can obtain the following
inequalities:

T
3Zz kZi.k

Z Bi le 3 T "2
(II T -

Vik < —Blleill?

T
6 leil ST 1S5

+ Zz (I )bt
+ Zi,k(”z,k +fz, (Xik) — ik—1)
2 1%, o2, (%, ;2
l’k+]21k+l + l’k(zlk) + dik—1+ ’71{
n
+ > g O (47)
k=1, ki

where fi k(X 1) = fik (1) + [2] 2 k03 Fi ) /2673,

Similarly, for any given positive constant &;, there exists
Wi Sik(Xi k) such that f; x = Wi Si k(X k) + 8i k(X 1), where
Xik = [Xik, z,-,k]T. We can obtain

Z}:]ji,k = Z;-l:k(W;'j]{Si,k(X,”k) + 6i,k(Xi,k))

2
=0 IWE 1 Dzik STk
2 2 2
Pic , laiel” | e
R (48)

The uncertain nonlinear functions f,‘,k(Xi,k) can be approx-
imated by RBFNNs. Then, the virtual controller m;x can be
constructed as follows:

0:zi kSiTkSi,k

Tk = —(Bik +2)zik — — > +wig—1.  (49)
2p;k
Substituting (49) and (48) into (47), we have
. k+1Zl k+1
Vik < —Blleill? Zﬂl,zl,zu -
(|| TI* = &) heilsT, i
A 2
v Z sz (W] =) bl s
+ aig+ Z ep (k1. (50)

k=1,ki

Step N: The actual controller u; of followers will be
designed in the final step. According to (1) and (6), one has

XN = ui + fin(XiN) + hin (TN — )

+ diN(XiN) (51)
ZiN = XiN — i N—1- (52)
The time derivative of z; N along (49) is
ZiN = ui + fin(XiN) + hin (NG — 1)
+ diN(%iN) — TiN-1 (53)

where 77; N—1 is a continuous function.
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Similarly, we choose the Lyapunov function as follows:
Vin=Vin + Vin (54

where Vin = Vino1 + (gfnziN/2),
(1/2) [, piNGiN(s))ds.

By using the same inequality technique as in (13), the time
derivative of V; N along (53) holds

and V;n =

N-1

T T
Z Bijzijzij + 2 NZiN
=2

, 2
Vin = —Blleill” -

+ ;(H T = 8)ledsT, 51
tl

* Zz 2 <HW*T’ >||Zu|| STSi

+ z,-’N(u,' +ﬁ,N( iN

) — 7iN-1)

2 (= 2
'Oi,N(xi>N) GiN
+ ) +oiN-1+ )
n
+ Y g (55)
k=1, ki

For any given &; N > 0, there exists W} 1{IS,-,N(XZ-,N) such that

fin = ,NSzN( iN) + 8N (XiN)

where X; N = [%; N, ziN]T and [|8; NG N) || < &N
Then, by Lemma 3, we can obtain

anfin = H

(56)

ST e ] 2STaSin
Pi,N + |zin ”2 + 'Siz,N

2
Construct the actual controller u; as follows:
A 2
0izi NS} NSiN

3
uj = —<ﬁz,N + §>Zz,N - PN

Substituting (58) and (57) into (55), we have

(57)

+miNn—1. (58)

N
: 2 T
Vin < =Bllell” — E Bijzi ji.j

=2

+ _2(” WeT | = ) leiST, i
N
= D (W -0 )leat*slss
2

+ a;N + Z ex (D,
k=1 ki

1 (p7 /21 + [e7,/21 + [675/2] +

(59)

where a;N =
(¢°/2). X

Then, the estimation values of adaptive updating laws 0; are
considered as

[¢7/2D) +

Jzis)* ST
Zpi’j

lle: 28T, Si 1
i1
2
2Pi,1

0r = ki [ —vifi + Z (60)
j=2

where k; > 0 and y; > 0 are constants.

Remark 1: From [47], the estimation of adaptive laws
satisfies éi > 0 with the initial condition éi(O)EO.
According to the estimation of updating law (60), for
any bounded initial condition é o = o, if éi <
(Xja Uz IPSE;S15/2075) + [leil>S],S ,1/2p11])/y,, then

9 > 0; thus, 9 is increased until 9, = (Z ||z,j|| S S,]
/2p7;1 +UleilS} Si1/2p7 1/ vi. Similarly, i 0 > (ZFZ
[lzi j12STS:i/2p7 1 +llleill*S] S 11/2p,21 )/¥i» 0 is decreased
wtil & = (0N, e I2STSi/202] + leilST S/
Zp%I]) /vi. Therefore, it is assumed that the initial values of
adaptive laws éi(O) > 0 in the following text, which can
guarantee éi > 0.

Remark 2: To improve the approximation accuracy of
unknown nonlinear functions, a large number of neurons
are required for adaptive consensus control approaches, such
that the computational cost becomes very heavy [41], [42].
However, in the proposed controller, each follower only
updates one parameter of the adaptive law 6;, that is, the
norm form of the RBFNN weight matrix. It can be conve-
niently applied to practical engineering because of the greatly
reduced computational amount.

The main results for the presented scheme above are
summarized as follows.

Theorem 1: Under an undirected connected graph G, con-
sider high-order nonlinear MASs (1) and leader dynamics (2)
with Assumptions 1 and 2. With bounded initial conditions
V(0) < &, associating the consensus tracking control proto-
col (58) with virtual controllers (25), (41), (49), and adaptive
RBFNNs updating laws (60) guarantee that all signals are
SGUUB. Moreover, the predefined reference signal y,(f) can
be tracked synchronously by all output signals.

Proof: Consider the Lyapunov function as

n n 9~2
Vin=) V —
() Z l,N+Z %
i=1 i=1
where é‘ =6; — é- Then, we have

V) < B Zneln2 ZZ/S,,Z, 2

i=1 j=2

(61)

n

1 A
+ Z(sz(HWITHZ =) eS8
i1

i=1

+Zz 2 (HW*T
+ Z%N—FZ Z er (i1 —

i=1 k=1,k#i
Substituting (60) into (62), we have

V(I) <-B Z||€z||2 Z Z IBIJszZlJ

11/2

+ Zai*N + Z yiéiéi.
i=1 i=1

=) lalsEsi

Z Qk—g (©2)

(63)
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Accordingly, it is not difficult to confirm the following one:

2 52
-~ - : 0
(0. — 4. Zio i
0,6; = e(el 91)5 - (64)
From (63) and (64), we can further obtain
V@) < =B Y0 el — Yy SN, Bijel i
107
~ Y g to (65)
where o0 = Y1 (1:67/2) + Y1, ain.
In view of (9), we can obtained
2B
- llell® (66)
P Z = @

Substituting (66) into (65), one has

n N n 52

. y,0;

Vi) < —oVi—Y_ Y B — Y -t (67)
i=1 j=2 i=1

where o = (Zﬂ/kmaX(A))._
Let y = minj<i<n{yi}, B = minj<i<n2<j<N{Bi;}, and k =
min{p, B, y}. Then, the following inequality holds:
V() < —«kV(@) +o. (68)

By taking k¥ > (o//£) into consideration, inequality V(r) < 0
on V() = & holds. Therefore, V(¢) < & is an invariant set, if
the initial condition satisfies V(0) < &.

Then, by taking Lemma 4 into account, one has

0<vi <2+ (V(O) - Z)e*“ <2 LV (69)
K K K

From inequality (10), further one has

Amin(A) — o _
= e’ <V < =+ Ve,

(70)
i=1
Then, we have
- 20
lleill* < + V(e ™. (T1)
; ' K)\min(A) )\min(A)

Based on the analysis above, we can obtain that the consen-
sus tracking error satisfies ||e;]| < +/[20 /« Amin(A)] associated
with the design parameter k. Obviously, a better consen-
sus tracking performance can be obtained by increasing the
parameter « appropriately. ]

Remark 3: Apparently, (69) implies that all signals in
MASs (1) are SGUUB. The reference signal y,(¢) satisfies
bounded condition. Moreover, y;(f) = x;1(f) are bounded for
1 <i < n. Since 6; is a constant and él- = 0,-—67,', it implies that
éi is bounded. According to (25), (41), (49), and (58), it shows
that u; and m; (i =1,...,n,k=1,...,N — 1) are bounded
continuous functions. Then, x; 2(¢) = z;2(¢) + m; 1(¢) are also
bounded. Similarly, it is easy to obtain that state variables
xix@®)(B <k <N,i=1,...,n) are bounded.

Remark 4: According to the definitions of ¥ and o, we can
assign appropriate parameter values to acquire a less tracking
error by increasing 8, B;;, and y;, respectively.
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Fig. 1. Topology of the communication network.

IV. SIMULATION

Considering the following two simulation examples to illus-
trate the effectiveness of the proposed adaptive consensus
control approach in Theorem 1.

Example 1 (Numerical Example): Under undirected com-
munication topology in Fig. 1, a nonlinear MAS is composed
of one leader and four followers. Apparently, the communica-
tion weight matrix between the leader and followers is given

byB:[OlOO], and the Laplacian matrix L and L = L + B
are as follows.
1 =10 O 1 =10 0
-1 2 0 —-1{ - -1 3 0 -1
=10 01 <1]'f=0 0 1 -1
0 —-1-12 0 —-1-12

The followers’ dynamics are given by

X1 (1) = xip() + fi1 (Xi,1(0) + hij1 (X1 (0 — 1))

+ di (1, %1 (D)) (72)
Xi2(1) = ui + fi2(Xi2(0) + hia(Xi2(t — 1))
+ dip(t, Xi2(0)) (73)
where
SraGa1(8) = sin(0.3x1,1(2))
fi2(a12(0) = x1,1(D)x1 2(0)
2.1 0e2,1(2)) = sin(0.5x2,1 (7))
fr2(22(1) = x21 (e 220
f3,10(63,1(1)) = cos(—0.5x31)
f,2(32() = x3,1()x32(1)
Sa,1(xa,1(0)) = sin(0.5x4,1)
f22(a2(1) = x41 (e 21420
d;1(xi,1(1)) = x;,1 cos(1.51)
di(xi2(8) = x;,1x;2 sin(?)
hi (X1 (8 — 7)) = xi,1 cos(xi 1 (2 — 7))
hip(Xi2(t — 7)) = x;2sin(x; 1 (F — 77)).
The initial conditions of four followers are x; (0) = [2, 0]T,

x»0) = [1.5,1.5]T, x3000 = [-1.5,11T, and x4(0) =
[—2, —1]T. The leader’s dynamic is expressed by f.(r) =
sin(0.5¢). The upper boundary of state delays is Tpmax = 1.5,
and the state delays are 11 = 1,7p = 12,13 = 1.3,
and 74 = 1.4. The MAS (73) satisfies Assumptions 1 by
choosing bounded smooth functions as p; 1(x; 1) = x;1 and

pi2(Xi2) = m By choosing ;1(x;1) = x;1 and
Vi2(Xi2) = m to satisfy Assumption 2.
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Fig. 2. Approximations
(b) f2,2(x2,2) by RBFNN.

of the unknown functions (a) f'z, 1(x2,1) and

)

2y, @iy, =1,2,3,4

time(s)

Fig. 3. Output signals of the leader and four followers with 8 = 10 and
Bi2 = 10.

o

o

—
I

i

20 I I I I I
0 1 2 3 4 5 6

time(s)

Fig. 4. States of the four followers x; , with 8 =10 and g; » = 10.

For the RBFNN, it contains nine neurons, the widths
are w;x = 4, and the centers of activation functions
vik are uniformly distributed in the scope of [—2, 2] x
[—2, 2]. SikGix) = [s1(Eik)s ..., 9@ )]T with 5;(Fix) =
exp(—Xik = vik) Gk — vin)/uip), i = 1,2,3,4, and k =
1, 2. The unknown smooth function can be approximated by
RBFNN in Fig. 2. The initial values of adaptive RBFNN
parameters are é,-(O) = 0, é,- update according to (60). In
addition, taking (25) and (58) into consideration, we construct
virtual control functions 7r; 1 and controllers u;, respectively.
The control parameters are chosen as § = 10, B2 = 10,
pii=1pi2=1k=1and y;=1,fori=1,2,3,4.

Fig. 3 reveals output trajectory curves of x; (i =
1,2,3,4) and x, under the RBFNN-based backstepping con-
trol approach. Figs. 4-6 show states curves, controller signals

400 T T T T T
e uy

300 @l |
us
.............

1,2,3,4

Uiy 0

-400 I I I I I
0 1 2 3 4 5 6

time(s)

Fig. 5. Controller signals of the followers u; with 8 = 10 and B; » = 10.

6;,i=1,2,34

time(s)

Fig. 6. Adaptive updating law §; with 8 = 10 and Bip = 10.

15 B

21

--------------- z41]

=1,2,3,4

Ty, Ti1y 0

time(s)

Fig. 7. Output signals of the leader and four followers with 8 = 50 and
Bi2 =50.

curves, and adaptive updating laws curves, respectively. From
here, we see that all signals are bounded and the consensus
tracking can be achieved. Figs. 7-10 show simulation results
for B = 50 and B; > = 50, and other parameters are unchanged.

Apparently, the proposed approach with the choice of
Bi2=50 and B = 50 has faster convergence rate and bet-
ter tracking performance compared with the case of 8;2 =10
and B8 = 10, but causes much larger control gain.

Example 2 (Application Example): In this example, a multi-
manipulator example is carried out to test the effectiveness of
the proposed scheme in this article, which is shown in Fig. 11.
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Fig. 8. State x; o of the four followers with 8 = 50 and B; » = 50.
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Fig. 9. Controller signals of the followers u; with 8 = 50 and g; » = 50.
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time(s)

Fig. 10. Adaptive updating law éi with 8 =50 and B; » = 50.

The dynamics of the multimanipulator system are described as
gi,1 = gi2

Mi(gi1)di2 + Vi(gin, gi2) + Gi(gin) + figi2(t — @) = &
i=1,2,3,4

where definitions of g; 1, ¢i2, Mi(gi,1), Vi(gi1, 4i2), & i1,
ri2, mi 1, m;2, and their values can be seen in [30]. The ini-
tial velocity values of the first and second joints are g;21 =
43 28 —32 —46]Tandgin=[0 2.7 1.8 —2.1]T
for i =1, 2, 3, 4, respectively.

The leader’s dynamic is described by ¢, = ¢z, and
gar = [4cos(4f) + 2cos(61), —2sin(4r) — 4cos(61)]T. Taking
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Fig. 11. Two-link revolute manipulator.
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Fig. 12. First joint velocity trajectory.
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Fig. 13.  Second joint velocity trajectory.

the joint velocity g; 21 and g; 22 synchronizing to the leader’s
velocity ¢qa, into consideration, the controllers and adaptive
update laws are given by (25), (58), and (61), respectively.
The correlation parameters of the update laws are selected as
B =3, Bi2=30,pi1 =pi2 =12, ks = 12, and y; = 4,
for i = 1,2,3,4. Figs. 12 and 13 show that employing the
proposed control scheme in this article, the velocity states
of the multimanipulator system can track the velocity of the
leader, which means that the proposed method can guarantee
good tracking consensus performance.
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V. CONCLUSION

Consensus tracking control problems of uncertain nonlinear
MASSs have been studied, in which both external disturbances
and state delays have been considered. On account of back-
stepping techniques, an adaptive consensus control protocol
has been put forward to solve these problems. In the proposed
approach, RBFNNs have been used to find the appropri-
ate bounds of unknown nonlinear dynamics. The difficulties
derived from unknown state delays have been compensated by
employing LKFs. Furthermore, the consensus tracking con-
trol protocol has been constructed by integrating adaptive
RBFNNs, LKFs, and backstepping techniques. Besides, com-
putational costs have been decreased by only updating key
adaptive parameters, and it can be easily applied in prac-
tical engineering MASs. The next research field is how to
generalize the proposed approach of this article to solve con-
sensus control problems of more complicated systems, such as
high-order stochastic MASs with unknown control directions.
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