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Consensus Tracking for High-Order Uncertain
Nonlinear MASs via Adaptive

Backstepping Approach
Xiujuan Zhao , Shiming Chen , Zheng Zhang , and Yuanshi Zheng

Abstract—In this article, we focus on the problems of consen-
sus control for nonlinear uncertain multiagent systems (MASs)
with both unknown state delays and unknown external distur-
bances. First, a nonlinear function approximator is proposed for
the system uncertainties deriving from unknown nonlinearity for
each agent according to adaptive radial basis function neural
networks (RBFNNs). By taking advantage of the Lyapunov–
Krasovskii functionals (LKFs) approach, we develop a compen-
sation control strategy to eliminate the effects of state delays.
Considering the combination of adaptive RBFNNs, LKFs, and
backstepping techniques, an adaptive output-feedback approach
is raised to construct consensus tracking control protocols and
adaptive laws. Then, the proposed consensus tracking scheme
can steer the nonlinear MAS synchronizing to the predefined
reference signal on account of the Lyapunov stability theory and
inequality properties. Finally, simulation results are carried out
to verify the validity of the presented theoretical approach.

Index Terms—Backstepping techniques, external disturbances,
output feedback, state delays, uncertain nonlinear multiagent
systems (MASs).

I. INTRODUCTION

D ISTRIBUTED coordination of multiagent systems
(MASs) has attracted great attention due to the

high potential in various applications, such as flocking
control [1]–[3]; formation control [4], [5]; synchroniza-
tion [6], [7]; containment control [8]; and consensus [9]–[18].
Consequently, a variety of distributed control protocols has
been presented to finish different cooperative tasks. The
consensus is the essential premise in distributed cooperative
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control for MASs. The consensus control protocol guaran-
tees that groups of agents agree upon a certain behavior by
receiving its neighboring information for each agent through
communication networks [12]–[14]. In consensus control, con-
sensus control strategies have been divided into leaderless
and leader-following. The leader-following consensus track-
ing control means that all followers synchronize with the
predefined reference signal provided by the leader, which
has advantages over leaderless consensus for saving energy,
enhancing communication ability, and clarifying the direction
of consensus control. Thus, the consensus tracking con-
trol problems of MASs were widely studied, such as linear
MASs [15]–[17] and nonlinear MASs [19]–[23].

It is well known that many engineering systems are non-
linear. In recent years, the consensus control problems of
nonlinear MASs are more attractive, for instance, [24]–[35].
Meanwhile, both state delays and external disturbances often
coexist in engineering systems. Their existence can degrade
the performance of the MAS and even possibly destroy
the system stability, especially with unknown state delays
and uncertain external disturbances. Usually, external distur-
bances exist in the form of measurement noises, environmental
interferences, and frictions in MASs. For the MASs with exter-
nal disturbances, many results were presented by using various
control methods, such as the output regulation theory [24],
adaptive control [25]–[28], and sliding-mode control [29].
State delays are often encountered and unavoidable due to
calculation and communication, such as spacecraft systems,
electrical networks, and multimanipulator systems. Two alter-
native approaches are available to overcome the difficulties
derived by state delays in the tracking control of nonlin-
ear MASs. They are Lyapunov–Krasovskii functionals (LKFs)
and Lyapunov–Razumikhin functionals (LRFs), respectively.
Therein, LKFs were adopted widely to solve state-delays prob-
lems as an effective and convenient method in [30]–[32].
However, few works have considered both unknown state
delays and uncertain disturbances.

For the consensus control of nonlinear MASs, the existence
of unknown nonlinear dynamics presents great difficulties for
stability analysis. Adaptive neural networks and fuzzy-logic
systems are powerful tools for controllers design in uncertain
nonlinear MASs for excellent approximation and learning abil-
ities. Lots of adaptive neural/fuzzy control strategies were used
to approximate the unknown nonlinear functions for uncer-
tain nonlinear systems [32]–[37]. An adaptive controller was
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constructed based on the adaptive neural control approach
for nonlinear MASs with unknown dynamics and external
disturbances in [30]. An adaptive neural control technique
addressed uncertainty problems caused by nonlinear functions
for the robot system [33]. Unmeasured states were estimated
by the observer based on the adaptive fuzzy-logic system in
nonlinear MASs [34], [36]. In [35] and [37], an adaptive fuzzy
approach was proposed to solve problems of uncertain non-
linearities and unknown stochastic disturbances in stochastic
nonlinear MASs.

By applying adaptive backstepping techniques, the con-
sensus tracking control problems of high-order nonlinear
MASs were well solved in [38]–[40]. Radial basis func-
tion neural networks (RBFNNs) observer-based consensus
control strategies were proposed to approximate unmeasured
states of followers via backstepping techniques in [21]. The
stability problem was addressed for uncertain continuous
nonlinear multiple-input multiple-output MASs composed of
interconnected subsystems by employing the backstepping
approach [38]. Incorporating neural networks into the back-
stepping approach was utilized to solve stabilization problems
with output constraints for nonlinear uncertain MASs [39]. An
adaptive neural backstepping approach was presented to solve
consensus tracking problems via output feedback for nonstrick
feedback MASs [40]. However, these nonlinear MAS cannot
take both state delays and external disturbances into considera-
tion. State delays and external disturbances may cause instabil-
ity for high-order nonlinear MASs, especially unknown state
delays and uncertain disturbances. Moreover, lots of adaptive
parameters were required to obtain the desired approximation
accuracy (see [38]–[40]). Especially for uncertain nonlinear
systems with high-order dynamics, the complexity of stabil-
ity analysis is more prominent. It was difficult to apply to
engineering MASs for heavy computational burden.

This article will further address leader-following consensus
control problems for uncertain nonlinear MASs with unknown
nonlinear dynamics, unknown state delays, and uncertain
external disturbances. To the best of our knowledge, few
works have taken all these issues into consideration. The main
contributions of this article are summarized as follows.

1) A novel adaptive control approach is presented for a
more general class of uncertain high-order nonlinear
MASs with both unknown bounded external distur-
bances and unknown state delays.

2) The control approach proposed in this article does not
require a restrictive assumption that the boundaries of
disturbances are known. The adaptive RBFNNs method
is employed to compensate for the unknown disturbance
boundary function. Nevertheless, there is a restrictive
assumption in control methods [21] and [27], that is, the
norm of unknown disturbance functions is bounded by
a positive constant, which is difficult to be determined
in practical engineering MASs.

3) In order to improve the approximation accuracy of
unknown nonlinear functions, most existing adaptive
consensus control methods need a large number of
neurons, which make the computational cost very
high (see [38], [41], [42]). However, in the proposed

controller, each follower only updates one parameter of
the adaptive law, that is, the norm form of the RBFNN
weight matrix. This approach can greatly reduce the
amount of calculation and is convenient for engineering
applications.

The remainder of this article consists of the following
sections. Section II is made up of system models and prelimi-
naries. Section III shows the design process of the adaptive
control protocol and stability analysis. In Section IV, sim-
ulation examples are given to illustrate the effectiveness of
the control scheme. Finally, conclusions are presented in
Section V.

Notations: Rn×m denotes the n × m-dimensional matrix
space. The symbol � indicates a subset of Rn. ‖·‖ repre-
sents 2-norm of the vector. diag{b1, . . . , bn} denotes a diagonal
matrix. max(·) and min(·) stand for the maximum and the min-
imum value of ·, respectively. The notation ⊗ represents the
Kronecker product and WT denotes the transpose of matrix W.

II. PROBLEM FORMULATION AND PRELIMINARIES

A. System Model and Assumptions

Suppose that the nonlinear MAS is composed of n followers
(labeled from 1 to n) and one leader (labeled r). The dynam-
ics of followers are modeled by the following differential
equation:

ẋi,k(t) = xi,k+1(t) + fi,k
(
x̄i,k(t)

)

+ hi,k
(
x̄i,k(t − τi)

)+ di,k
(
t, x̄i,k(t)

)

ẋi,N(t) = ui(t) + fi,N
(
x̄i,N(t)

)

+ hi,N
(
x̄i,N(t − τi)

)+ di,N
(
t, x̄i,N(t)

)

yi(t) = xi,1(t), i = 1, . . . , n, k = 1, . . . , N − 1 (1)

where xi,k(t) ∈ Rm, and x̄i,k(t) = [xi,1(t), . . . , xi,k(t)]T

(i = 1, . . . , N, k = 1, . . . , n) are system states vectors of
the ith follower. ui(t) ∈ Rm and yi(t) ∈ Rm are the control
input and the measured output of the ith follower, respectively.
fi,k(·) ∈ Rm and hi,k(·) ∈ Rm denote unknown smooth nonlin-
ear functions with uncertainties. τi is the unknown state delay.
di,k(·) ∈ Rm denotes the unknown external disturbance.

The leader’s dynamic is given by

ẋr(t) = fr(t)

yr(t) = xr(t) (2)

where yr(t) ∈ Rm denotes the output of the leader, and fr(t) ∈
Rm represents the smooth function and satisfies bounded con-
ditions for t ≥ 0, that is, ‖fr(t)‖ ≤ φ, φ is a positive known
constant. The value of the constant φ is required just for ana-
lytical purposes. Thus, it is unnecessary to be known in the
controller design.

In this article, the main objective is to propose an adap-
tive consensus tracking controller ui(t)(i = 1, . . . , n) for the
high-order nonlinear MAS (1) via adaptive backstepping tech-
niques. The adaptive control strategy guarantees that all signals
are semiglobally uniformly ultimately bounded (SGUUB).
Meanwhile, the output of each follower yi(t)(i = 1, . . . , n)

synchronically tracks the leader’s output signal yr(t) to the
desired accuracy.
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Assumption 1: For uncertain state delays τi, i = 1, . . . , n,
there exists a positive known constant τmax such that τi ≤ τmax.
For nonlinear functions hi,j(x̄i,j(t)), there exist known bounded
smooth functions ρi,j(x̄i,j(t)) satisfying ‖hi,j(x̄i,j(t))‖ ≤
ρi,j(x̄i,j(t)) ≤ ρ̄i,j, and ρ̄i,j are positive constants.

Assumption 2: For unknown external disturbance dynam-
ics di,j(t, x̄i,j(t)), i = 1, . . . , n and j = 1, . . . , N,
there are unknown smooth functions ϑi,j(x̄i,j(t)) to satisfy
‖di,j(x̄i,j(t))‖ ≤ ϑi,j(x̄i,j(t)).

B. Algebraic Graph Theory

Let G = (V, E, A) denote an undirected graph, where V =
{v1, . . . , vn} denotes the node set, E ⊆ V × V represents the
edge set, and A = [aij] ∈ Rn×n denotes the adjacency matrix.
eij = (vi, vj) ∈ E means that information flows between agents
j and i. Ni = {vj|(vi, vj) ∈ E} denotes the neighbor set of
node vi. If eij ∈ E, then aij > 0, otherwise, aij = 0. The
Laplacian matrix L = [lij] ∈ Rn×n is defined as lij = −aij and
lii =∑n

j=1 aij for all i 	= j. If there exists a sequence of edges
in the form of (vi, vi1), . . . , (vil, vj), G has a path between vi

and vj. An undirected graph is connected if there is a path for
each pair of distinct nodes.

Let B = diag{b1, . . . , bn} be the communication weight
matrix between the leader and followers. bi > 0 if and only if
follower i can receive information from the leader, otherwise,
bi = 0. It is assumed that there is one follower connected with
the leader at least, and b1 + · · · + bn > 0.

C. Radius Basis Function Neural Networks

In the practical controller design, MASs always contain
some unknown nonlinearities. It is well known that RBFNNs
have excellent approximation abilities. To overcome difficul-
ties caused by unknown nonlinearities, RBFNNs are utilized to
approximate any unknown continuous function ϕ(X) : Rn →
Rm with the desired accuracy in [30], [33], and [43]

ϕ(X) = W∗TS(X) + δ(X),
∣∣δ(X)

∣∣ ≤ ε (3)

where X ∈ �X ⊂ Rn, W∗ = [w1, . . . , wq]T ∈ Rq×m, W∗ is
the ideal weight matrix of the RBFNN, and q is the number
of neurons. S(X) = [s1(X), . . . , sq(X)]T is the basis function
vector, si(X) = exp[−((X − vi)

T(X − vi)/μ
2
i )] is a Gaussian

function, μi is the width of si(X), and vi = [vi,1, . . . , vi,n]T is
the center vector. δ(X) is the minimum approximation error
between the unknown nonlinear function ϕ(X) and the ideal
approximation W∗TS(X). The actual value of the ideal weight
matrix W∗ needs to be estimated in the controller design. ε is
a positive constant.

The ideal weight matrix W∗ is defined as

W∗ := arg min
W∗∈Rq

{

sup
X∈�X

∥∥∥ϕ(X) − W∗TS(X)

∥∥∥

}

. (4)

D. Supporting Lemmas

Lemma 1 [44]: The undirected communication network G
is connected if and only if its Laplacian is irreducible.

Lemma 2 [45]: If L = [lij] ∈ Rn×n is the Laplacian matrix
of an undirected connected graph G, and B = diag{b1, . . . , bn}

is the communication weight matrix between the leader and
the followers, then all the eigenvalues of the matrix L̃ = L+B
are positive, and b1 + · · · + bn > 0.

Lemma 3 (Young’s Inequality [46]): For arbitrary a, b ∈ R,
we have

ab ≤ cp

p
‖a‖p + 1

qcq
‖b‖q

where c > 0, p > 1, q > 1 and (p − 1)(q − 1) = 1.
Lemma 4 [41]: There exists a continuous function V(t) > 0

for t ≥ 0, and V(0) is bounded. If the time derivative of V(t)
satisfies V̇(t) ≤ −γ V(t) + α, where γ and α are positive
constants, the following inequality holds:

V(t) ≤ V(0)e−γ t + α

γ

(
1 − e−γ t).

III. MAIN RESULTS

In this section, a consensus tracking controller design
approach is developed for model (1) by combining adaptive
RBFNN approximation techniques, LKFs, and backstepping
approaches. For the ith follower, the adaptive backstepping
design approach contains N steps. Some notations need to be
defined before introducing the adaptive backstepping design
approach. Let W∗T

i,k Si,k be the approximator of the unknown
nonlinear function based on RBFNNs at the kth step. Then,
we define adaptive laws as

θi = max
{∥∥W∗

i,k

∥∥2
, k = 1, . . . , N

}
, i = 1, . . . , n

where θi is an unknown constant. Let θ̂i be the estimation of
θi, and will be specified at the N step. θ̃i = θi − θ̂i denotes the
estimated error.

In the article, the communication topology G is supposed
to be an undirected connected graph. According to MASs
dynamics (1) and (2), the consensus tracking error is defined as

ei(t) =
∑

j∈Ni

aij
(
yi(t) − yj(t)

)+ bi(yi(t) − yr(t)) ∈ Rm. (5)

In the following, an adaptive consensus control scheme
based on the backstepping technique is presented for
model (1). Let coordinate transformation variables be

zi,1(t) = yi(t) − yr(t)

zi,k(t) = xi,k(t) − πi,k−1(t), k = 2, . . . , N (6)

where πi,k−1(t) is the intermediate virtual controller and will
be specified at the kth step.

Then, (5) can be rewritten as

ei(t) =
∑

j∈Ni

aij
(
zi,1(t) − zj,1(t)

)+ bizi,1(t). (7)

Construct a Lyapunov function as

VL = 1

2
ZT

1

(
L̃ ⊗ Im

)
Z1 (8)

where Z1 = [z1,1(t), . . . , zn,1(t)]T ∈ Rnm, L̃ = L + B, and
B = diag{b1, . . . , bn}. According to Lemmas 1 and 2, L̃ is
a symmetrical positive-definite matrix and VL is a positive-
definite function.
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By Lemma 2, eigenvalues of the matrix L̃ are
positive, which can be indicated by λ1, . . . , λn. Let
ξ11, . . . , ξ1m, ξ21, . . . , ξ2m, . . . , ξn1, . . . , ξnm denote eigenvec-
tors of the positive-definite matrix L̃ ⊗ Im corresponding to
eigenvalues λ1, . . . , λ1︸ ︷︷ ︸

m

, λ2, . . . , λ2︸ ︷︷ ︸
m

, . . . , λn, . . . , λn︸ ︷︷ ︸
m

, respec-

tively. Let M = [ξ11, . . . , ξnm] ∈ Rnm×nm, M can be considered
as a set of orthogonal bases of Rnm, then MTM = MMT = Inm

and L̃ ⊗ Im = MHM−1 = M

⎡

⎢
⎣

λ1Im
. . .

λnIm

⎤

⎥
⎦MT.

Based on the analysis above, we rewrite the smooth func-
tion VL as

VL = 1

2
ZT

1

(
L̃ ⊗ Im

)
Z1

= 1

2
ZT

1 MTHMZ1

= 1

2
ZT

1 MTHH−1HMZ1

= 1

2
ZT

1 MTHMMTH−1MMTHMZ1

= 1

2
ZT

1

(
L̃ ⊗ Im

)
MTH−1M

(
L̃ ⊗ Im

)
Z1

= 1

2
eT(t)�e(t) (9)

where H = diag{λ1Im, . . . , λnIm} and � = MTH−1M.
Then, the following inequality holds:

λmin(�)

2

n∑

i=1

‖ei(t)‖2 ≤ VL ≤ λmax(�)

2

n∑

i=1

‖ei(t)‖2 (10)

where λmin(�) and λmax(�) are the minimum and the maxi-
mum eigenvalues of the matrix �, respectively.

We present the design process of the adaptive backstepping
approach for the ith (1 ≤ i ≤ n) follower as follows. For
the sake of simplicity, let zi,k replace zi,k(t), k = 1, . . . , N.
Similarly, the notations of other variables will be used in the
following in the same way.

Step 1: The intermediate virtual controller πi,1 can be
obtained in this step. From (1), we can obtain the time
derivative of zi,1 as follows:

żi,1 = ẏi − ẏr

= xi,2 + fi,1
(
x̄i,1
)+ hi,1

(
x̄i,1(t − τi)

)

+ di,1
(
t, x̄i,1

)− ẏr. (11)

The time derivative of VL along with (9) is

V̇L = ZT
1

(
L̃ ⊗ Im

)
Z1

=
n∑

i=1

eT
i (t)żi,1

= eT
i (t)żi,1 +

n∑

k=1,k 	=i

eT
k (t)żk,1

= eT
i

(
xi,2 + fi,1

(
x̄i,1
)+ hi,1

(
x̄i,1(t − τi)

)

+ di,1
(
t, x̄i,1

)− ẏr
)+

n∑

k=1,k 	=i

eT
k (t)żk,1

= eT
i

(
zi,2 + fi,1

(
x̄i,1
)+ πi,1 + hi,1

(
x̄i,1(t − τi)

)

+ di,1
(
t, x̄i,1

)− ẏr
)+

n∑

k=1,k 	=i

eT
k (t)żk,1. (12)

Under Assumptions 1 and 2, the following inequali-
ties can be obtained by Lemma 3 and Cauchy inequality
(
∑n

k=1 akbk)
2 ≤ (

∑n
k=1 ak)

2(
∑n

k=1 bk)
2

eT
i hi,1

(
x̄i,1(t − τi)

) ≤ ‖ei‖ρi,1
(
x̄i,1(t − τi)

)

≤ ‖ei‖2

2
+ ρ2

i,1

(
x̄i,1(t − τi)

)

2
(13)

eT
i di,1

(
t, x̄i,1

) ≤ ‖ei‖ϑi,1
(
x̄i,1
)

≤ ζ 2
i,1

2
+ ‖ei‖2ϑ2

i,1

(
x̄i,1
)

2ζ 2
i,1

(14)

−eiẏr ≤ ‖ei‖‖fr(t)‖ ≤ ‖ei‖2

2
+ φ2

2
(15)

eT
i zi,2 ≤ ‖ei‖

∥∥zi,2
∥∥ ≤ ‖ei‖2

2
+ zT

i,2zi,2

2
(16)

where ζi is a positive constant.
Substituting (13)–(16) into (12), it is obtained that

V̇L ≤ eT
i πi,1 + zT

i,2zi,2

2
+ eT

i f̄i,1
(
Xi,1
)+ ρ2

i,1

(
x̄i,1(t − τi)

)

2

+ φ2

2
+ ζ 2

i,1

2
+ 3

2
‖ei‖2 +

n∑

k=1,k 	=i

eT
k (t)żk,1 (17)

where f̄i,1(Xi,1) = fi,1(x̄i,1) + [‖ei‖2ϑ2
i,1(x̄i,1)/2ζ 2

i,1].
The nonlinear function f̄i,1(Xi,1) cannot be implemented

directly for containing unknown functions fi,1(x̄i,1) and
ϑi,1(x̄i,1). The RBFNN W∗T

i,1 Si,1(Xi,1) is used to approximate
f̄i,1(Xi,1), and one has

f̄i,1 = W∗T
i,1 Si,1

(
Xi,1
)+ δi,1

(
Xi,1
)

(18)

where Xi,1 = [x̄i,1, ei]T ∈ �Xi,1 , |δi,1(Xi,1)| ≤ εi,1 and εi,1 > 0.
By Lemma 3, we can obtain the following inequality:

eT
i f̄i,1 = eT

i

(
W∗T

i,1 Si,1
(
Xi,1
)+ δi,1

(
Xi,1
))

≤ 1

2p2
i,1

∥∥W∗T
i,1

∥∥2‖ei‖2ST
i,1Si,1

+ p2
i,1

2
+ ‖ei‖2

2
+ ε2

i,1

2
(19)

where pi,1 is a positive constant.
Using (19), we rewrite the inequality (17) as

V̇L ≤ eT
i πi,1 + 1

2p2
i,1

∥
∥W∗T

i,1

∥
∥2‖ei‖2ST

i,1Si,1

+ ρ2
i,1

(
x̄i,1(t − τi)

)

2
+ 2‖ei‖2 + zT

i,2zi,2

2

+ ηi,1 +
n∑

k=1,k 	=i

eT
k (t)żk,1 (20)

where ηi,1 = (p2
i,1/2) + (ε2

i,1/2) + (φ2/2) + (ζ 2
i,1/2).
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Then, considering the following LKF to eliminate diffi-
culties coming from unknown state delays τi, i = 1, . . . , n,
one has

V̂i,1 = 1

2

∫ t

t−τi

ρ2
i,1

(
x̄i,1(s)

)
. (21)

Taking the time derivative of V̂i,1 is

˙̂Vi,1 = 1

2
ρ2

i,1

(
x̄i,1(t)

)− 1

2
ρ2

i,1

(
x̄i,1(t − τi)

)
. (22)

Obviously, difficulties can be reduced by ˙̂Vi,1 to compensate
uncertainties of the inequality (20) derived from unknown state
delays τi.

Based on (20) and (22), considering the Lyapunov function
candidate as Vi,1 = VL + V̂i,1, the time derivative of Vi,1 is

V̇i,1 = V̇L + ˙̂Vi,1

≤ eT
i πi,1 + 1

2p2
i,1

∥∥W∗T
i,1

∥∥2‖ei‖2ST
i,1Si,1

+ ρ2
i,1

(
x̄i,1(t)

)

2
+ 2‖ei‖2 + zT

i,2zi,2

2

+ ηi,1 +
n∑

k=1,k 	=i

eT
k (t)żk,1. (23)

According to ρi,j(x̄i,j(t)) ≤ ρ̄i,j(j = 1, . . . , N) in
Assumption 1, it is obtained that

V̇i,1 ≤ eT
i πi,1 + 1

2p2
i,1

∥∥W∗T
i,1

∥∥2‖ei‖2ST
i,1Si,1 + 2‖ei‖2

+ zT
i,2zi,2

2
+ αi,1 +

n∑

k=1,k 	=i

eT
k (t)żk,1 (24)

where αi,1 = ηi,1 + (ρ̄2
i,1/2).

Then, we construct the intermediate virtual controller πi,1 as

πi,1 = −(β + 2)ei − 1

2p2
i,1

θ̂ieiS
T
i,1Si,1 (25)

where β is a positive constant and specified later.
Substituting (25) into (24), it has

V̇i,1 ≤ −β‖ei‖2 + 1

2p2
i,1

(∥∥W∗T
i,1

∥∥2 − θ̂i

)
‖ei‖2ST

i,1Si,1

+ zT
i,2zi,2

2
+ αi,1 +

n∑

k=1,k 	=i

eT
k (t)żk,1. (26)

Step 2: Based on (1) and (6), the following equations hold:

ẋi,2 = xi,3 + fi,2
(
x̄i,2
)+ hi,2

(
x̄i,2(t − τi)

)

+ di,2
(
t, x̄i,2

)
(27)

zi,2 = xi,2 − πi,1. (28)

Taking the time derivative of (28) along with (27), one has

żi,2 = xi,3 + fi,2
(
x̄i,2
)+ hi,2

(
x̄i,2(t − τi)

)

+ di,2
(
t, x̄i,2

)− π̇i,1 (29)

where π̇i,1 is a continuous function.

Choose the Lyapunov function candidate as follows:

V̄i,2 = Vi,1 + 1

2
zT

i,2zi,2. (30)

Taking the time derivative of V̄i,2 along (26) and (29),
one has

˙̄Vi,2 ≤ −β‖ei‖2 + zT
i,2zi,2

2

+ 1

2p2
i,1

(∥∥W∗T
i,1

∥∥2 − θ̂i

)
‖ei‖2ST

i,1Si,1

+ zT
i,2

(
zi,3 + πi,2 + fi,2

(
x̄i,2
)

+hi,2
(
x̄i,2(t − τi)

)+ di,2
(
t, x̄i,2

)− π̇i,1
)

+ αi,1 +
n∑

k=1,k 	=i

eT
k (t)żk,1. (31)

Similarly, by using Lemma 3, we can obtain

zT
i,2hi,2

(
x̄i,2(t − τi)

) ≤ zT
i,2zi,2

2
+ ρ2

i,2

(
x̄i,2(t − τi)

)

2
(32)

zT
i,2di,2

(
t, x̄i,2

) ≤ ζ 2
i,2

2
+ zT

i,2zi,2ϑ
2
i,2

(
x̄i,2
)

2ζ 2
i,2

(33)

zT
i,2zi,3 ≤ zT

i,2zi,2

2
+ zT

i,3zi,3

2
. (34)

Substituting (32)–(34) into (31), the following inequality
can be yielded:

˙̄Vi,2 ≤ −β‖ei‖2 + 3

2
zT

i,2zi,2

+ 1

2p2
i,1

(∥∥W∗T
i,1

∥∥2 − θ̂i

)
‖ei‖2ST

i,1Si,1

+ zT
i,2

(
πi,2 + f̄i,2

(
Xi,2
)− π̇i,1

)

+ ρ2
i,2

(
x̄i,2(t − τi)

)

2
+ zT

i,3zi,3

2

+ αi,1 + ζ 2
i,2

2
+

n∑

k=1,k 	=i

eT
k (t)żk,1 (35)

where f̄i,2(Xi,2) = fi,2(x̄i,2) + [zT
i,2zi,2ϑ

2
i,2(x̄i,2)/2ζ 2

i,2].
For any given positive constant εi,2, there exists

W∗T
i,2 Si,2(Xi,2) such that

f̄i,2 = W∗T
i,2 Si,2

(
Xi,2
)+ δi,2

(
Xi,2
)

(36)

where Xi,2 = [x̄i,2, zi,2]T.
Based on Lemma 3, the following inequality can be yielded:

zT
i,2 f̄i,2 = zT

i,2

(
W∗T

i,2 Si,2
(
Xi,2
)+ δi,2

(
Xi,2
))

≤ 1

2p2
i,2

∥∥W∗T
i,2

∥∥2∥∥zi,2
∥∥2

ST
i,2Si,2

+ p2
i,2

2
+
∥∥zi,2

∥∥2

2
+ ε2

i,2

2
(37)

where pi,2 > 0 is a constant.
Then, employing the LKF V̂i,2

V̂i,2 = 1

2

∫ t

t−τi

ρ2
i,2

(
x̄i,2(s)

)
ds. (38)
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Taking time derivation of V̂i,2, we can obtain

˙̂Vi,2 = 1

2
ρ2

i,2

(
x̄i,2(t)

)− 1

2
ρ2

i,2

(
x̄i,2(t − τi)

)
. (39)

Choosing the Lyapunov function Vi,2 = V̄i,2 + V̂i,2, and
substituting (35), (37), and (39) into V̇i,2, one has

V̇i,2 ≤ −β‖ei‖2 + zT
i,3zi,3

2

+ 1

2p2
i,1

(∥∥W∗T
i,1

∥∥2 − θ̂i

)
‖ei‖2ST

i,1Si,1

+ zT
i,2

(
1

2p2
i,2

(∥∥W∗T
i,2

∥∥2 − θ̂i

)∥∥zi,2
∥∥2

ST
i,2Si,2

+πi,2 + 2zi,2 − π̇i,1
)+ αi,2

+
n∑

k=1,k 	=i

eT
k (t)żk,1 (40)

where αi,2 = αi,1 + (p2
i,2/2) + (ε2

i,2/2) + (ρ̄2
i,2/2) + (ζ 2

i,2/2).
Constructing the virtual controller πi,2 as

πi,2 = −(βi,2 + 2
)
zi,2 − θ̂izi,2ST

i,2Si,2

2p2
i,2

+ π̇i,1 (41)

where βi,2 is a positive constant.
Substituting (41) into (40), the following inequality holds:

V̇i,2 ≤ −β‖ei‖2 − βi,2zT
i,2zi,2 + zT

i,3zi,3

2

+ 1

2p2
i,1

(∥∥W∗T
i,1

∥∥2 − θ̂i

)
‖ei‖2ST

i,1Si,1

+ 1

2p2
i,2

(∥∥W∗T
i,2

∥∥2 − θ̂i

)∥∥zi,2
∥∥2

ST
i,2Si,2

+ αi,2 +
n∑

k=1,k 	=i

eT
k (t)żk,1. (42)

Step k: Similarly, completing design procedures is the same
way as in step 2 for step k (3 ≤ k ≤ N − 1). The following
ones can be obtained from (1) and (6):

ẋi,k = xi,k+1 + fi,k
(
x̄i,k
)+ hi,k

(
x̄i,k(t − τi)

)

+ di,k
(
t, x̄i,k

)
(43)

zi,k = xi,k − πi,k−1. (44)

The time derivative of (44) along (43) is

żi,k = xi,k+1 + fi,k
(
x̄i,k
)+ hi,k

(
x̄i,k(t − τi)

)

+ di,k
(
t, x̄i,k

)− π̇i,k−1 (45)

where π̇i,k−1 is a continuous function.
Consider the following Lyapunov function:

Vi,k = V̄i,k + V̂i,k (46)

where V̄i,k = Vi,k−1 + (zT
i,kzi,k/2) and V̂i,k =

(1/2)
∫ t

t−τi
ρi,k(x̄i,k(s))ds.

Similar to the proof process of step 2, by a series of orderly
steps, such as taking the time derivative of Vi,k along (45),
using the inequality in Lemma 3, and employing the LKF V̂i,k

to compensate state-delays item, we can obtain the following
inequalities:

V̇i,k ≤ −β‖ei‖2 −
k−1∑

j=2

βi,jz
T
i,jzi,j + 3zT

i,kzi,k

2

+ 1

2p2
i,1

(∥∥W∗T
i,1

∥∥2 − θ̂i

)
‖ei‖2ST

i,1Si,1

+
k−1∑

j=2

1

2p2
i,j

(∥∥
∥W∗T

i,j

∥∥
∥

2 − θ̂i

)∥
∥zi,j

∥
∥2

ST
i,jSi,j

+ zT
i,k

(
πi,k + f̄i,k

(
Xi,k
)− π̇i,k−1

)

+ zT
i,k+1zi,k+1

2
+ ρ2

i,k

(
x̄i,k
)

2
+ αi,k−1 + ζ 2

i,k

2

+
n∑

k=1,k 	=i

eT
k (t)żk,1 (47)

where f̄i,k(Xi,k) = fi,k(x̄i,k) + [zT
i,kzi,kϑ

2
i,k(x̄i,k)/2ζ 2

i,k].
Similarly, for any given positive constant εi,k, there exists

W∗T
i,k Si,k(Xi,k) such that f̄i,k = W∗T

i,k Si,k(Xi,k)+ δi,k(Xi,k), where
Xi,k = [x̄i,k, zi,k]T. We can obtain

zT
i,kf̄i,k = zT

i,k

(
W∗T

i,k Si,k
(
Xi,k
)+ δi,k

(
Xi,k
))

≤ 1

2p2
i,k

∥
∥W∗T

i,k

∥
∥2∥∥zi,k

∥
∥2

ST
i,kSi,k

+ p2
i,k

2
+
∥∥zi,k

∥∥2

2
+ ε2

i,k

2
. (48)

The uncertain nonlinear functions f̄i,k(Xi,k) can be approx-
imated by RBFNNs. Then, the virtual controller πi,k can be
constructed as follows:

πi,k = −(βi,k + 2
)
zi,k − θ̂izi,kST

i,kSi,k

2p2
i,k

+ π̇i,k−1. (49)

Substituting (49) and (48) into (47), we have

V̇i,k ≤ −β‖ei‖2 −
k∑

j=2

βi,jz
T
i,jzi,j + zT

i,k+1zi,k+1

2

+ 1

2p2
i,1

(∥∥W∗T
i,1

∥∥2 − θ̂i

)
‖ei‖2ST

i,1Si,1

+
k∑

j=2

1

2p2
i,j

(∥
∥∥W∗T

i,j

∥
∥∥

2 − θ̂i

)∥
∥zi,j

∥
∥2

ST
i,jSi,j

+ αi,k +
n∑

k=1,k 	=i

eT
k (t)żk,1. (50)

Step N: The actual controller ui of followers will be
designed in the final step. According to (1) and (6), one has

ẋi,N = ui + fi,N
(
x̄i,N
)+ hi,N

(
x̄i,N(t − τi)

)

+ di,N
(
x̄i,N
)

(51)

zi,N = xi,N − πi,N−1. (52)

The time derivative of zi,N along (49) is

żi,N = ui + fi,N
(
x̄i,N
)+ hi,N

(
x̄i,N(t − τi)

)

+ di,N
(
x̄i,N
)− π̇i,N−1 (53)

where π̇i,N−1 is a continuous function.
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Similarly, we choose the Lyapunov function as follows:

Vi,N = V̄i,N + V̂i,N (54)

where V̄i,N = Vi,N−1 + (zT
i,Nzi,N/2), and V̂i,N =

(1/2)
∫ t

t−τi
ρi,N(x̄i,N(s))ds.

By using the same inequality technique as in (13), the time
derivative of Vi,N along (53) holds

V̇i,N ≤ −β‖ei‖2 −
N−1∑

j=2

βi,jz
T
i,jzi,j + zT

i,Nzi,N

+ 1

2p2
i,1

(∥∥W∗T
i,1

∥∥2 − θ̂i

)
‖ei‖2ST

i,1Si,1

+
N−1∑

j=2

1

2p2
i,j

(∥∥∥W∗T
i,j

∥∥∥
2 − θ̂i

)∥∥zi,j
∥∥2

ST
i,jSi,j

+ zT
i,N

(
ui + f̄i,N

(
Xi,N

)− π̇i,N−1
)

+ ρ2
i,N

(
x̄i,N
)

2
+ αi,N−1 + ζ 2

i,N

2

+
n∑

k=1,k 	=i

eT
k (t)żk,1. (55)

For any given εi,N > 0, there exists W∗T
i,NSi,N(Xi,N) such that

f̄i,N = W∗T
i,NSi,N

(
Xi,N

)+ δi,N
(
Xi,N

)
(56)

where Xi,N = [x̄i,N, zi,N]T and ‖δi,N(Xi,N)‖ ≤ εi,N.
Then, by Lemma 3, we can obtain

zT
i,N f̄i,N ≤ 1

2p2
i,N

∥∥W∗T
i,N

∥∥2∥∥zi,N
∥∥2

ST
i,NSi,N

+ p2
i,N + ∥∥zi,N

∥∥2 + ε2
i,N

2
. (57)

Construct the actual controller ui as follows:

ui = −
(

βi,N + 3

2

)
zi,N − θ̂izi,NST

i,NSi,N

2pi,N

2

+ π̇i,N−1. (58)

Substituting (58) and (57) into (55), we have

V̇i,N ≤ −β‖ei‖2 −
N∑

j=2

βi,jz
T
i,jzi,j

+ 1

2p2
i,1

(∥∥W∗T
i,1

∥∥2 − θ̂i

)
‖ei‖2ST

i,1Si,1

+
N∑

j=2

1

2p2
i,j

(∥∥
∥W∗T

i,j

∥∥
∥

2 − θ̂i

)∥∥zi,j
∥∥2

ST
i,jSi,j

+ αi,N +
N∑

k=1,k 	=i

eT
k (t)żk,1 (59)

where αi,N = ∑n
j=1([p

2
i,j/2] + [ε2

i,j/2] + [ρ̄2
i,j/2] + [ζ 2

i,j/2]) +
(φ2/2).

Then, the estimation values of adaptive updating laws θ̂i are
considered as

˙̂
θi = ki

⎛

⎝−γiθ̂i +
N∑

j=2

∥∥zi,j
∥∥2

ST
i,jSi,j

2p2
i,j

+ ‖ei‖2ST
i,1Si,1

2p2
i,1

⎞

⎠ (60)

where ki > 0 and γi > 0 are constants.
Remark 1: From [47], the estimation of adaptive laws

satisfies θ̂i ≥ 0 with the initial condition θ̂i(0)≥ 0.
According to the estimation of updating law (60), for
any bounded initial condition θ̂i(0) ≥ 0, if θ̂i ≤
(
∑N

j=2 [‖zi,j‖2ST
i,jSi,j/2p2

i,j] + [‖ei‖2ST
i,1Si,1/2p2

i,1])/γi, then

θ̂i ≥ 0; thus, θ̂i is increased until θ̂i = (
∑N

j=2 [‖zi,j‖2ST
i,jSi,j

/2p2
i,j] +[‖ei‖2ST

i,1Si,1/2p2
i,1])/γi. Similarly, if θ̂i ≥ (

∑N
j=2

[‖zi,j‖2ST
i,jSi,j/2p2

i,j] +[‖ei‖2ST
i,1Si,1/2p2

i,1])/γi, θ̂i is decreased

until θ̂i = (
∑N

j=2 [‖zi,j‖2ST
i,jSi,j/2p2

i,j] + [‖ei‖2ST
i,1Si,1/

2p2
i,1])/γi. Therefore, it is assumed that the initial values of

adaptive laws θ̂i(0) ≥ 0 in the following text, which can
guarantee θ̂i ≥ 0.

Remark 2: To improve the approximation accuracy of
unknown nonlinear functions, a large number of neurons
are required for adaptive consensus control approaches, such
that the computational cost becomes very heavy [41], [42].
However, in the proposed controller, each follower only
updates one parameter of the adaptive law θ̂i, that is, the
norm form of the RBFNN weight matrix. It can be conve-
niently applied to practical engineering because of the greatly
reduced computational amount.

The main results for the presented scheme above are
summarized as follows.

Theorem 1: Under an undirected connected graph G, con-
sider high-order nonlinear MASs (1) and leader dynamics (2)
with Assumptions 1 and 2. With bounded initial conditions
V(0) ≤ ξ , associating the consensus tracking control proto-
col (58) with virtual controllers (25), (41), (49), and adaptive
RBFNNs updating laws (60) guarantee that all signals are
SGUUB. Moreover, the predefined reference signal yr(t) can
be tracked synchronously by all output signals.

Proof: Consider the Lyapunov function as

V(t) =
n∑

i=1

Vi,N +
n∑

i=1

θ̃2
i

2ki
(61)

where θ̃i = θi − θ̂i. Then, we have

V̇(t) ≤ −β

n∑

i=1

‖ei‖2 −
n∑

i=1

N∑

j=2

βi,jz
T
i,jzi,j

+
n∑

i=1

(
1

2p2
i,1

(∥∥W∗T
i,1

∥∥2 − θ̂i

)
‖ei‖2ST

i,1Si,1

+
N∑

j=2

1

2p2
i,j

(∥∥∥W∗T
i,j

∥∥∥
2 − θ̂i

)∥∥zi,j
∥∥2

ST
i,jSi,j

⎞

⎠

+
n∑

i=1

αi,N +
n∑

i=1

n∑

k=1,k 	=i

eT
k (t)żk,1 −

n∑

i=1

θ̃i
˙̂
θi

ki
. (62)

Substituting (60) into (62), we have

V̇(t) ≤ −β

n∑

i=1

‖ei‖2 −
n∑

i=1

N∑

j=2

βi,jz
T
i,jzi,j

+
n∑

i=1

αi,N +
n∑

i=1

γiθ̃iθ̂i. (63)
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Accordingly, it is not difficult to confirm the following one:

θ̃iθ̂i = θ̃i

(
θi − θ̃i

)
≤ θ2

i

2
− θ̃2

i

2
. (64)

From (63) and (64), we can further obtain

V̇(t) ≤ −β
∑n

i=1‖ei‖2 −∑n
i=1
∑N

j=2 βi,jzT
i,jzi,j

−∑n
i=1

γiθ̃
2
i

2 + σ (65)

where σ =∑n
i=1(γiθ

2
i /2) +∑n

i=1 αi,N.
In view of (9), we can obtained

− β

N∑

i=1

‖ei‖2 ≤ −2β

λmax(�)
VL. (66)

Substituting (66) into (65), one has

V̇(t) ≤ −�VL −
n∑

i=1

N∑

j=2

βi,jz
T
i,jzi,j −

n∑

i=1

γiθ̃
2
i

2
+ σ (67)

where � = (2β/λmax(�)).
Let γ̄ = min1≤i≤n{γi}, β̄ = min1≤i≤n,2≤j≤N{βi,j}, and κ =

min{�, β̄, γ̄ }. Then, the following inequality holds:

V̇(t) ≤ −κV(t) + σ. (68)

By taking κ > (σ/ξ) into consideration, inequality V̇(t) < 0
on V(t) = ξ holds. Therefore, V(t) ≤ ξ is an invariant set, if
the initial condition satisfies V(0) ≤ ξ .

Then, by taking Lemma 4 into account, one has

0 ≤ V(t) ≤ σ

κ
+
(

V(0) − σ

κ

)
e−κt ≤ σ

κ
+ V(0)e−κt. (69)

From inequality (10), further one has

λmin(�)

2

n∑

i=1

‖ei‖2 ≤ V ≤ σ

κ
+ V(0)e−κt. (70)

Then, we have

n∑

i=1

‖ei‖2 ≤ 2σ

κλmin(�)
+ 2

λmin(�)
V(0)e−κt. (71)

Based on the analysis above, we can obtain that the consen-
sus tracking error satisfies ‖ei‖ ≤ √

[2σ/κλmin(�)] associated
with the design parameter κ . Obviously, a better consen-
sus tracking performance can be obtained by increasing the
parameter κ appropriately. �

Remark 3: Apparently, (69) implies that all signals in
MASs (1) are SGUUB. The reference signal yr(t) satisfies
bounded condition. Moreover, yi(t) = xi,1(t) are bounded for
1 ≤ i ≤ n. Since θi is a constant and θ̂i = θi−θ̃i, it implies that
θ̂i is bounded. According to (25), (41), (49), and (58), it shows
that ui and πi,k(i = 1, . . . , n, k = 1, . . . , N − 1) are bounded
continuous functions. Then, xi,2(t) = zi,2(t) + πi,1(t) are also
bounded. Similarly, it is easy to obtain that state variables
xi,k(t)(3 ≤ k ≤ N, i = 1, . . . , n) are bounded.

Remark 4: According to the definitions of κ and σ , we can
assign appropriate parameter values to acquire a less tracking
error by increasing β, βi,j, and γi, respectively.

Fig. 1. Topology of the communication network.

IV. SIMULATION

Considering the following two simulation examples to illus-
trate the effectiveness of the proposed adaptive consensus
control approach in Theorem 1.

Example 1 (Numerical Example): Under undirected com-
munication topology in Fig. 1, a nonlinear MAS is composed
of one leader and four followers. Apparently, the communica-
tion weight matrix between the leader and followers is given
by B = [0 1 0 0

]
, and the Laplacian matrix L and L̃ = L + B

are as follows.

L =

⎡

⎢⎢
⎣

1 −1 0 0
−1 2 0 −1
0 0 1 −1
0 −1 −1 2

⎤

⎥⎥
⎦, L̃ =

⎡

⎢⎢
⎣

1 −1 0 0
−1 3 0 −1
0 0 1 −1
0 −1 −1 2

⎤

⎥⎥
⎦.

The followers’ dynamics are given by

ẋi,1(t) = xi,2(t) + fi,1
(
x̄i,1(t)

)+ hi,1
(
x̄i,1(t − τi)

)

+ di,1
(
t, x̄i,1(t)

)
(72)

ẋi,2(t) = ui + fi,2
(
x̄i,2(t)

)+ hi,2
(
x̄i,2(t − τi)

)

+ di,2
(
t, x̄i,2(t)

)
(73)

where

f1,1(x̄1,1(t)) = sin(0.3x1,1(t))

f1,2(x̄1,2(t)) = x1,1(t)x1,2(t)

f2,1(x̄2,1(t)) = sin(0.5x2,1(t))

f2,2(x̄2,2(t)) = x2,1(t)e
−x2,2(t)

f3,1(x̄3,1(t)) = cos(−0.5x3,1)

f3,2(x̄3,2(t)) = x3,1(t)x3,2(t)

f4,1(x̄4,1(t)) = sin(0.5x4,1)

f4,2(x̄4,2(t)) = x4,1(t)e
−0.3x4,2(t)

di,1(x̄i,1(t)) = xi,1 cos(1.5t)

di,2(x̄i,2(t)) = xi,1xi,2 sin(t)

hi,1(x̄i,1(t − τi)) = xi,1 cos(xi,1(t − τi))

hi,2(x̄i,2(t − τi)) = xi,2 sin(xi,1(t − τi)).

The initial conditions of four followers are x1(0) = [2, 0]T,
x2(0) = [1.5, 1.5]T, x3(0) = [−1.5, 1]T, and x4(0) =
[−2,−1]T. The leader’s dynamic is expressed by fr(t) =
sin(0.5t). The upper boundary of state delays is τmax = 1.5,
and the state delays are τ1 = 1, τ2 = 1.2, τ3 = 1.3,
and τ4 = 1.4. The MAS (73) satisfies Assumptions 1 by
choosing bounded smooth functions as ρi,1(x̄i,1) = xi,1 and

ρi,2(x̄i,2) =
√

x2
i,1 + x2

i,2. By choosing ϑi,1(x̄i,1) = xi,1 and

ϑi,2(x̄i,2) =
√

x2
i,1 + x2

i,1x2
i,2 to satisfy Assumption 2.
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(a) (b)

Fig. 2. Approximations of the unknown functions (a) f̄2,1(x̄2,1) and
(b) f̄2,2(x̄2,2) by RBFNN.

Fig. 3. Output signals of the leader and four followers with β = 10 and
βi,2 = 10.

Fig. 4. States of the four followers xi,2 with β = 10 and βi,2 = 10.

For the RBFNN, it contains nine neurons, the widths
are μi,k = 4, and the centers of activation functions
vi,k are uniformly distributed in the scope of [−2, 2] ×
[−2, 2]. Si,k(x̄i,k) = [s1(x̄i,k), . . . , s9(x̄i,k)]T with sj(x̄i,k) =
exp(−(Xi,k − vi,k)

T(x̄i,k − vi,k)/μ
2
i,k), i = 1, 2, 3, 4, and k =

1, 2. The unknown smooth function can be approximated by
RBFNN in Fig. 2. The initial values of adaptive RBFNN
parameters are θ̂i(0) = 0, θ̂i update according to (60). In
addition, taking (25) and (58) into consideration, we construct
virtual control functions πi,1 and controllers ui, respectively.
The control parameters are chosen as β = 10, βi,2 = 10,
pi,1 = 1, pi,2 = 1, ki = 1, and γi = 1, for i = 1, 2, 3, 4.

Fig. 3 reveals output trajectory curves of xi,1(i =
1, 2, 3, 4) and xr under the RBFNN-based backstepping con-
trol approach. Figs. 4–6 show states curves, controller signals

Fig. 5. Controller signals of the followers ui with β = 10 and βi,2 = 10.

Fig. 6. Adaptive updating law θ̂i with β = 10 and βi,2 = 10.

Fig. 7. Output signals of the leader and four followers with β = 50 and
βi,2 = 50.

curves, and adaptive updating laws curves, respectively. From
here, we see that all signals are bounded and the consensus
tracking can be achieved. Figs. 7–10 show simulation results
for β = 50 and βi,2 = 50, and other parameters are unchanged.

Apparently, the proposed approach with the choice of
βi,2 = 50 and β = 50 has faster convergence rate and bet-
ter tracking performance compared with the case of βi,2 = 10
and β = 10, but causes much larger control gain.

Example 2 (Application Example): In this example, a multi-
manipulator example is carried out to test the effectiveness of
the proposed scheme in this article, which is shown in Fig. 11.
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Fig. 8. State xi,2 of the four followers with β = 50 and βi,2 = 50.

Fig. 9. Controller signals of the followers ui with β = 50 and βi,2 = 50.

Fig. 10. Adaptive updating law θ̂i with β = 50 and βi,2 = 50.

The dynamics of the multimanipulator system are described as

˙qi,1 = qi,2

Mi
(
qi,1
)
q̇i,2 + Vi

(
qi,1, qi,2

)+ Gi
(
qi,1
)+ fiqi,2(t − τi) = ζi

i = 1, 2, 3, 4

where definitions of qi,1, qi,2, Mi(qi,1), Vi(qi,1, qi,2), g, ri,1,
ri,2, mi,1, mi,2, and their values can be seen in [30]. The ini-
tial velocity values of the first and second joints are qi,21 =
[4.3 2.8 −3.2 −4.6]T and qi,22 = [0 2.7 1.8 −2.1]T

for i = 1, 2, 3, 4, respectively.
The leader’s dynamic is described by q̇1r = q2r and

q̇2r = [4cos(4t) + 2cos(6t),−2sin(4t) − 4cos(6t)]T. Taking

Fig. 11. Two-link revolute manipulator.

Fig. 12. First joint velocity trajectory.

Fig. 13. Second joint velocity trajectory.

the joint velocity qi,21 and qi,22 synchronizing to the leader’s
velocity q2r into consideration, the controllers and adaptive
update laws are given by (25), (58), and (61), respectively.
The correlation parameters of the update laws are selected as
β = 3, βi,2 = 30, pi,1 = pi,2 = 12, ki = 12, and γi = 4,
for i = 1, 2, 3, 4. Figs. 12 and 13 show that employing the
proposed control scheme in this article, the velocity states
of the multimanipulator system can track the velocity of the
leader, which means that the proposed method can guarantee
good tracking consensus performance.
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V. CONCLUSION

Consensus tracking control problems of uncertain nonlinear
MASs have been studied, in which both external disturbances
and state delays have been considered. On account of back-
stepping techniques, an adaptive consensus control protocol
has been put forward to solve these problems. In the proposed
approach, RBFNNs have been used to find the appropri-
ate bounds of unknown nonlinear dynamics. The difficulties
derived from unknown state delays have been compensated by
employing LKFs. Furthermore, the consensus tracking con-
trol protocol has been constructed by integrating adaptive
RBFNNs, LKFs, and backstepping techniques. Besides, com-
putational costs have been decreased by only updating key
adaptive parameters, and it can be easily applied in prac-
tical engineering MASs. The next research field is how to
generalize the proposed approach of this article to solve con-
sensus control problems of more complicated systems, such as
high-order stochastic MASs with unknown control directions.
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