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Fully Distributed Scaled Consensus Tracking of
High-order Multi-agent Systems with Time Delays

and Disturbances
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Abstract—This paper focuses on scaled consensus tracking for
a class of high-order nonlinear multi-agent systems. Different
from the existing results, for high-order nonlinear multi-agent
systems with time delays and external disturbances, a fully
distributed consensus protocol is designed to drive all agents
to achieve scaled consensus with preassigned ratios. The control
gains are varying and updated by distributed adaptive laws. As
a result, the presented protocol is independent of any global
information and thus could be implemented in a fully distributed
manner. Simultaneously, the fully distributed control protocol
using an adaptive σ-modification technique is presented to deal
with external disturbances, which can guarantee the tracking
errors and coupling weights of all following agents are Uniformly
Ultimately Bounded. To tackle with the derivatives of the func-
tionals with time delays, the Lyapunov-Krasovskii functional is
employed to analyze and compensate them by introducing multi-
integral terms. Finally, simulation examples are included to verify
the effectiveness of the theoretical results.

Index Terms—Scaled consensus; multi-agent systems; fully
distributed protocol; time delays.

I. INTRODUCTION

A. Motivations

IN the 1980s, Minsky, a famous computer scientist from
MIT, first proposed the concept of agent. In nature, each

individual can be regarded as an agent. Here, the agent we
are talking about is the agent with sensor and processing
capabilities. A single agent can accomplish some simple tasks,
but it is not capable of doing more complex tasks. To accom-
plish complex tasks together, it requires agents to cooperate
and exchange information together. There are many common
phenomenon in nature, such as the collective migration of
birds. Each bird is limited in visual and movement abilities,
but by forming a large group through mutual communication,
the combination of limited individual abilities can overcome
the deficiency of a single individual ability. Thereby it can
effectively complete the activities of birds migration and so on.
Similarly, the fish feed colonially, fireflies glow synchronously,
etc. are common in nature. These phenomenon can be ab-
stracted to a multi-agent system. The basic idea of cooperative
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control of multi-agent systems (MASs) is to regard the multi-
agent system as a group or a society, and study the cooperation
mechanism between agents. Cooperative control of MASs has
widespread applications and extended value, such as formation
control of unmanned aerial vehicle (UAV) groups [1]-[2],
attitude control of satellites [3]-[4], automatic highway system
scheduling [5], wireless sensor network [6].

One of the basic problem of cooperative control is consen-
sus. For the consensus control problem, the main goal is to
design distributed protocols so that all agents could converge
to a common value via local information interactions among
agents. In such engineering applications as closed queuing,
water distribution systems and web-page-ranking, they require
that the states of agents in a network reach specified scaled ra-
tios rather than converge to a consistent value. That’s what we
call the scaled consensus. In non-ideal network environment,
the MASs can be inevitably influenced by the time delays and
external disturbances in the process of cooperative control,
which may destroy the stability or degrade the performance of
the system. Moreover, from a practical standpoint, high-order
dynamic MASs can describe more complicated applications.
Therefore, how to design a fully distributed scaled consensus
protocol to address the effects of the time delays and external
disturbances is the motivation of the current study.

B. Types and Protocols of MASs

In general, MASs can be described by different dynamics.
The models of MASs can be divided into first-order dynamics,
second-order dynamics and high-order dynamics. Initially, the
research is mainly focused on consensus problems of first-
order MASs [7]. Now the research on first-order dynamics has
been more mature, and the control protocol has been proposed
[8]-[9]. The controller of each agent is designed by using
only the state difference between the neighbor agent and itself
without knowing any information of the non-neighbor agents.
Compared with other MASs types, the controller of first-order
MASs is simpler, and the constraint conditions affecting the
convergence of the MASs are relatively loose. In practice,
second-order MASs are being used on a much lager scale than
first-order MASs, but the controller of second-order MASs is
more complex than that of first-order MASs. From the point of
view of classics control, the controller of second-order MASs
is essentially a PD controller, which contains the position and
speed information of the system. The convergence of second-
order MASs is not only affected by the topology structure, but
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also by the control parameters of MASs [10]-[11]. The studies
in [10]-[11] assume that the speed information of the MASs
can be obtained. However, the speed sensor is expensive, speed
information is often difficult to obtain in practice. Based on
this, in [12]-[13], new controllers which only depend on the
position information are proposed. In addition, there are many
other types of MASs, such as high-order MASs [14], hybrid
MASs [15] and fractional-order MASs [16].

C. State of the Art

From the review of above literatures, many studies are
mainly made on the complete consensus. However in some
engineering applications, it require that the states of agents in
a network reach specified scaled ratios rather than converge to
a consistent value. Specifically, by choosing the right scaled
values, the complete consensus, bipartite consensus [17] and
group consensus [18] can be viewed as special cases of scaled
consensus. The scaled consensus problems for first/second-
order linear MASs were mainly studied in [19]-[21]. Since
the MASs in practical engineering would be subject to various
uncertain factors, the scaled consensus for MASs with time
delays and uncertainty becomes a very complex and challeng-
ing problem. Then the scaled consensus of MASs with time-
varying delays or disturbances were studied in [22]-[24].

The MASs can be inevitably influenced by the time delays.
When the information is transmitted and shared through a
communication network, the agent receives the delayed infor-
mation from its neighbors due to limited bandwidth of the
network. The communication delays refer to this lag time
[25]. For general linear MASs with communication delays, by
applying graph theory, allowable delay bounds associated with
linear matrix inequalities (LMIs) were derived in [26]. In [27],
the containment control of the MASs with communication
delays was investigated based on Lyapunov theory and integral
inequality methods, and some sufficient conditions are given.
It takes time to transmit the external input information from
the controller to the actuator and this time is often called input
delay. In [28], the consensus for nonlinear MASs with input
delays was investigated, and by applying local linearization,
the consensus of the whole network was decomposed into the
stability of several decoupled delayed linear subsystems. The
H∞ scaled consensus control problem for MASs with input
delays is investigated in [24]. A scaled consensus protocol
is proposed via a truncated predictor output-feedback method,
which can deal with the input delays. For performance reasons,
the agent itself needs time to receive and process signals and
since almost all the MASs in the practical engineering are in-
herently nonlinear, there exist state delays features on the non-
linear terms. There are mainly two methods to deal with the
state delays problems, which are Lyapunov-Krasovskii func-
tional and Lyapunov-Razumikhin functional methods. They
have been well developed in regulation or tracking control
of nonlinear MASs, where Lyapunov-Krasovskii functional
method is a simple and convenient method [29]-[30].

Moreover, it is understood that external disturbances are
also unavoidable in many physical systems, which may de-
stroy the stability or degrade the performance of the system.

In [31], H∞ sliding mode based scaled consensus control
for general linear multi-agent systems with disturbances is
investigated. By designing an integral sliding mode function, a
state feedback-based H∞ sliding mode control approach was
established and sufficient conditions based on LMI were given.
In [32], the containment control problem for linear MASs with
disturbances that are generated by some nonlinear exosystems
was investigated. Based on dynamic gain technique, the distur-
bances are compensated by the proposed nonlinear disturbance
observer. To improve the performance of disturbance rejection
for dynamical control system, an equivalent input-interference
(EID) method is proposed, which can effectively deal with
matched and mismatched disturbances. It does not need to
know anything about the disturbances in advance in [33].
Based on [30], the work in [34]-[35] extended the results
to the nonlinear MASs with both time delays and external
disturbances. Although these literatures also considered the
external disturbances and time delays on the system state, these
systems were modeled by first-order dynamics and the results
were obtained under a undirected communication topology. As
a fact that the high-order MASs can describe more complicated
applications, later in the paper [36], the consensus problem
of uncertain high-order nonlinear MASs was studied under a
directed communication topology. An output feedback-based
consensus control protocol was proposed for the high-order
MASs in [37].

It should be pointed out that each agent chooses a common
constant control gain in the proposed consensus protocols in
[34]-[37], and the parameters are dependent on some global
information of the whole system, which means that such
designs are not fully distributed. To avoid using the global
information, a fully distributed neural-networks-based adaptive
control strategy for leader-following consensus of first-order
MASs was presented in [38], and the tracking errors were
within a prescribed level. But the neural network structure is
often so bulky that the computations expand and it takes longer
to compute online. In [39], The fully distributed consensus of
MASs with general linear dynamics and directed communica-
tion graphs was studied. Fully distributed containment control
problems for high-order MASs with nonlinear dynamics were
studied under directed communication topology in [40]. In
[39]-[40], the protocols design are just based on multiplicative
functions, so the construction of the Lyapunov function are
complicated integrated forms and the involved derivations are
complex. In [41], the fully distributed consensus problems of
general linear MASs were studied, and the linear MASs are
subject to external disturbances. But all of above works did
not take into account the influence both of time delays in the
nonlinear terms and external disturbances.

D. Contributions

Motivated by the above discussion, including the works
on time delays, external disturbances and fully distributed
consensus protocols, the key contributions of this paper are
presented here.

1) A fully distributed control protocol is proposed, where
each agent has its own control gain without using the
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global information. The protocol design is just based on
addictive functions rather than multiplicative functions,
therefore the construction of the Lyapunov function is
similar in form to quadratic rather than complicated
integrated form. Thereby the protocol simplifies the
derivations involved. As the special case of scaled con-
sensus, the complete consensus, group consensus and
bipartite consensus problems can be also solved with
the proposed protocol.

2) A fully distributed scaled consensus problem is ad-
dressed for high-order MASs with time delays on
the system state and disturbances under directed com-
munication topology. Since the considered high-order
MASs contain time delays, it leads to produce several
derivatives of the functionals with time delays, and the
Lyapunov-Krasovskii functional is employed to compen-
sate them by introducing multi-integral terms.

3) Since external disturbances exist, the undesirable pa-
rameter drift phenomenon occurs. The fully distributed
control protocol using an adaptive σ-modification tech-
nique is presented to deal with external disturbances,
which can guarantee the tracking errors and coupling
weights of all following agents are Uniformly Ultimately
Bounded. Disturbances considered in this paper don’t
need to satisfy the restrictive matching condition.

The rest of this paper is organized as follows. Preliminaries,
lemmas and problem formulation are given in Section II. Fully
distributed scaled consensus control is studied in Section III.
Main result is given in Section IV. Simulation is presented in
Section V, and concluding remarks are drawn in Section VI.

II. PROBLEM FORMULATION AND
PRELIMINARIES

A. Notations

Let RN be the N dimensional Euclidean space. IN repre-
sents the N×N identity matrix. 1N = (1, . . . , 1)

T ∈ RN . The
superscript T represents the transpose. diag {·} represents a
diagonal matrix. Let λmax (·) be the maximum eigenvalue and
λmin (·) be the minimum eigenvalue of a matrix. ‖·‖ denotes
the Euclidean norm. ⊗ denotes the Kronecker product. σ̄(·)
denotes the maximum singular value of a matrix.

B. Graph theory

In practice, an agent may represent an organism with
autonomic behaviors, such as schooling fish, a robot, etc. An
agent may also represent a physical quantity, such as position,
velocity, etc. In complex networks, graph theory is usually
used to simplify the model. An augmented graph can be used
to describe the interactions among the agents. The agent in
the multi-agent system is regarded as the node in the graph,
the communication between agents is regarded as the edge
between nodes, and the communication strength is regarded
as the weight of the edge. We shall therefore give some basic
definitions of graph theory.

Let G = (ν, ε, A) be a directed graph of order N + 1,
where ν = {0, 1, · · · , N} denotes node set and ε ⊆ ν × ν

is the edge set. A directed edge ēfl ∈ ε of G is represented
by the ordered pair of node (f, l), where agent l is called a
neighbor of agent f . The set of neighbors of agent f is denoted
by Nf = {l ∈ ν |ēfl ∈ ε}. Let A = [afl] ∈ RN×N is the
followers’ adjacency matrix, where afl is the weight of edge
ēfl. afl > 0 if and only if ēfl ∈ ε, otherwise afl = 0. The
Laplacian matrix is L = [lfl] ∈ RN×N , and pinning matrix
is B = diag {b1, · · · , bN}. The degree matrix is defined
as D = diag {d1, · · · , dN}, where df =

∑
j∈Nf afl. The

Laplacian matrix of the graph G is denoted as L = D−A =
[lfl] ∈ RN×N . It is worth noting that bf > 0, f = 1, · · · , N
if the follower f can obtain the leader information and bf = 0
otherwise.

C. Problem Formulation

Consider a high-order multi-agent system consisting of
one virtual leader labeled as 0 and N followers indexed by
1, · · · , N , respectively. The dynamics of agent f agent is
described by: ẋf,k = xf,k+1, k = 1, 2, · · · , nf − 1,

ẋf,nf = gfuf + hf (x̄f , x̄f (t− τf (t)) , t) + df ,
f = 0, 1, · · ·N,

(1)

where xf,k ∈ R represents the kth state of agent f ; x̄f =
[xf,1, xf,2, · · · , xf,nf ] ∈ Rnf ; u ∈ R is the control input
of agent f and hf (x̄f , x̄f (t− τf (t)) , t) : Rnf × Rnf ×
[0,+∞) → R represents the uncertain nonlinear inherent
dynamics with time-varying delays of agent f ; τf denotes the
time-varying delays in the nonlinear dynamics and it satisfies
0 ≤ τf (t) ≤ τ̄ , in which τ̄ is unknown constant; df ∈ R
represents an unknown bounded external disturbance of agent
f . In model (1), the time-varying delays usually occurs in the
calculation or measurement.

Remark 1: From a practical standpoint, high-order dynamic
MASs can describe more complicated applications. Many real
physical systems, such as inverted pendulums and chemical
reactors, are inevitably affected by external disturbances. Be-
sides this, for performance reasons, the agent itself needs time
to receive and process signals and since almost all the MASs in
the practical engineering are inherently nonlinear, there exist
state delays features on the nonlinear terms. However, many
existing works on consensus problems assumed that there exist
no delays features especially on the system state. Therefore,
this motivates us to investigate the consensus control for
higher-order MASs with external disturbances and time delays
on the nonlinear terms.

The assumptions on system (1) are given as follows.
Assumption 1: For the function hf (x̄f , x̄f (t− τf (t)) , t),

there exist non-negative constants ρ1 and ρ2, such that

‖βfhf (x̄f , x̄f (t− τf (t)) , t)− h0 (x̄0, x̄0 (t− τ0 (t)) , t)‖

≤
nf∑
k=1

ρ1 ‖βf x̄f − x̄0‖+
nf∑
k=1

ρ2 ‖βf x̄fτ − x̄0τ‖ ,

where the scaled ratios βf are non-zero constants, x̄fτ =
x̄f (t− τf (t)), f = 0, 1, · · · , N .

Remark 2: If the nonlinear terms are not affected by the
time delays (i.e.,τf = 0), abundant results are reported under
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the condition on nonlinear terms in assumption 1. There exist
time delays on the state in many real physical systems, such
as the chemical reactors with delayed recycle streams. In these
unstable practical engineering applications, the delayed non-
linear functions satisfy the reasonable condition in assumption
1.

For each agent, the neighborhood disagreement errors are
defined as:

ef,k =
N∑
l=1

afl (βfxf,k − βlxl,k) + bf (βfxf,k − x0,k),

f, l = 1, · · · , N, k = 1, · · · , nf ,
(2)

For each agent f , the kth order scaled consensus tracking
error is defined as ẽf,k = βfxf,k − x0,k, where the scaled
ratios βf are non-zero constants.

Let ek = [e1,k, · · · , eN,k]
T , ẽk = [ẽ1,k, · · · , ẽN,k]T , Thus

the equation (2) can be written in a compact matrix for-
m ek = (L+B) ẽk, where ẽk = β̄xk − 1Nx0,k, β̄ =

diag {β1, · · · , βN} and xk= [x1,k , · · · ,xN,k]
T .

Definition 1: For any f , f = 1, 2, · · · , N , the scaled
consensus tracking error ẽk is said to be Uniformly Ultimately
Bounded (UUB) if there exists a compact set Ωk ⊂ Rn with
the property that {0} ⊂ Ωk, so that ∀ẽk(t0) ∈ Ωk, there exists
a bound Sk and time Tk(Sk, ẽ1(t0), ẽ2(t0), · · · , ẽnf (t0)), such
that ‖ẽk(t)‖ ≤ Sk.

Remark 3: The scaled consensus tracking problem of high-
order unknown nonlinear MASs with time delays and un-
certainty (1) is solved if all the kth order scaled consensus
tracking errors are UUB. Thus, there exists a positive constant
α such that lim

t→∞
|ẽf,k| = lim

t→∞
|βfxf,k − x0,k| ≤ α.

Some other assumptions and useful lemmas are presented
as follows.

Assumption 2: The communication graph Ḡ contains a
directed spanning tree with the leader node 0 as the root.

Assumption 3: There exists a known constant gmin > 0 such
that 0 < gf ≤ gmin, where gmin = min {g1, · · · , gN}.

Assumption 4: There exists positive constants ςf such that
|df | ≤ ςf , f = 1, · · · , N , and |g0u0 + d0| ≤ ς0.

Lemma 1 [42]: Suppose that (L + B) is nonsingular M-
matrix, we define q = [q1, · · · , qN ]

T
= (L+B)−11N , P =

diag{pf} = diag{1/qf}, Q = P (L+B)+(L+B)TP. Then
P > 0, Q > 0.

Lemma 2 [43]: If a and b are nonnegative real numbers,
p and q are positive real numbers such that 1

p + 1
q = 1, then

ab ≤ ap

p + bq

q .
Lemma 3: ‖ek‖ ≥ σ (L+B) ‖ẽk‖, where σ (L+B) is the

minimum singular value of matrix L+B.

III. FULLY DISTRIBUTED SCALED CONSENSUS CONTROL

The neighborhood disagreement errors (2) with the nonlin-
ear dynamics (1) can be cast into

ėk = ek+1, k = 1, 2, · · · , nf − 1,
ėnf = (L+B)

(
β̄Gu+ h̄ (x̄, x̄ (t− τ) , t) + d̄

−β̄u0 − β̄h0 (x̄0, x̄0τ , t)− β̄d0

)
,

(3)

where u = [u1, · · · , uN ]
T , ek =

[e1,k, · · · , eN,k]
T , h̄ (x̄, x̄ (t− τ) , t) =

[
h̄1 (x̄1, x̄1τ , t) , · · · , h̄N (x̄N , x̄Nτ , t)]

T , h̄f (x̄f , x̄fτ , t) =
βfhf (x̄f , x̄fτ , t), G = diag {g1, · · · , gN},
d̄ =

[
d̄1, · · · , d̄N

]T
, d̄f = βfdf , u0 = [u0, · · · , u0]

T ∈ RN ,
h0 (x̄0, x̄0τ , t) = [h0 (x̄0, x̄0τ , t) , · · · , h0 (x̄0, x̄0τ , t)]

T ∈ RN
and d0 = [d0, · · · , d0]

T ∈ RN , f = 1, 2, · · · , N ,
k = 1, 2, · · · , nf .

A. Sliding mode error
Define the sliding mode error κf,nf for each agent f , f =

1, 2, · · · , N as

κf,nf = ε1ef,1 + ε2ef,2 + · · ·+ εnf−1ef,nf−1 + ef,nf , (4)

where ε1, ε2, · · · , εnf−1 are the parameters needed to be de-
signed such that the polynomial snf−1+εnf−1s

nf−2+· · ·+ε1

is Hurwitz. Then the sliding surface at κf,nf = 0 is stable,
and lim

t→∞
ēf,nf = 0 with ēf,nf = [ef,1, ef,2, · · · , ef,nf ]T .

The controller is designed to keep the error κf,nf within
a close neighborhood of the sliding surface. Let κnf =
[κ1,nf , κ2,nf , · · · , κN,nf ]T , thus the sliding mode error can
be written as

κnf = ε1e1 + ε2e2 + · · ·+ εnf−1enf−1 + enf , (5)

where κnf ∈ RN , ek = [e1,k, e2,k, · · · , eN,k]
T
, k =

1, · · · , nf .
Denote ēf,nf−1 = [ef,1, ef,2, · · · , ef,nf−1]T , and take the

time derivative of ēf,nf−1 along (1), (3) gives

˙̄ef,nf−1 = B̄ēf,nf−1 + C̄κf,nf , (6)

where B̄=

[
0(nf−2)×1 Inf−2

−ε1 χ

]
∈ R(nf−1)×(nf−1), χ =

[−ε2,−ε3, · · · ,−εnf−1] ∈ R1×(nf−2), C̄ = [0, 0, · · · ,1]
T ∈

R(nf−1)×1.
To describe the inequality in a more convenient way, let

hf = hf (x̄f , x̄fτ , t), h̄ = h̄ (x̄, x̄ (t− τ) , t). Taking the time
derivative of the sliding mode error κf,nf along the trajectories
of (4) gives

κ̇f,nf =
N∑
l=0

afl (βfgfuf + βfhf + βfdf − βlglul
−βlhl −βldl) + STn−1ēf,nf−1 + εn−1κf,nf ,

(7)

where the leader’s scaled ratio β0 = 1, Sn−1 =
[0, ε1, · · · , εn−2] − εn−1 [ε1, ε2, · · · , εn−1] and ēnf−1 =[
ēT1,nf−1, ē

T
2,nf−1, · · · , ēTN,nf−1

]T
.

B. Controller design
Our main task is to design the appropriate fully distributed

controller for each follower such that κf,nf is bounded. The
following scaled consensus protocol is considered:

uf =
−∂(ω̂f+γf )κf,nf

βfgmin
,

˙̂ωf = κ2
f,nf
− σf (ω̂f − 1)

2
,

γf = κ2
f,nf

, f = 1, · · · , N,
(8)

where ∂ > 0 will be designed later, ω̂f is the time-varying
coupling weight of the fth agent and the initial condition
ω̂f (0) ≥ 1 and σf , f = 1, · · · , N are small positive constants.
It is noteworthy that ω̂f (0) ≥ 1 and ˙̂ωf ≥ 0 when ω̂f = 1.
Thus it is not hard to obtain that ω̂f ≥ 1 for any t > 0.
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IV. MAIN RESULT

Theorem 1: Consider the MASs described by (1), As-
sumptions 1-3 are satisfied. Then, under the scaled consensus
distributed control protocol with adaptive laws (8), all follower
agents can reach UUB fully distributed scaled consensus
tracking and all coupling weights ω̂f , f = 1, · · · , N are
bounded.

Proof. Construct the following valid Lyapunov function can-
didate

V = V1 + V2 + V3 + V4, (9)

where V1 = 1
2

N∑
f=1

pf (2ω̂f + γf ) γf , V2 =

1
2

N∑
f=1

υf ē
T
f,nf−1Kēf,nf−1, V3 = 1

2

N∑
f=1

λ0(ω̂f − ωf )
2,

V4 =
δ2
2e
ητ̄

2λ0

N∑
f=1

∫ t
t−τf e

−η(t−h)ēTf,nf−1ēf,nf−1dh+
δ2
2e
ητ̄

2λ0

N∑
f=1∫ t

t−τf e
−η(t−h)κ2

f,nf
dh. γf is designed by (8), pf is defined

in Lemma 1. Because ω̂f (0) ≥ 1, it follows from the second
equation in (8) that ω̂f ≥ 1. ωf is a positive scalar to be
determined later. η is a positive constant. K is a symmetric
and positive definite matrix such that the following equation
holds.

B̄TK +KB̄ = −2I. (10)

Then it is easy to see that V is positive definite.
The Lyapunov functions V1 and V2 are mainly used to prove

the neighborhood disagreement errors ef,1, ef,2, · · · , ef,nf
(∀f = 1, · · · , N) are ultimately bounded. First we compute
the derivative of V1. Considering (7) and (8), one has

V̇1 =
N∑
f=1

[
pf (ω̂f + γf ) γ̇f + pfγf˙̂ωf

]
= 2

N∑
f=1

pf (ω̂f + γf )κTf,nf κ̇f,nf

+
N∑
f=1

pfγf

[
κTf,nfκf,nf − σf (ω̂f − 1)

2
]

= 2κTnf (ω̂ + γ)P (L+B)
(
β̄Gu+ h′ + d′

)
+2

N∑
f=1

pf (ω̂f + γf )κTf,nf
(
STn−1ēf,nf−1 + εn−1κf,nf

)
+

N∑
f=1

pfγfκ
T
f,nf

κf,nf − κTnfP (ω̂ − I)
2
σκnf ,

(11)
where ω̂ = diag {ω̂1, · · · , ω̂N}, γ = diag {γ1, · · · , γN},
σ = diag {σ1, · · · , σN}, u = [u1, · · · , uN ]

T ,
d′ =

[
d̄1 − (g0u0 + d0) , · · · , d̄N − (g0u0 + d0)

]T
and

h′ =
[
h̄1 − h0, · · · , h̄N − h0

]T
.

By using Lemma 2, we can get

V̇1 ≤ 2κTnf (ω̂ + γ)P (L+B)
(
β̄Gu+ h′ + d′

)
+ 5

2

N∑
f=1

λ0(ω̂f + γf )
2
κ2
f,nf

+
N∑
f=1

(
p2
fε

2
n−1

λ0
+

p2
f

2λ0

)
κ2
f,nf

+
N∑
f=1

p2
f‖Sn−1‖2

λ0
ēTf,nf−1ēf,nf−1 − κTnfP (ω̂ − I)

2
σκnf .

(12)
To proceed, several terms on the right-hand side of (12) will
be estimated. Let λ0 denote the minimum eigenvalue of Q and

Q is defined in Lemma 1. Since u = −∂gminβ̄
−1 (ω̂ + γ)κnf ,

β̄−1 = diag {β1, · · · , βN}, we get

2κTnf (ω̂ + γ)P (L+B) β̄Gu

≤ −∂κTnf (ω̂ + γ)
(
P (L+B) + (L+B)

T
P
)

(ω̂ + γ)κnf

≤ −∂λ0κ
T
nf

(ω̂ + γ)
2
κnf .

(13)
Before moving forward, denote

Γ =


1 0 · · · 0 0
0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 0
−ε1 −ε2 · · · −εnf−1 1

 ,

let ē=
[
ēT1,nf , · · · , ē

T
N,nf

]T
∈ RNnf , then from (4), we have

‖ē‖=
∥∥∥(IN ⊗ Γ)

[
ēT1,nf−1, κ1,nf , · · · , ēTN,nf−1, κN,nf

]∥∥∥
= ‖(IN ⊗ Γ)‖

√
N∑
f=1

(
ēTf,nf−1ēf,nf−1 + κ2

f,nf

)
.

(14)

Let ēτ =
[
ēT1,nf ,τ , · · · , ē

T
N,nf ,τ

]T
∈ RNnf , ēTf,nf ,τ =

ēTf,nf (t− τf (t)), f = 1, · · · , N and by the same analysis,
we have

‖ēτ‖ = ‖(IN ⊗ Γ)‖

√√√√ N∑
f=1

(
ēTf,nf−1,τ ēf,nf−1,τ + κ2

f,nf ,τ

)
,

(15)
where κf,nf ,τ = κf,nf (t− τf ).

It follows from assumption 1 that

‖(L+B)h′‖
=
∥∥∥(L+B) [β1h1 − h0, · · · , βNhN − h0]

T
∥∥∥

≤
∥∥∥(L+B) [ρ1 (β1x̄1 − x̄0) , · · · , ρ1 (βN x̄N − x̄0)]

T
∥∥∥

+
∥∥∥(L+B) [ρ1 (β1x̄1τ − x̄0τ ) , · · · , ρ1 (βN x̄Nτ − x̄0τ )]

T
∥∥∥

= ρ1

∥∥[(L+B)⊗ Inf
] [(

β̄ ⊗ Inf
)
x̄− 1N · x̄0

]∥∥
+ρ2

∥∥(L1 ⊗ Inf
) [(

β̄ ⊗ Inf
)
x̄τ − 1N · x̄0

]∥∥
= ρ1 ‖ē‖+ρ2 ‖ēτ‖ ,

(16)
where x̄ =

[
x̄T1 , · · · , x̄TN

]T
and x̄τ =

[
x̄T1τ , · · · , x̄TNτ

]T
.
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Then it follows from (14)-(16) and Lemma 2 that

2κTnf (ω̂ + γ)P (L+B)h′

≤ 2
∥∥∥κTnf (ω̂ + γ)P

∥∥∥ ‖(L+B)h′‖

≤ pmax

√
N∑
f=1

κ2
f,nf

(ω̂f + γf )
2

(ρ1 ‖ē‖+ρ2 ‖ēτ‖)

≤ ρ1pmax ‖(IN ⊗ Γ)‖
√

N∑
f=1

κ2
f,nf

(ω̂f + γf )
2

·
√

N∑
f=1

(
ēTf,nf−1ēf,nf−1 + κ2

f,nf

)
+ρ2pmax ‖(IN ⊗ Γ)‖

√
N∑
f=1

κ2
f,nf

(ω̂f + γf )
2

·
√

N∑
f=1

(
ēTf,nf−1,τ ēf,nf−1,τ + κ2

f,nf ,τ

)
≤ 1

2λ0
δ2
1

N∑
f=1

(
ēTf,nf−1ēf,nf−1 + κ2

f,nf

)
+ 1

2λ0
δ2
2

N∑
f=1

(
ēTf,nf−1,τ ēf,nf−1,τ + κ2

f,nf ,τ

)
+λ0

N∑
f=1

κ2
f,nf

(ω̂f + γf )
2
,

(17)

where δ1 = ρ1 ‖(IN ⊗ Γ)‖ and δ2 = ρ2 ‖(IN ⊗ Γ)‖.
Because ω̂f are monotonically increasing and satisfy ω̂f ≥

1, by using Lemma 2 several times, we get

2κTnf (ω̂ + γ)PL1d
′

= 2κTnf

[
(ω̂ − I)

√
σP
] [√

σ−1PL1

]
d′

+2κTnf
√
P
√
PL1d

′ + 2κTnf
√
γP
(√
γPL1

)
d′

≤ κTnf (ω̂ − I)
2
σPκnf +

∥∥∥√σ−1PL1d
′
∥∥∥2

+ 1
2κ

T
nf
Pκnf

+2
∥∥∥√PL1d

′
∥∥∥2

+ 1
2

N∑
f=1

γfpfκ
2
f,nf

+ 2
∥∥√γPL1d

′
∥∥2

≤ κTnf (ω̂ − I)
2
σPκnf +

N∑
f=1

λ0(γf+ω̂f )2

2 κ2
f,nf

+ 1
2

N∑
f=1

(
pf +

p2
f

λ0

)
κ2
f,nf

+
∥∥∥√σ−1PL1d

′
∥∥∥2

+2
∥∥∥√PL1d

′
∥∥∥2

+ 2
∥∥∥P 1

4L1d
′
∥∥∥4

,

(18)
where σ = diag {σ1, · · · , σN}, σ−1 = diag

{
σ−1

1 , · · · , σ−1
N

}
,

and we have used the fact that

2
∥∥√γPL1d

′
∥∥2

= 2

∥∥∥∥√γ√P∥∥∥∥2∥∥∥P 1
4L1d

′
∥∥∥2

≤ 1
2

∥∥∥∥√γ√P∥∥∥∥4

+ 2
∥∥∥P 1

4L1d
′
∥∥∥4

≤ 1
2

N∑
f=1

γfpfκ
2
f,nf

+ 2
∥∥∥P 1

4L1d
′
∥∥∥4

,

(19)

N∑
f=1

γfpfκ
2
f,nf
≤

N∑
f=1

(
p2
fκ

2
f,nf

2λ0
+

λ0γ
2
fκ

2
f,nf

2

)
≤ λ0

2

N∑
f=1

(γf + ω̂f )
2
κ2
f,nf

+ 1
2λ0

N∑
f=1

p2
fκ

2
f,nf

.

(20)

Substituting (13), (17) and (18) into (12) yields

V̇1 ≤ −λ0

N∑
f=1

(∂ − 4) (ω̂f + γf )
2
κ2
f,nf

+
N∑
f=1

(
δ2
1+2p2

f(1+ε2n−1)
2λ0

+
pf
2

)
κ2
f,nf

+
N∑
f=1

(
δ2
1+2p2

f‖Sn−1‖2

2λ0

)
ēTf,nf−1ēf,nf−1

+
δ2
2

2λ0

N∑
f=1

(
ēTf,nf−1,τ ēf,nf−1,τ + κ2

f,nf ,τ

)
+
∥∥∥√σ−1PL1d

′
∥∥∥2

+ 2
∥∥∥√PL1d

′
∥∥∥2

+ 2
∥∥∥P 1

4L1d
′
∥∥∥4

.

(21)
Considering (6), (10), the derivative of V2 is

V̇2 =
N∑
f=1

υf ē
T
f,nf−1K ˙̄ef,nf−1

=
N∑
f=1

υf ē
T
f,nf−1K

(
B̄ēf,nf−1 + C̄κf,nf

)
≤ −

N∑
f=1

1
2υf ē

T
f,nf−1ēf,nf−1 +

N∑
f=1

1
2υf
∥∥KC̄∥∥2

κ2
f,nf

.

(22)
To prove all coupling weights ω̂f (∀f = 1, · · · , N) are bound-
ed, the Lyapunov function V3 is constructed. The time deriva-
tive of V3 along the second equation in (8) is given by

V̇3 =
N∑
f=1

λ0 (ω̂f − ωf ) ˙̂ωf

≤ −
N∑
f=1

λ0ωfκ
2
f,nf

+
N∑
f=1

λ0(ω̂f + γf )
2
κ2
f,nf

−
N∑
f=1

λ0σf (ω̂f − ωf )(ω̂f − 1)
2
.

(23)

By choosing ωf > 1 and using Lemma 2, one has

−
N∑
f=1

λ0σf (ω̂f − ωf )(ω̂f − 1)
2

= −
N∑
f=1

λ0σf (ω̂f − 1)
3

+
N∑
f=1

λ0σf

[(
4
3

) 2
3 (ωf − 1)

] [(
3
4

) 2
3 (ω̂f − 1)

2
]

≤ −
N∑
f=1

λ0σf (ω̂f − 1)
3

+
N∑
f=1

16λ0

27 σf (ωf − 1)
3

+
N∑
f=1

λ0

2 σf (ω̂f − 1)
3

= −λ0

2

N∑
f=1

σf (ω̂f − 1)
3

+ 16λ0

27

N∑
f=1

σf (ωf − 1)
3
.

(24)

Substituting (24) into (23) gives

V̇3 ≤ −
N∑
f=1

λ0ωfκ
2
f,nf

+
N∑
f=1

λ0(ω̂f + γf )
2
κ2
f,nf

−λ0

2

N∑
f=1

σf (ω̂f − 1)
3

+ 16λ0

27

N∑
f=1

σf (ωf − 1)
3
.

(25)
The Lyapunov function V4 is designed to compensate the two
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delayed terms shown in (21), the derivative of V4 satisfies

V̇4 = −ηV4 +
δ2
2

2λ0

N∑
f=1

[
eητ̄ ēTf,nf−1ēf,nf−1

−ēTf,nf−1,τ ēf,nf−1,τ

]
+

δ2
2

2λ0

N∑
f=1

[
eητ̄κ2

f,nf
− κ2

f,nf ,τ

]
.

(26)
Combing (21)-(22) and (25)-(26), it has

V̇ ≤ −ηV4 − λ0

N∑
f=1

(∂ − 5) (ω̂f + γf )
2
κ2
f,nf

+
N∑
f=1

(
δ2
1+2p2

f(1+ε2n−1)
2λ0

+
υf‖KC̄‖2+pf

2 − λ0ωf

)
κ2
f,nf

+
N∑
f=1

(
δ2
1+2p2

f‖Sn−1‖2

2λ0
− υf

2

)
ēTf,nf−1ēf,nf−1

+
N∑
f=1

δ2
2e
ητ̄κ2

f,nf
+

N∑
f=1

δ2
2e
ητ̄ ēTf,nf−1ēf,nf−1

+
∥∥∥√σ−1PL1d

′
∥∥∥2

+ 2
∥∥∥√PL1d

′
∥∥∥2

+ 2
∥∥∥P 1

4L1d
′
∥∥∥4

−λ0

2

N∑
f=1

σf (ω̂f − 1)
3

+ 16λ0

27

N∑
f=1

σf (ωf − 1)
3
.

(27)
It is noteworthy that for any positive constant ξ, we have

ξV3 ≤ ξ
2λ0(ω̂f − 1)

2
+ ξ

2λ0(ωf − 1)
2

= λ0

[(
3φf

4

) 2
3

(ω̂f − 1)
2

] [
ξ
(

2
9φ2
f

) 1
3

]
+ ξ

2λ0(ωf − 1)
2

≤ λ0

2 σf (ω̂f − 1)
3

+ 2λ0ξ
3

27σ2
f

+ ξ
2λ0(ωf − 1)

2
,

(28)
where the last inequality has used the Lemma 2 and φf , f =
1, · · · , N are positive constants.

Thus one has

ξ (V1 + V2 + V3)

≤ ξpmax
N∑
f=1

(ω̂f + γf )
2
κ2
f,nf

+
N∑
f=1

λ0

2 σf (ω̂f − 1)
3

+ 1
2ξλmax (K)

N∑
f=1

υf ē
T
f,nf−1ēf,nf−1

+
N∑
f=1

2λ0ξ
3

27σ2
f

+
N∑
f=1

ξ
2λ0(ωf − 1)

2
.

(29)
In light of assumption 4, we have

‖d′‖ ≤

√√√√ N∑
f=1

(βf ςf + ς0)
2

= ς. (30)

The Lyapunov function V = V1 + V2 + V3 + V4 is taken
as resulting closed-loop system. Based on (27) and (29),

denote ωf = 1
λ0

[
δ2
1+δ2

2e
ητ̄+2p2

f(1+ε2n−1)
2λ0

+
υf‖KC̄‖2+pf

2

]
+ 1,

υf = 1
1−ξλmax(K)

(
δ2
1+δ2

2e
ητ̄+2p2

f‖Sn−1‖2

λ0
+ 1
)

, ξ < 1
λmax(K)

and ψ =
∥∥∥√σ−1PL1ς

∥∥∥2

+ 2
∥∥∥√PL1ς

∥∥∥2

+ 2
∥∥∥P 1

4L1ς
∥∥∥4

+

16λ0

27

N∑
f=1

σf (ωf − 1)
3
+

N∑
f=1

2λ0ξ
3

27σ2
f

+
N∑
f=1

ξ
2λ0(ωf − 1)

2, we can

obtain the derivative of V satisfying

V̇ ≤ −ξ (V1 + V2 + V3)− ηV4 + ψ

−λ0

N∑
f=1

κ2
f,nf
− 1

2

N∑
f=1

ēTf,nf−1ēf,nf−1

−λ0

N∑
f=1

(
∂ − 5− ξpmax

λ0

)
(ω̂f + γf )

2
κ2
f,nf

.

(31)

For (31), we can take

∂ > 5, ξ < min

{
1

λmax (K)
,

(∂ − 5)λ0

pmax

}
. (32)

Substituting (32) into (31) gives

V̇ ≤ −µV −λ0

N∑
f=1

κ2
f,nf
− 1

2

N∑
f=1

ēTf,nf−1ēf,nf−1 +ψ, (33)

where µ = min {η, ξ}.

Therefore, V̇ ≤ −µV if λ0

N∑
f=1

κ2
f,nf

+

1
2

N∑
f=1

ēTf,nf−1ēf,nf−1 ≥ ψ. Then, a sufficient condition for

λ0

N∑
f=1

κ2
f,nf

+ 1
2

N∑
f=1

ēTf,nf−1ēf,nf−1 ≥ ψ is λ0

N∑
f=1

κ2
f,nf
≥ ψ

and 1
2

N∑
f=1

ēTf,nf−1ēf,nf−1 ≥ ψ, which means that the

convergence regions of κf,nf and ēf,nf−1 are

∥∥κf,nf∥∥ ≤√ ψ

λ0
,

∥∥ēf,nf−1

∥∥ ≤√2ψ. (34)

Definition of ēf,nf−1, (4) and (34) imply that ēf,nf is ultimate-
ly bounded. Thus ek is ultimately bounded. Then, following
Lemma 3, the tracking errors ẽ1,k, · · · , ẽN,k, k = 1, · · · , nf
of all following agents reach UUB fully distributed scaled
consensus tracking. Moreover, from the definition of V , all
coupling weights ω̂f , f = 1, · · · , N are bounded. This
completes the proof.

Remark 4: Suppose that assumptions 1-4 hold. The scaled
consensus tracking problem of the agents described by (1)
is solved under the distributed adaptive control protocol with
adaptive laws (8). Moreover, all coupling weights ω̂f , f =
1, · · · , N are bounded.

Remark 5: Compared with [38]-[41] which focus on general
linear MASs and high-order nonlinear MASs without consid-
ering time delays and external disturbances, our results are
applicable for high-order nonlinear MASs with time delays
and disturbances under directed graph. The control gains
of the protocols in [34]-[37] are dependent on some global
information of the whole system, which means these designs
are not fully distributed. Moreover, if external disturbances
exist, the undesirable parameter drift phenomenon occurs. By
using the adaptive σ-modification technique, the distributed
control protocol designed in this paper is fully distributed,
where each agent has its own control gain without using any
global information.
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V. SIMULATION EXAMPLE

In this section, we consider the scaled consensus of single-
link robot arms modeled by Euler-Lagrange equations, consist-
ing of a rigid link coupled through a gear train to a DC-motor.
The readers are refer to [44, pp. 189-190] for the details of
the equations. The single-link robot arm profile is shown in
Fig. 1.

We assume that there is one leader agent and three follower
agents (shown in Fig. 2). For the graph G, B = diag {1, 0, 0},
D = diag {2, 1, 1}. The scale parameters are β1 = −1, β2 =
2, β3 = 3. The dynamic of the virtual leader is as follow

ẋ0,1 = x0,2,
ẋ0,2 = e−0.1t + 1− x0,1 − x0,2 + 4 sin(2t).

The follower agents are described by second-order non-linear
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Fig. 1: Single-Link Robot

Fig. 2: A communication topology G

systems in the form of (1) with hf (x̄f , x̄fτ , t), f = 1, 2, 3.

hf (x̄f , x̄fτ , t) = hf1 (x̄f , t) + hf2 (x̄fτ , t) ,
hf1 (x̄f , t) = Jf

−1 (−cfxf,2 −mfglf sin(xf,1)) ,
hf2 (x̄fτ , t) = Jf

−1kfxf,1(t− τf ),

where xf,1(t) and xf,1(t − τf ) are current and previous
position states of the link of the fth robot arm respectively.
xf,2(t) is velocity state of the link of the fth robot arm.
Jf , cf ,mf are the total inertia of the link and the motor,
overall damping coefficient and total mass of the fth robot
arm, respectively. g is the gravitational acceleration and lf is
the distance from the joint axis to the link center of mass for
node, respectively. hf2 (x̄fτ , t) denotes the friction force. kf
is friction coefficient.

The physical parameters of each robot arm are chosen as
J1 = 0.0073kg · m2, J2 = 0.0137kg · m2, J3 = 0.0229kg ·
m2, c1 = 2, c2 = 2.5, c3 = 1.8, g = 9.8m/s2, mf = 1 +
0.3f, lf = 1.4+0.2f, k1 = 11, k2 = 6, k3 = −10, f = 1, 2, 3.

Let g1 = 3 + 0.2cos (t), g2 = 3 + 0.1sin (2t), g3 =
3 + 0.1cos (t). Choosing the time delays τ1 = 0.5, τ2 = 0.8,
τ3 = 0.3 and the bounded disturbances |df | ≤ 1 can be
generated randomly. The controller parameters in (8) are
chosen as ∂ = 8, σf = 0.07 and ωf (0) = 1.6, f = 1, 2, 3.

Figs.3-4 show the trajectories of all agents by applying
the controller to the single-link robot systems, with the
initial states x̄0 = [3.2, 2.4]T , x̄1 = [−0.6, 0.8]T , x̄2 =
[−0.15,− 0.25]T and x̄3 = [−1.2, 1.8]T . Fig.5 shows the
coupling weights ω̂f , f = 1, 2, 3. It can be seen from Figs.3
and 4 that the UUB fully distributed scaled consensus tracking
of the high-order nonlinear multi-agent system (1) with the
presented controller can be reached, and all coupling weights
are bounded, which agree with the results established in
Theorem 1.
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VI. CONCLUSIONS

This paper has studied a scaled consensus control method
for a class of high-order nonlinear MASs with time delays
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.

and external disturbances. The nonlinearities in the systems
dynamics are unknown Lipschitz functions. The proposed
fully distributed consensus controller does not require any
global information. The varying control gains are updated
by distributed adaptive laws and ensures systems stability.
The adaptive σ-modification technique is used to cope with
the external disturbances and the Lyapunov-Krasovskii func-
tionals method is utilized to analyze the time delays on
system state. The tracking errors and coupling weights of
all following agents are Uniformly Ultimately Bounded. In
this work, we considered the fixed topology and continuous
communication. However, under the non-ideal network setting,
the communication networks of agents are affected by time
delays, intermittent communication, external disturbances and
other factors, it is easy to cause incomplete information or
randomly switching communication topologies, which may
degrade system performance and even cause system instability.
Switching topology and intermittent communication will be
investigated in the future.
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