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H∞ Scaled Consensus for MASs With Mixed Time
Delays and Disturbances via Observer-Based

Output Feedback
Shiming Chen , Zheng Zhang, and Yuanshi Zheng

Abstract—In this article, the H∞ scaled consensus control
problem for multiagent systems in the presence of external dis-
turbances and mixed time delays in both input and Lipschitz
nonlinearity is investigated. First, a state observer is introduced
for each agent based on the output information of the agent.
Then, a scaled consensus protocol is proposed via a truncated
predictor output-feedback method, which can deal with the input
delay. The integral terms with the mixed time delays that are
contained in the transformed systems are analyzed by using the
Lyapunov–Krasovskii functionals method, and sufficient condi-
tions are obtained to achieve scaled consensus with guaranteed
H∞ performance. An iterative procedure is utilized to calcu-
late the linear matrix inequality. By this, the feedback gain and
observer gain are then designed. Finally, a simulation example is
provided to illustrate the effectiveness of the theoretical results.

Index Terms—H∞ scaled consensus, disturbances, multiagent
systems (MASs), observer, output feedback, time delays.

I. INTRODUCTION

COOPERATIVE control of multiagent systems (MASs)
has been widely used in many fields due to its poten-

tial applications in mobile robotics, unmanned aerial vehi-
cles, complex network control, and digital core [1], [2]. In
the last few years, complete consensus problems have been
extensively studied for various MASs, such as first/second-
order systems [3]–[5]; high-order systems [6]; general lin-
ear systems [7]–[10]; nonlinear systems [11], [12]; hybrid
systems [13], [14]; and so on.

However, in many fields of engineering applications, such
as webpage ranking, water distribution systems, and closed
queuing, the requirement that all agents states converge to a
consistent value cannot meet human needs. So far, many stud-
ies on the other new kinds of consensus have been carried
out, just like group consensus [15], bipartite consensus [16],
and scaled consensus [17]. In particular, the scaled consensus
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is more attractive and less conservative. The scaled consensus
was first introduced in [17] which means that all agents’ states
in a network reach specified ratios instead of approaching a
consistent value. In addition, scaled consensus can possess the
same group and bipartite consensus behaviors via employing
suitable scaled values. In recent years, scaled consensus prob-
lems were analyzed in [18] and [19]. These papers focused on
the scaled consensus of the first/second-order linear MASs.
However, due to the challenges of solving scaled consen-
sus problems for systems with unideal network factors, it is
nontrivial to investigate MASs with time delays and uncer-
tainty. Scaled consensus problems of MASs with time-varying
delays or external disturbances were addressed in [20]–[22],
respectively.

With the development of studies on MASs, time delays
caused by agents are diverse and the existence of them may
degrade system performance and even destroy the stabil-
ity of the system. Most real MASs contain inherent state
delays, which physically come from calculation or measure-
ment. The other source of delay is the input delay that is
related to the computational time and execution time of each
agent. For input delay, a predictor-based method has been
commonly utilized to deal with it. Various predictor-based
approaches [23]–[25] can be utilized to deal with the control
problems of input delayed systems. One of the predictor-based
methods, known as the truncated prediction feedback, is to
ignore the troublesome integral part and only to use the expo-
nential of the system matrix as the prediction [26]. For the
MASs with input delay, truncated prediction feedback control
is utilized to achieve consensus in [26]–[29]. For the time
delays existing in nonlinear dynamics, a Lyapunov control
approach is utilized to reach consensus [21], [30], [31]. But
these papers focused purely on the first/second-order nonlinear
system.

Moreover, external disturbances cannot be avoided in the
works above. There are mainly two approaches to deal with
these situations. One way is the stochastic analysis approach
and the other is the robust H∞ control approach. By means of
stochastic analysis, some sufficient conditions were derived to
achieve mean-square consensus [32], [33]. Another method to
the disturbance problems is the robust H∞ control, which was
also utilized to solve H∞ consensus problems with guaranteed
H∞ performance [34]–[38]. Therefore, it has been attract-
ing more academic focuses. However, few works have taken
into account both time delays and persistent disturbances,
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which are the two key factors in affecting the stability and
performance of the MASs.

In many practical control systems, the states of agents
are often not accessible, where only output information is
available. Using the output information of agents, there are
generally two basic output-feedback types: 1) the static output
feedback and 2) the dynamic output feedback. The con-
troller with static output-feedback consensus protocols is
limited [39], [40]. Thus, it is more realistic to design observers
that generate the system-state estimation online, that is, design
a dynamic output-feedback controller. Therefore, the observer-
based dynamic output-feedback control has attracted much
attention (see [22], [41], [42], etc.). But the systems in these
papers did not take both the mixed time delays and external
disturbances into consideration.

This article investigates the distributed controller design
problems such that the outputs of agents can reach scaled con-
sensus with that of the leader. The main contributions of this
article are two-fold. First, based on each agent’s output, a local
observer is constructed. By using an observer-based truncated
prediction method, the scaled consensus control protocols are
designed, which include complete consensus, group consensus,
and bipartite consensus as special cases. Second, the consid-
ered MASs contain the mix delays and scaled ratios which
leads to the coupling among input delay, delays in nonlinear
dynamics, and scaled ratios for the system. Several extra inte-
gral terms are produced, and the Lyapunov function also needs
to be rescaled.

II. PRELIMINARIES

In this section, we recall the algebraic graph theory, some
useful lemmas, and model formulation, which will be used in
the following section.

A. Notations

Let Rp×q be the p × q-dimensional matrices. IN rep-
resents the identity matrix of N. 1N = [1, . . . , 1]T ∈
RN . diag{�1,�2, . . . ,�N} represents a diagonal matrix and
�1,�2, . . . ,�N are diagonal elements. BT represents the
transpose of a matrix B. λmax(L) (λmin(L)) represents the max-
imum (minimum) eigenvalue of L. R > 0 indicates that R is
a positive-definite matrix. ‖ · ‖ and ‖ · ‖F denote the 2-norm
and Frobenius norm of a matrix, respectively. A−1 denotes the
inverse of the matrix A, and the notation ⊗ is the Kronecker
product.

B. Graph Theory

Let G′ = (V ′, E′, A′) be a directed graph of a set of nodes
V ′ = {1, 2, . . . , N}, E′ ⊆ V ′ × V ′ is a set of directed edges,
and (j, i) ∈ E′ means that agent i can receive information from
agent j. A′ = [a′

ij] ∈ RN×N , a′
ij ≥ 0 represents the adjacency

matrix associated with a′
ij = 1 if (j, i) ∈ E′ and a′

ij = 0
otherwise. The set of neighbors of the node is denoted by
Ni = {j ∈ V ′ : (j, i) ∈ E′}. If there is a node called root such
that there exists a directed path from this node to any other
nodes, then the graph is said to contain a directed spanning
tree. The degree matrix is defined as D′ = diag{d′

1, . . . , d′
N},

where d′
i = ∑

j∈Ni
a′

ij. The Laplacian matrix L′ is denoted as
L′ = D′ − A′ = [l′ij] ∈ RN×N .

C. Some Useful Lemmas

Assumption 1: The communication topology G1 contains a
directed spanning tree with the leader as the root.

Lemma 1 [43]: Under Assumption 1, if the leader’s states
are available to one or multiple followers, then L1 = L′ +B′ is
an irreducible diagonally dominant M-matrix and, hence, non-
singular. There exists a diagonal matrix � = diag{ε1, . . . , εN}
with εi > 0, i = 1, . . . , N, such that

�L1 + LT
1 �

�= L̂1 ≥ ρ0IN

where B′ = diag{a′
10, . . . , a′

N0} is the leader adjacency matrix
and a′

i0 > 0 if there is an information exchange between leader
and agent i; otherwise, a′

i0 = 0. ρ0 is the minimum eigenvalue
of the matrix L̂1. � can be computed as ε = [ε1, . . . , εN]T =
(LT

1 )−11N .
Assumption 2: The communication topology G′ contains a

directed spanning tree.
Lemma 2 [44]: Under Assumption 2, the Laplacian matrix

L has a simple zero eigenvalue with the associated right eigen-
vector 1N , and all nonzero eigenvalues have positive real parts.

Furthermore, there exists a unique vector δ
�= [δ1, . . . , δN]T

with
∑N

i=1 δi = 1 and δi > 0, ∀i = 1, . . . , N such that
δTL′ = 0.

Lemma 3 [45]: By Lemma 2, there exists an invertible
matrix U, with its first column U1 = 1N and the first row
of U−1, U−1

(1) = ςT, such that

U−1L′U = J

with J being a block-diagonal matrix in the real Jordan form

J = diag{0, J1, . . . , Jc, Jc+1, . . . , Jd}
where Jk ∈ Rmk for k = 1, . . . , c are the Jordan blocks for real
eigenvalues λk > 0 with the multiplicity mk in the form

Jk =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

λk 1
λk 1

. . .
. . .

λk 1
λk

⎤

⎥
⎥
⎥
⎥
⎥
⎦

and Jk ∈ R2mk for k = c + 1, . . . , d are the Jordan blocks for
conjugate eigenvalues αk ± jβk, αk > 0, and βk > 0, with the
multiplicity mk in the form

Jk =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

μ(αk, βk) I2

μ(αk, βk) I2
. . .

. . .

μ(αk, βk) I2

μ(αk, βk)

⎤

⎥
⎥
⎥
⎥
⎥
⎦

with I2 the identity matrix in R2×2 and

μ(αk, βk) =
[

αk βk

−βk αk

]

∈ R2×2.
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Lemma 4 [46]: Suppose that W ∈ RN×N is a symmetric
positive-definite matrix and W1 ∈ RN×N is symmetric. Then,
for any vector x ∈ RN , the following inequality holds:

λmin

(
W−1W1

)
xTWx ≤ xTW1x ≤ λmax

(
W−1W1

)
xTWx.

Lemma 5 [47]: For any constant matrix U ∈ Rn×n, U > 0,
scalars b > a, and vector function z : [a, b] → Rn, the
following inequality is well defined, then:
(∫ b

a
z(s)ds

)T

U

(∫ b

a
z(s)ds

)

≤ (b − a)

∫ b

a
zT(s)Uz(s)ds.

Lemma 6 [48]: For a positive-definite matrix P, the follow-
ing identity holds:

eATtPeAt − eαtP = −eαt
∫ t

0
eατ eATτ PeAτ dτ

where α ≥ 0 is a scalar and R = −ATP − PA + αP.
Furthermore, if R is positive definite, ∀t > 0

eATtPeAt ≤ eαtP.

Lemma 7 [49]: For any given x, y ∈ Rn, we have

2xTPQy ≤ xTPSPTx + yTQTS−1Qy

where S > 0, P, and Q have appropriate dimensions.

D. Model Formulation

Suppose that the general nonlinear MAS consists of one
leader and N followers, the dynamics of the followers are
described by

⎧
⎨

⎩

ẋi(t) = Axi(t) + Bui(t − τ1) + Ddi(t)
+ Ef (xi(t), xi(t − τ2), t)

yi(t) = Cxi(t), i ∈ 1, . . . , N
(1)

where xi(t) ∈ Rn, ui(t) ∈ Rm, and yi(t) ∈ Rp are the state, control
input, and measurement output of agent i, respectively. τ1 > 0
is the input delay. τ2 > 0 denotes the unknown time-varying
delays in the nonlinear dynamics, which physically comes
from calculation or measurement. di(t) ∈ Lq

2[0,∞) denotes
the external disturbance. A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n,
D ∈ Rn×q, and E ∈ Rn×n are constant matrices with (A, B)

being controllable and (A, C) being observable. f : Rn × Rn ×
[0,+∞) → Rn is a continuously differentiable vector-valued
function satisfying the following Lipschitz condition:

‖ϑ1f (e1, e2, t) − ϑ2f (c1, c2, t)‖ ≤
2∑

i=1

ρi‖ϑ1ei − ϑ2ci‖ (2)

where ρ1, ρ2, ϑ1, ϑ2 > 0 ∀ei, ci ∈ Rn, i ∈ {1, 2}, t ≥ 0.
The virtual leader’s dynamics is denoted by

{
ẋ0(t) = Ax0(t) + Ef (x0(t), x0(t − τ2), t)
y0(t) = Cx0(t).

(3)

To achieve scaled consensus tracking and leaderless scaled
consensus with a guaranteed H∞ performance, we combine
the leader’s state to define the performance variable zi(t) and


z(t), respectively

zi(t) = xi(t) − 1

βi
x0(t) (4)



zi(t) = βixi(t) −

N∑

j=1

δjβjxj(t). (5)

Definition 1: Given a positive scalar γ , the H∞ scaled con-
sensus tracking and leaderless scaled consensus are achieved,
respectively, if the following two conditions are met.

1) The MASs (1) and (3) can reach scaled consensus track-
ing and leaderless scaled consensus if, when di(t) = 0,
the states of agents satisfy limt→∞ ‖βixi(t) − x0(t)‖ = 0
and limt→∞ ‖βixi(t) − βjxj(t)‖ = 0 for all initial condi-
tions, respectively, where the scaled values βi and βj are
nonzero constants, i, j = 1, 2, . . . , N.

2) Under the zero initial condition, the performance vari-
ables z(t) and 


z(t), respectively, satisfy

J =
∫ ∞

0

(
zT(t)z(t) − γ 2dT(t)d(t)

)
dt < 0 (6)

J =
∫ ∞

0

(


z

T
(t)



z(t) − γ 2dT(t)d(t)

)
dt < 0 (7)

where z(t) = [zT
1 (t), . . . , zT

N(t)]T, 

z(t) =

[

z

T
1 (t), . . . ,



z

T
N(t)]T and d(t) = [dT

1 (t), . . . , dT
N(t)]T.

Remark 1: This article considers the scaled consensus of
general nonlinear MASs, where the complete consensus, group
consensus, and bipartite consensus can be regarded as the spe-
cific cases of the scaled consensus by selecting suitable scaled
values βi, i = 1, . . . , N.

Remark 2: In [18], [21], and [26]–[31], the consensus prob-
lems with communication delays, input delays, or delays
in nonlinear dynamics are considered. Note that contrary
to [18], [21], and [26]–[31], the scaled consensus problem for
MASs in the presence of input delay τ1 and time-varying
delays τ2 in nonlinear dynamics is addressed. This input delay
τ1 may also represent some communication delays in the
network system. Thus, the system is more general than the
one studied in [18], [21], and [26]–[31]. The research on this
system might be more meaningful.

III. H∞ SCALED CONSENSUS TRACKING CONTROL

ANALYSIS

In this section, the distributed H∞ scaled consensus tracking
control problem for MASs in the presence of external distur-
bances and mixed time delays in both input and Lipschitz
nonlinearity is to be studied.

A. Scaled Consensus Tracking Protocol Design via
Observer-Based Output Feedback

The observer based on output information is constructed as
⎧
⎪⎪⎨

⎪⎪⎩

˙̂xi(t) = Ax̂i(t) + Bui(t − τ1) + Ddi(t)
+ Ef

(
x̂i(t), x̂i(t − τ2), t

)− F
(
yi(t) − Cx̂i(t)

)

˙̂x0(t) = Ax̂0(t) + Ef
(
x̂0(t), x̂0(t − τ2), t

)

− F
(
y0(t) − Cx̂0(t)

)
(8)

where x̂i(t) and x̂0(t) are the estimations of the follower’s state
xi(t) and the leader’s state x0(t), respectively, and F ∈ Rn×p is
the observer gain matrix to be designed later. The estimation
error is defined by z̃i(t) = ẑi(t) − zi(t) with ẑi(t) = x̂i(t) −
(1/βi)x̂0(t).
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To describe the equation in a more convenient way, let
fiτ2 = f (xi(t), xi(t − τ2), t), f0τ2 = f (x0(t), x0(t − τ2), t),
f̂iτ2 = f (x̂i(t), x̂i(t − τ2), t), and f̂0τ2 = f (x̂0(t), x̂0(t − τ2), t).
Combining (1), (3), and (8), we obtain the derivative of zi(t)
and z̃i(t), respectively

żi(t) = Azi(t) + Bui(t − τ1) + Ddi(t) + E

(

fiτ2 − 1

βi
f0τ2

)

(9)

˙̃zi(t) = (A + FC)z̃i(t) + E

(

f̂iτ2 − 1

βi
f̂0τ2

)

− E

(

fiτ2 − 1

βi
f0τ2

)

. (10)

From the scaled tracking error dynamics (9), we have

zi(t) = eAτ1 zi(t − τ1) +
∫ t

t−τ1

eA(t−h)

×
[

Bui(h − τ1) + Ddi(h) + E

(

fiτ2 − 1

βi
f0τ2

)]

dh (11)

where the first term eAτ1 zi(t − τ1) is a truncated predictor of
the state zi based on zi(t − τ1).

By using the observer-based truncated predictor output-
feedback method, the following scaled consensus tracking
protocol is considered:

ui(t) = KeAτ1

⎡

⎣
N∑

j=1

a′
ij

(

x̂i(t) − βj

βi
x̂j(t)

)

+ a′
i0

(

x̂i(t) − 1

βi
x̂0(t)

)
⎤

⎦

= KeAτ1

N∑

j=1

lβij

(

x̂j(t) − 1

βi
x̂0(t)

)

= KeAτ1

N∑

j=1

lβij(z̃i(t) + zi(t)) (12)

where K ∈ Rm×n is the control gain matrix to be designed
later, and lβij = (βj/βi)l1ij, i, j = 1, . . . , N, and l1ij is the element
of matrix L1.

Substituting the scaled consensus tracking protocol (12) into
(9) and using (11), we have

żβi
i (t) = Azβi

i (t) + BKeAτ1

N∑

j=1

l1ijz̃
βj
j (t − τ1)

+ βiDdi(t) + E
(
βifiτ2 − f0τ2

)+ BK

×
N∑

j=1

l1ij

{

z
βj
j (t) −

∫ t

t−τ1

eA(t−h)
[
βjBuj(h − τ1)

+ βjDdj(h) + E
(
βjfjτ2 − f0τ2

)]
dh

}

(13)

where zβi
i (t) = βizi(t) and z̃βi

i (t) = βiz̃i(t).
Let zβ(t) = [β1zT

1 (t), . . . , βNzT
N(t)]T, z̃β(t) =

[β1z̃T
1 (t), . . . , βNz̃T

N(t)]T, d(t) = [dT
1 (t), . . . , dT

N(t)]T,
fτ2 = [f T

1τ2
, . . . , f T

Nτ2
]T, and β = diag{β1, β2, . . . , βN}.

Then, together with (12) again, (13) can be written in a
compact matrix form as follows:

żβ(t) = (IN ⊗ A + L1 ⊗ BK)zβ(t) +
6∑

v=1

�̄v + � (14)

where

�̄v = (L1 ⊗ BK)�v, v = 1, 2, 3, 4

�1 = −
∫ t

t−τ1

(
L1 ⊗ eA(t−h)BKeAτ1

)
zβ(h − τ1)dh

�2 = −
∫ t

t−τ1

(
L1 ⊗ eA(t−h)BKeAτ1

)
z̃β(h − τ1)dh

�3 = −
∫ t

t−τ1

(
β ⊗ eA(t−h)D

)
d(h)dh

�4 = −
∫ t

t−τ1

(
IN ⊗ eA(t−h)E

)[
(β ⊗ In)fτ2 − f0τ2 · 1Nn

]
dh

�̄5 =
(

L1 ⊗ BKeAτ1
)

z̃β(t − τ1)

�̄6 = (IN ⊗ E)
[
(β ⊗ In)fτ2 − f0τ2 · 1Nn

]

� = (β ⊗ D)d(t).

B. Scaled Consensus Tracking Analysis

In this section, sufficient conditions on scaled consensus
tracking for MASs (1) and (3) via the observer-based output-
feedback controller (12) are presented.

Theorem 1: For the general nonlinear MASs (1) and (3) with
inherent delayed nonlinear dynamic, external disturbance, and
input delay, the H∞ scaled consensus tracking can be achieved
by the observer (8) with F = −R−1CT and the controller (12)
with K = −BTS, if there exist a positive-definite matrix Q, R
and constants ι > 0, ι1 > 0, and ωv > 0, v = 1, . . . , 6 such
that

SBBTBBTS ≤ ι2In (15)

AT + A < ι1In (16)
⎡

⎣

∏
11 IN ⊗ Q IN ⊗ D

IN ⊗ Q
∏

22 0
IN ⊗ DT 0

∏
33

⎤

⎦ < 0 (17)

[∐
11 RE

ETR −2In

]

< 0 (18)

where Q = S−1, σ = (ρ0/εmin), εmin = min{ε1, . . . , εN},
εmax = max{ε1, . . . , εN}, �−1 = diag{ε−1

1 , . . . , ε−1
N }, ρ0,

and εi, i = 1, . . . , N, are defined in Lemma 1. β2
min =

min{β2
1 , β2

2 , . . . , β2
N}, β−1 = diag{β−1

1 , . . . , β−1
N }, and βi, i =

1, . . . , N are scaled ratios of each agent

∏

11

= � ⊗
[

AQ + QAT − σBBT +
(

6∑

v=1

ωv

)

In

]

∏

22

= −
[

γ1εmax

ω1
eτ1 + εmax

(
ρ2

1 + ρ2
2

)

×
(

γ4

ω4
eτ1 + γ6

ω6
+ 6

β2
minεmax

)]−1

�−1 ⊗ In − INn
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τ1 is input delay and
∏

33 = ([(γ3εmax)/ω3]eτ1 −
γ̄ 2)(�−1β−1)2 ⊗ Iq, γ̄ is a guaranteed H∞ performance
which is defined in (27).

∐
11 = RA + ATR − 2CTC +

(4ρ2
1 + 4ρ2

2 + 1)In + εmax([γ2/ω2]eτ1 + [γ5/ω5])In

γ1 = η1

∥
∥
∥L2

1

∥
∥
∥

2
, η1 = τ1ι

4e2ι1τ1

γ2 = η2

∥
∥
∥L2

1

∥
∥
∥

2
, η2 = τ1ι

4β2
maxe2ι1τ1

γ3 = η3‖D‖2‖L1‖2, η3 = τ1ι
2β2

maxeι1τ1

γ4 = η4‖E‖2‖L1‖2, η4 = 2τ1ι
2eι1τ1

γ5 = η5‖L1‖2, η5 = ι2β2
maxeι1τ1

γ6 = 2‖E‖2. (19)

Proof: To start the consensus analysis, we try a
Lyapunov function candidate V0(t) = ∑N

i=1 z̃T
i (t)Rz̃i(t) +

(zβ(t))T(� ⊗ S)zβ(t).
Taking the derivative of V0(t) along (10) and (14), we have

V̇0(t) =
N∑

i=1

{

z̃T
i (t)

[
R(A + FC) + (A + FC)TR

]
z̃i(t) + 2z̃T

i (t)

× RE

[(

f̂iτ2 − 1

βi
f̂0τ2

)

−
(

fiτ2 − 1

βi
f0τ2

)]}

+ (
zβ(t)

)T[
� ⊗ (

SA + ATS
)]

zβ(t)

+ (
zβ(t)

)T[(
�L1 + LT

1 �
)⊗ SBK

]
zβ(t)

+ 2
(
zβ(t)

)T
(� ⊗ S)

(
6∑

v=1

�̄v + �

)

. (20)

Under (2), it is not difficult to obtain that
N∑

i=1

−2z̃T
i (t)RE

(

fiτ2 − 1

βi
f0τ2

)

≤ −
N∑

i=1

2z̃T
i (t)RE[ρ1zi(t) + ρ2zi(t − τ2)]

≤
N∑

i=1

{
z̃T

i (t)REETRz̃i(t) + [ρ1zi(t) + ρ2zi(t − τ2)]
T

× [ρ1zi(t) + ρ2zi(t − τ2)]
}

≤
N∑

i=1

[
z̃T

i (t)REETRz̃i(t) + 2ρ2
1 zT

i (t)zi(t)

+ 2ρ2
2 zT

i (t − τ2)zi(t − τ2)
]

(21)

and with a similar analysis, by the definition of z̃i(t), one has
N∑

i=1

2z̃T
i (t)RE

(

f̂iτ2 − 1

βi
f̂0τ2

)

≤
N∑

i=1

2z̃T
i (t)RE

[
ρ1(zi(t) + z̃i(t)) + ρ2(zi(t) + z̃i(t))

]

≤
N∑

i=1

[
z̃T

i (t)REETRz̃i(t) + 4ρ2
1 zT

i (t)zi(t) + 4ρ2
1 z̃T

i (t)z̃i(t)

+ 4ρ2
2 zT

i (t − τ2)zi(t − τ2) + 4ρ2
2 z̃T

i (t − τ2)z̃i(t − τ2)
]
.

(22)

Based on Lemma 7, substituting (21), (22), K = −BTS, and
F = −R−1CT into (20), it has

V̇0(t) ≤
N∑

i=1

[
z̃T

i (t)
(

RA + ATR − 2CTC + 2REETR + 4ρ2
1 In

)

× z̃i(t) + 6ρ2
2 zT

i (t − τ2)zi(t − τ2)

+ 6ρ2
1 zT

i (t)zi(t) + 4ρ2
2 z̃T

i (t − τ2)z̃i(t − τ2)
]

+ (
zβ(t)

)T[
� ⊗ (

SA + ATS − σSBBTS
)]

zβ(t)

+
6∑

v=1

ωv
(
zβ(t)

)T
(
� ⊗ S2

)
zβ(t)

+
6∑

v=1

1

ωv
�̄T

v (� ⊗ In)�̄v + 2
(
zβ(t)

)T
(� ⊗ S)� (23)

where the inequality has used the fact that �L1 + LT
1 � =

L̂1 ≥ ρ0IN . ωv, v = 1, . . . , 6, are any positive real numbers
and σ = (ρ0/εmin).

The following lemma gives the bounds of ‖�̄v‖2, v =
1, . . . , 6. It will be used to prove Theorem 1 and its proof
is given in the Appendix.

Lemma 8: The bounds on ‖�̄v‖2, v = 1, . . . , 6, can be
established as
∥
∥�̄1

∥
∥2 ≤ γ1

∫ t

t−τ1

(
zβ(h − τ1)

)T
zβ(h − τ1)dh

∥
∥�̄2

∥
∥2 ≤ γ2

∫ t

t−τ1

z̃T(h − τ1)z̃(h − τ1)dh

∥
∥�̄3

∥
∥2 ≤ γ3

∫ t

t−τ1

dT(h)d(h)dh

∥
∥�̄4

∥
∥2 ≤ γ4ρ

2
1

∫ t

t−τ1

(
zβ(h)

)T
zβ(h)dh

∥
∥�̄5

∥
∥2 ≤ γ5z̃T(t − τ1)z̃(t − τ1)

∥
∥�̄6

∥
∥2 ≤ γ6ρ

2
1

(
zβ(t)

)T
zβ(t) + γ6ρ

2
2

(
zβ(t − τ2)

)T
zβ(t − τ2)

(24)

if conditions (15) and (16) are satisfied, z̃(t) =
[z̃T

1 (t), . . . , z̃T
N(t)]T and γv, v = 1, . . . , 6 are given in

(19).
For the first four integral terms and the latter two delayed

terms shown in (24), and the delayed terms shown in (23), we
consider the following Krasovskii functions, respectively:

�1 = eτ1

∫ t

t−τ1

(
zβ(h)

)T
zβ(h)dh

+ eτ1

∫ t

t−τ1

eh−t(zβ(h − τ1)
)T

zβ(h − τ1)dh

�2 = eτ1

∫ t

t−τ1

z̃T(h)z̃(h)dh

+ eτ1

∫ t

t−τ1

eh−t z̃T(h − τ1)z̃(h − τ1)dh

�3 = eτ1

∫ t

t−τ1

eh−tdT(h)d(h)dh

�4 = eτ1

∫ t

t−τ1

eh−t(zβ(h)
)T

zβ(h)dh
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�5 = eτ1

∫ t

t−τ1

eh−t(zβ(h)
)T

zβ(h)dh

+ eτ1

∫ t

t−τ1

eh−t(zβ(h − τ2)
)T

zβ(h − τ2)dh

�6 =
∫ t

t−τ1

z̃T(h)z̃(h)dh

�7 =
∫ t

t−τ2

(
zβ(h)

)T
zβ(h)dh

�8 =
∫ t

t−τ2

z̃T(h)z̃(h)dh.

A direct evaluation gives that

�̇1 ≤ −
∫ t

t−τ1

(
zβ(h − τ1)

)T
zβ(h − τ1)dh + eτ1

(
zβ(t)

)T
zβ(t)

�̇2 ≤ −
∫ t

t−τ1

z̃T(h − τ1)z̃(h − τ1)dh + eτ1 z̃T(t)z̃(t)

�̇3 ≤ −
∫ t

t−τ1

dT(h)d(h)dh + eτ1 dT(t)d(t)

�̇4 ≤ −
∫ t

t−τ1

(
zβ(h − τ2)

)T
zβ(h − τ2)dh + eτ1

(
zβ(t)

)T
zβ(t)

�̇5 ≤ −
∫ t

t−τ1

(
zβ(h)

)T
zβ(h)dh + eτ1

(
zβ(t)

)T
zβ(t)

�̇6 = z̃T(t)z̃(t) − z̃T(t − τ1)z̃(t − τ1)

�̇7 = (
zβ(t)

)T
zβ(t) − (

zβ(t − τ2)
)T

zβ(t − τ2)

�̇8 = z̃T(t)z̃(t) − z̃T(t − τ2)z̃(t − τ2). (25)

Let

V(t) = V0(t) +
3∑

v=1

γv

ωv
εmax�v + γ4

ω4
εmax

(
ρ2

1�4 + ρ2
2�5

)

+ γ5

ω5
εmax�6 +

(
γ6

ω6
εmax + 6

β2
min

)

ρ2
2�7 + 4ρ2

2�8.

From (25), taking the time derivative of V(t), we obtain that

V̇(t) ≤
N∑

i=1

{

z̃T
i (t)

[

RA + ATR − 2CTC + 2REETR + 4
(
ρ2

1 + ρ2
2

)
In

+
(

γ2

ω2
eτ1 + γ5

ω5

)

εmaxIn

]

z̃i(t)

}

+ (
zβ(t)

)T
[

� ⊗ (
SA + ATS − σSBBTS

)+ γ1

ω1
εmaxeτ1 In

+
(

γ4

ω4
eτ1 + γ6

ω6
+ 6

βmin
2 εmax

)

× εmax

(
ρ2

1 + ρ2
2

)
In

]

zβ(t)

+ 2
(
zβ(t)

)T
(� ⊗ S)� +

6∑

v=1

ωv
(
zβ(t)

)T
(
� ⊗ S2

)
zβ(t)

+ γ3

ω3
εmaxeτ1 dT(t)d(t)

= eT(t)�e(t) + 2
(
zβ(t)

)T
(� ⊗ S)� + γ3

ω3
εmaxeτ1 dT(t)d(t)

(26)

where

e(t) =
[ (

zβ(t)
)T

z̃T(t)
]T

� =
[

� ⊗ �11 0Nn×Nn

0Nn×Nn IN ⊗ �22

]

�11 = SA + ATS − σSBBTS + S2
6∑

v=1

ωv + γ1εmax

ω1
eτ1 In

+ εmax

(
ρ2

1 + ρ2
2

)
(

γ4

ω4
eτ1 + γ6

ω6
+ 6

β2
minεmax

)

In

and �22 = RA + ATR − 2CTC + 2REETR + 4(ρ2
1 + ρ2

2)In +
([γ2/ω2]eτ1 + [γ5/ω5])εmaxIn.

We define

J =
∫ ∞

0

(
eT(t)e(t) − γ̄ 2dT(t)d(t)

)
dt. (27)

Substituting (26) into (27) and based on the assumption of the
zero initial condition of system (1) and (3), we can obtain

J =
∫ ∞

0

(
eT(t)eT(t) − γ̄ 2dT(t)d(t) + V̇(t)

)
dt − V(∞)

≤
∫ ∞

0

[

eT(t)(� + I2Nn)e(t) +
(

γ3

ω3
εmaxeτ1 − γ̄ 2

)

× dT(t)d(t)+2eT(t)�1d(t)

]

dt

= [
eT(t), dT(t)

]
�

[
e(t)
d(t)

]

(28)

where �1 =
[

�β ⊗ SD
0Nn×Nm

]

and � =
[

� + I2Nn �1

�T
1

(
γ3
ω3

εmaxeτ1 − γ̄ 2
)

INm

]

.

It is easy to verify that � is negative definite and thus J < 0.
By the Schur complement lemma, we know that � is negative
definite if the following inequalities hold:

γ3εmax

ω3
eτ1 − γ̄ 2 < 0 (29)

� ⊗
[

SA + ATS − σSBBTS + S2
6∑

v=1

ωv + γ1εmax

ω1
eτ1 In

+ εmax

(
ρ2

1 + ρ2
2

)
(

γ4

ω4
eτ1 + γ6

ω6
+ 6

β2
minεmax

)

In

]

+ INn

−
(

γ3εmax

ω3
eτ1 − γ̄ 2

)−1

(�β)2 ⊗ SDDTS < 0 (30)

RA + ATR − 2CTC + 2REETR +
(

4ρ2
1 + 4ρ2

2 + 1
)

In

+ εmax

(
γ2

ω2
eτ1 + γ5

ω5

)

In < 0. (31)

Let Q = S−1, thus (30) is equivalent to

� ⊗
{

AQ + QAT − σBBT +
(

6∑

v=1

ωv

)

In

+
[

γ1εmax

ω1
eτ1 + εmax

(
ρ2

1 + ρ2
2

)
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×
(

γ4

ω4
eτ1 + γ6

ω6
+ 6

β2
minεmax

)]

QQ

}

+ IN ⊗ QQ −
(

γ3εmax

ω3
eτ1 − γ̄ 2

)−1

(�β)2 ⊗ DDT < 0. (32)

By using the Schur complement lemma, we can obtain
that the conditions (29), (32), and (31) are equivalent to the
conditions specified in (17) and (18), respectively.

If di(t) = 0, it follows that V̇(t) ≤ eT(t)�e(t). By conditions
(17) and (18), we can obtain � < 0, thus limt→∞ V(t) = 0,
which indicates that limt→∞ ‖βixi(t) − x0(t)‖ = 0. That
means the agents reach a scaled consensus tracking exponen-
tially, which satisfies condition 1).

By conditions (15)–(18), we have � < 0, in which J < 0.
That is,

∫∞
0 ‖e(t)‖2dt < γ̄ 2

∫∞
0 ‖d(t)‖2dt. Due to e(t) =

[(zβ(t))
T

z̃T(t)]T, thus
∫∞

0 ‖zβ(t)‖2
dt < γ̄ 2

∫∞
0 ‖d(t)‖2dt,

which satisfies (6) in condition 2). Therefore, the H∞ scaled
consensus tracking problem is achieved and the proof is
finished.

Remark 3: Note that in dynamics (14) and (24), there are
couplings between input delay τ1 and time-varying delays τ2
in nonlinear dynamics, the Lyapunov–Krasovskii functionals
method is utilized to analyze the couplings.

Remark 4: Theorem 1 gives stability conditions (15)–(18)
which involve nonlinear matrix inequalities. Traditional LMI
solvers cannot be adopted to find a feasible solution for these
nonlinear matrix inequalities. Instead, we can use the similar
iterative approach to find a feasible solution (ι, ι1, S, R) of
(15)–(18), which was developed in [50].

Remark 5: In many practical control systems, the states of
agents are often not accessible, where only output information
are available. Compared with the existing observers [28], for
the MASs with persistent disturbances and mixed delays in this
article, H∞ control approach has been utilized based on out-
put feedback. This method provides a guaranteed performance
index in the sense of L2 gain and it is more realistic and
reasonable via observer-based output feedback.

Remark 6: If the system (1) and (3) has only one agent,
then it reduces to the general nonlinear system with inherent
delayed nonlinear dynamics, external disturbances, and input
delay. In this article, the proposed methods can cover partial
results in [27]. Actually, due to distributed coordinated con-
trol is important in many areas, H∞ control approach in a
distributed framework has more significance in the practical
applications.

Remark 7: In this article, the H∞ scaled consensus problem
is solved in the continuous-time domain, and it is not easy to
handle the problem of our system in the presence of sampling.
If the sampled data are taken into account, the system will
be more intricate and the theoretical analysis will be more
difficult. One of our future research topics is to extend the
analysis of this article to the consensus control for MASs in
the presence of sampling, which is still an open problem to
be solved.

IV. H∞ LEADERLESS SCALED CONSENSUS

CONTROL ANALYSIS

In this section, we extend the results to the H∞ leader-
less scaled consensus problem in the presence of external

disturbances and mixed time delays in both input and Lipschitz
nonlinearity. Consider that the general nonlinear MAS consists
of N agents, the dynamics of the agents are described by (1).

A. Leaderless Scaled Consensus Protocol Design via
Observer-Based Output Feedback

For the MAS (1), we have

xi(t) = eAτ1 xi(t − τ1) +
∫ t

t−τ1

eA(t−h)

× [
Bui(h − τ1) + Ddi(h) + Efiτ2

]
dh (33)

where the first term eAτ1 xi(t − τ1) is a truncated predictor of
the state xi based on xi(t − τ1).

The following scaled consensus protocol is considered:

ui(t) = KeAτ1

N∑

j=1

a′
ij

(

x̂i(t) − βj

βi
x̂j(t)

)

= KeAτ1

N∑

j=1

lβ
′

ij x̂j(t) (34)

where K ∈ Rm×n is the control gain matrix to be designed
later. lβ

′
ij = (βj/βi)l′ij, i, j = 1, . . . , N, l′ij is the element of

matrix L′. x̂i(t) is the estimation of the state xi(t). Then, a
state observer is constructed as

˙̂xi(t) = Ax̂i(t) + Bui(t − τ1) + Ddi(t) + Ef̂iτ2

− F
(
yi(t) − Cx̂i(t)

)
. (35)

The estimation error is defined by x̃i(t) = x̂i(t)−xi(t). Thus,
taking the time derivative of x̃i(t) along (1) and (35) gives

˙̃xi(t) = (A + FC)x̃i(t) + E
(

f̂iτ2 − fiτ2

)
. (36)

Let xβ(t) = [β1xT
1 (t), . . . , βNxT

N(t)]T and x̃β(t) =
[β1x̃T

1 (t), . . . , βNx̃T
N(t)]T. In the same way that substitute the

scaled consensus protocol (34) into (1) and using (33), we
have

ẋβ(t) = (
IN ⊗ A + L′ ⊗ BK

)
xβ(t) +

6∑

v=1

�̄v + � (37)

where

�̄v = (
L′ ⊗ BK

)
�v, v = 1, 2, 3, 4

�1 = −
∫ t

t−τ1

(
L′ ⊗ eA(t−h)BKeAτ1

)
xβ(h − τ1)dh

�2 = −
∫ t

t−τ1

(
L′ ⊗ eA(t−h)BKeAτ1

)
x̃β(h − τ1)dh,

�3 = −
∫ t

t−τ1

(
β ⊗ eA(t−h)D

)
d(h)dh

�4 = −
∫ t

t−τ1

(
β ⊗ eA(t−h)E

)
fτ2 dh

�̄5 =
(

L′ ⊗ BKeAτ1
)

x̃β(t − τ1)

�̄6 = (β ⊗ E)fτ2

� = (β ⊗ D)d(t).
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Using the vector δ in Lemma 2, let 

z(t) =

[

z

T
1 (t), . . . ,



z

T
N(t)]T, then we obtain



z(t) = (H ⊗ In)x

β(t)

where 

zi(t) is defined in (5), and H = IN − 1NδT. Then, it

follows that limt→∞ 

zi(t) = 0 if and only if limt→∞ β1x1(t) =

limt→∞ β2x2(t) = · · · = limt→∞ βNxN(t). Therefore, the lead-
erless scaled consensus of MAS (1) under the protocol (34) is
achieved if limt→∞ 


zi(t) = 0.
Let ζ(t)

�= [ζT
1 (t), . . . , ζT

N (t)]T = (U−1 ⊗ In)


z(t). U is

defined in Lemma 3. By the definitions of δ and H, it is easy
to see that ζ1(t) = (δTH ⊗ In)xβ(t) = 0.

Due to HL′ = L′H = L′. Then, we have

ζ̇ (t) = (IN ⊗ A + J ⊗ BK)ζ(t) +
6∑

v=1




�v + 


� (38)

where



�v = (U−1L′ ⊗ BK)�v, v = 1, . . . , 4,



�5 =
(U−1L′ ⊗ BKeAτ1)x̃β(t − τ1),




�6 = (U−1Hβ ⊗ E)fτ2 , and



� = (U−1Hβ ⊗ D)d(t).

B. Leaderless Scaled Consensus Analysis

In this section, sufficient conditions on leaderless scaled
consensus for MASs (1) via the observer-based output-
feedback controller (34) is presented.

Theorem 2: For the general nonlinear MASs (1) with
mixed delays and external disturbances, the H∞ leaderless
scaled consensus can be achieved by the observer (35) with
F = −R−1CT and the controller (34) with K = −BTS, if
there exist a positive-definite matrix Q, R and constants 


ι > 0,


ι 1 > 0, and ωv > 0, v = 1, . . . , 6 such that

SBBTBBTS ≤ 

ι

2
In (39)

AT + A <


ι 1In (40)

⎡

⎢
⎢
⎣


∏
11 IN ⊗ Q IN ⊗ D

IN ⊗ Q

∏

22 0

IN ⊗ DT 0

∏

33

⎤

⎥
⎥
⎦ < 0 (41)

[

∐

11 RE
ETR −2In

]

< 0 (42)

where

Q = S−1

κ = max{λmax
(
UTU

)
, 1}


∏

22
= −

(
γ1

ω1
eτ1 + γ4

ω4

(
ρ2

1 + ρ2
2

)
eτ1 + γ6

ω6
ρ2

2 + κ

)−1

INn


∏

33
=
(

γ3

ω3
eτ1 − γ̄ 2

)(

U−1Hβ
(

U−1Hβ
)T
)−1

⊗ Iq

and

∐

11
= RA + ATR − 2CTC +

(
ρ2

1 + ρ2
2

)
In

+
(

γ2

ω2
eτ1 + γ5

ω5

)

β2
maxIn + κIn.


∏
11 specified in one of the following two cases.

1) If the eigenvalues of the Laplacian matrix L′ are distinct,

∏

11 = IN ⊗ [AQ + QAT − 2

σBBT + (

∑6
v=1 ωv)In].

2) If the eigenvalues of the Laplacian matrix

L′ have multiple eigenvalues,

∏

11 = IN ⊗
[AQ + QAT − 2(



σ − 1)BBT + (

∑6
v=1 ωv)In]

γ1 = η1

∥
∥
∥U−1

∥
∥
∥

2∥
∥L′∥∥2

F

∥
∥A′∥∥2

F‖U‖2
F, η1 = 4Nτ1



ι

4
e2


ι 1τ1

γ2 = η2

∥
∥
∥U−1L′2

∥
∥
∥

2
, η2 = τ1



ι

4
e2


ι 1τ1

γ3 = η3

∥
∥
∥U−1

∥
∥
∥

2‖D‖2
∥
∥L′∥∥2

F, η3 = τ1


ι

2
β2

maxe


ι 1τ1

γ4 = η4‖E‖2
∥
∥
∥U−1

∥
∥
∥

2∥
∥A′∥∥2

F‖U‖2
F

η4 = 4(N + 1)τ1


ι

2
e



ι 1τ1

γ5 = η5

∥
∥
∥U−1L′

∥
∥
∥

2
, η5 = 


ι
2
e



ι 1τ1

γ6 = η6‖E‖2
∥
∥
∥U−1

∥
∥
∥

2‖U‖2
F η6 = 4(N + 1). (43)

Proof: To start the consensus analysis, we try a
Lyapunov function candidate V0(t) = ∑N

i=1 x̃T
i (t)Rx̃i(t) +

∑N
i=2 ζT

i (t)Sζi(t).
In view of (36) and (38), similar to Theorem 1 and for the

convenience of presentation, we recall from [45] the following
two cases on V̇0(t).

1) If the eigenvalues of the Laplacian matrix L′ are distinct,
we have

V̇0(t) ≤
N∑

i=1

[
x̃T

i (t)
(

RA + ATR − 2CTC + 2REETR + ρ2
1 In

)

× x̃i(t) + ρ2
2 x̃T

i (t − τ2)x̃i(t − τ2)
]

+
N∑

i=2

ζT
i (t)

(

SA + ATS − 2

σSBBTS +

6∑

v=1

ωvSS

)

× ζi(t) +
6∑

v=1

1

ωv

∥
∥
∥




�v

∥
∥
∥

2 + 2ζ T(t)(IN ⊗ S)



� (44)

where ωv, v = 1, . . . , 6, are any positive real numbers
and σ = min{λ1, λ2, . . . , λc, αc+1, αc+2, . . . , αd}.

2) If the eigenvalues of the Laplacian matrix L′ have
multiple eigenvalues, V̇0(t) satisfies

V̇0(t) ≤
N∑

i=1

[
x̃T

i (t)
(

RA + ATR − 2CTC + 2REETR + ρ2
1 In

)

× x̃i(t) + ρ2
2 x̃T

i (t − τ2)x̃i(t − τ2)
]

+
N∑

i=2

ζT
i (t)

×
(

SA + ATS − 2
(



σ − 1

)
SBBTS +

6∑

v=1

ωvSS

)

× ζi(t) +
6∑

v=1

1

ωv

∥
∥
∥




�v

∥
∥
∥

2 + 2ζ T(t)(IN ⊗ S)



�. (45)

Similar to Lemma 8, the following lemma gives the

bounds of ‖


�v‖2, v = 1, . . . , 6. It will be used to prove
Theorem 2 and its proof is given in the Appendix.
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Lemma 9: If conditions (39) and (40) are satisfied, the
bounds on ‖


�v‖2, v = 1, . . . , 6, can be established as
∥
∥
∥




�1

∥
∥
∥

2 ≤ γ1

∫ t

t−τ1

ζT(h − τ1)ζ (h − τ1)dh

∥
∥
∥




�2

∥
∥
∥

2 ≤ γ2

∫ t

t−τ1

(
x̃β(h − τ1)

)T
x̃β(h − τ1)dh

∥
∥
∥




�3

∥
∥
∥

2 ≤ γ3

∫ t

t−τ1

dT(h)d(h)dh

∥
∥
∥




�4

∥
∥
∥

2 ≤ γ4ρ
2
1

∫ t

t−τ1

ζT(h)ζ (h)dh

+ γ4ρ
2
2

∫ t

t−τ1

ζT(h − τ2)ζ (h − τ2)dh

∥
∥
∥




�5

∥
∥
∥

2 ≤ γ5
(
x̃β(t − τ1)

)T
x̃β(t − τ1)

∥
∥
∥




�6

∥
∥
∥

2 ≤ γ6ρ
2
1ζT(t)ζ (t) + γ6ρ

2
2ζT(t − τ2)ζ (t − τ2). (46)

Similarly, to mitigate the effects of these upper bounds, we
consider the following Krasovskii functions, respectively:




�1 = eτ1

∫ t

t−τ1

ζT(h)ζ(h)dh

+ eτ1

∫ t

t−τ1

eh−tζT(h − τ1)ζ(h − τ1)dh




�2 = eτ1

∫ t

t−τ1

(
x̃β(h)

)T
x̃β(h)dh

+ eτ1

∫ t

t−τ1

eh−t(x̃β(h − τ1)
)T

x̃β(h − τ1)dh




�3 = eτ1

∫ t

t−τ1

eh−tdT(h)d(h)dh




�4 = eτ1

∫ t

t−τ1

eh−tζT(h)ζ(h)dh




�5 = eτ1

∫ t

t−τ2

ζT(h)ζ(h)dh

+ eτ1

∫ t

t−τ1

eh−tζT(h − τ2)ζ(h − τ2)dh




�6 =
∫ t

t−τ1

(
x̃β(h)

)T
x̃β(h)dh




�7 =
∫ t

t−τ2

ζT(h)ζ(h)dh




�8 =
∫ t

t−τ2

x̃T(h)x̃(h)dh.

A direct evaluation gives that


̇

�1 ≤ −
∫ t

t−τ1

ζT(h − τ1)ζ (h − τ1)dh + eτ1ζT(t)ζ (t)


̇

�2 ≤ −
∫ t

t−τ1

(
x̃β(h − τ1)

)T
x̃β(h − τ1)dh

+ eτ1
(
x̃β(t)

)T
x̃β(t)


̇

�3 ≤ −
∫ t

t−τ1

dT(h)d(h)dh + eτ1 dT(t)d(t)


̇

�4 ≤ −
∫ t

t−τ1

ζT(h)ζ (h)dh + eτ1ζT(t)ζ (t)


̇

�5 ≤ −
∫ t

t−τ1

ζT(h − τ2)ζ (h − τ2)dh + eτ1ζT(t)ζ (t)


̇

�6 = (
x̃β(t)

)T
x̃β(t) − (

x̃β(t − τ1)
)T

x̃β(t − τ1)


̇

�7 = ζT(t)ζ (t) − ζT(t − τ2)ζ (t − τ2)

̇

�8 = x̃T(t)x̃(t) − x̃T(t − τ2)x̃(t − τ2). (47)

Let

V(t) = V0(t) +
3∑

v=1

γv

ωv




�v + γ4

ω4

(
ρ2

1




�4 + ρ2
2




�5

)
+ γ5

ω5




�6

+ γ6

ω6
ρ2

2




�7 + ρ2
2




�8. (48)

From (44) and (47), if the eigenvalues of the Laplacian
matrix L′ are distinct, we obtain that

V̇(t) ≤
N∑

i=1

{

x̃T
i (t)

[

RA + ATR − 2CTC + 2REETR +
(
ρ2

1 + ρ2
2

)

× In +
(

γ2

ω2
eτ1 + γ5

ω5

)

β2
maxIn

]

x̃i(t)

}

+
N∑

i=2

ζT
i (t)

(

SA + ATS − 2

σSBBTS + S2

6∑

v=1

ωv + γ1

ω1

× eτ1 In + γ4

ω4

(
ρ2

1 + ρ2
2

)
eτ1 In + γ6

ω6
ρ2

2 In

)

× ζi(t) + 2ζT(t)(IN ⊗ S)



� + γ3

ω3
eτ1 dT(t)d(t)

= eT(t)



�e(t) + 2ζT(t)(IN ⊗ S)



� + γ3

ω3
eτ1 dT(t)d(t) (49)

where

e(t) = [
ζT(t) x̃T(t)

]T




� =
[

IN ⊗ 


�11 0Nn×Nn

0Nn×Nn IN ⊗ 


�22

]




�11 = SA + ATS − 2σSBBTS + S2
6∑

v=1

ωv + γ1

ω1
eτ1 In

+ γ4

ω4

(
ρ2

1 + ρ2
2

)
eτ1 In + γ6

ω6
ρ2

2 In

and



�22 = RA + ATR − 2CTC + 2REETR +
(
ρ2

1 + ρ2
2

)
In

+
(

γ2

ω2
eτ1 + γ5

ω5

)

β2
maxIn.

If the eigenvalues of the Laplacian matrix L′ have multiple

eigenvalues,



�11 = SA+ATS−2(σ −1)SBBTS+S2 ∑6
v=1 ωv+

(γ1/ω1)eτ1 In + (γ4/ω4)(ρ
2
1 + ρ2

2)eτ1 In + (γ6/ω6)ρ
2
2 In.

Let 

e(t) =

[


z

T
(t) x̃T(t)

]T
. Since 


z(t) = (U ⊗ In)ζ(t),

one has 

e(t) = [ ζT(t)(UT ⊗ In) x̃T(t) ]T.

It follows that 

e

T
(t)



e(t) ≤ κeT(t)e(t) with κ =

max{λmax(UTU), 1}.
We define

J =
∫ ∞

0

(


e

T
(t)



e(t) − γ̄ 2dT(t)d(t)

)
dt. (50)
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Similar to Theorem 1, under the zero initial condition, we
have

J =
∫ ∞

0

(


e

T
(t)



e(t) − γ̄ 2dT(t)d(t) + V̇(t)

)
dt − V(∞)

≤
∫ ∞

0

[

eT(t)
(
κI2Nn + 


�
)

e(t) +
(

γ3

ω3
eτ1 − γ̄ 2

)

dT(t)d(t)

+ 2eT(t)



�1d(t)

]

dt

= [
eT(t) dT(t)

]


�

[
e(t)
d(t)

]

(51)

where




�1 =
[

U−1Hβ ⊗ SD
0Nn×Nm

]

and




� =
⎡

⎣
κI2Nn + 


�



�1



�
T

1

(
γ3
ω3

eτ1 − γ̄ 2
)

INm

⎤

⎦.

It is easy to verify that



� is negative definite and thus J < 0.

By the Schur complement lemma, we know that



� is negative
definite if the following inequalities hold:

γ3

ω3
eτ1 − γ̄ 2 < 0 (52)

RA + ATR − 2CTC + 2REETR +
(
ρ2

1 + ρ2
2

)
In

+
(

γ2

ω2
eτ1 + γ5

ω5

)

β2
maxIn + κIn < 0 (53)

IN ⊗
[

AQ + QAT − 2

σBBT +

(
6∑

v=1

ωv

)

In

+
(

γ1

ω1
eτ1 + γ4

ω4

(
ρ2

1 + ρ2
2

)
eτ1 + γ6

ω6
ρ2

2 + κ

)

QQ

]

+
(

γ̄ 2 − γ3

ω3
eτ1

)−1

· U−1Hβ
(

U−1Hβ
)T ⊗ DDT < 0

(54a)

for case 1), and

IN ⊗
[

AQ + QAT − 2(


σ − 1)BBT +

(
6∑

v=1

ωv

)

In

+
(

γ1

ω1
eτ1 + γ4

ω4

(
ρ2

1 + ρ2
2

)
eτ1 + γ6

ω6
ρ2

2 + κ

)

QQ

]

+
(

γ̄ 2 − γ3

ω3
eτ1

)−1

U−1Hβ
(

U−1Hβ
)T ⊗ DDT < 0 (54b)

for case 2).
By using the Schur complement lemma, we can obtain

that the conditions (52)–(54) are equivalent to the conditions
specified in (41) and (42), respectively.

By conditions (39)–(42), we have



� < 0, in which

J < 0. That is,
∫∞

0 ‖

e(t)‖2

dt < γ̄ 2
∫∞

0 ‖d(t)‖2dt. Due to


e(t) = [ 


z
T
(t) x̃T(t) ]T, thus

∫∞
0 ‖


z(t)‖2
dt < γ̄ 2

∫∞
0 ‖d(t)‖2dt,

Fig. 1. Simple-pendulum system driven by a dc motor.

which satisfies (7) in condition 2). Therefore, the H∞ lead-
erless scaled consensus problem is achieved and the proof is
finished.

V. SIMULATION EXAMPLE

In this section, a practical example is implemented to ver-
ify the effectiveness of Theorem 1. We consider the scaled
consensus of a simple pendulum driven by a dc-motor. The
simple-pendulum profile is shown in Fig. 1. The states of this
system are the swing angle and armature current. The readers
can refer to [51] for the details of the equations. The model
of the simple-pendulum system is

{
θ̈m = − g

l sin θm + KT
ml2

im
i̇m = −KE

L θ̇m − R
L im + 1

L um

where im, KT , and KE are the armature current, torque constant,
and back electromotive force constant of the motor, respec-
tively. θm and m are the swing angle of simple pendulum
and the quality of the ball, respectively, and l is the length
of the pendulum rod. u is the terminal voltage on the arma-
ture winding. R and L are resistance and inductance of the
armature circuit, respectively. Consider the multiple simple-
pendulum system (1) and the leader (3) as the tracking object,
which are composed of four followers and one leader under
the topology structure as in Fig. 2. Since the time delays may
cause the phase lag problem of the pendulum system, to make
the multiple simple-pendulums system more practical, herein,
we consider the disturbances and time delays in the following
equation. Then, the system dynamics are nonlinear and can be
described as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋi =
⎡

⎣
0 1 0
0 0 KT

ml2

0 −KE
L −R

L

⎤

⎦xi +
⎡

⎣
0
0
1
L

⎤

⎦ui +
⎡

⎣
0
1
1

⎤

⎦di

+
⎡

⎣
0

− g
l sin xi1(t − τ2)

0

⎤

⎦

yi = [
1 0 0

]
xi

where xi = [ xi1 xi2 xi3 ]T, xi1, xi2, and xi3 denote θm, θ̇m,
and im, respectively.

Set the related parameters practically for the multiple
simple-pendulum system (1) and (3), and then we obtain

A =
⎡

⎣
0 1 0
0 0 1
0 −1.65 −1

⎤

⎦, B =
⎡

⎣
0
0
1

⎤

⎦

C = [
1 0 0

]
, D =

⎡

⎣
0
1
1

⎤

⎦, E =
⎡

⎣
0 0 0
0 0.001 0
0 0 0

⎤

⎦.

Authorized licensed use limited to: XIDIAN UNIVERSITY. Downloaded on July 02,2020 at 03:30:54 UTC from IEEE Xplore.  Restrictions apply. 



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

CHEN et al.: H∞ SCALED CONSENSUS FOR MASs WITH MIXED TIME DELAYS AND DISTURBANCES 11

Fig. 2. Communication topology.

The scale parameters are β1 = −1, β2 = 2, β3 = 3, and
β4 = 1. Let the external disturbances and delayed nonlinear
functions be

d(t) = [
0.5 sin(t) − sin(t) sin(t) 2 sin(t)

]T

f (xi(t), xi(t − τ2), t) =
⎡

⎣
0

sin xi1(t − τ2)

0

⎤

⎦

where i = 1, 2, 3. Choosing the delays τ1 = 0.2 s and
τ2 = 0.2|cos(t)|. According to (2), the Lipschitz constants are
ρ1 = 0.34 and ρ2 = 0.3.

The Laplacian matrix L1 associated with G1 is

L1 =

⎡

⎢
⎢
⎣

1 0 0 0
−1 1 0 0
−1 0 1 0
0 −1 0 1

⎤

⎥
⎥
⎦.

Following the result shown in Lemma 1, we obtain that � =
diag{4, 2, 1, 1} and ρ0 = 1. With εmin = 1 and (ρ0/εmin) = 1.

We choose the H∞ performance index γ̄ = 1, and the initial
states of agents are chosen randomly with [−3, 3], and u(θ) =
[ 0 0 0 ]T, ∀θ ∈ [−τ1, 0], x̂i(θ) = [ 0 0 0 ]T, and ∀θ ∈
[−τ1 − τ2, 0], i = 1, 2, 3, 4. With the values of ι = 0.03,
ι1 = 1.45, ω1 = ω3 = ω5 = ω6 = 0.1, and ω2 = ω4 = 1.
Solving the LMI (17) gives a feasible solution of the feedback
gain K

K = [−0.2917 −0.1614 −0.3024
]
.

Thus, by (18), the observer gain F is found to be

F = [
11.3903 −4.6345 −0.8007

]T
.

For the case d(t) = 0, the state observation errors x̂i −
xi and state trajectories of all agents xiβi with input delay
τ1 = 0.2 s are shown in Figs. 3 and 4, respectively. Fig. 5
shows the trajectories of the performance variables zi(t) with
the external disturbances d(t) and a much larger input delay
τ1 = 0.8 s. With the same feedback gain and observer gain,
the state observation errors x̂i − xi and states trajectories of
all agents xiβi with a much larger input delay τ1 = 0.8 s,
i = 1, . . . , 4 are shown in Figs. 6 and 7, respectively. From
Figs. 3 and 6, it can be seen that the estimation errors of the
state observers approach to 0 s as time evolves. It can be seen
from Figs. 4 and 7 that the position and velocity states of each
pendulum can reach the leader’s position and velocity states
with preassigned ratios. Obviously, the conditions specified in
Theorem 1 are sufficient for the controller gain and observer
gain to achieve scaled consensus tracking of the MASs (1)
and (3).

Fig. 3. Estimation errors of the state observers of x̂i − xi with τ1 = 0.2 s.

Fig. 4. Trajectories of rated states of xiβi with τ1 = 0.2 s.

Fig. 5. Trajectories of performance variables.

Fig. 6. Estimation errors of the state observers of x̂i − xi with τ1 = 0.8 s.

Remark 8: The above example only focused on a scaled con-
sensus tracking case. It consists of a multiple simple-pendulum
system (1) and the leader (3) as the tracking object. For the
leaderless scaled consensus case, we can also take the multiple
simple-pendulum system as a practical example. Similar to
exploring a feasible solution in Theorem 1, the controller gain
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Fig. 7. Trajectories of rated states of xiβi with τ1 = 0.8 s.

and observer gain can be also obtained by solving the con-
ditions in (39)–(42), which is specified in Theorem 2. The
detailed simulation is omitted due to a very similar analysis
process and limited space.

VI. CONCLUSION

This article has studied the impacts of external disturbances
and time delays in both input and Lipschitz nonlinearity on the
H∞ scaled consensus control. We have developed a truncated
prediction output-feedback design for MASs with input delay
based on the observer. The Lyapunov–Krasovskii functionals
method was utilized to analyze the couplings between input
delay and time-varying delays in nonlinear dynamics. Then,
the rigorous convergence analysis has been carried out and
some sufficient conditions are established for achieving the
H∞ scaled consensus with preassigned ratios. As an extension,
the H∞ leaderless scaled consensus problem has been also
investigated via observer-based output-feedback control. One
of our future research topics is to extend the analysis of this
article to the consensus control for MASs in the presence of
sampling, which is still an open problem to be solved.

APPENDIX

Proof of Lemma 8: The bounds on ‖�̄2‖ and ‖�̄4‖ are
constructed as follows, respectively. Due to space constraints
and the nearly identical proof process, the bounds on ‖�̄1‖,
‖�̄3‖, ‖�̄5‖, and ‖�̄6‖ are omitted.

By the definition of �̄2, we can obtain

∥
∥�̄2

∥
∥2 =

∫ t

t−τ1

(
z̃β(h − τ1)

)T
(

LT
1 ⊗ eATτ1 SBBT · eAT(t−h)

)

× dh
(
LT

1 L1 ⊗ SBBTBBTS
)

×
∫ t

t−τ1

(
L1 ⊗ eA(t−h)BBTSeAτ1

)
z̃β(h − τ1)dh

≤ τ1ι
2
∫ t

t−τ1

eι1(t−h)
(
z̃β(h − τ1)

)T

×
(

LT
1 LT

1 L1L1 ⊗ eATτ1 SBBTBBTSeAτ1
)

× z̃β(h − τ1)dh

≤ τ1ι
4e2ι1τ1

∫ t

t−τ1

(
z̃β(h − τ1)

)T(
LT

1 LT
1 L1L1 ⊗ In

)

× z̃β(h − τ1)dh

≤ τ1ι
4e2ι1τ1β2

max

∥
∥
∥L2

1

∥
∥
∥

2
∫ t

t−τ1

z̃T(h − τ1)z̃(h − τ1)dh

(54)

where the first inequality holds by using Lemmas 5 and 6,
(15), and (16).

According to the definition of �̄4, we have
∥
∥�̄4

∥
∥2 =

∫ t

t−τ1

(
ρ1zβ(h) + ρ2zβ(h − τ2)

)T

×
(

IN⊗ET · eAT(t−h)
)

dh
(
LT

1 L1 ⊗ SBBTBBTS
)

×
∫ t

t−τ1

(
IN ⊗ eA(t−h)E

)(
ρ1zβ(h) + ρ2zβ(h − τ2)

)
dh

where (2) is used for the equality.
Similarly, according to Lemmas 5 and 6, and based on (15)

and (16), the inequality can be computed as
∥
∥�̄4

∥
∥2 ≤ τ1ι

2
∫ t

t−τ1

eι1(t−h)
(
ρ1zβ(h) + ρ2zβ(h − τ2)

)T

× (
LT

1 L1 ⊗ ETE
)(

ρ1zβ(h) + ρ2zβ(h − τ2)
)
dh

≤ τ1ι
2eι1τ1‖E‖2‖L1‖2

∫ t

t−τ1

(
ρ1zβ(h) + ρ2zβ(h − τ2)

)T

× (
ρ1zβ(h) + ρ2zβ(h − τ2)

)
dh.

Under Lemma 7, it follows that:
∥
∥�̄4

∥
∥2 ≤ 2τ1ι

2eι1τ1‖E‖2‖L1‖2

×
∫ t

t−τ1

[
ρ2

1

(
zβ(h)

)T
zβ(h)

+ ρ2
2

(
zβ(h − τ2)

)T
zβ(h − τ2)

]
dh. (55)

Proof of Lemma 9: Similar to Lemma 8, the bounds on
‖


�1‖, ‖


�3‖, and ‖


�4‖ are constructed as follows, respec-
tively. Due to space constraints and the nearly identical proof

process, the bounds on ‖


�2‖, ‖


�5‖, and ‖


�6‖ are omitted.

By the definition of



�1 and similar to Lemma 8, we can
prove that

∥
∥
∥




�1

∥
∥
∥

2 ≤ τ1


ι

4
e2


ι 1τ1

∥
∥
∥U−1

∥
∥
∥

2
∫ t

t−τ1

(
xβ(h − τ1)

)T

×
(

L′TL′TL′L′ ⊗ In

)
xβ(h − τ1)dh

≤ τ1


ι

4
e2


ι 1τ1

∥
∥
∥U−1

∥
∥
∥

2
∫ t

t−τ1

xT
l (h − τ1)

× L′TL′xl(h − τ1)dh

= τ1


ι

4
e2


ι 1τ1

∥
∥
∥U−1

∥
∥
∥

2
∫ t

t−τ1

N∑

i=1

μ2
i dh

where xl(t − τ1) = [xT
l1(t − τ1), . . . , xT

lN(t − τ1)]T, xl(t − τ1) =
(L′ ⊗ In)xβ(t − τ1), and μi = ∑N

j=1 l′ijxlj(h − τ1).

Due to HL′ = L′H = L′, 

z(t) = (H ⊗ In)xβ(t), and ζ(t) =

(U−1 ⊗ In)


z(t), one has

‖μi‖ ≤
N∑

j=1

∣
∣
∣l′ij
∣
∣
∣

N∑

k=1

a′
jk

∥
∥
∥



zk(t − τ1) − 


zj(t − τ1)

∥
∥
∥

=
N∑

j=1

∣
∣
∣l′ij
∣
∣
∣

N∑

k=1

a′
jk

∥
∥
[(

U(k) − U(j)
)⊗ In

]
ζ (t − τ1)

∥
∥
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≤
N∑

j=1

∣
∣
∣l′ij
∣
∣
∣

N∑

k=1

a′
jk

[(∥
∥U(k)

∥
∥+ ∥

∥U(j)
∥
∥
)‖ζ (t − τ1)‖

]

≤
N∑

j=1

(∣
∣
∣l′ij
∣
∣
∣
∥
∥
∥a′

j

∥
∥
∥

2
+ √

N
∣
∣
∣l′ij
∣
∣
∣
∥
∥
∥a′

j

∥
∥
∥

2

)
‖U‖F‖ζ (t − τ1)‖

≤ 2
√

N
∥
∥l′i
∥
∥

2

∥
∥A′∥∥

F‖U‖F‖ζ (t − τ1)‖
where a′

j is the ith row of A′, l′i is the ith row of L′, and U(k)

and U(j) are the kth and jth rows of U, respectively.

Then, substituting ‖μi‖ into ‖


�1‖2, we can obtain
∥
∥
∥




�1

∥
∥
∥

2 ≤ 4Nτ1


ι

4
e2


ι 1τ1

∥
∥
∥U−1

∥
∥
∥

2∥
∥L′∥∥2

F

∥
∥A′∥∥2

F‖U‖2
F

×
∫ t

t−τ1

ζT(h − τ1)ζ (h − τ1)dh. (56)

Similarly, according to the definition of



�3, we have
∥
∥
∥




�3

∥
∥
∥

2 ≤ τ1


ι

2
e



ι 1τ1

∥
∥
∥U−1

∥
∥
∥

2‖D‖2
∫ t

t−τ1

dT(h)

×
(
βL′TL′β ⊗ In

)
d(h)dh

≤ τ1


ι

2
e



ι 1τ1

∥
∥
∥U−1

∥
∥
∥

2‖D‖2
∫ t

t−τ1

dT
l (h)dl(h)dh

= τ1


ι

2
e



ι 1τ1

∥
∥
∥U−1

∥
∥
∥

2‖D‖2
∫ t

t−τ1

N∑

i=1

‖dli(h)‖2dh

where dl(t) = [dT
l1(t), . . . , dT

lN(t)]T and dl(t) = (L′β ⊗ In)d(t).
Since ‖dli(t)‖2 = ‖∑N

j=1 βjl′ijdj(t)‖2 ≤ β2
max‖l′i‖2‖d(t)‖2.

Then, substituting ‖dli(t)‖2 into ‖


�3‖2, we have
∥
∥
∥




�3

∥
∥
∥

2 ≤ τ1


ι

2
β2

maxe


ι 1τ1

∥
∥
∥U−1

∥
∥
∥

2‖D‖2
∥
∥L′∥∥2

F

×
∫ t

t−τ1

dT(h)d(h)dh. (57)

Similarly, by the definition of



�4, we have
∥
∥
∥




�4

∥
∥
∥

2 ≤ τ1


ι

2
e



ι 1τ1‖E‖2

∥
∥
∥U−1

∥
∥
∥

2
∫ t

t−τ1

f T
τ2

×
(
βL′TL′β ⊗ In

)
fτ2 dh

= τ1


ι

2
e



ι 1τ1‖E‖2

∥
∥
∥U−1

∥
∥
∥

2
∫ t

t−τ1

N∑

i=1

‖fli‖2dh

where fl = [f T
l1, . . . , f T

lN]T and fl = (L′β ⊗ In)fτ2 .
Based on (5), 


zi(t) = βixi(t) − ∑N
j=1 δjβjxj(t) and ζ(t) =

(U−1 ⊗ In)


z(t), then one has

‖fli‖ =
N∑

j=1

a′
ij

∥
∥βifiτ2 − βjfjτ2

∥
∥

≤
N∑

j=1

a′
ij

∥
∥
∥ρ1

(


zi(t) − 


zj(t)
)

+ ρ2

(


zi(t − τ2) − 


z j(t − τ2)
)∥
∥
∥

≤
N∑

j=1

a′
ij

[(∥
∥U(i)

∥
∥+ ∥

∥U(j)
∥
∥
)
(ρ1‖ζ (t)‖ + ρ2‖ζ (t − τ2)‖)

]

≤
(√

N
∥
∥a′

i

∥
∥
∥
∥U(i)

∥
∥+ ∥

∥a′
i

∥
∥‖U‖F

)

× (ρ1‖ζ (t)‖ + ρ2‖ζ (t − τ2)‖).
Thus

N∑

i=1

‖fli‖2 ≤ 4
(
ρ2

1‖ζ(t)‖2 + ρ2
2‖ζ(t − τ2)‖2

)

×
N∑

i=1

∥
∥a′

i

∥
∥2
(

N‖Ui‖2 + ‖U‖2
F

)

≤ 4(N + 1)
∥
∥A′∥∥2

F‖U‖2
F

×
(
ρ2

1‖ζ(t)‖2 + ρ2
2‖ζ(t − τ2)‖2

)
.

Then, substituting
∑N

i=1 ‖fli‖2 into ‖


�4‖2, we can obtain
∥
∥
∥




�4

∥
∥
∥

2 ≤ 4(N + 1)τ1


ι

2
e



ι 1τ1‖E‖2

∥
∥
∥U−1

∥
∥
∥

2∥
∥A′∥∥2

F

× ‖U‖2
F

[

ρ2
1

∫ t

t−τ1

ζT(h)ζ (h)dh

+ ρ2
2

∫ t

t−τ1

ζT(h − τ2)ζ (h − τ2)dh

]

. (58)
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