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H~ Scaled Consensus for MASs With Mixed Time
Delays and Disturbances via Observer-Based
Output Feedback

Shiming Chen

Abstract—In this article, the Ho, scaled consensus control
problem for multiagent systems in the presence of external dis-
turbances and mixed time delays in both input and Lipschitz
nonlinearity is investigated. First, a state observer is introduced
for each agent based on the output information of the agent.
Then, a scaled consensus protocol is proposed via a truncated
predictor output-feedback method, which can deal with the input
delay. The integral terms with the mixed time delays that are
contained in the transformed systems are analyzed by using the
Lyapunov-Krasovskii functionals method, and sufficient condi-
tions are obtained to achieve scaled consensus with guaranteed
Hy, performance. An iterative procedure is utilized to calcu-
late the linear matrix inequality. By this, the feedback gain and
observer gain are then designed. Finally, a simulation example is
provided to illustrate the effectiveness of the theoretical results.

Index Terms—H , scaled consensus, disturbances, multiagent
systems (MASSs), observer, output feedback, time delays.

I. INTRODUCTION

OOPERATIVE control of multiagent systems (MASs)

has been widely used in many fields due to its poten-
tial applications in mobile robotics, unmanned aerial vehi-
cles, complex network control, and digital core [1], [2]. In
the last few years, complete consensus problems have been
extensively studied for various MASs, such as first/second-
order systems [3]-[5]; high-order systems [6]; general lin-
ear systems [7]-[10]; nonlinear systems [11], [12]; hybrid
systems [13], [14]; and so on.

However, in many fields of engineering applications, such
as webpage ranking, water distribution systems, and closed
queuing, the requirement that all agents states converge to a
consistent value cannot meet human needs. So far, many stud-
ies on the other new kinds of consensus have been carried
out, just like group consensus [15], bipartite consensus [16],
and scaled consensus [17]. In particular, the scaled consensus
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is more attractive and less conservative. The scaled consensus
was first introduced in [17] which means that all agents’ states
in a network reach specified ratios instead of approaching a
consistent value. In addition, scaled consensus can possess the
same group and bipartite consensus behaviors via employing
suitable scaled values. In recent years, scaled consensus prob-
lems were analyzed in [18] and [19]. These papers focused on
the scaled consensus of the first/second-order linear MASs.
However, due to the challenges of solving scaled consen-
sus problems for systems with unideal network factors, it is
nontrivial to investigate MASs with time delays and uncer-
tainty. Scaled consensus problems of MASs with time-varying
delays or external disturbances were addressed in [20]-[22],
respectively.

With the development of studies on MASs, time delays
caused by agents are diverse and the existence of them may
degrade system performance and even destroy the stabil-
ity of the system. Most real MASs contain inherent state
delays, which physically come from calculation or measure-
ment. The other source of delay is the input delay that is
related to the computational time and execution time of each
agent. For input delay, a predictor-based method has been
commonly utilized to deal with it. Various predictor-based
approaches [23]-[25] can be utilized to deal with the control
problems of input delayed systems. One of the predictor-based
methods, known as the truncated prediction feedback, is to
ignore the troublesome integral part and only to use the expo-
nential of the system matrix as the prediction [26]. For the
MASs with input delay, truncated prediction feedback control
is utilized to achieve consensus in [26]-[29]. For the time
delays existing in nonlinear dynamics, a Lyapunov control
approach is utilized to reach consensus [21], [30], [31]. But
these papers focused purely on the first/second-order nonlinear
system.

Moreover, external disturbances cannot be avoided in the
works above. There are mainly two approaches to deal with
these situations. One way is the stochastic analysis approach
and the other is the robust Hy, control approach. By means of
stochastic analysis, some sufficient conditions were derived to
achieve mean-square consensus [32], [33]. Another method to
the disturbance problems is the robust Hy, control, which was
also utilized to solve Hy, consensus problems with guaranteed
Hy, performance [34]-[38]. Therefore, it has been attract-
ing more academic focuses. However, few works have taken
into account both time delays and persistent disturbances,
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which are the two key factors in affecting the stability and
performance of the MASs.

In many practical control systems, the states of agents
are often not accessible, where only output information is
available. Using the output information of agents, there are
generally two basic output-feedback types: 1) the static output
feedback and 2) the dynamic output feedback. The con-
troller with static output-feedback consensus protocols is
limited [39], [40]. Thus, it is more realistic to design observers
that generate the system-state estimation online, that is, design
a dynamic output-feedback controller. Therefore, the observer-
based dynamic output-feedback control has attracted much
attention (see [22], [41], [42], etc.). But the systems in these
papers did not take both the mixed time delays and external
disturbances into consideration.

This article investigates the distributed controller design
problems such that the outputs of agents can reach scaled con-
sensus with that of the leader. The main contributions of this
article are two-fold. First, based on each agent’s output, a local
observer is constructed. By using an observer-based truncated
prediction method, the scaled consensus control protocols are
designed, which include complete consensus, group consensus,
and bipartite consensus as special cases. Second, the consid-
ered MASs contain the mix delays and scaled ratios which
leads to the coupling among input delay, delays in nonlinear
dynamics, and scaled ratios for the system. Several extra inte-
gral terms are produced, and the Lyapunov function also needs
to be rescaled.

II. PRELIMINARIES

In this section, we recall the algebraic graph theory, some
useful lemmas, and model formulation, which will be used in
the following section.

A. Notations

Let RP*Y be the p x g-dimensional matrices. Iy rep-
resents the identity matrix of N. 1y = [1,..., 1T e
RN. diag{A1, As, ..., Ay} represents a diagonal matrix and
A1, Ay, ..., Ay are diagonal elements. BT represents the
transpose of a matrix B. Amax (L) (Amin(L)) represents the max-
imum (minimum) eigenvalue of L. R > 0 indicates that R is
a positive-definite matrix. || - || and || - || denote the 2-norm
and Frobenius norm of a matrix, respectively. A~! denotes the
inverse of the matrix A, and the notation ® is the Kronecker
product.

B. Graph Theory

Let G = (V/,E', A’) be a directed graph of a set of nodes
V ={1,2,...,N}, EE C V' x V'is a set of directed edges,
and (j, i) € E' means that agent i can receive information from
agent j. A" = [aj] € RV, a; > 0 represents the adjacency
matrix associated with agj = 1if (j,i) € E' and a;»j =0
otherwise. The set of neighbors of the node is denoted by
N; ={je V' :(j,i) € E'}. If there is a node called root such
that there exists a directed path from this node to any other
nodes, then the graph is said to contain a directed spanning
tree. The degree matrix is defined as D’ = diag{d'y, ..., d'n},
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where d; =}, v, a;. The Laplacian matrix L’ is denoted as

N xN
L'=D —A =[] e RNV,

C. Some Useful Lemmas

Assumption 1: The communication topology G contains a
directed spanning tree with the leader as the root.

Lemma 1 [43]: Under Assumption 1, if the leader’s states
are available to one or multiple followers, then Ly = L'+ B’ is
an irreducible diagonally dominant M-matrix and, hence, non-
singular. There exists a diagonal matrix & = diagf{ey, ..., ey}
with ¢; > 0,i=1,..., N, such that

_ - Az
EL +L{E =L > poly

where B’ = diag{a). ..., ay,} is the leader adjacency matrix
and aj, > 0 if there is an information exchange between leader
and agent i; otherwise, a;.O = 0. pp is the minimum eigenvalue
of the matrix I:l. E can be computed as ¢ = [eq, ..., 8N]T =
LhH .

Assumption 2: The communication topology G’ contains a
directed spanning tree.

Lemma 2 [44]: Under Assumption 2, the Laplacian matrix
L has a simple zero eigenvalue with the associated right eigen-
vector 1y, and all nonzero eigenvalues have positive real parts.
Furthermore, there exists a unique vector & 2 [81,...,8n]F
with YN8 = 1 and 8 > 0, Vi = 1,...,N such that
sTL = 0.

Lemma 3 [45]: By Lemma 2, there exists an invertible
matrix U, with its first column U; = 1y and the first row
of U1, (71} = gT, such that

Ul =y

with J being a block-diagonal matrix in the real Jordan form

J =diag{0, J1, ..., Jes Jex1s - -5 Ja}
where J;, € R™ for k =1, ..., ¢ are the Jordan blocks for real
eigenvalues A; > 0 with the multiplicity my in the form
Y 1
Ak 1
Jk = c. .
g 1
Ak

and J; € R for k = ¢+ 1,...,d are the Jordan blocks for
conjugate eigenvalues o £ jBi, ax > 0, and B > 0, with the
multiplicity my in the form

ok, Br) 143
wlog, By I

m(o, Br) L

wu(ak, Br)

with I the identity matrix in R2*? and

wlag, Br) = [_agk gﬂ € RP2,
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Lemma 4 [46]: Suppose that W € RV is a symmetric
positive-definite matrix and W; € RV*V is symmetric. Then,
for any vector x € RV, the following inequality holds:

Amin<W_1W1>xTWx <TWx < AmaX(W_lwl)xTWx.

Lemma 5 [47]: For any constant matrix U € R™", U > 0,
scalars b > a, and vector function z : [a,b] — R", the
following inequality is well defined, then:

b T b b
( / z(s)ds) U( f z(s)ds) <(b—a) / 2L (s)Uz(s)ds.

Lemma 6 [48]: For a positive-definite matrix P, the follow-
ing identity holds:

AP _ oip — g0t /temeATTPeAfdt
0
where @ > 0 is a scalar and R = —ATP — PA + aP.
Furthermore, if R is positive definite, V¢ > 0

AP < P
Lemma 7 [49]: For any given x,y € R", we have
2T PQy < x"PSPTx +yT0"s ™! Qy

where § > 0, P, and Q have appropriate dimensions.

D. Model Formulation

Suppose that the general nonlinear MAS consists of one
leader and N followers, the dynamics of the followers are
described by

Xx;i(t) = Ax;(t) + Bu;(t — 11) + Dd;(t)
+ Ef (xi(1), xi(f — 72), 1) (D
yi(t) = Cxi(t), iel,...,N

where x; () € R",u;(t) € R, and y;(t) € RP are the state, control
input, and measurement output of agent i, respectively. 71 > 0
is the input delay. 7o > 0 denotes the unknown time-varying
delays in the nonlinear dynamics, which physically comes
from calculation or measurement. d;(f) € LZ[O, 00) denotes
the external disturbance. A € R"*", B € R™™ C € RP*",
D € R™4, and E € R™" are constant matrices with (A, B)
being controllable and (A, C) being observable. f : R" x R" x
[0, 4+00) — R" is a continuously differentiable vector-valued
function satisfying the following Lipschitz condition:

2
191f(e1, €2, 1) = Daf (1, c2, D < Y pillrei — vacill (2)
i=1
where p1, p2, 01, 92 > 0 Ve;, c; € R", i € {1,2},t > 0.
The virtual leader’s dynamics is denoted by

{ fo(1) = Axo(1) + Ef (xo (1), x0(t — 2), 1)
yo(1) = Cxo(1).

To achieve scaled consensus tracking and leaderless scaled
consensus with a guaranteed Ho, performance, we combine
the leader’s state to define the performance variable z;(f) and
z(1), respectively

3)

1
zi(t) = xi(1) — EXO(I) “4)

]

N
i) = Bixi(t) = Y 8B (1). ()
j=1
Definition 1: Given a positive scalar y, the Hy, scaled con-
sensus tracking and leaderless scaled consensus are achieved,
respectively, if the following two conditions are met.
1) The MASs (1) and (3) can reach scaled consensus track-
ing and leaderless scaled consensus if, when d;(¢) = 0,
the states of agents satisfy lim;_, o || Bix;(#) — xo(#)|| = 0
and lim;_, || Bix; () — Bjx;(#)|| = O for all initial condi-
tions, respectively, where the scaled values B; and B; are
nonzero constants, i,j =1,2,...,N.
2) Under the zero initial condition, the performance vari-
ables z(¢) and z(¢), respectively, satisfy

J= / - (zT(t)z(t) _ ysz(t)d(t))dt <0 (6
0

J= / (ZT(t)Z(t) - ysz(t)d(t))dt <0
0

0 = o, 50" 0 =
[Ef(r), el E]Tv(t)]T and d(1) = [d] (1), ....dy®O]".

Remark 1: This article considers the scaled consensus of
general nonlinear MASs, where the complete consensus, group
consensus, and bipartite consensus can be regarded as the spe-
cific cases of the scaled consensus by selecting suitable scaled
values B, i=1,...,N.

Remark 2: In [18], [21], and [26]-[31], the consensus prob-
lems with communication delays, input delays, or delays
in nonlinear dynamics are considered. Note that contrary
to [18], [21], and [26]-[31], the scaled consensus problem for
MASs in the presence of input delay 77 and time-varying
delays 1> in nonlinear dynamics is addressed. This input delay
71 may also represent some communication delays in the
network system. Thus, the system is more general than the
one studied in [18], [21], and [26]-[31]. The research on this
system might be more meaningful.

where

III. Hyo SCALED CONSENSUS TRACKING CONTROL
ANALYSIS

In this section, the distributed H, scaled consensus tracking
control problem for MASs in the presence of external distur-
bances and mixed time delays in both input and Lipschitz
nonlinearity is to be studied.

A. Scaled Consensus Tracking Protocol Design via
Observer-Based Output Feedback

The observer based on output information is constructed as

Xi(t) = A%(t) + Bui(t — 71) + Dd;(t)
) + Ef (xi(0), %i(t — 12), 1) — F(yi(1) — Cxi(1))
Xo(1) = Axo(1) + Ef (R0(1), 30(t — 12), 1)

— F(yo(t) — Cxo(1))

where X;(¢) and Xo(¢) are the estimations of the follower’s state
xi(t) and the leader’s state x((¢), respectively, and F € R™7 is
the observer gain matrix to be designed later. The estimation
error is defined by Z;(1) = z;(r) — zi(t) with z;(t) = x;(r) —
(1/Bixo(2).

®)
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To describe the equation in a more convenient way, let Then, together with (12) again, (13) can be written in a
]f,-rz = fxi(®),xi(t — 1), 1), fofz = f(xo(®),xo(t — 12),1), compact matrix form as follows:
fi, = fGi(0), Xi(t — 12), 1), and for, = f(Xo(®), Xo(t — 72), 1).
Combining (1), (3), and (8), we obtain the derivative of z;(f)
and Z;(¢), respectively

6
PO=Un@A+LI @B+ Q+A (14
v=1

. 1
Zi(t) = Azi(t) + Bu;(t — 71) + Dd;(t) + E(firz - Ff0r2> (9) Where
1
= (L ® BK)Q,, v=1,2,3,4
t
Q =— f (L1 ® eA<’—h>BKeAf1)zf’ (h — 11)dh
-1
it — _‘f0t2>- (10) t
( Bi Q= — / (L1 ® eA"—h>BKeA“)zﬁ (h — 11)dh
-1

From the scaled tracking error dynamics (9), we have

t
() = ATzt — 1)) + / A=
—1]

. ~ 1A
Zi(H) = A+ FOzi() + E(firz - Efon)

t
Q= — / (,3 ® eA(t_h)D)d(h)dh
-1

t
== [ (@ E)B © fe ~for - Lnn]ah
-1

X |:Bui(h — 71) + Dd;(h) +E( i — %fmz)]dh (11) ( )
i Qs = (L @ BKA™ )P (1 — 1))

where the first term A% z;(t — 1) is a truncated predictor of

the state z; based on z;(t — 7). Q6 = (v ® B)[(B ® In)fey = for - 1]
By using the observer-based truncated predictor output- A = (B®D)d(®).
feedback method, the following scaled consensus tracking
protocol is considered: B. Scaled Consensus Tracking Analysis
N In this section, sufficient conditions on scaled consensus
u(t) = K™ Z U(xl (1) — E)@(t)) tracking for MASs (1) and (3) via the observer-based output-
=1 feedback controller (12) are presented.

Theorem 1: For the general nonlinear MASs (1) and (3) with

s~ 1, inherent delayed nonlinear dynamic, external disturbance, and

+ dio (x,-(t) g (I)> input delay, the Hy, scaled consensus tracking can be achieved
by the observer (8) with F = —R~'CT and the controller (12)

i

_ kAT B with K = —BTS, if there exist a positive-definite matrix Q, R
€ Z x](t) - _XO(I) and constants ¢ > 0, ¢; > 0, and w, > 0, v=1,...,6 such
that
_ kAN Z I.Gi(0) + (1) (12) SBB'BB'S < (I, (15)
AT+ A < 011, (16)
where K € R™" is the control gain matrix to be designed [T In®Q IN®D
later, and lg = (ﬁj/,Bi)l}j, i,j=1,...,N,and l}j is the element In® QT sz 0 <0 (17)
of matrix Lj. In®D 0 [l
Substituting the scaled consensus tracking protocol (12) into 11 RE 0 (18)
(9) and using (11), we have ETR 21,
—1 .
Bion — A b c 136 where O = §7°, 0 = (po/émin), &min = minfeq, ..., en},
4 (0 = Az (1) + BK ZIU 5 (t—11) emax = max{el,...,en}, 71 = diag{sl_l, e 81\_/1}, 00,
=1 and &,i = 1,...,N, are defined in Lemma 1. 2. =
+ ,BiDdi(t) + E(Bifir, — for,) + BK min{B2, B3, ..., B3}, B! =diag{B; ", ..., By}, and By, i =
1,..., N are scaled ratios of each agent

t
X Z I { By — /t B AP BBui(h — ) ]
E® |:AQ + QAT —oBBT + (Z wv>lni|
v=1

1_[
Y1Emax o
[1=-

+ BiDd;(h) +E(,3j73‘-:2 _fOrz)]dh} (13)

where 2/ (1) = fizi(t) and 2" (1) = BZ:(0). + emax (7 + 03)

Let 20 = [Bizl®,....Bvsh 01T, Py = =
BIZ{ (@), ..., BNy @1, d) = [d{@),...,dyOI", w(Prenp Yoo O V| z1grn 1,
Jo = [flrz : fer]T and B = diag{B1, B2,..., BN} w4 w6 ﬁ%ingmax
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71 is input delay and ]—[33 =  ([(y3&¢max)/w3le® — Based on Lemma 7, substituting (21), (22), K = —BTS, and
POETIBH2 @1, 7 is a guaranteed H., performance F = —R~!CT into (20), it has
which is defined in (27). [[;; = RA + ATR — 2C"C + N
@p? + 403 + DIy + emax([v2/@21e™ + [ys5 /w5y Vo(t) < Z[z}(z) (RA +ATR —2CTC + 2REE"R + 4,0121”)
2 i=1
=m|L}, = gt -
" ’“H - m=n X Zi(0) + 6037 (1 — ©)7i(t — )

v2=m HL%‘ 2, m = 110 Baage™ ™ + 6,ofz,-T(t)Zi(t) + 4,0§Zl~T(t — 1)Zi(t — fz)]
vs = mIDIPILIZ, 53 = 110 fe'™ + (1) [E ® (A +ATS — o5BBS) | (1)
va = mlEPPILiIP, na = 20le™ 6
ys = nslLil, s = 2B +Zwv(z’3 ONCERSELG
ve = 211 EII*. (19)
Proof: To start the consensus analysis, we ftry a +Z QT(u QI +2(z ﬁ(f)) (E®SHA (23)

Lyapunov function candidate Vo(r) = nyzlziT(t)RZi(l) +

@) (E @ )P ). where the inequality has used the fact that EL; + LfE =

Taking the derivative of Vo(7) along (10) and (14), we have 7 > ;01 o v = 1,...,6, are any positive real numbers
. N T —_— T and o = (00/&min)- ~
Vo(t) = Z{Zi (O[R(A + FC) + (A + FC)'R]%i(1) + 2z} (1) The following lemma gives the bounds of [|2,[%,v =
i=1 1,...,6. It will be used to prove Theorem 1 and its proof
P 1~ 1 is given in the Appendix.
x RE[(’Q B Eﬁ)”) B (”2 B Efon)“ Lemma 8: The bounds on [|Q2,]|%,v = 1,...,6, can be
" (zﬁ(t))T[E ® (SA+ATS)]ZI3(I) established as t
= 2 T
+ (@ 0)'[(EL + LTE) ® SBK] (1) Q1" < n /t ) (P (h =) 2P (h—11)dh
-1
6 1
T = = o -
2(Z 1) (E®S) (Z Q, + A). 200 | H2 < ;/2/ 2N (h — T)Z(h — ©1)dh
v=1 =1
t
Under (2), it is not difficult to obtain that €23 H2 <n / dY (hyd(h)dh
-1
3 23T ()RE : Ak 2 [ T
2 ~2% ORE(firy = gfor [Q4]” < yani / () 2 (wah
i=1 -7
N S 112 ~T ~
T 19s]” < vs2' (¢t — w2t — 1)
< —Z2z,~ (ORE[p1zi(t) + p2zi(t — 12)] B 2 2 g\ T8 PN PR
P 6" < vt ) PO + e3Pt — 1)) P — 1)
N (24
= QAT OREETREZM + oz + oozt =m0 5y and (16 are satisfied, 30)  —
= [Z?(t),...,Z%(t)]T and y,,v = 1,...,6 are given in

x [p1zi(1) + p2zi(t — 1)1} (19).

For the first four integral terms and the latter two delayed
terms shown in (24), and the delayed terms shown in (23), we
consider the following Krasovskii functions, respectively:

t
a=et [ @m)' P
-1

Mz

[z (OREETRZ(t) + 20327 ()2:(1)
i=1

+ 2032 (1 - w)z — )| 1)
and with a similar analysis, by the definition of Z;(f), one has
t
N T h—t( B T g
. N 14 +e‘/ e (Z'(h—11)) Z'(h—11)dh
> 2z,-T<t>RE(f,»f2 — Efofz) oy ( )
i= 1

t
Ay = " / T (h)z(h)dh
-1

Mz

22} (ORE[ p1 (zi(1) + Zi(1) + p2(zi(0) + Zi(1))]

t
+ v / 1N (h — 1)z(h — 11)dh
-1

Mz

[Z, (OREE"RZ(1) + 4piz] (0zi(0) + 4piZ (0Z(1) b T
, Az = b / 1dY (hyd(h)dh
-7

+4p32] (t — )zt — 1) +4p3%; (t — )E(t — 1) |. t
! ! ] Ay = ™ / eh—z(zﬁ (h))Tzﬁ (h)dh
(22) -
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6
! T
As = €™ / 1P ) 2P (ydh
-1
t
b [P )P b = e
-1
t
Ag = / 2T (hyz(hydh
t—trl .
A7 = f () 2P (hydh
—1
t
Ag = / 2N (Wz(hydh.
1—1
A direct evaluation gives that
. 4 T T
Ay < —f (P (h—10)) 2P (h—)dh + e (P (1) 2P (1)
-1
t
Ay < — / T (h = )z(h — t)dh + e ZX()7(1)
-1
t
Az < — / dY (hyd(h)dh + e"'d" (t)d (1)
-1
. 4 T T
Ao < / (P — 1)) (b — rydh + e (P ()P 1
-1
A YT T (,Bn) B
As < — (P ) Fmydh+ e (P 0) @)
-1

Ae =N (0Z() — 7 (t — 1)Z(t — T1)
Ar = 0) L0 - (Fi-w)Pi-mn

As =700 — 7' (t — )t — o). 25)

Let

V4
V() = Vo) + Z SdeA + 8mdx<101 Agq+ ;02A5)

6
+ _SmaxAG + ( Emax T ) §A7 + 4/)221\8-
@5 @6 'min

From (25), taking the time derivative of V(t), we obtain that

N
V() < Z{Z,T(t) |:RA +ATR — 2CTC + 2REE™R + 4(,012 + pg)ln

i=1
+ ()’2 4 & >5max1'1]zi(t)}
w2

+ (& (t))T[E ® (SA +ATS — oSBBTS) + L epane I,
w1

6
+ ﬁefl + ﬁ + —
w4 @6 By Emax

X Emax (,012 + P%)In]zﬂ ®

6
2Fw) EeHr+Y o) (285Y)Lw

v=1

+ B e d" (0)d (1)
w3

= TOTed +2(P (1) (E@ A + gemaxe” 4 (0)d(0)
3
(26)
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where
T ~ T
e(t) = [ () T ]
r— E®T11  Onnxnn
Onnxve IN®@ T2
6
it = SA+ATS —oSBB™S + 73w, + Zom np,

w
v=1 1

V4 6
+ 8max<pl + ,02)< e’! + iy + IB—8>In
min~Mmax

and Ty = RA + ATR — 2CTC + 2REER + 4(p} + p)I, +

([y2/w2]e™ + [ys/ws])emaxtn
We define
J= / - (eT(t)e(t) — ysz(z)d(t))dt. 27)
0

Substituting (26) into (27) and based on the assumption of the
zero initial condition of system (1) and (3), we can obtain

J = f T (E 00 - P00 + V)di — V(o)
0
< / [ (O + hwn)e(®) + ( e ;72>
0

x dT(t)d(r)JrzeT(t)rld(t)}dz

T T e(?)
=[e'(1).d (t)]¢|:d(t)} (28)
where Iy = |:_:,6 ®SD:| and (o} =
ONn><Nm
I' + DLy Iy
F? (y_emaxe —-Y )INm

It is easy to verify that @ is negative definite and thus J < 0.
By the Schur complement lemma, we know that @ is negative
definite if the following inequalities hold:

V3€max R

3

—72<0 (29)

6
2 |:SA +ATS — oSBETS + 8 0, + LI,
v=1 @1

V4 Y6 6
+ Emdx(,ol +,02) e+ — + S I | + Inn
4 W6 P Emax

-1
B (7/38max ol _ );2> (EB)* ® SDD'S < 0 (30)
w3
RA+ATR —2CTC + 2REE'R + (4/012 +4py + 1)1"
+ 8de<y2 o + yS )In < O' (31)
(0%} w5

Let Q = S~!, thus (30) is equivalent to
6

E® {AQ +0AT — oBBT + (Z wv)l,,
v=1

1€
+ |:Vmaxefl + &max (1012 + ,0%)

w1
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6
X ﬁefl + ﬁ + 5 QQ
w4 R

-1
+1Iy® 00 — (%e“ - ;72> (282 @ DD <0. (32)
3

By using the Schur complement lemma, we can obtain
that the conditions (29), (32), and (31) are equivalent to the
conditions specified in (17) and (18), respectively.

If d;(r) = 0, it follows that V(r) < eT()Te(?). By conditions
(17) and (18), we can obtain I' < 0, thus lim,_, V() = 0,
which indicates that lim;—  ||Bixi(¥) — xo(#)|| = 0. That
means the agents reach a scaled consensus tracking exponen-
tially, which satisfies condition 1).

By conditions (15)—(18), we have ® < 0, in which J < 0.
That is, [, lle(®|?dt < 72 [;° Ild(®)||*dt. Due to e(r) =
[Py Tl tus [ZILO1d < 77 57 1d@))dr,
which satisfies (6) in condition 2). Therefore, the Hy, scaled
consensus tracking problem is achieved and the proof is
finished. |

Remark 3: Note that in dynamics (14) and (24), there are
couplings between input delay t; and time-varying delays 7
in nonlinear dynamics, the Lyapunov—Krasovskii functionals
method is utilized to analyze the couplings.

Remark 4: Theorem 1 gives stability conditions (15)—(18)
which involve nonlinear matrix inequalities. Traditional LMI
solvers cannot be adopted to find a feasible solution for these
nonlinear matrix inequalities. Instead, we can use the similar
iterative approach to find a feasible solution (¢, (1, S, R) of
(15)—(18), which was developed in [50].

Remark 5: In many practical control systems, the states of
agents are often not accessible, where only output information
are available. Compared with the existing observers [28], for
the MASs with persistent disturbances and mixed delays in this
article, Hs, control approach has been utilized based on out-
put feedback. This method provides a guaranteed performance
index in the sense of L, gain and it is more realistic and
reasonable via observer-based output feedback.

Remark 6: If the system (1) and (3) has only one agent,
then it reduces to the general nonlinear system with inherent
delayed nonlinear dynamics, external disturbances, and input
delay. In this article, the proposed methods can cover partial
results in [27]. Actually, due to distributed coordinated con-
trol is important in many areas, Hy, control approach in a
distributed framework has more significance in the practical
applications.

Remark 7: In this article, the Hy, scaled consensus problem
is solved in the continuous-time domain, and it is not easy to
handle the problem of our system in the presence of sampling.
If the sampled data are taken into account, the system will
be more intricate and the theoretical analysis will be more
difficult. One of our future research topics is to extend the
analysis of this article to the consensus control for MASs in
the presence of sampling, which is still an open problem to
be solved.

IV. Hyo LEADERLESS SCALED CONSENSUS
CONTROL ANALYSIS

In this section, we extend the results to the Hy, leader-
less scaled consensus problem in the presence of external

disturbances and mixed time delays in both input and Lipschitz
nonlinearity. Consider that the general nonlinear MAS consists
of N agents, the dynamics of the agents are described by (1).

A. Leaderless Scaled Consensus Protocol Design via
Observer-Based Output Feedback

For the MAS (1), we have

)

-1

X [Bu,-(h —11) + Dd;(h) + Efifz]dh

xi(t) = AN xi(t — 1)) +
(33)

where the first term A%l x;(r — 71) is a truncated predictor of
the state x; based on x;(r — 11).
The following scaled consensus protocol is considered:

N ﬁ
wi(t) = Ke*" " aj; (;%,-(t) -~ ﬂ-{;@-(z))

j=1

N
= K Y 130 (34)

j=1
where K € R™ " is the control gain matrix to be designed
later. lg = (,Bj/ﬂ,»)lgj, i,j =1,...,N, l§j is the element of
matrix L'. X;(f) is the estimation of the state x;(f). Then, a
state observer is constructed as

%i(1) = A%i(t) + Bui(t — 11) + Ddi(t) + Efir,
- F (yi(t) - C)?i(t))-

The estimation error is defined by X;(¢) = X;(¢) —x;(). Thus,
taking the time derivative of x;(¢) along (1) and (35) gives

(35)

50 = A+ FOR® + E(fio, — finy). (36)
Let X*() = [Bix](®), ..., Bvxy®]T and ¥ () =
[/BIFCT(I), R ﬂNfc;,(t)]T. In the same way that substitute the
scaled consensus protocol (34) into (1) and using (33), we
have
6
P)y=(Iv®A+L @BK)X(1)+) Q.+ A

v=1

(37

where
S_ZV = (L/®BK)QV,V: 1527374

t

- f L @ ACWBKRAT )xﬁ(h —11)dh
t_
t
Q= /
t_
t
_ ft,
t
Q= — / (,9 ® eA(t_h)E)f,zdh
-1
Qs = (L’ ® BKeA”);cﬁ(z — )

Q6 = (B E)fy,
A = (B®D)d().

(
(L/ ® eA“—h)BKeAfl)scﬁ (h — 11)dh,
(

B® eA(’—h>D)d(h)dh

71
7]
7
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Using the vector § in Lemma 2, let Zz(?) =

[ET(I), e E;(t)]T, then we obtain
Z2(t) = (H @ I,)xP (1)

where Z;(f) is defined in (5), and H = Iy — 1x8T. Then, it
follows that lim;_, o, 7;(f) = 0 if and only if lim,_, o B1x1(f) =
lim;— o0 Box2(f) = - - - = limy— o Bnxn (7). Therefore, the lead-
erless scaled consensus of MAS (1) under the protocol (34) is
achieved if lim;_, o z;(¢) = 0.
Let £ 2 ([ ().....cf 0" = W' @ L)z@). U is
I ERRRERIY n
defined in Lemma 3. By the definitions of § and H, it is easy
to see that ¢1(1) = 8TH ® I,)xP (1) = 0.
Due to HL' = L’H = L. Then, we have
6 ~ ~
() =(UIN®A+T®BK)I(N+ Y Q+ A

v=1

(38)

where Q, = (U'L'®BK)Q,,v = 1,...,4, Q5 =
(UL @ BKAMXP (1 — 1), Q6 = (UT'HB @ E)fy,, and
A = (U'HB ® D)d(t).

B. Leaderless Scaled Consensus Analysis

In this section, sufficient conditions on leaderless scaled
consensus for MASs (1) via the observer-based output-
feedback controller (34) is presented.

Theorem 2: For the general nonlinear MASs (1) with
mixed delays and external disturbances, the H, leaderless
scaled consensus can be achieved by the observer (35) with
F = —R7!CT and the controller (34) with K = —BTS, if
there exist a positive-definite matrix Q, R and constants ¢ > 0,

71 >0,and w, >0, v=1,...,6 such that
SBBTBBTS < 7’1, (39)
AT+ A <141, (40)
i 1:[11 INV® Q Iy®D
Iv® 0 1o, 0 <0 41)
| Iv®DT 0 s
IIEIT% _sz;n] <0 42)
where
0=s57"

k= max{Amax (U U), 1}

- -1
6
[1, = —<ﬂe’1 + B (0} + p3)en + L o3 + /c) Inn

w1 w4 we
[l

3ou_ 52 -1 -1 ™
(wBe y)(U Hﬂ(U Hﬂ)) ®1,
and

L1, = RA+ATR=2€TC+ (pF + 031

V2 Vs 2
+ <w—26" + w_5>:8max1” + k1.

[1;; specified in one of the following two cases.

IEEE TRANSACTIONS ON CYBERNETICS

1) If the eigenvalues of the Laplacian matrix L’ are distinct,
[T, = Iv ® [AQ + QAT — 26BB™ + (3°_, w,)1,].
2) If the -eigenvalues of the Laplacian matrix

L' have multiple eigenvalues, [[;;, = Iv ®
[AQ + QAT - 26 — DBB" + (L) @)l]

2 ~
n=m o IR0, m = ava e

2 27111

_4
V2 = 772HU71L/2 , M =TIl e

2 -
= ms|o IR, m =07 e
2
ye = nall B2 |0 |4 2100

25
ng =4N + D1 ett™

Lol 2~
VSZUSHU_ L, ns=1e""
2l =112
v =nslEV| U WUIE ns=4v+ 1. @)
Proof: To start the consensus analysis, we try a

Lyapunov function candidate Vy(r) = Zf\; 1 )“cl-T(t)Rfc,-(t) +
PP AONION

In view of (36) and (38), similar to Theorem 1 and for the
convenience of presentation, we recall from [45] the following
two cases on Vo (7).

1) If the eigenvalues of the Laplacian matrix L are distinct,

we have

N
Vo) < Z[Scl-T(z) (RA +ATR —2C"C + 2REE'R + p%ln)

i=1

X Xi(t) + p3x; (t — T)Fi(t — Tz)]

N 6
+3 ¢ (SA +ATS —26SBB"S + ) a)VSS)

i=2 v=1

2 -
+22T Uy @ A (44)

6
1w
X G0 + Y —HQ
v=1 @y

where w,,v = 1,...,6, are any positive real numbers
and 0 = min{A1, A2, ..., A¢, Qet1, Xet2s - - -, Qg ).

2) If the eigenvalues of the Laplacian matrix L' have
multiple eigenvalues, Vo(7) satisfies

N
Vo(r) < Z[sc}(t) (RA +ATR — 2CTC + 2REE"R + p%1n)
i=1
N

X 5i(0) + 3R = T — )|+ Y T o)
=2
6
X (SA +ATS — 2(5 — I)SBBTS +>° a)VSS)
v=1

- 12 -
Q| +2eT 0N @A, (45)

LN
x &i(n) + Z —
v=1 Wy

Similar to Lemma 8, the following lemma gives the

bounds of ||§v||2, v=1,...,6. It will be used to prove
Theorem 2 and its proof is given in the Appendix.
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Lemma 9: If conditions (39) and (40) are satisfied, the
bounds on ||QV||2, v=1,...,6, can be established as

) t
ol = 7/1/ ¢ — T (h — v1)dh
-7
2 t 1 T
o 5)/2/ (& h— 1)) 5 (h — v1)dh
-7

- 12 !
| < [ dtamn
-1

2 t
Q| < yapt / ¢ (¢ (hydh
-1
t
yasd [ = et - e
-1
- 2
s = ms@a—m)'#Fa -

- 12
2] = verteT @@ + yopdc T~ iz~ 7). 46)

Similarly, to mitigate the effects of these upper bounds, we
consider the following Krasovskii functions, respectively:

- t
Ay =en f ¢T(hy¢ (hydh
-1
t
+ e / T — 1) e (h— t1)dh
- ; 1—1 .
Ay = el / (# w) 7 (h)dh
1—1
t
+ e / eh_’(fcﬁ (h— rl))chﬁ (h — 71)dh
—1
- t
Az =Y f 1 dT (h)d(h)dh
t—1
- t
Ay = el / 1T (hye (hydh
-1
- t
As = e / ¢y (hydh
1—17
t
+ o / T (h— v) e (h — v)dh
3 . —1 .
Ag = / (% (b)) 7 (h)dh
-1

t
A7 = / ¢T(hy¢(hydh
-1

- t
Ag = / L (Wx(h)dh.
-1
A direct evaluation gives that

Aq

A

t
—/ ¢T(h— )¢ (h—T)dh+ e £ (1D (1)
-1

o t
A> —/
-1

+ e (¥ (1) % (1)

# (h— 1)) # (h — 11)dh

IA

z
A

t
< - / dY (hyd(h)dh + e"'d" (t)d (1)
-7

>
IS
A

t
<- / T (dh + e ¢ T (1) (1)
-1

t
As<— / (T — )¢ (h = t)dh + T (1)
-7
Ao = (#0) P 0) ~ (# - 1) #—m)

A7 =T 050 =T~ )L — 1)

Ag = FL(OF(1) — ¥ (t — 1)¥(t — 1). 47

Let

3
L Vel 0% F AR A
V@) = Vo + 3 LA+ 2 (pFAs + p3As) + LA
= oy w4 ws

Y6 2% <
+ = piA7 + p3As. (48)
w6

From (44) and (47), if the eigenvalues of the Laplacian
matrix L’ are distinct, we obtain that

N
V@) < Z{;}(r) |:RA +A"R —2C"C + 2REE'R + (p% + ,022)

i=1
X I + (ﬁe” + ﬁ) Enaxln]fc,-(r)}
w2 w5

N 6
- Y1
+> 4w (SA +ATS —26SBBTS + 8> ) " w, + o

i=2 v=1

V.

A 6
x e, + 7('012 + p%)e”ln + ypgln)
w4 w6

x (1) + 22T (D Uy ® S)A + C’;ieﬂdT(t)d(z)
3

= TOTe() + 20T () Uy ® HA + geﬂ d"nd@)  (49)
3
where
. T
e =[¢c"0 (0]
0 |:1N®1:11 OnnxNn :|
Onnxne IN® T2
6
Fii = SA+A"S — 20SBB'S + 82} o, + Lreml,
v=1 @1
+ ﬁ(ﬂ? + Pg)e”’n + 2021,
w4 we
and

[22 = RA+ATR = 2€7C + 2REE"R + (0} + p3 )1
+ (Z—Zeﬂ n Z—Z) 2 .

If the eigenvalues of the Laplacian matrix L' have multiple
eigenvalues, '] = SA+ATS—2(0 —1)SBBTS+82Y°5_ w, +
(y1/@D)e™ Iy + (va/wa)(pF + p%)eflln + (Y6/w6) p3 1.

Lete) = [2'0) 0] - Since 20 = W L)E),
one has e(t) = [{T(HWUT®1L,) (0]

It follows that ¢ ()e() < we(De(t) with x =

max{Amax (UTU), 1). -
We define

J= / ” (ET(r)E(t) — fsz(t)d(t)>dt. (50)
0
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Similar to Theorem 1, under the zero initial condition, we
have

J= / OO(ET(;)E(;) — 724" (0)d(r) + V(t))dt — V(o0)
0
< / OO[ T@) (kT + e + <V3 o V)dT(r)d(r)
0 w3

+ ZeT(t)fld(t):|dt

_r,T T e(?)
=[e') d'@)]P [d(t)] (51)
where
= [U‘H,B ®SD]
I =
0Nn><Nm
and
® il + T T
= _T
Yy (i%e” - 172>1Nm

It is easy to verify that P is negative definite and thus J < 0.

By the Schur complement lemma, we know that d is negative
definite if the following inequalities hold:

Beo_52.0 (52)
w3
RA+ATR = 2CTC + 2REE"R + (p} + 03 )1
+ (ﬁe“ + ﬁ) B2 Iy + Kl <0 (53)
w2 w5

6

Iv® [AQ + QAT —26BBT + (Z wv)ln
v=lI

T (ﬁ

w1

V3 !

)

w3

for case 1), and

6
Iv® |:AQ +0AT —2(6 — HBBT + (Z wv>1,,

e+ — v (Pl +,02)€T‘ + Yo ,02 +K>QQ:|

U’lH,B(U’lH,B)T ®DDT <0
(54a)

+ (” ng X (pl +p3)en + 12 p§+K>QQ}

w1

+ <)72 - Z—ze”

for case 2).

By using the Schur complement lemma, we can obtain
that the conditions (52)—(54) are equivalent to the conditions
specified in (41) and (42), respectively.

By conditions (39)—(42), we have ® < 0, in which
J < 0. That is, f;° ||z(t)||2dt < 72 [57 Id@)|*dt. Due to

ey =17 (0 (0 1%, thus [ 1200 de < 72 [ ld(|at,

-1
> U_lHﬁ(U_lHﬁ)T ®DDT <0 (54b)
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O

Fig. 1. Simple-pendulum system driven by a dc motor.

which satisfies (7) in condition 2). Therefore, the H,, lead-
erless scaled consensus problem is achieved and the proof is
finished. ]

V. SIMULATION EXAMPLE

In this section, a practical example is implemented to ver-
ify the effectiveness of Theorem 1. We consider the scaled
consensus of a simple pendulum driven by a dc-motor. The
simple-pendulum profile is shown in Fig. 1. The states of this
system are the swing angle and armature current. The readers
can refer to [51] for the details of the equations. The model
of the simple-pendulum system is

{ém = —%5sin6, +
: £ R: 1
LEG Lim & T Um

Klg i
Iy = —
where i,,, Kr, and Kg are the armature current, torque constant,
and back electromotive force constant of the motor, respec-
tively. 6, and m are the swing angle of simple pendulum
and the quality of the ball, respectively, and [ is the length
of the pendulum rod. u is the terminal voltage on the arma-
ture winding. R and L are resistance and inductance of the
armature circuit, respectively. Consider the multiple simple-
pendulum system (1) and the leader (3) as the tracking object,
which are composed of four followers and one leader under
the topology structure as in Fig. 2. Since the time delays may
cause the phase lag problem of the pendulum system, to make
the multiple simple-pendulums system more practical, herein,
we consider the disturbances and time delays in the following
equation. Then, the system dynamics are nonlinear and can be
described as

0 1 0 0 0
=0 0  Exi|o|u+]|1|d
K R 1
0 -7 -1 3 1
0
+ | -3 g sinx; (t — 1)
0
yVi = [1 0 0])6,‘
where x; = [xj1  Xip  Xxi3 ]T, Xi1, X2, and x;3 denote 6,,, ém,

and i,,, respectively.
Set the related parameters practically for the multiple
simple-pendulum system (1) and (3), and then we obtain

0 1 0 0
A=|0 0 1|, B=]|0
0 —165 -1 1

0 0o 0 0

=[1 0 0], p=|1|, E=|0 0001 0

0o 0 0
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©O—W

Fig. 2. Communication topology.

The scale parameters are 81 = —1, B = 2, f3 = 3, and
Ba = 1. Let the external disturbances and delayed nonlinear
functions be

d(n = [0.5sin() —sin(® sin(®)  2sin@)]"
0

fi(@), xi(t — 1), 1) = | sinx; (t — 12)
0

where i = 1,2,3. Choosing the delays 77 = 0.2 s and
7o = 0.2|cos(f)|. According to (2), the Lipschitz constants are
p1 = 0.34 and p, = 0.3.

The Laplacian matrix L associated with Gy is

I 0 0 0
1 1 0 0
L=ty o 1 o
0 -1 0 1

[l

Following the result shown in Lemma 1, we obtain that E =
diag{4, 2, 1, 1} and pg = 1. With epin = 1 and (09/&min) = 1.

We choose the Hy, performance index y = 1, and the initial
states of agents are chosen randomly with [—3, 3], and u(0) =
[0 0 0]%, V8 € [—11,0], xi(0) = [000]T, and VO €
[—11 — 12,0], i = 1,2,3,4. With the values of ¢ = 0.03,
t1 =145, w1 = w3 = ws = wg = 0.1, and wr» = wgq = 1.
Solving the LMI (17) gives a feasible solution of the feedback
gain K

K=[-02917 —0.1614 —03024].

Thus, by (18), the observer gain F is found to be

F=[113903 —4.6345 —0.8007]".

For the case d(f) = 0, the state observation errors x; —
x; and state trajectories of all agents x;8; with input delay
71 = 0.2 s are shown in Figs. 3 and 4, respectively. Fig. 5
shows the trajectories of the performance variables z;(¢) with
the external disturbances d(f) and a much larger input delay
71 = 0.8 5. With the same feedback gain and observer gain,
the state observation errors X; — x; and states trajectories of
all agents x;8; with a much larger input delay 71 = 0.8 s,
i=1,...,4 are shown in Figs. 6 and 7, respectively. From
Figs. 3 and 6, it can be seen that the estimation errors of the
state observers approach to 0 s as time evolves. It can be seen
from Figs. 4 and 7 that the position and velocity states of each
pendulum can reach the leader’s position and velocity states
with preassigned ratios. Obviously, the conditions specified in
Theorem 1 are sufficient for the controller gain and observer
gain to achieve scaled consensus tracking of the MASs (1)
and (3).

| 0 m e ——————

= f

Time t

Estimation errors of the state observers of x; — x; with t; = 0.2 s.

- )

...... X )

== 1)

=1,2,3,4)

2,

Fig. 5. Trajectories of performance variables.

20

| QF,_.._-—-nvvvr-- e i R R T R
2 ! ! ! ! !

Time t

Fig. 6. Estimation errors of the state observers of x; — x; with t; = 0.8 s.

Remark 8: The above example only focused on a scaled con-
sensus tracking case. It consists of a multiple simple-pendulum
system (1) and the leader (3) as the tracking object. For the
leaderless scaled consensus case, we can also take the multiple
simple-pendulum system as a practical example. Similar to
exploring a feasible solution in Theorem 1, the controller gain
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0 2 4 6 8 10 12 14 16 18 20
Time t

Fig. 7. Trajectories of rated states of x;8; with 7y = 0.8 s.

and observer gain can be also obtained by solving the con-
ditions in (39)—(42), which is specified in Theorem 2. The
detailed simulation is omitted due to a very similar analysis
process and limited space.

VI. CONCLUSION

This article has studied the impacts of external disturbances
and time delays in both input and Lipschitz nonlinearity on the
H scaled consensus control. We have developed a truncated
prediction output-feedback design for MASs with input delay
based on the observer. The Lyapunov—Krasovskii functionals
method was utilized to analyze the couplings between input
delay and time-varying delays in nonlinear dynamics. Then,
the rigorous convergence analysis has been carried out and
some sufficient conditions are established for achieving the
H scaled consensus with preassigned ratios. As an extension,
the Hy, leaderless scaled consensus problem has been also
investigated via observer-based output-feedback control. One
of our future research topics is to extend the analysis of this
article to the consensus control for MASs in the presence of
sampling, which is still an open problem to be solved.

APPENDIX

Proof of Lemma 8: The bounds on ||| and ||Q4] are
constructed as follows, respectively. Due to space constraints
and the nearly identical proof process, the bounds on 12111,
192311, 1123511, and ||| are omitted.

By the definition of Q,, we can obtain

t
/ - n))T(LlT ® A TSBBT . eAT(f—h>)
-1
x dh(L{L ® SBB"BB'S)
t
x f (Ll ® eA(’_h)BBTSeA”)E’S (h — t1)dh
—11

1
‘L’]LZ/ e (P (h - Tl))T
-1
x (LILTLiL @ A1 sBB"BB s )
x 7P (h — ©)dh
t
At / G —) (LTLTLL ® 1)
1—1

x 7P (h — 1))dh

= 12
| 2|

IA

A
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20T
< ‘L’1L et I,Bmax

2 ” / T (h— 1)3(h — ©)dh
54

where the first inequality holds by using Lemmas 5 and 6,
(15), and (16). )
According to the definition of 24, we have

B t
247 = [ (it + 1~ )"
-1

t
X / (IN ® eA(t_h)E> (,olz’3 (h) + p2zP (h — rz))dh
-1

where (2) is used for the equality.
Similarly, according to Lemmas 5 and 6, and based on (15)
and (16), the inequality can be computed as

t
|94 < m2 / A (0B () + prcf h— 1)
-1
x (LLi @ E"E) (012" (h) + p22’ (h — ©2))dh

< 12 EPIL /

-1
x (m P () + pr2 (h — 1)) dh.
Under Lemma 7, it follows that:
= 12
|Q4]” < 212 ™ EIP (LI

t
<[ [EEm)m
-1

+ (P h— 1)) P — 12)]dh. (55)

Proof of Lemma 9: Similar to Lemma 8, the bounds on

||§21|| ||Q3 I, and ||S24|| are constructed as follows, respec-
tively. Due to space constraints and the nearly identical proof

(0128 () + p22 (h — 1))

process, the bounds on ||§22|| ||S25|| and ||526|| are omitted.
By the definition of Q 1 and similar to Lemma 8, we can

prove that
2t T
/ (xﬁ (h— n))
-1

x (L’TL’TL’L’ ® I,,)xﬂ (h—7))dh

2 t
/ X (h— 1)
1—1]
/ > uidh
=1

where x;(t— 1)) =[x}, (t — 1), ..., xy(E — DI 0t — 1)) =
(L' ®I)xP(t — 1)), and pu; = Z,  Lp(h = ).

Due to HL = LH =L/, 72(t) = (H® L,)x? (1), and ¢ (1) =
! ®I,,)Z(t) one has

- 12 4
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where aj is the ith row of A’, I} is the ith row of L', and U,
and Uj are the kth and jth rows of U, respectively.

Then, substituting ||u;|| into ||§21 ||2, we can obtain
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&1 < avmiztemm o e 1 o

t
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Similarly, according to the definition of 53’ we have
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where dj(t) = [d}| (1), ..., d}\®]" and di(t) = (B ® 1,)d(t).
Since ||dlz(t)||2 = ||Z_1 BilidiOI* < Bra LI 1@
Then, substituting ||d;;()]|? into [|Q3]|2, we have
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