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ABSTRACT
This paper addresses the consensus problems for two kinds of hybrid multi-agent systems. The first kind
of hybrid multi-agent system is composed of first-order discrete-time and second-order continuous-time
dynamical agents. Based on different interactive modes, two effective protocols are presented for the
hybrid multi-agent system, respectively. By using graph theory and system transformation method, some
criteria are obtained for solving the consensus problem. The second one consists of first-order continuous-
time and second-order discrete-time dynamical agents. The effective protocols are also proposed to
guarantee the consensus. Meanwhile, the necessary and sufficient conditions are established for solving
the consensus problem. Simulation examples are provided to demonstrate the effectiveness of theoretical
results.
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1. Introduction

Multi-agent system is a system which is composed of many
interconnected autonomous agents. These agents can present
an orderly co-movement and behaviour through cooperation
and self-organisation at the system level. In other words, the
agents of multi-agent system not only can achieve their own
behavioural goals but also can cooperate with each other to
achieve the common goal. Hence, it can solve the complex large-
scale problems in the real world. The rapid development of
multi-agent system provides modelling and analytical meth-
ods to the research on complex systems. On the other hand, it
provides a theoretical basis for practical applications. Examples
include the formation control of robotic systems, the coopera-
tive control of unmanned aerial vehicles, the attitude alignment
of satellite clusters, the target tracking of sensor networks, the
congestion control of communication networks and so on Ren
and Beard (2008). When we analyse the multi-agent systems,
manymathematical methods can be chosen, just like graph the-
ory, matrix theory, the frequency-domain analysis method and
the Lyapunov method, etc.

1.1 Relatedwork

Classic multi-agent coordination of interests include consen-
sus and synchronisation (Olfati-Saber, Fax, & Murray, 2007;
Qin, Ma, Shi, & Wang, 2017; Xi, Fan, Liu, & Zheng, 2018),
flocking (Olfati-Saber, 2006), containment control (Cao, Stu-
art, Ren, & Meng, 2011), formation control (Xiao, Wang, Chen,
& Gao, 2009), coverage control (Cortés, Martínez, Karatas,
& Bullo, 2002), controllability (Hao, Duan, & Chen, 2017;
Ji, Lin, & Yu, 2015) and topology selection (Ma, Zheng,
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&Wang, 2015, 2016), etc. Among them, consensus has attracted
extensive interest because it is a fundamental problem of dis-
tributed coordination. It means that a mass of agents reach
an agreement on the consistent quantity of interest by design-
ing appropriate control input based on local information. In
the field of system and control, Tsitsiklis and Athans (1984)
considered the distributed decision problem. Vicsek, Czirok,
Jacob, Cohen, and Schochet (1995) proposed a discrete-time
(DT) model with n agents which can move in the plane with
the same speed but with different headings. Jadbabaie, Lin,
and Morse (2003) explained the consensus behaviour of Vic-
sek model theoretically, and it also showed that consensus can
be achieved if the union of interaction graphs are connected
frequently enough.

In the past several years, investigation for the consensus of
multi-agent systems with first-order dynamic agents has been
developed rapidly and several research topics have been con-
sidered. Xiao, Wang, and Wang (2006) studied the consensus
problem for DT multi-agent systems with fixed topology, and
the leader-follower decomposition of multi-agent systems are
obtained by using consensus functions. Gao, Liu, Yu, Ma,
and Jiang (2014) considered the consensus of first-order multi-
agent systems with intermittent interaction. At the same time,
more attention have been paid to the multi-agent systems with
second-order dynamic agents. Xie and Wang (2006) and Ren
and Atkins (2007) gave some sufficient conditions for solving
the consensus problem under fixed and switching topologies.
Zhu, Tian, and Kuang (2009) further obtained some necessary
and sufficient criteria for solving the coordination problem by
using general consensus protocol. However, the dynamics of
the agents are not always same because of various restrictions
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or the common goals of mixed agents in the practical sys-
tems. For example, taking dynamic environments and uncer-
tainty external to the multirobot system itself into account,
heterogeneous systems with robots in different shapes and abil-
ities are more applicable than the homogeneous systems in
real world (Wang, Wu, Huang, & Wang, 2008). Hence, much
interest is focusing on the consensus problem for heteroge-
neous multi-agent system. As is well known, heterogeneity
is an important feature of multi-agent systems. Up to now,
lots of results about the distributed coordination of hetero-
geneous multi-agent systems were obtained (Chen, Pei, Lai,
& Yan, 2017; Wang, Wang, Zhang, Zhang, & Li, 2017; Zheng
& Wang, 2015). Zheng, Zhu, and Wang (2011) considered the
consensus of heterogeneous multi-agent system which is com-
posed of the first-order and second-order dynamic agents. The
consensus criteria were obtained under different topologies
(Zheng &Wang, 2012a, 2012b).

As we know, there is a growing interest in the con-
sensus problem for CT or DT multi-agent systems. Olfati-
Saber and Murray (2004) studied the consensus problem
for continuous-time (CT) multi-agent systems with switch-
ing topologies and time-delays and obtained some necessary
and/or sufficient criteria for solving the average consensus.
Moreau (2005) studied the non-linear discrete-timemulti-agent
systems with time-dependent communication channels and
introduced a novel method based on the notion of convexity.
However, many practical engineering systems are hybrid sys-
tems, amongwhich a large class of systems are intrinsicallymul-
timodal with subsystems being continuous-time systems and
the remaining subsystems exhibiting discrete-time characteris-
tics (Goebel, Sanfelice, & Teel, 2012). Giving a representative
example is the heating and cooling system, inwhich the furnace,
air conditioner and home heat loss dynamics are in CT while
the thermostat is in DT (Antsaklis, Stiver, & Lemmon, 1993). In
the real world, natural and artificial individuals can also show
collective decision-making. For example, Halloy et al. (2007)
showed collective decision-making by mixed groups of cock-
roaches and socially integrated autonomous robots, leading to
shared shelter selection. Zheng, Ma, andWang (2018) proposed
a hybrid multi-agent system including CT and DT dynamic
agents. Three classes of consensus protocols were designed for
the hybrid multi-agent system and some necessary and suf-
ficient conditions are established for solving the consensus
problem. Other hot topics about multi-agent systems are finite-
time consensus (Wang & Xiao, 2010; Zheng & Wang, 2012c),
bipartite consensus (Wen, Wang, Yu, & Yu, 2018; Zhu, Li,
Ma, & Zheng, 2018), consensus with switched dynamics (Lin
& Zheng, 2017; Zheng &Wang, 2016), etc.

1.2 Contributions

In this paper, we consider the consensus problem for the hybrid
multi-agent systems with heterogeneous dynamics. Aforemen-
tioned Zheng et al. (2018) is only applicable to first-order hybrid
multi-agent system. In the practical multi-agent systems, the
dynamics of the agents coupled with each others are not the
same on account of various restrictions or the common goals
with mixed agents. In other word, agents of different-order
dynamics can coexist in a system at the same time. Inspired by

this phenomenon, we extend the results in Zheng et al. (2018)
to the hybrid multi-agent systemwith heterogeneous dynamics.
In the first place, we proposed one type of hybrid multi-agent
system which is composed of first-order DT and second-order
CT dynamical agents. The consensus of the hybrid multi-agent
system is considered under fixed and switching topologies,
respectively. Then we consider a hybrid multi-agent system
which consists of first-order CT and second-order DT dynami-
cal agents. Difficulty comes partly from how to design protocols
and the proof of the consensus problem for the hybrid multi-
agent system. The reason lies in that the heterogeneous feature
prevents the application of diagonalisation of Laplacian matrix
directly, and the frequency-domain analysis method and the
Lyapunov method cannot be used to prove the consensus prob-
lem in this paper. Themain contribution of this paper is twofold.
First, four classes of effective protocols are presented for two
kinds of hybrid multi-agent systems, respectively. These pro-
tocols are considered under two interaction patterns. We not
only assumed that all agents communicate with their neigh-
bours and update their strategies in the sampling time but also
further assumed each continuous-time agent can observe its
own state in real time. Second, by using graph theory and system
transformation method, the necessary and sufficient conditions
are obtained for solving the consensus problem of such hybrid
multi-agent systems.

1.3 Algebraic graph theory and notation

In this paper, the communication relationship between agents
is described by a weighted directed graph G (A ) = (V ,E ,A )

with a vertex set V = {s1, s2, . . . , sn}, an edge set E = {eij =
(si, sj)} ⊂ V × V and a nonnegative matrix A = [aij]n×n.
The neighbour set of the agent i is Ni = {j : aij > 0}. A
directed path between two distinct vertices si and sj is a
finite-ordered sequence of distinct edges of G with the form
(si, sk1), (sk1 , sk2), . . . , (skl , sj). The degree matrix D = [dij]n×n
is a diagonal matrix with dii = ∑

j:sj∈Ni
aij and the Laplacian

matrix of the graph is defined as L = [lij]n×n = D − A . A
nonnegativematrix is said to be a (row) stochasticmatrix if all its
row sums are 1. A stochastic matrix P = [pij]n×n is called inde-
composable and aperiodic (SIA) if limk→∞ Pk = 1yT , where y
is some column vector.

Throughout this paper, we let R be the set of real num-
ber, R

n denotes the n−dimensional real vector space. Im =
{1, 2, . . . ,m}, In/Im = {m + 1,m + 2, . . . , n}. For a given vec-
tor or matrix X, XT denotes its transpose, ‖X‖ denotes the
Euclidean norm of a vector X. A vector is nonnegative if all
its elements are nonnegative. Let ei denote the canonical vector
with a 1 in the ith entry and 0’s elsewhere. Denote by 1n the col-
umn vector with all entries equal to one. In is an n−dimensional
identity matrix. diag{a1, a2, . . . , an} defines a diagonal matrix
with diagonal elements being a1, a2, . . . , an.

The rest of this paper is organised as follows. In Section 2,
the consensus problem of hybridmulti-agent systems with first-
order DT and second-order CT dynamical agents are solved
under different interactive modes. In Section 3, we solve the
consensus of another hybrid multi-agent systems with first-
order CT dynamical agents and second-order DT dynamical



INTERNATIONAL JOURNAL OF CONTROL 3

agents by using two effective protocols. In Section 4, numerical
simulations are given to illustrate the effectiveness of theoretical
results. Finally, some conclusions are drawn in Section 5.

2. The hybrid systemwith first-order DT dynamics
agents

In this section, we consider the consensus problem for hybrid
multi-agent system, which is composed of first-order DT and
second-orderCTdynamic agents. Some criteria are obtained for
solving the consensus problem for the hybrid multi-agent sys-
tem. The number of agents is n, labelled 1 through n, where the
number of first-order DT dynamics agents ism (m ≤ n). With-
out loss of generality, we assume that agent 1 through agent m
are first-order DT dynamics agents. Thus, the dynamics of the
hybrid multi-agent system are described as follows:{

xi(tk+1) = xi(tk) + ui(tk), tk = kh, k ∈ N, i ∈ Im,
ẋi(t) = vi(t), v̇i(t) = ui(t), i ∈ In/Im.

(1)
where h = tk+1 − tk > 0 is the sampling period, xi ∈ R, vi ∈ R

and ui ∈ R are the position-like, velocity-like and control input
of agent i, respectively. The initial conditions of agent i are
xi(0) = xi0, vi(0) = vi0. Let x(0) = [x10, x20, . . . , xn0]T , v(0) =
[vm0, v(m+1)0, . . . , vn0]T .

Definition 2.1: Hybrid multi-agent system (1) is said to reach
consensus if for any initial condition, we have

lim
tk→∞ ‖xi(tk) − xj(tk)‖ = 0, for i, j ∈ In, (2)

and

lim
t→∞ ‖xi(t) − xj(t)‖ = 0, lim

t→∞ ‖vi(t) − vj(t)‖ = 0,

for i, j ∈ In/Im. (3)

The following results are necessary for the proof of theorems
in this paper.

Lemma 2.2 (Zheng et al., 2018): Let H = diag{h1, h2, . . . , hn}
and 0 < hi < 1

dii , i ∈ In. Then, In − HL is SIA, i.e. limk→∞[In
− HL ]k = 1nνT , if and only if graph G has a spanning tree,
where [In − HL ]Tν = ν, 1Tn ν = 1 and each element of ν is
nonnegative.

Lemma 2.3: Let f (x) = ehx, g(x) = ehx−1
x and h(x) = x − xehx,

where h> 0 is a constant. Then, for x ∈ (−∞, 0), we have f (x),
g(x) and h(x) are increasing functions.

Proof: It is easy to know that f (x) is an increasing function for
x ∈ (−∞, 0).

From g(x) = ehx−1
x , we have g′(x) = (hx−1)ehx+1

x2 . Assume
that g1(x) = (hx − 1)ehx + 1. For x ∈ (−∞, 0), we will prove
that g(x) is increasing functions, which implies that we will
prove that g′(x) is positive. Since x2 > 0 always holds for x ∈
(−∞, 0), we can only prove that g1(x) is positive. We can get
that g′

1(x) = h2xehx. For x ∈ (−∞, 0), it is easy to know that

g′
1(x) < 0 holds, i.e. g1(x) is descending function. Only when
x= 0, we have the least value of g1(x) for x ∈ (−∞, 0), i.e.
g1(0) = 0. Therefore, g1(x) > 0 and g′(x) > 0 always holds for
x ∈ (−∞, 0). Hence, g(x) is an increasing function for x ∈
(−∞, 0).

Due to h′(x) = 1 − ehx − hxehx = 1 − (1 + hx)ehx, (1 +
hx) < 1 for x ∈ (−∞, 0) and ehx ∈ (0, 1), we can get h′(x) > 0
always holds for x ∈ (−∞, 0), i.e. h(x) is an increasing function
for x ∈ (−∞, 0). �

Remark 2.1: In this paper, we suppose that there exists interac-
tion behaviour among the agents. Thus, it is easy to know that
hi < 1

dii is equivalent to maxi∈In{hidii} < 1 for i ∈ In.

2.1 Case 1

In this section, we assume that all agents communicate with
their neighbours and update their control inputs at the sam-
pling time tk with absolute velocity information. The consensus
protocol for hybrid multi-agent system (1) is given as:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ui(tk) = h

∑
j∈Ni

aij(tk)(xj(tk)
−xi(tk)), i ∈ Im,
ui(t) = ∑

j∈Ni
aij(tk)(xj(tk)

−xi(tk)) − k1vi(tk), t ∈ (tk, tk+1], i ∈ In/Im,
(4)

where G (tk) is a switching communication topology at time
instant tk = kh, k ∈ N, A (tk) = [aij(tk)]n×n is the aforemen-
tioned weighted adjacency matrix associated with the graph
G (tk), k1 > 0 is the feedback gain.

Next, we will consider the consensus problem for the hybrid
multi-agent system (1) under protocol (4). We first discuss the
consensus problem in directed network with fixed topology and
obtain the necessary and sufficient condition in Section 2.1.1.
Then, the sufficient condition for consensus of the hybrid
multi-agent system with switching topology is obtained in
Section 2.1.2.

2.1.1 Networks with fixed topology
In this part, we will focus on analysing the consensus of multi-
agent system (1) under protocol (4) in directed network with
fixed topology, i.e. G (tk) ≡ G for any time instant tk.

Theorem 2.4: Consider a directed network of agents with fixed
communication topologyG and suppose that h < 1

maxi∈Im {dii} and

2
√
maxi∈In/Im{dii} < k1 <

√
5−1
h . Then, hybridmulti-agent sys-

tem (1) with protocol (4) reaches consensus if and only if fixed
topology G has a directed spanning tree.

Proof: See Section A.1 for the proof. �

2.1.2 Networks with switching topology
In this part, we consider the consensus problem for hybrid
multi-agent system (1) under protocol (4) in directed network
with switching topology. The interactions among agents are
modelled by the directed networks.
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Theorem 2.5: Consider a directed network of agents with
switching communication topology G (tk) and suppose that h <

1
maxi∈Im {dii(tk):tk≥0} and 2

√
maxi∈In/Im{dii(tk) : tk ≥ 0} < k1 <

√
5−1
h . Then, hybrid multi-agent system (1) with protocol (4)

reaches consensus asymptotically if there exists an infinite
sequence of contiguous, nonempty, uniformly bounded time inter-
vals [tij , tij+1) (j = 1, 2, . . .), starting at ti1 = 0, with the property
that the union of the directed graphs across each interval has a
directed spanning tree.

Proof: See Section A.2 for the proof. �

2.2 Case 2

In this section, we still assume that the interaction among agents
happens at sampling time tk. However, different fromCase 1, we
assume that each CT dynamic agent can obtain its own state in
real time. Then, the consensus protocol for hybrid multi-agent
system (1) is given as

⎧⎪⎨
⎪⎩
ui(tk) = h

∑
j∈Ni

aij(xj(tk) − xi(tk)), i ∈ Im,
ui(t) = ∑

j∈Ni
aij(xj(tk) − xi(t)) − k1vi(t), t ∈ (tk, tk+1],

i ∈ In/Im,
(5)

where A = [aij]n×n is the aforementioned weighted adjacency
matrix associated with fixed topology G , k1 > 0 is the feedback
gain.

Theorem 2.6: Consider a directed fixed communication topol-
ogy G and suppose that h < 1

maxi∈Im {dii} and 2
√
maxi∈In/Im{dii}

< k1 <
√
5−1
h . Then, hybrid multi-agent system (1) with proto-

col (5) reaches consensus if and only if graph G has a directed
spanning tree.

Proof: See Section A.3 for the proof. �

Remark 2.2: Note that the results in this paper establish a uni-
fied viewpoint for the consensus of first-order DT and second-
order CT multi-agent systems. In other words, if m=n, hybrid
multi-agent system (1) becomes a first-order DT multi-agent
system. And if m= 0, hybrid multi-agent system (1) becomes
a second-order CT multi-agent system.

3. The hybrid systemwith first-order CT dynamics
agents

Different from Section 2, we present a hybrid multi-agent sys-
tem which consists of first-order CT dynamics agents and
second-order DT dynamics agents in this section. The num-
ber of agents is n, labelled 1 through n, where the number
of first-order CT dynamics agents is m (m ≤ n). Without loss
of generality, we suppose that agent 1 through agent m are
first-order CT dynamics agents. Therefore, each agent has the

dynamics as follows:

⎧⎪⎨
⎪⎩
ẋi(t) = ui(t), i ∈ Im,
xi(tk+1) = xi(tk) + hvi(tk), vi(tk+1) = vi(tk) + hui(tk),
tk = kh, k ∈ N, i ∈ In/Im,

(6)
where h = tk+1 − tk > 0 is the sampling period, xi ∈ R, vi ∈ R

and ui ∈ R are the position-like, velocity-like and control input
of agent i, respectively. The initial conditions of agent i are
xi(0) = xi0, vi(0) = vi0. Let x(0) = [x10, x20, . . . , xn0]T , v(0) =
[vm0, v(m+1)0, . . . , vn0]T .

Definition 3.1: Hybrid multi-agent system (6) is said to reach
consensus if for any initial condition, we have

lim
tk→∞ ‖xi(tk) − xj(tk)‖ = 0, for i, j ∈ In,

lim
tk→∞ ‖vi(tk) − vj(tk)‖ = 0, for i, j ∈ In/Im, (7)

and

lim
t→∞ ‖xi(t) − xj(t)‖ = 0, for i, j ∈ Im. (8)

3.1 Case 1

In this section, we assume that all agents communicate with
their neighbours and update their control inputs in the sampling
time tk with absolute velocity information. Then, the consensus
protocol for hybrid multi-agent system (6) is given as

⎧⎪⎨
⎪⎩
ui(t) = ∑

j∈Ni
aij(xj(tk) − xi(tk)), t ∈ (tk, tk+1], i ∈ Im,

ui(tk) = ∑
j∈Ni

aij(xj(tk) − xi(tk))
−k1vi(tk), i ∈ In/Im,

(9)
where A = [aij]n×n is the aforementioned weighted adjacency
matrix associated with fixed topology G , k1 > 0 is the feedback
gain.

Theorem 3.2: Consider a directed fixed communication topol-
ogy G and suppose that h < 1

maxi∈Im {dii} and 2
√
maxi∈In/Im{dii}

< k1 <
√
5−1
h . Then, hybrid multi-agent system (6) with proto-

col (9) reaches consensus if and only if graph G has a directed
spanning tree.

Proof: See Section A.4 for the proof. �

Remark 3.1: Similar to the proof of Theorem2.5, we can extend
the results in Section 3.1 to the hybrid multi-agent system
with switching topology. In other words, the consensus prob-
lem for the hybrid multi-agent system (6) also can be solved
asymptotically if there exists an infinite sequence of contigu-
ous, nonempty, uniformly bounded time intervals [tij , tij+1) (j =
1, 2, . . .), starting at ti1 = 0, with the property that the union of
the directed graphs across each interval has a directed spanning
tree.
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3.2 Case 2

In this section, we still assume that the interaction among agents
happens in sampling time tk. However, different fromCase 1, we
assume that each CT dynamic agent can obtain its own state in
real time. Then, the consensus protocol for hybrid multi-agent
system (6) is given as⎧⎪⎨
⎪⎩
ui(t) = ∑

j∈Ni
aij(xj(tk) − xi(t)), t ∈ (tk, tk+1], i ∈ Im,

ui(tk) = ∑
j∈Ni

aij(xj(tk) − xi(tk))
−k1vi(tk), i ∈ In/Im,

(10)
where A = [aij]n×n is the aforementioned weighted adjacency
matrix associated with fixed topology G , k1 > 0 is the feedback
gain.

Theorem 3.3: Consider a directed fixed communication topol-
ogy G and suppose that h < 1

maxi∈Im {dii} and 2
√
maxi∈In/Im{dii}

< k1 <
√
5−1
h . Then, hybrid multi-agent system (6) with proto-

col (10) reaches consensus if and only if graph G has a directed
spanning tree.

Proof: See Section A.5 for the proof. �

4. Simulations

In this section, we provide some examples to demonstrate the
effectiveness of our theoretical results.

Suppose that there are 6 agents. The first-order dynamic
agents and the second-order dynamic agents are denoted by
1–3 and 4–6, respectively. The dynamics of the agents are
described in (1) and (6). The communication graph G is
shown in Figure 1 with fixed topology and 0–1 weights. It can
be noted that the fixed topology G has a directed spanning
tree and maxi∈I3{dii} = 2 and maxi∈I6/I3{dii} = 1. Let x(0) =
[−13, 14, 3,−9, 20, 6]T and v(0) = [6, 15,−12]T.

Example 4.1: Let the sampling period h= 0.35 and the feed-
back gain k1 = 3.3. It is easy to calculate that h < 1

maxi∈Im {dii}
and 2

√
maxi∈In/Im{dii} < k1 <

√
5−1
h hold. By using consensus

protocol (4), all agents’ state trajectories are shown in Figure 2,
which is consistent with Theorem 2.4.

Example 4.2: We choose h = 0.25 < 1
maxi∈Im {dii} and 2√

maxi∈In/Im{dii} < k1 = 3.5 <
√
5−1
h . By using consensus

protocol (5), the state trajectories of all the agents are shown in
Figure 3, which is consistent with Theorem 2.6.

Figure 1. A directed graph G .
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Figure 2. The state trajectories of all agents with consensus protocol (4) and
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Figure 3. The state trajectories of all agents with consensus protocol (5) and
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Figure 4. The state trajectories of all agents with consensus protocol (9) and
graph G .

Example 4.3: Suppose that hybrid multi-agent system (6) runs
with protocol (9). It is shown that the sampling period h= 0.2
and the feedback gain k1 = 3.2. Obviously, h and k1 satisfy h <
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Figure 5. The state trajectories of all agents with consensus protocol (10) and
graph G .

1
maxi∈Im {dii} and 2

√
maxi∈In/Im{dii} < k1 <

√
5−1
h . All agents’

state trajectories are shown in Figure 4, which is consistent with
Theorem 3.2.

Example 4.4: Assume that h= 0.4 and k1 = 2.9. It is easy
to verify that h < 1

maxi∈Im {dii} and 2
√
maxi∈In/Im{dii} < k1 <

√
5−1
h hold. We get the state trajectories of all the agents by

using consensus protocol (10). The state trajectories of all the
agents are drawn in Figure 5. Obviously, the simulation results
are consistent with the sufficiency of Theorem 3.3.

5. Conclusions

In this paper, we studied the consensus of two kinds of hybrid
multi-agent systems with heterogeneous dynamics. The first
kind of hybrid multi-agent system is composed of first-order
DT and second-order CT dynamic agents. The second one con-
sists of first-order CT and second-order DT dynamic agents.
Four classes of effective consensus protocols were presented
on the basis of different interactive modes. First, we assumed
that all agents update their strategies in the sampling time with
absolute velocity information. Then, we assumed that each CT
agent can observe its own state in real time. Some criteria are
obtained for solving the consensus of two kinds of hybridmulti-
agent systems. In the future, we may consider the consensus
of hybrid multi-agent system with communication noises and
time-delays, etc.
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Appendix

A.1 The proof of Theorem 2.4
(Sufficiency) Firstly, wewill prove that Equations (2) and (3) holds. From (1)
and (4), we have

xi(tk+1) = xi(tk) + h
∑
j∈Ni

aij(xj(tk) − xi(tk)), (A1)

for i ∈ Im, and⎧⎪⎪⎨
⎪⎪⎩
xi(t) = xi(tk) + (t − tk)vi(tk) + (t−tk)2

2(∑
j∈Ni

aij(xj(tk) − xi(tk)) − k1vi(tk)
)
,

vi(t) = vi(tk) + (t − tk)
(∑

j∈Ni
aij(xj(tk) − xi(tk)) − k1vi(tk)

)
,
(A2)

for i ∈ In/Im, t ∈ (tk, tk+1].

For (A2), when t = tk+1, we have⎧⎪⎪⎨
⎪⎪⎩
xi(tk+1) = xi(tk) + hvi(tk) + h2

2(∑
j∈Ni

aij(xj(tk) − xi(tk)) − k1vi(tk)
)
,

vi(tk+1) = vi(tk) + h
(∑

j∈Ni
aij(xj(tk) − xi(tk)) − k1vi(tk)

)
.
(A3)

Let yi′ (tk) = xi(tk) + 2
k1 vi(tk). Then, vi(tk) = k1

2 (yi′ (tk) − xi(tk)). For i ∈
In/Im and i′ ∈ In/Im,

xi(tk+1) = xi(tk) +
(
h − h2

2
k1

)
k1
2

(yi′ (tk) − xi(tk))

+ h2

2

∑
j∈Ni

aij(xj(tk) − xi(tk))

= xi(tk) +
(
hk1
2

− h2k21
4

)
(yi′ (tk) − xi(tk))

+ h2

2

∑
j∈Ni

aij(xj(tk) − xi(tk)), (A4)

yi′ (tk+1) = xi(tk+1) + 2
k1

vi(tk+1)

= xi(tk) + hvi(tk) + h2

2

∑
j∈Ni

aij(xj(tk) − xi(tk)) − h2k1
2

vi(tk)

+ 2
k1

vi(tk) + 2h
k1

∑
j∈Ni

aij(xj(tk) − xi(tk)) − 2hvi(tk)

= yi′ (tk) +
(

−h − h2k1
2

)
vi(tk)

+
(
h2

2
+ 2h

k1

) ∑
j∈Ni

aij(xj(tk) − xi(tk))

= yi′ (tk) +
(
hk1
2

+ h2k21
4

)
(xi(tk) − yi′ (tk))

+
(
h2

2
+ 2h

k1

) ⎡
⎣∑
j∈Ni

aij(xj(tk) − yi′ (tk))

+
∑
j∈Ni

aij(yi′ (tk) − xi(tk))

⎤
⎦

= yi′ (tk) +
(
h2

2
+ 2h

k1

) ∑
j∈Ni

aij(xj(tk) − yi′ (tk))

+
⎛
⎝hk1

2
+ h2k21

4
− h2

2

∑
j∈Ni

aij − 2h
k1

∑
j∈Ni

aij

⎞
⎠

× (xi(tk) − yi′ (tk)). (A5)

Let k2 = hk1
2 − h2k21

4 and k3 = hk1
2 + h2k21

4 − h2
2

∑
j∈Ni

aij − 2h
k1

∑
j∈Ni

aij.
From (A1), (A4), (A5), we get a first-order DTmulti-agent system of 2n−m
agents with the dynamics as follows:⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

xi(tk+1) = xi(tk) + h
∑

j∈Ni
aij(xj(tk) − xi(tk)), i ∈ Im,

xi(tk+1) = xi(tk) + k2(yi′ (tk) − xi(tk))
+ h2

2
∑

j∈Ni
aij(xj(tk) − xi(tk)), i ∈ In/Im,

yi′ (tk+1) = yi′ (tk) + k3(xi(tk) − yi′ (tk))
+

(
h2
2 + 2h

k1

)∑
j∈Ni

aij(xj(tk) − yi′ (tk)), i′ ∈ In/Im,

(A6)

where xi ∈ R and yi′ ∈ R are the states of ith and i′th agents, respectively.
Due to h < 1

maxi∈Im {dii} and 2
√
maxi∈In/Im {dii} < k1 <

√
5−1
h , it is

easy to know that 2
√
maxi∈In/Im {dii} < k1 < 2

h . Thus, k2= hk1
2 − h2k21

4 >0.
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If dii = 0, we have 0 < k2 < k3 = hk1
2 + h2k21

4 < 1. If dii �= 0, we have
h2k21
4 − h2

2 maxi∈In/Im {dii} > 0 and k1h
2 − 2h

k1 maxi∈In/Im {dii} > 0, which

implies that k3 > 0.Moreover, k2 + h2
2

∑
j∈Ni

aij < k3 + ( h
2

2 + 2h
k1 )

∑
j∈Ni

aij =
hk1
2 + h2k21

4 < 1.
LetG ′ = (V ′,E ′) be a directed communication graphwith fixed topol-

ogy of first-order multi-agent system (A6) with a vertex set V ′ = V1 ∪
V2 ∪ V3, which V1 = {s1, s2, . . . , sm}, V2 = {sm+1, sm+2, . . . , sn} and V3 =
{s(m+1)′ , s(m+2)′ , . . . , sn′ }.

Support that the fixed topology G has a directed a spanning tree TG .
For each edge (sj, si) ∈ TG , we consider the following four cases:

(1) If sj ∈ V1 and si ∈ V1, we have (sj, si) ∈ E ′;
(2) If sj ∈ V1 and si ∈ V2, we have (sj, si) ∈ E ′;
(3) If sj ∈ V2 and si ∈ V1, we have (sj′ , sj) ∈ E ′, (sj, si) ∈ E ′;
(4) If sj ∈ V2 and si ∈ V2, we have (sj′ , sj) ∈ E ′, (sj, si) ∈ E ′;

Adding these edges to TG , we get a directed spanning tree for G ′.
Suppose that the topologyG ′ has a directed spanning treeTG ′ . For each

vertex si ∈ V3, if there exist sj, sk ∈ V1 ∪ V2, which make (sj, si), (si, sk) ∈
TG ′ , we delete the vertex si and add the edge (sj, sk) ∈ E . Otherwise, we
delete the vertex si. Thus, we get a directed spanning tree for TG .

Hence, the graph G has a directed a spanning tree if and only if the
topology G ′ has a directed spanning tree.

Since fixed topology G has a directed spanning tree, by the aforemen-
tioned analysis and Lemma 2.2, it is easy to get that first-order multi-
agent system (A6) reaches consensus, i.e. limtk→∞ ‖xi(tk) − xj(tk)‖ = 0
for (i, j ∈ In) and limtk→∞ ‖xi(tk) − yi′ (tk)‖ = 0 (for i, i′ ∈ In/Im), which
implies that limtk→∞ ‖vi(tk)‖ = 0 (for i ∈ In/Im). Thus, we have that
Equation (2) holds if fixed topology G has a directed spanning tree.

Next, we will prove that Equation (3) holds. We have

‖xi(t) − xj(t)‖ ≤ ‖xi(t) − xi(tk)‖ + ‖xi(tk) − xj(tk)‖ + ‖xj(tk) − xj(t)‖

and

‖vi(t) − vj(t)‖ ≤ ‖vi(t) − vi(tk)‖ + ‖vi(tk) − vj(tk)‖ + ‖vj(tk) − vj(t)‖,

From (A2), it is easy to know that

‖xi(t) − xi(tk)‖ ≤ h‖vi(tk)‖ + h2

2

×
⎛
⎝∑

j∈Ni

aij‖xj(tk) − xi(tk)‖ + k1‖vi(tk)‖
⎞
⎠ ,

‖vi(t) − vi(tk)‖ ≤ h

⎛
⎝∑

j∈Ni

aij‖xj(tk) − xi(tk)‖ + k1‖vi(tk)‖
⎞
⎠ ,

for i ∈ In/Im, t ∈ (tk, tk+1]. When t → ∞, we have tk → ∞. Therefore,

lim
t→∞ ‖xi(t) − xi(tk)‖ = lim

t→∞ ‖vi(t) − vi(tk)‖ = 0,

for i ∈ In/Im, which implies that

lim
t→∞ ‖xi(t) − xj(t)‖ = lim

t→∞ ‖vi(t) − vj(t)‖ = 0, for i, j ∈ In/Im.

Thus, hybrid multi-agent system (1) with protocol (4) reaches consensus.
(Necessity) Suppose that fixed topology G does not have a directed

spanning tree. It follows from Lemma 2.2 that limk→∞(In − HL )k �=
1nνT , which means that first-order DT multi-agent system (A6) cannot
reach consensus. Consequently, hybridmulti-agent system (1) cannot reach
consensus.

A.2 The proof of Theorem 2.5
Let yi′ (tk) = xi(tk) + 2

k1 vi(tk). Similar to the proof of the Theorem 2.4, we
get a first-order DTmulti-agent system of 2n−m agents with the dynamics

as follows:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

xi(tk+1) = xi(tk) + h
∑

j∈Ni
aij(tk)(xj(tk) − xi(tk)), i ∈ Im,

xi(tk+1) = xi(tk) + k2(yi′ (tk) − xi(tk))
+ h2

2
∑

j∈Ni
aij(tk)(xj(tk) − xi(tk)), i ∈ In/Im,

yi′ (tk+1) = yi′ (tk) + k3(tk)(xi(tk) − yi′ (tk))
+

(
h2
2 + 2h

k1

) ∑
j∈Ni

aij(tk)(xj(tk) − yi′ (tk)), i′ ∈ In/Im,
(A7)

where k3(tk) = hk1
2 + h2k21

4 − h2
2

∑
j∈Ni

aij(tk) − 2h
k1

∑
j∈Ni

aij(tk), xi ∈ R

and yi′ ∈ R are the states of ith and i′th agents, respectively.
Due to h < 1

maxi∈Im {dii(tk):tk≥0} and 2
√
maxi∈In/Im {dii(tk) : tk ≥ 0} <

k1 <
√
5−1
h , it is easy to know that 2

√
maxi∈In/Im {dii(tk) : tk ≥ 0} < k1 <

2
h . Thus, k2 = hk1

2 − h2k21
4 > 0. If dii = 0, we have 0 < k2 < k3(tk) =

hk1
2 + h2k21

4 < 1. If dii �= 0, we have h2k21
4 − h2

2 maxi∈In/Im {dii(tk) : tk ≥
0} > 0 and k1h

2 − 2h
k1 maxi∈In/Im {dii(tk) : tk ≥ 0} > 0, which implies that

k3(tk) > 0. Moreover, k2 + h2
2

∑
j∈Ni

aij(tk) < k3 + ( h
2

2 + 2h
k1 )

∑
j∈Ni

aij(tk) = hk1
2 + h2k21

4 < 1. Similar to the proof of Theorem 3.10 in Ren
and Beard (2005), we can prove that hybrid multi-agent system (A7)
with protocol (4) reaches consensus asymptotically if there exists an infi-
nite sequence of contiguous, nonempty, uniformly bounded time intervals
[tij , tij+1 ) (j = 1, 2, . . .), starting at ti1 = 0, with the property that the union
of the directed graphs across each interval has a directed spanning tree.

Thus, the hybridmulti-agent system (1) with protocol (4) can also reach
consensus asymptotically.

A.3 The proof of Theorem 2.6
(Sufficiency) From (1) and (5), we have

xi(tk+1) = xi(tk) + h
∑
j∈Ni

aij(xj(tk) − xi(tk)), (A8)

for i ∈ Im, and

ẍi(t) = v̇i(t) =
∑
j∈Ni

aij(xj(tk) − xi(t)) − k1ẋi(t),

for i ∈ In/Im and t ∈ (tk, tk+1], i.e.

ẍi(t) + k1ẋi(t) +
⎛
⎝∑

j∈Ni

aij

⎞
⎠ xi(t) =

∑
j∈Ni

aijxj(tk).

Solving the above second-order ordinary differential equation, if dii �= 0,
we get

⎧⎨
⎩xi(t) = c1er1(t−tk) + c2er2(t−tk) +

∑
j∈Ni aijxj(tk)∑

j∈Ni aij
,

vi(t) = ẋi(t) = c1r1er1(t−tk) + c2r2er2(t−tk),
(A9)

where r1 = −k1+
√
k21−4

∑
j∈Ni aij

2 , r2 = −k1−
√
k21−4

∑
j∈Ni aij

2 ,

c1 =
vi(tk)+

r2
∑

j∈Ni aij(xj(tk)−xi(tk))∑
j∈Ni aij

r1−r2 and c2 =
vi(tk)+

r1
∑

j∈Ni aij(xj(tk)−xi(tk))∑
j∈Ni aij

r2−r1 , for
t ∈ (tk, tk+1]. It is easy to find that r1 + r2 = −k1, r1r2 = ∑

j∈Ni
aij.

For i ∈ In/Im, when t = tk+1, we have

xi(tk+1) = c1er1h + c2er2h +
∑

j∈Ni
aijxj(tk)∑

j∈Ni
aij

=
vi(tk) + r2·

∑
j∈Ni aij(xj(tk)−xi(tk))∑

j∈Ni aij

r1 − r2
· er1h +

∑
j∈Ni

aijxj(tk)∑
j∈Ni

aij
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+
vi(tk) + r1·

∑
j∈Ni aij(xj(tk)−xi(tk))∑

j∈Ni aij

r2 − r1
· er2h

= er1h − er2h

r1 − r2
vi(tk) +

r2er1h−r1er2h∑
j∈Ni aij

r1 − r2

∑
j∈Ni

aij(xj(tk) − xi(tk))

+
∑

j∈Ni
aijxj(tk)∑

j∈Ni
aij

= xi(tk) + r2er1h − r1er2h + (r1 − r2)∑
j∈Ni

aij(r1 − r2)

∑
j∈Ni

aij(xj(tk) − xi(tk))

+ er1h − er2h

r1 − r2
vi(tk), (A10)

and

vi(tk+1) = c1r1er1h + c2r2er2h

=
r1vi(tk) + ∑

j∈Ni
aij(xj(tk) − xi(tk))

r1 − r2
· er1h

+
r2vi(tk) + ∑

j∈Ni
aij(xj(tk) − xi(tk))

r2 − r1
· er2h

= r1er1h − r2er2h

r1 − r2
vi(tk) + er1h − er2h

r1 − r2

∑
j∈Ni

aij(xj(tk) − xi(tk))

= vi(tk) + er1h − er2h

r1 − r2

∑
j∈Ni

aij(xj(tk) − xi(tk))

+ r1er1h − r2er2h − (r1 − r2)
r1 − r2

vi(tk). (A11)

Let yi′ (tk) = xi(tk) + 2
k1 vi(tk). Then, vi(tk) = k1

2 (yi′ (tk) − xi(tk)). For i ∈
In/Im and i′ ∈ In/Im,

xi(tk+1) = xi(tk) +
er1h−1

r1 − er2h−1
r2

r1 − r2

∑
j∈Ni

aij(xj(tk) − xi(tk))

+ k1
2
er1h − er2h

r1 − r2
(yi′ (tk) − xi(tk))

= xi(tk) + k1k5
2

(yi′ (tk) − xi(tk)) + k6
∑
j∈Ni

aij(xj(tk) − xi(tk)),

(A12)

yi′ (tk+1) = xi(tk) + k6
∑
j∈Ni

aij(xj(tk) − xi(tk)) + k1k5
2

(yi′ (tk) − xi(tk))

+ 2
k1

⎛
⎝vi(tk) + k5

∑
j∈Ni

aij(xj(tk) − xi(tk)) + k7vi(tk)

⎞
⎠

= yi′ (tk) +
(
k1k5
2

+ k7
)

(yi′ (tk) − xi(tk))

+
(
2k5
k1

+ k6
) ⎛

⎝∑
j∈Ni

aij(xj(tk) − yi′ (tk))

+
∑
j∈Ni

aij(yi′ (tk) − xi(tk))

⎞
⎠

= yi′ (tk) +
⎛
⎝−k1k5

2
− k7 −

∑
j∈Ni

aij
(
2k5
k1

+ k6
)⎞

⎠
× (xi(tk) − yi′ (tk))

+
(
2k5
k1

+ k6
) ∑

j∈Ni

aij(xj(tk) − yi′ (tk)), (A13)

where k5 = er1h−er2h
r1−r2 , k6 =

er1h−1
r1

− er2h−1
r2

r1−r2 and k7 = r1er1h−r2er2h−(r1−r2)
r1−r2 .

Due to r2 < r1 < 0, from Lemma 2.3, we have k5 > 0, k6 > 0 and k7 <

0. In addition, we know k1 > 2
√
maxi∈In/Im {dii}, which implies that k1

2 −
2
k1

∑
j∈Ni

aij > 0. Moreover

− k1k5
2

− k7 −
∑
j∈Ni

aij
(
2k5
k1

+ k6
)

=
k1
2 (er1h − er2h) + [(r1er1h − r1) − (r2er2h − r2)]

r2 − r1

+
∑

j∈Ni
aij( e

r1h−1
r1 − er2h−1

r2 ) + 2
k1

∑
j∈Ni

aij(er1h − er2h)

r2 − r1

=
⎛
⎝k1

2
+ r1 + r2 + 2

k1

∑
j∈Ni

aij

⎞
⎠ (er1h − er2h)

r2 − r1

=
⎛
⎝k1

2
− 2

k1

∑
j∈Ni

aij

⎞
⎠ (er1h − er2h)

r1 − r2

= k5

⎛
⎝k1

2
− 2

k1

∑
j∈Ni

aij

⎞
⎠ > 0,

Thus, k1k5
2 + k6

∑
j∈Ni

aij = (− k1k5
2 − k7 − ∑

j∈Ni
aij( 2k5k1 + k6)) +

( 2k5k1 + k6)
∑

j∈Ni
aij. Owing to r1 + r2 = −k1,

k1k5
2

+ k6
∑
j∈Ni

aij

= − k1k5
2

− k7

= −
k1
2 (er1h − er2h) + (

(r1er1h − r1) − (r2er2h − r2)
)

r1 − r2

= − er1h + er2h

2
+ 1 < 1.

For i ∈ In/Im and t ∈ (tk, tk+1], if dii = 0, (A9) can be replaced by{
xi(t) = c3 + c4e−k1(t−tk),
vi(t) = −k1c4e−k1(t−tk),

(A14)

where c3 = xi(tk) + vi(tk)
k1 and c4 = − vi(tk)

k1 . Thus, it is easy to get that{
xi(tk+1) = xi(tk) + 1−e−k1h

2 (yi′ (tk) − xi(tk)),
yi′ (tk+1) = yi′ (tk) + 1−e−k1h

2 (xi(tk) − yi′ (tk)),
(A15)

where i ∈ In/Im, i′ ∈ In/Im and 0 < 1−e−k1h

2 < 1.
From (A8) and (A12), (A13) (or (A15)), we get a first-order DT multi-

agent system of 2n−m agents with the dynamics as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xi(tk+1) = xi(tk)
+h

∑
j∈Ni

aij(xj(tk) − xi(tk)), i ∈ Im,
xi(tk+1) = xi(tk) + k1k5

2 (yi′ (tk) − xi(tk))
+k6

∑
j∈Ni

aij(xj(tk) − xi(tk)), i ∈ In/Im,
yi′ (tk+1) = yi′ (tk)

+k5
(
k1
2 − 2

k1

∑
j∈Ni

aij
)

(xi(tk) − yi′ (tk))

+
(
2k5
k1 + k6

)∑
j∈Ni

aij(xj(tk) − yi′ (tk)), i′ ∈ In/Im,
(A16)

where xi ∈ R and yi′ ∈ R are the states of ith and i′th agents, respectively.
By the aforementioned analysis and Lemma 2.2, since fixed topology G

has a directed spanning tree, it is easy to get that first-order multi-agent
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system (A16) reaches consensus, which implies that limtk→∞ ‖xi(tk) −
xj(tk)‖ = 0 (for i, j ∈ In) and limtk→∞ ‖vi(tk)‖ = 0 (for i ∈ In/Im). Thus,
we have that Equation (2) holds if fixed topologyG has a directed spanning
tree.

Next, we will prove that Equation (3) holds.
For i, j ∈ In/Im, we have

‖xi(t) − xj(t)‖ ≤ ‖xi(t) − xi(tk)‖ + ‖xi(tk) − xj(tk)‖ + ‖xj(tk) − xj(t)‖
and

‖vi(t) − vj(t)‖ ≤ ‖vi(t) − vi(tk)‖ + ‖vi(tk) − vj(tk)‖ + ‖vj(tk) − vj(t)‖.
If dii �= 0, from (A9), we know that

‖xi(t) − xi(tk)‖ =
∥∥∥∥∥c1er1(t−tk) + c2er2(t−tk) +

∑
j∈Ni

aij(xj(tk) − xi(tk))∑
j∈Ni

aij

∥∥∥∥∥
=

∥∥∥∥ r2er1(t−tk) − r1er2(t−tk) + (r1 − r2)∑
j∈Ni

aij(r1 − r2)

∑
j∈Ni

aij(xj(tk) − xi(tk)) + er1(t−tk) − er2(t−tk)

r1 − r2
vi(tk)

∥∥∥∥

≤
er1(t−tk)−1

r1 − er2(t−tk)−1
r2

r1 − r2

∑
j∈Ni

aij
∥∥(xj(tk) − xi(tk))

∥∥

+ er1(t−tk) − er2(t−tk)

r1 − r2
‖vi(tk)‖

≤ 1∑
j∈Ni

aij

⎛
⎝∑

j∈Ni

aij
∥∥(xj(tk) − xi(tk))

∥∥
⎞
⎠

+ 2
k1

‖vi(tk)‖ ,

‖vi(t) − vi(tk)‖ =
∥∥∥∥ er1(t−tk) − er2(t−tk)

r1 − r2

∑
j∈Ni

aij(xj(tk) − xi(tk))

+ r1er1(t−tk) − r2er2(t−tk) − (r1 − r2)
r1 − r2

vi(tk)
∥∥∥∥

≤ er1(t−tk) − er2(t−tk)

r1 − r2

∑
j∈Ni

aij‖(xj(tk) − xi(tk))‖

+ (r1 − r1er1(t−tk)) − (r2 − r2er2(t−tk))

r1 − r2
‖vi(tk)‖

≤ 2
k1

∑
j∈Ni

aij‖(xj(tk) − xi(tk))‖ + ‖vi(tk)‖.

If dii = 0, it follows from (A14) that

‖xi(t) − xi(tk)‖ =
∥∥∥∥vi(tk)

k1
− vi(tk)

k1
e−k1(t−tk)

∥∥∥∥
≤ 1

k1
(1 − e−k1(t−tk))‖vi(tk)‖

≤ 1
k1

‖vi(tk)‖,

‖vi(t) − vi(tk)‖ = ‖vi(tk)e−k1(t−tk) − vi(tk)‖
≤ (1 − e−k1(t−tk))‖vi(tk)‖
≤ ‖vi(tk)‖,

When t → ∞, we have tk → ∞. Therefore,

lim
t→∞ ‖xi(t) − xi(tk)‖ = lim

t→∞ ‖vi(t) − vi(tk)‖ = 0,

for i ∈ In/Im, which implies that

lim
t→∞ ‖xi(t) − xj(t)‖ = lim

t→∞ ‖vi(t) − vj(t)‖ = 0, for i, j ∈ In/Im.

(Necessity) Similar to the proof of necessity in Theorem 2.4, we omit it here.

A.4 The proof of Theorem 3.2
(Sufficiency) Firstly, we will prove that Equation (7) and (8) holds. From (6)
and (9), we have

xi(t) = xi(tk) + (t − tk)
∑
j∈Ni

aij(xj(tk) − xi(tk)), (A17)

for i ∈ Im, t ∈ (tk, tk+1] and{
xi(tk+1) = xi(tk) + hvi(tk),
vi(tk+1) = vi(tk) + h

(∑
j∈Ni

aij(xj(tk) − xi(tk)) − k1vi(tk)
)
,
(A18)

for i ∈ In/Im. For (A17), when t = tk+1, we have

xi(tk+1) = xi(tk) + h
∑
j∈Ni

aij(xj(tk) − xi(tk)). (A19)

Let yi′ (tk) = xi(tk) + 2
k1 vi(tk). Then, vi(tk) = k1

2 (yi′ (tk) − xi(tk)). For i ∈
In/Im and i′ ∈ In/Im,

xi(tk+1) = xi(tk) + hk1
2

(yi′ (tk) − xi(tk)), (A20)

yi′ (tk+1) = xi(tk+1) + 2
k1

vi(tk+1)

= xi(tk) + hk1
2

(yi′ (tk) − xi(tk)) + 2
k1

vi(tk)

+ 2h
k1

∑
j∈Ni

aij(xj(tk) − xi(tk)) − hk1(yi′ (tk) − xi(tk))

= yi′ (tk) +
⎛
⎝hk1

2
− 2h

k1

∑
j∈Ni

aij

⎞
⎠ (xi(tk) − yi′ (tk))

+ 2h
k1

∑
j∈Ni

aij(xj(tk) − yi′ (tk)). (A21)

Let k4 = hk1
2 − 2h

k1

∑
j∈Ni

aij. From (A19), (A20) and (A21), we get a first-
order DTmulti-agent system of 2n−m agents with the dynamics as follows:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
xi(tk+1) = xi(tk) + h

∑
j∈Ni

aij(xj(tk) − xi(tk)), i ∈ Im,
xi(tk+1) = xi(tk) + hk1

2 (yi′ (tk) − xi(tk)), i ∈ In/Im,
yi′ (tk+1) = yi′ (tk) + k4(xi(tk) − yi′ (tk)) + 2h

k1

∑
j∈Ni

aij
(xj(tk) − yi′ (tk)), i′ ∈ In/Im,

(A22)

where xi ∈ R and yi′ ∈ R are the states of ith and i′th agents, respectively.
Due to h < 1

maxi∈Im {dii} and 2
√
maxi∈In/Im {dii} < k1 <

√
5−1
h , it is

easy to know that 2
√
maxi∈In/Im {dii} < k1 < 2

h . If dii = 0, we have
0 < k4 = hk1

2 < 1. If dii �= 0, we have k4 = k1h
2 − 2h

k1 maxi∈In/Im {dii} > 0.
Moreover, hk12 = k4 + 2h

k1

∑
j∈Ni

aij < 1.
Let G ′ = (V ′,E ′) be a directed communication graph with fixed

topology of first-order multi-agent system (A22) with a vertex set V ′ =
V1 ∪ V2 ∪ V3, which V1 = {s1, . . . , sm}, V2 = {sm+1, . . . , sn} and V3 =
{s(m+1)′ , . . . , sn′ }. Similar to the proof of Theorem 2.4, we know that fixed
topologyG ′ has a directed spanning tree if and only if fixed topologyG has
a directed spanning tree.

Since fixed topology G has a directed spanning tree, by the aforemen-
tioned analysis and Lemma 2.2, it is easy to get that first-order multi-
agent system (A22) reaches consensus, i.e. limtk→∞ ‖xi(tk) − xj(tk)‖ = 0
for (i, j ∈ In) and limtk→∞ ‖xi(tk) − yi′ (tk)‖ = 0 (for i, i′ ∈ In/Im), which
implies that limtk→∞ ‖vi(tk)‖ = 0 (for i ∈ In/Im). Thus, we have that
Equation (7) holds if fixed topology G has a directed spanning tree.

Next, we will prove that Equation (8) holds. We have

‖xi(t) − xj(t)‖ ≤ ‖xi(t) − xi(tk)‖ + ‖xi(tk) − xj(tk)‖ + ‖xj(tk) − xj(t)‖,
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From (A17), it is easy to know that

‖xi(t) − xi(tk)‖ ≤ h
∑
j∈Ni

aij‖xj(tk) − xi(tk)‖,

for i ∈ Im, t ∈ (tk, tk+1]. When t → ∞, we have tk → ∞. Therefore,

lim
t→∞ ‖xi(t) − xi(tk)‖ = 0,

for i ∈ Im, which implies that

lim
t→∞ ‖xi(t) − xj(t)‖ = 0, for i, j ∈ Im.

Thus, hybridmulti-agent system (6)with protocol (9) reaches second-order
consensus.

(Necessity) Suppose that fixed topology G does not have a directed
spanning tree. It follows from Lemma 2.2 that limk→∞(In − HL )k �=
1nνT , which means that first-order DT multi-agent system (A22) can not
reach consensus. Consequently, hybridmulti-agent system (6) cannot reach
consensus.

A.5 The proof of Theorem 3.3
(Sufficiency) Firstly, wewill prove that Equations (7) and (8) holds. From (6)
and (10), we have

xi(t) = xi(tk) + 1 − e−
∑

j∈Ni aij(t−tk)∑
j∈Ni

aij

∑
j∈Ni

aij(xj(tk) − xi(tk)), (A23)

for i ∈ Im, t ∈ (tk, tk+1]. For (A23), when t = tk+1, we have

xi(tk+1) = xi(tk) + 1 − e−h
∑

j∈Ni aij∑
j∈Ni

aij

∑
j∈Ni

aij(xj(tk) − xi(tk)). (A24)

For i ∈ In/Im and i′ ∈ In/Im, similar to the analysis of Theorem 3.2,

xi(tk+1) = xi(tk) + hk1
2

(yi′ (tk) − xi(tk)) (A25)

and

yi′ (tk+1) = yi′ (tk) + k4(xi(tk) − yi′ (tk)) + 2h
k1

∑
j∈Ni

aij(xj(tk) − yi′ (tk)).

(A26)

From (A24), (A25) and (A26), we get a first-order DT multi-agent system
of 2n−m agents with the dynamics as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xi(tk+1) = xi(tk) + 1−e−h
∑

j∈Ni aij∑
j∈Ni aij∑

j∈Ni
aij(xj(tk) − xi(tk)), i ∈ Im,

xi(tk+1) = xi(tk)
+ hk1

2 (yi′ (tk) − xi(tk)), i ∈ In/Im,
yi′ (tk+1) = yi′ (tk) + k4(xi(tk) − yi′ (tk))

+ 2h
k1

∑
j∈Ni

aij(xj(tk) − yi′ (tk)), i′ ∈ In/Im.

(A27)

where xi ∈ R and yi′ ∈ R are the states of ith and i′th agents, respectively.
By the aforementioned analysis and Lemma 2.2, since fixed topology G

has a directed spanning tree, it is easy to get that first-order multi-agent
system (A27) reaches consensus, which implies that limtk→∞ ‖xi(tk) −
xj(tk)‖ = 0 (for i, j ∈ In), limtk→∞ ‖vi(tk)‖ = 0 (for i ∈ In/Im).Thus, we
have that Equation (7) holds if fixed topology G has a directed spanning
tree.

Next, we will prove that equation (8) holds. For i, j ∈ Im, we have
‖xi(t) − xj(t)‖ ≤ ‖xi(t) − xi(tk)‖ + ‖xi(tk) − xj(tk)‖ + ‖xj(tk) − xj(t)‖,
from (A23), we know that

‖xi(t) − xi(tk)‖ =
∥∥∥∥∥∥
1 − e−

∑
j∈Ni aij(t−tk)∑

j∈Ni
aij

∑
j∈Ni

aij(xj(tk) − xi(tk))

∥∥∥∥∥∥
≤ 1 − e−h

∑
j∈Ni aij∑

j∈Ni
aij

∑
j∈Ni

aij‖(xj(tk) − xi(tk))‖

≤ ‖(xj(tk) − xi(tk))‖,
When t → ∞, we have tk → ∞. Therefore,

lim
t→∞ ‖xi(t) − xi(tk)‖ = 0,

for i ∈ Im, which implies that

lim
t→∞ ‖xi(t) − xj(t)‖ = 0, for i, j ∈ Im.

Thus, hybrid multi-agent system (6) with protocol (10) reaches consensus.
(Necessity) Similar to the proof of necessity in Theorem 3.2, we omit it

here.
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