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This paper studies the consensus problem of first-order and second-order multi-agent systems with nonlinear dynamics
and quantised interactions. Continuous-time and impulsive control inputs are designed for the multi-agent systems on the
logarithmic quantised relative state measurements of agents, respectively. By using nonsmooth analysis tools, we get some
sufficient conditions for the consensus of multi-agent systems under the continuous-time inputs. Compared with continuous-
time control inputs, impulsive distributed control inputs just use the state variables of the systems at discrete-time instances.
Based on impulsive control theory, we prove that the multi-agent systems can reach consensus by choosing proper control
gains and impulsive intervals. The simulation results are given to verify the effectiveness of the theoretical results.
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1. Introduction

In recent years, distributed coordination of multi-agent sys-
tems has attracted a great deal of attention. This is partly
due to broad practical applications of multi-agent systems
in many areas such as formation control (Fax & Murray,
2004; Ren & Cao, 2011), swarming (Liu, Chu, Wang, &
Wang, 2005) and flocking (Tanner, Jadbabaie, & Pappas,
2007). A key problem in distributed control is the con-
sensus problem, which aims at designing distributed al-
gorithm to make a group of agents reach an agreement
upon some quantities of interest. In Vicsek, Czirok, Jacob,
Cohen, and Schochet (1995), the authors proposed a
discrete-time model for the phase transition of a group
of autonomous agents. Through computer simulations, it
was showed that all agents eventually moved in the same
direction. In Jadbabaie, Lin, and Morse (2003), a theoreti-
cal explanation was provided for the consensus behaviour
of the Vicsek model through graph theory. In Olfati-Saber
and Murray (2004), a theoretical framework for consen-
sus problems of continuous-time multi-agent systems was
presented. The authors provided the convergence analysis
of a consensus protocol for a network of integrators with
directed information flow and fixed/switching topology. In
Ren and Beard (2005), the authors extended the results in
Jadbabaie et al. (2003) to the case of directed graphs. The
work above inspired much subsequent theoretical investiga-
tion for the consensus problems of multi-agent systems. So
far, lots of works have been done for the average consensus
problem of multi-agent systems under different contexts (Ji,

Wang, Lin, & Wang, 2010; Sun, Wang, & Xie, 2008; Xiao
& Wang, 2008; Xiao, Wang, Chen, & Gao, 2009; Yu &
Wang, 2012; Zheng & Wang, 2012; Zheng, Zhu, & Wang,
2011; Zheng, Zhu, & Wang, 2014).

Due to finite memories capacity and limited communi-
cation channels in practical applications, the quantisation
effects have to be considered in consensus problems. For
the case that the multi-agent systems with discrete-time dy-
namics, there have been many results for the quantised con-
sensus problem under various situations. In Kashyap, Basar,
and Srikant (2007) and Carli, Fagnani, Frasca, and Zampieri
(2010), the effect of quantised communication on the gos-
sip consensus algorithm was studied. In Guan, Meng, Liao,
and Zhang (2012), the authors considered the quantised
consensus problem of second-order multi-agent systems.
However, recently, quantised continuous-time systems have
attracted more and more attention. This is because the dy-
namics of the agents is naturally described by continuous-
time systems in many applications, such as robotic
networks. In Dimarogonas and Johansson (2010), the log-
arithmically quantised consensus problem of multi-agent
system was studied in the case of a tree topology. In Cera-
giolia, Persis, and Frasca (2011), the authors considered the
consensus problem in which the agents states were commu-
nicated through uniform quantisers. The researches above
mainly considered the quantised consensus problem in the
case when the agents have no inherent dynamics. However,
in many practical systems, inherent dynamics often exists
for the agents, such as the node in complex dynamical
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networks. In Hou, Cheng, and Tan (2009) the authors stud-
ied the consensus problems for multi-agent systems with
the uncertain nonlinear dynamics and a decentralised ro-
bust adaptive control approach was proposed to solve the
consensus. In Cheng, Hou, Tan, Lin, and Zhang (2010),
an adaptive leader-following controller was proposed for
the consensus of multi-agent systems with the uncertain
nonlinear dynamics.

Compared with general continuous-time control strat-
egy, impulsive control strategy just uses the state variables
of the system at discrete-time instances and thus impulsive
controller usually has a relatively simple structure. As we
known, impulsive control method has been widely used to
synchronise coupled dynamical systems (Guan, Liu, Feng,
& Wang, 2010; Guan, Wu, & Feng, 2012; Liu & Hill, 2011;
Lu, Ho, & Cao, 2010; Wang, Yang, Wang, & Guan, 2009).
In Wang et al. (2009), the authors investigated the robust
stabilisation of complex switched networks with parametric
uncertainties and time delays under impulsive control. In Lu
et al. (2010), based on the concept named ‘average impul-
sive interval’, a unified synchronisation criterion is derived
for directed impulsive dynamical networks. Recently, there
are some research to use impulsive control method for the
consensus problem of multi-agent systems. In Liu and Hill
(2011), the authors investigate the problem of global con-
sensus between a complex dynamical network and a known
goal signal by designing an impulsive consensus control
scheme. In Guan et al. (2012), an impulsive model has
been proposed by taking advantages of instantaneous infor-
mation, and the authors studied the consensus problems for
directed networks of agents with external disturbances.

In this paper, by using the spectral properties of the
graph Laplacian matrix we study the consensus prob-
lems of first-order and second-order multi-agent systems
with nonlinear dynamics. Continuous-time and impulsive
control inputs are established for the multi-agent systems
with weighted connected topologies and logarithmic quan-
tised information transmission. By using the graph theory,
Lyapunov theory and impulsive control theory, some suffi-
cient conditions are derived for the consensus of the multi-
agent systems.

This paper is organised as follows. In Section 2, we
provide some definitions and results in graph theory, non-
smooth analysis and logarithmic quantisation theory. The
consensus problems of first-order and second-order multi-
agent systems with nonlinear dynamics under logarithmi-
cally quantised information are discussed in Sections 3 and
4. In Section 5, the simulation results are given to show the
effectiveness of the obtained results. Section 6 is a brief
conclusion.

Notation: Throughout this paper, we let R" be the n-
dimensional Euclidean space, R"*" be the set of n x m real
matrix, Z be the set of integers, Zt be the set of posi-
tive integers, Iy be the N-dimensional identity matrix and
1y be the N-dimensional vector with each entry being 1.

The superscript ‘T’ represents the transpose. For symmetric
matrices X, ¥ € R"*", X > Y means X — Y is semi-positive
definite. ||-|| denotes the 2-norm both for vectors and matri-
ces. For the set S, |S| denotes its cardinality. Let B(x, §) be
the open ball of radius & centred at x, B(R“) be the collec-
tion of all subsets of R, 11(S) be the Lebesgue measure of
S, co be the convex hull and co be the convex closure.

2. Preliminaries

In this section, we first present some definitions and re-
sults in graph theory, nonsmooth analysis and logarithmic
quantisation theory used in the sequel (Dimarogonas & Jo-
hansson, 2010; Fu & Xie, 2004; Godsil & Royal, 2001;
Shevitz & Paden, 1994; Zelazo & Mesbahi, 2011).

Let G = (V, &, A) be a weighted undirected graph of
order N, with the sets of node V ={I1,2,..., N}, a set
of edges £ C V x V, and a weighted adjacency matrix
A= (a;;) € RN*N.If (i, j) € &, then i, j are adjacent. The
adjacency matrix A is a symmetric matrix with adjacency
element a;; > 0 if i, j are adjacent, and a; = 0 otherwise.
A path of length » in G is a sequence of » + 1 distinct ver-
tices such that any two consecutive vertices are adjacent.
An undirected graph G is called connected if between any
two distinct vertices i,/ in G, there is a path that starting with
i and ending with j. The matrix A = (Aj;) of the graph G is
a diagonal matrix with A;; = ley:l a;;j. An orientation on
G is the assignment of an arbitrary direction to each edge
to make it have a head and tail. We make use of |V| x |£]
the incidence matrix B for an arbitrary oriented graph. The
columns of B are then indexed by the edge set, and the ith
row entry takes the value ‘1’ if it is the head of the corre-
sponding edge, ‘—1’ if it is the tail and zero otherwise. The
weighting matrix W is a |£] x |€| diagonal matrix and the
ith entry on the diagonal is the adjacency element associ-
ated with corresponding edge. The graph Laplacian matrix
L of a graph G is defined as L & BWBT = A — A.

In this paper, we will design control input on the loga-
rithmically quantised relative measurements of agents. O:
R — R is used to denote the logarithmic quantisation func-
tion. The set of logarithmic quantisation levels is described

by

U = {Fu;,u; = p'ug, i = +1,+2, ...} U {Fuy} U {0},
0<p<l1,uy>0.

The associated quantiser is defined as follows:

u; if ﬁui<a§ﬁui,a>0,
Q@ =10 if a=0,
—Q(—a) if a <0,

where § = i;—z. From the definition, for Va € R, we have

(1 = 8)a* < aQ(a) < (1 + 8, 35 0%a) < aQ(a) <
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ﬁQZ(a) and |Q(a) — a| < 8)al. For a vector v = [vy, ...,
va]" € R?, define Q(v) £ [Q(v1), - - ., Q(va)]".
Definition 2.1: Let 4 = (@j)mxn, B = (bj)pxg> the

Kronecker product of A and B (denoted as 4 ® B ) is defined
as

anB alnB
AQB =

amlB to amnB

€ RMmPxnq.

Some properties of Kronecker product are also given
below:

1) PRO"=P"0 0
(2) (POONERF)=(PE)® (QF).

Lemma 2.2 (Boyd, Ghaoui, Feron, & Balakrishnan, 1994):
The following linear matrix inequality (LMI)

0() Sk
<ST<x> R(x))>°’

where Q(x) = QT(x), S(x) = ST(x) is equivalent to either of
the following conditions:

(1) Q) > 0, R(x) — ST(x)Q ™" (x)S(x) > 0;
(2) R(x) > 0, O(x) — S()R™'(x)ST(x) > 0.

Lemma 2.3 (Horn & Johnson, 1985): Assume that G is
an undirected connected graph with N vertices, then the
eigenvalues of the graph Laplacian matrix L of G can be
ordered as 0 = L1 (L) < Ax(L) < - < An(L).

Definition 2.4 (Clarke, 1983): For a vector field f{#, x):
R x RY — R? the Filippov set-valued map K[f](t, x): R x
R? — R?is defined by

K[f1t.x) 2 () [ cotf(t. B(x.)\S),

§>0 14(S)=0

where [1),,s)— denotes the intersection over all sets of
Lebesgue measure zero.

Lemma 2.5 (Paden & Sastry, 1987):

(1) Assume that f, g: R™ — R" are locally bounded,
then

K[f +¢l(x) € K[f1(x) + K[g](x).

(2) Letf: R" — R" be continuous, then

K[f1(x) = {f(x)}.

Definition 2.6 (Clarke, 1983): Consider a vector differen-
tial equation

x(r) = f(, x(1)), (1

where x(f) = [x1(9),..., xs()]’. A vector function x(-) is
called a Filippov solution of Equation (1) on [#, #], where
t1 could be oo, if x(-) is absolutely continuous on [y, 7] and
for almost all 7 € [#, #1]

% e K[f](t, x).

Lemma 2.7 (Filippov, 1988): Given Equation (1), let f be
measurable and locally essentially bounded, i.e. bounded
in any bounded neighbourhood of every point of definition
excluding the sets of measure zero. Then for all x, € R?,
there exists a Filippov solution to Equation (1) with the
initial condition x(0) = x.

Definition 2.8 (Clarke, 1983): For a locally Lipschitz func-
tion ¥: R x R? — R locally continuous, the generalised
gradient of V at (z, x) is defined by

av(t,x) & co{ lim VvV (&, x)I(t, x;i)
— (tv-x)7 (tiz xi) ¢ QV}?

where Qp is the set of measure zero where the gradient of
V with respect to x or ¢ is not defined.

The set-valued Lie derivative of ¥(¢, x) with respect to
t, the trajectory of Equation (1), is defined as

e ) er(K00)

E€dV(t,x)

In particular, if the function F(#, x) has no explicit depen-
dence on ¢, the generalised gradient of V(x) at x becomes
AV(x) £ cof{lim; _, o VV(x;)x;i — x, x; & Qy}, and the set-
valued Lie derivative of V(x) with respect to ¢ becomes

V) 2 Mecoven 6 KLAIE ).

Lemma 2.9 (Shevitz & Paden, 1994): Given Equation (1),
let f{t, x) be locally essentially bounded, and 0 € K[ £](¢, 0)
in aregion QD {t/ty <t < oo} x {x € RY/|x|| <r}, where
r > 0. Also, let V: Rx R‘—R be a regular function
satisfying

V(t,0)=0
and

Vil x ) = V@ x) = Vallx ) forx #0
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in Q for some class K functions V\ and V,. Then

(1) V(t,x) <0 in Q implies x(f) = 0 is a uniformly
stable solution.

(2) If in addition, there exists a class K function w(-)
in Q with the property

V(t,x) < —w(x) <0

then the solution x(f) = 0 is uniformly asymptoti-
cally stable.

Lemma 2.10: Forx =[xy, x5, ..., x,]T € R", W= diag(w,
Wy, ..., wy) >0 € R™" we have

xTWK[Q](x) = (1 — 8)xT Wx.

Proof: From the definition of the Filippov set-valued map,
we have for a > 0 € R, if O(+) is continuous on a, K[Q](a) =

0O(a), if Q(-) is discontinuous on a, K[Q](a) = [(1
— 8a, (1 + d8)a] and K[Q](—a) = —K[Q](a). Then
it is obtained that aK[Q](a) > (1 — 8)a*> for a €
R. Thus, we have x” WK[Q](x) = YN | xiw; K[Q](x;) >
(1 =8N, wix? = (1 —8)x"Wx.

3. Consensus of first-order multi-agent systems

Given a connected graph G with N nodes. Suppose that each
node of the graph G is a first-order agent with nonlinear
dynamics

Xi(t)= fx;@)+ui(t), t>=t>0,i=1,...,N, (2)

where x;(f) € R" and f{(x;(f)): R" — R" are the position state
and inherent nonlinear dynamics of agent 7, respectively,
u;(f) € R" is the control input that will be designed for
consensus problem.

Definition 3.1: The system (1) is said to achieve consensus
if for any initial conditions

lim [|x;(t) — x;(1)[| =0 Vi, j=1,2,...,N.
—0o0

Assumption 1: Assume that the nonlinear function f in
Equation (2) is continuous and there exists a constant 0 >
0 such that f satisfies:

I fx(@®) = fO@) 1= 6 1l x(t) — y(@) Il
Vx(t), y(t) € R".

First, we give the continuous-time control input on the
quantised relative measurements of agents as:

N
ui(t) = —b Y a;; Q(xi(t) — x,(t)),

J=1

i=12,...,N, )

where b > 0 is a control gain.

Let x(t)=[x] (). .... x5O 2(t) = & 200, x;(0),
(1) = x(1) — (Iy ® L)E@), Fx(0) = [f(x1(0) ...,
Ffan@)'1', and orientating the graph G let
()= (BT ® I,)x(t), where B is the incidence ma-
trix of the oriented graph. Since 15,B =0, the error
dynamical system of the multi-agent system (2) under the
control input (3) can be described as:

i) = ((IN - %m;) ® 1,,) F(x(1))

—b((BW)® I,) Q(X(t)), i=1,2,...,N.
“)

Because of the discontinuity of the quantised sig-
nals, we consider Filippov solutions to the multi-agent
system (2) under the control input (3).

Theorem 3.2: For a connected network of agents with
Laplacian matrix L, if b > dm, the multi-agent
system (2) achieves consensus under the control
input (3).

Proof: Consider the Lyapunov function

V() = %NT(t))?(t).

From Equation (4), we have

7w (- t118) ) rsi

—b(BW)® 1) K[Q]()?(t)))-

Since

i) <<1N - %IN%) ® In> F(x(1))
~T 1 T
=X (t)<F(X(t)) - ((N1N1N> ® In> F(x(1))

—Iv® fGO)) + 1y ® f(f(l))),
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)y ® f(x(1))
=x"(1) <<1N - %11\115) ® In) (In ® f(x(1))

T 1 T -
=X ([)((11\/—N1N1N1N>®f(x(t))>=O
and

() ((—IN ) ® 1n> FGx()
= xT(1) <<1N — %1N1,Tv) ® I,,)
1 T
X ((ﬁlNlN) ® I,,> F(x(1))

1 T T
—x (;)((—1N FIN1N1N1N>®In>F(x(t))
= 0’

by Assumption 1, one has

(1) <<1N - %mﬁ) ® 1n> F(x(t)) = X" (t)(F(x(1))
— Iy ® f(E(1) < 0T (1)X(1).

Note that

()L ® 1) (1)

=xT(t)<<I —il 1 )@1)
N N N n
x(L®1n)<<1N—%mﬁ)@ln)x(t)

= x"(1)(L ® I,)x(1),
according to Lemma 2.3 and Lemma 2.10, we get

()(BW) ® L)K[Q](R (1)

ZXT([)<<IN —llNl >®1)
N

x ((BW) ® I,)K[Q](%(1))
= x"()(BW) ® L)K[Q](%(1))
= 2T (t)(W ® L,)K[Q1(X(t))
> (1= 8T (W ® 1) (1)
=1 =8xT ()L ® I,)x(1)
= (1= )F (1)L ® L)X(1)
> (1 = 8)ra(L)XT (D)Z(1).

Then

V < (0 = b(1 — §)a(L)E ()E(1).

According to the Lemma 2.9, the consensus of the
system (2) is achieved.

Next an impulsive control input is proposed to make
multi-agent system (2) achieve consensus:

00 N
wi(t) = —y by ai; Q(xi(t) — x;(1)S(t — te),
k=1 j=I1
i=1,2,...,N, (5)

where the impulse instant sequence {f;}7, satisfies 0 <
fo<th <- <t <ty <+, liMg ooty = +00, 38(F)
is the Dirac delta function.

Using the incidence matrix B, the error dynamical sys-
tem of multi-agent system (2) under the control input (5)
can be described by the following impulsive differential
equations:

$) = ((IN ik ) % 1,1) F(x(1).

t;él‘k,kGZ , 1 = 1,
Ax(ty) = —b(BW) ® 1,) 0 (X(1)) -

(6)

where AX(t) = X(t;7) — X(1), (1)) = lim, , ,+ %(r). We
always assume that x(z) is left-hand continuous at ¢ = #.
Hence, the solutions of Equation (6) are piecewise left-
hand continuous functions with discontinuities at t = ¢,
keZ™.

Theorem 3.3: For a connected network of agents

with Laplacian matrix L, if 0 < by < m and

the impulsive intervals satisfy 20(ty — tr—) + In((1 — 8%)
Ma(LOAN(LYbE — 2(1 — 8)Aa(L)bi + 1) < 0,k € Z*, then
the multi-agent system (2) achieves consensus under the
control input (5).

Proof: Consider the Lyapunov function

V()= —x T()x(1).

For t # t;, k € Z*, by Assumption 1, we have

V() =i (1) (<1N - %m ) ® In) F(x(1))

< 0xT (O (1).
Fort=t,keZ",
V() = —(x(tk) — bi((BW) ® I,) Q(% (1)) (X(12)
— bk (BW) ® 1,) Q(x(t)))-

Since the matrix W2 BT BW 2 has the same eigenvalues with
the matrix BWBT, we obtain

0" (1) (BW)" ® 1,) (BW) ® 1,) O(%(t))
= 0" X)) (WB"BW) ® 1,) Q(%(%x))
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< An(L)QTEE))W ® I,)O(R(t))
< (1 + (LR )W ® 1,) Q(F (1)

Note that

' (6)(BW) ® 1,) Q1) = & (5)(W ® 1,)) Q(X(1))
> (1= 8T ()W @ L)i(t) = (1 — H)X" (1)
X(L ® In)-f(tk)’

and since 0 < by < we have

2
(+8)an(L)’

V) = 5 (L ORI —25) W © )0 w)
+ ¥ @0
< 2@ (((1+8)0 - syaLipiL
—2(1 = 8L + 1) ® 1,1))z(zk)
< (0=t

=21 = L)y + 1)F (W), = 4V (1),

where 0 < o = (1—82)Ay (L)Ao(L)b2—2(1—8)ro(L)by +
1 <1.
Therefore, fort € [ty _ 1, t), k€ Z+

k—1
V(t) < V(to)exp20(t — ti_1)) | [euexp20(t; — 1i1)).

i=1

Thus, from the conditions in Theorem 3.3 we get V(f) —
0 as t — o0. Therefore, the consensus of the system (2) is
achieved.

4. Consensus of second-order multi-agent systems

Consider a second-order multi-agent system composed of
N coupled nonlinear dynamic agents with dynamics

{x',-(t) = vi(t) + uj (1), (7
i) = fxi(), i) +uj(), i =1,2,.... N,

where x;(¢), v;(f) € R" are the position and velocity states
of agent i, respectively, /i R” x R" — R”" is a continuously
vector-valued function, u(¢), u}(t) € R" are the control
input that will be designed for the consensus problem.

Definition 4.1: The system (7) is said to achieve consensus
if for any initial conditions

lim [|x;(z) — x;(®H)] = 0, lim [lv;(r) —v;()]| =0
—0o0 r—>00

Vi,j=1,2,...,N.

Assumption 2: Assume that there exist constants 61, 0, >
0such that the nonlinear function fin Equation (7) satisfies:

I1Lf (@), v(®)) = f(y(@), 2] = O1llx(@) = (O
+02lv(t) — 2O Vx(1), y(1), v(2), 2(t) € R".

Let n= max{391;‘<92 2+(912+392 }’ y = 1 + 91 + 292

First, we give the continuous-time control inputs for the
system (7) on the quantised relative measurements of agents
as:

ui(t) =0,
N
ui(t) = —b ;aij(Q(xi(t) —x;(0)+0(vi(1) — v;(1))),
! i=1,2,...,N,
®)

where b > 0 is a control gain.

Let v(®) =l @), ... 0O 0() = £ X,
vj (1), (1) =v(t) — (Iy ® L,)o(1), 0(1) = (BT @ L,)v(r),
F(x(0), v(0)) = [f(x1(t), vi@)", ..., flan(®), vn(@)]".
Using the incidence matrix B, the error dynamical system
of the system (7) with the control input (8) can be described
as:

(1) = 3(0),
(1) = ((In — §In1}) ® In) F(x(1), v(1)) )
—b((BW) ® 1,) (Q(x(1)) + Q (0(1))) .

Theorem 4.2: For a connected network of agents with
Laplacian matrix L, if we choose b > W’;M(L) when
8 < % then the system (7) achieves consensus under the

control input (8).

Proof: Let y(¢t) = [¥7(¢), 97 ()], construct the following
Lyapunov function

1
V() = EyT(f)(Q ® 1,)y(1),

where Q = <2bL IN).

Iy Iy
According to Lemma 2.3, we have

(L ® I)F (1) = A(L)FT (1)F(1).
Then

1 A
vz 330 (2@ 1) yo.

where = <2M2(L)IN Iy )

Iy Iy
By Lemma 2.2, we know Q>0 is equivalent to

b > z_,\zl(L)- Since n > 1,8 < 1, we have b >

57, and thus Q>0.
2(L) .
From Equation (9), we have

n
T—25)a(L) ~

V C 265 (1)L @ 1,)0(t) + 37 (1)i(r) + (£(1) + 5(1))"
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y (((IN - %m;) 2 1n> F(n), v(1)

—b((BW) ® I, (K[Q](x(1)) + K[Q](ﬁ(t))))-
Similar to the proof of Theorem 3.2, we obtain

T O(BW) ® L)K[Q1(E(1) = (1 = &)X (1)L ® 1,)X(1),

o (O(BW) ® L)K[Q1(6()) = (1 — 8)8" (1)(L ® 1,)0(1),

and according to Assumption 2, one has

#1(r) ((IN - %m{,) ® In> F(x(1), v(t))
=T (O)(F(x(1), v(1)) — Iy ® f(X(2), B(1)))
< (91 + %) (%) + Q—ZNT(t)ﬁ(t),

2 2

o7 (1) <<IN - %hvlﬁ) ® In) F(x(1), v(t))
=T (1) (F(x(t), v(1)) — Iy ® f(X(1), 8(1)))
< %)?T(t)i(t) + (02 + i—') oL (1)d(r).

Note that
=T (1) (BW) ® 1,) K[ Q](0(1))

1
=—xT(1) <<1N — —1N1§> ® 1,,) (BW)® I,)

N
x (0(1) + e(1))

= —x" ()(BW) ® L,)(0(t) + e(1))

= —xT(t) (L ® L)v(t) — 2T (t)(W @ I,)e(r)

= =L ® Lo + | (W o 1) 0]
e

< = TOL & Lyvn +8 |(W @ 1,) 30|
(o)

< X (OL ® L) + 57 (0L @ [x(1)
£ 200 ® )

= —FTNL ® L)) + 5 ¥ (XL @ 1)3()
£ 207 (0L ® )i

where e(t) = K[Q](0(¢)) — ().

Similarly

—o"()((BW) ® L,)K[Q](%(1)) < =0 (1)(L ® L,)i(r)

L)L ® L)X(t) + gﬁT(t)(L ® 1,)(1).

N S

+

vV < i) ((391;92 I +bSL — b(1 — 8)L> ® 1n> ()

+37 @) ((@1 +bSL — b(1 — B)L) ® 1,,) ().

Thus, from the condition in Theorem 4.2, the consensus of
second-order multi-agent system (7) is achieved according
to the Lemma 2.9.

Next an impulsive control input is proposed to make
system (7) achieve consensus:

00 N
ui(t) = —kZl by 21 a;; Q(xi(t) — x;(1)8(t — 1),
s
00 N
ui(t) = —]; by ; a;; Q(v;(t) — vi(£))3(t — t),
-7 i=1,2,...,N.
(10)

Using the incidence matrix B, the error dynamical sys-
tem of the system (7) with the control input (10) can be
described as:

X(1) = (o),

. 1

60 = (= WD) ® 1) PG, o0,
l‘;étk,kGZJr,[ > o,

AX(ty) = —bi(BW) ® 1,) Q(x(tk)),
Ad(ty) = —bi((BW) ® 1,) Q(0(x)).

(11

Theorem 4.3: For a connected network of agents with
. . . 2
Laplacian matrix L, if 0 < by < Tad and the

impulsive intervals satisfy y(tx — tx_1) + In((1 — 8%)
Ma(LAN(LYbE — 2(1 — 8)Aa(L)bi + 1) < 0,k € Z*, then
the system (7) achieves consensus under the control input

(10).

Proof: Consider the Lyapunov function
I |
V() = 7 )x(t) + 70 ()o(1).

For t # t;, k € Z*, by Assumption 2, we have

V() = 2T ()o(r) + o7 (1) ((IN — %mﬁ) ® 1,,)
x F(x(t), v(t))
< %(1 + 0ET () () + %(1 + 61 + 260,)57 (£)(1)
=yV@).
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Similar to the proof of Theorem 3.3, for t =, k € N* we
obtain

V(th) < ((1 = 8)aa(L)rn(L)b}
—2(1 = &) a(L)by + I)V(lk).

Thus, from the conditions in Theorem 4.3 we get V(f) —
0 as t — o0. Therefore, the consensus of the system (7) is
achieved.

Remark 1: Compared with uniform quantiser, the loga-
rithmic quantiser is capable of adjusting the size of quanti-
sation step according to the input value, but it is more com-
putationally expensive. The multi-agent systems can reach
consensus with logarithmic quantisers in certain conditions.
However, due to the constraint of uniform quantisation, the
multi-agent systems cannot reach exact average consensus.

5. Simulations

Example 5.1: Consider a multi-agent system with 4 nodes.
The state equation of agent i is

Xi(t) = fi(®) +ui(), i=123.4,

where )Cl'(t) = ()Cil(t), )Cl'z(t), Xi3(t))T € R3, f(x,(t)) =
(a(=xn(®) + xp() — h(xi(9)), xa(t) — xa(t) + x5(0),
— Bxp@), a = 10, B = 14.87, h(x;1 (1)) = —0.68x;1 (1) +
0.5(—=1.27 4+ 0.68)(Ixi1 (1) + 1| — |xiu(?) — 1]). If the in-
teraction graph is given by Figure 1, the graph Laplacian
matrix is

3.5 -2 -1 -05
-2 25 =05 0
-1 =05 15 0
—0.5 0 0 0.5

L =

By some computation, we get 6 = 18.3436, A,(L) = 0.6086,
Ag(L) = 5.1642.

0.

Figure 1. An undirected connected graph.

x —1F
_ol

-3l

0 0.2 0.4 0.6 0.8 1
t

Figure 2. The position errors of first-order agent x; with x;, i =
2, 3, 4, under the continuous-time control input (3).

First, we design the continuous-time control input as
Equation (3) to system (2). By Theorem 3.2, we derive b >
37.68 when § = 0.2. The simulation results are shown in
Figure 2 when b = 40. We can see that the system achieves
consensus.

Then we design the impulsive control input as Equa-
tion (5) to system (2). By Theorem 3.3, we choose b; =
0.1 and the impulsive interval #; — #;, _ | = 0.001 forall k €
Z* for simplicity when § = 0.2. The simulation results are
shown in Figure 3. We can see as desired that the consensus
is still achieved.

Example 5.2: Consider a second-order multi-agent sys-
tem with interaction graph G shown in Figure 1. The state

-3}k

4l . : . :
0 0.1 0.2 03 0.4 05 06
t

Figure 3. The position errors of first-order agent x; with x;, i =
2, 3, 4, under the impulsive control input (5).
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0 0.05 0.1 0.15 0.2

Figure 4. The position and velocity errors of second-order agent
x, with x;, i = 2, 3, 4, under the continuous-time control input (8).

equation of agent 7 is

{X'i(f) = v;(t) + uj (1),
V(1) = f(xi(8), vi (1)) + ui (1),

where x;(1) = (x;1(1), x2(2), x3(0)7, vi(1) = (Vi1 (8), vi2(0),
v € R, flxi(h), vi0) = (@(= va(®) + va(t) —
h(vi (1)), vir (1) — v () + vi3(0), —Bva(1), & =10, B =
14.87, h(vi1 (1)) = —0.68v;1(¢) + 0.5(—1.27 4 0.68)(|v;1(?)
+ 1| — [vi1(®) — 1|). By some computation, we get 6; = 0,
0, = 18.3436, n = 28.0154, y = 37.6872.

First, we design the continuous-time control input as
Equation (8) to system (7). To satisfy the condition in The-
orem 4.2, we choose b = 80 when § = 0.2. Figure 4 shows
the evolution process of the position and velocity errors.
We can see that the consensus is achieved.

Then we adopt the impulsive control input as
Equation (10). According to Theorem 4.3, we take

0.1 0.15 0.2

1

0.1 0.15 0.2
t

Figure 5. The position and velocity errors of second-order agent
x1 with x;, i = 2, 3, 4, under the impulsive control input (10).

by = 0.1 and the impulsive interval #; — #_; = 0.0014
forall k € Z* for simplicity when § = 0.2. The simulation
results are shown in Figure 5. As desired, system (7) reaches
consensus.

6. Conclusion

Using the results in graph theory, nonsmooth analysis and
logarithmic quantisation theory, we studied the consensus
of first-order and second-order multi-agent systems with
nonlinear dynamics under logarithmically quantised infor-
mation. Two kinds of control inputs have been designed
for the system on the quantised relative state measurements
of agents, and some sufficient conditions for the consen-
sus are derived. Some examples are given to illustrate the
effectiveness of the theoretical results in the last.

Funding

This work was supported by 973 Program [grant num-
ber 2012CB821203]; NSFC [grant numbers 61020106005,
61304160, 61375120 and 61104212]; the Fundamental Research
Funds for the Central Universities [grant numbers K50511040005,
K5051304031 and K5051304049].

Notes on contributors

Yunru Zhu was born in Xi’an, Shaanxi
Province. She received the BS degree in
Automatic from Xidian University in 2003,
and the MS degree in control theory and
control engineering from Huazhong Uni-
versity of Science and Technology in 2006.
Since 2006, she has been at the School
of Mechano-electronic Engineering, Xidian
University, where she is now a lecturer. She
is currently working towards the PhD degree in complex sys-
tems at Xidian University. Her current research interests are in
the fields of coordination of multi-agent systems, consensus prob-
lems, quantised control and impulsive control.

Yuanshi Zheng was born in Jiangshan,

Zhejiang Province, China on 19 February
- 1985. He received his bachelor, master and
-y doctorate degrees from Ningxia University
and Xidian University in 2006, 2009 and
2012, respectively. He is currently a lec-
turer of Xidian University. His research in-
terests are in the fields of coordination of
multi-agent systems, consensus problems,
containment control and coverage control.

L —2
—

[} )

Long Wang was born in Xi’an, China on

13 February 1964. He received his bachelor,

- master, and doctorate degrees in Dynam-

ics and Control from Tsinghua University

and Peking University in 1986, 1989 and

’ 1992, respectively. He has held research po-
sitions at the University of Toronto, Canada,

& and the German Aerospace Center, Munich,

A Germany. He is currently Cheung Kong

Chair Professor of Dynamics and Control, Director of Center
for Systems and Control of Peking University. He is also Guest
Professor of Wuhan University and Beihang University. He



Downloaded by [Beihang University] at 01:22 28 April 2015

2070 Y. Zhu et al.

serves as the editor-in-chief of the International Journal of In-
formation and Systems Science, Chairman of Chinese Intelligent
Networked Things Committee, Vice-Chairman of Chinese Intel-
ligent Aerospace Systems Committee, Editor of the Journal of
Mechanical Science and Technology, an executive member of
Chinese Society of Artificial Intelligence and Chinese Society of
Systems Simulation, a panel member of the Division of Informa-
tion Science, National Natural Science Foundation of China and
a member of IFAC (International Federation of Automatic Con-
trol) Technical Committee on Networked Systems. He is in the
editorial boards of Science in China, Progress in Natural Science,
Journal of Intelligent Systems, Acta Automatica Sinica, Journal
of Control Theory and Applications, Control and Decision, In-
formation and Control, Journal of System Simulation, Journal of
Applied Mathematics and Computation, Journal of Intelligent and
Robotic Systems, IEEE Trans. on Industrial Electronics, etc. His
research interests are in the fields of complex networked systems,
information dynamics, collective intelligence and bio-mimetic
robotics.

References

Boyd, S., Ghaoui, L., Feron, E., & Balakrishnan, V. (1994). Linear
matrix inequalities in system and control theory. Philadelphia,
PA: SIAM.

Carli, R., Fagnani, F, Frasca, P, & Zampieri, S. (2010). Gossip
consensus algorithms via quantized communication. Aufo-
matica, 46(1), 70-80.

Ceragiolia, F., Persis, C.D., & Frasca, P. (2011). Discontinuities
and hysteresis in quantized average consensus. Automatica,
47(9), 1916-1928.

Cheng, L., Hou, Z., Tan, M., Lin, Y., & Zhang, W. (2010).
Neural-network-based adaptive leader-following control for
multi-agent systems with uncertainties. /[EEE Transactions on
Neural Networks, 21(8), 1351-1358.

Clarke, F. (1983). Optimization and nonsmooth analysis. New
York: Wiley.

Dimarogonas, D.V,, & Johansson, K.H. (2010). Stability analysis
for multi-agent systems using the incidence matrix: Quantized
communication and formation control. Automatica, 46(4),
695-700.

Fax, J.A., & Murray, R.M. (2004). Information flow and coop-
erative control of vehicle formations. [EEE Transactions on
Automatic Control, 49(9), 1465-1476.

Filippov, A.F. (1988). Differential equations with discontinuous
righthand sides. Amsterdam: Kluwer Academic.

Fu, M., & Xie, L. (2004). The sector bound approach to quantized
feedback control. IEEE Transactions on Automatic Control,
50(11), 1689-1711.

Godsil, C., & Royal, G. (2001). Algebraic graph theory. New
York: Springer-Verlag.

Guan, Z.H., Liu, Z.W,, Feng, G., & Wang, Y.W. (2010). Syn-
chronization of complex dynamical networks with time-
varying delays via impulsive distributed control. /EEE
Transactions on Circuits and Systems I, 57(8), 2182—
2194.

Guan, Z.H., Meng, C., Liao, R.Q., & Zhang, D.X. (2012). Con-
sensus of second-order multi-agent dynamic systems with
quantized data. Physics Letters A, 376, 387-393.

Guan, Z., Wu, Y., & Feng, G. (2012). Consensus analysis based on
impulsive systems in multiagent networks. /EEE Transactions
on Circuits and Systems I, 59(1), 170-178.

Horn, R.A., & Johnson, C.R. (1985). Matrix analysis. Cambridge,
UK: Cambridge University Press.

Hou, Z., Cheng, L., & Tan, M. (2009). Decentralized robust adap-
tive control for the multiagent system consensus problem
using neural networks. Systems, Man, and Cybernetics, Part
B: Cybernetics, 39(3), 636-647.

Jadbabaie, A., Lin, J., & Morse, A.S. (2003). Coordination of
groups of mobile autonomous agents using nearest neighbor
rules. /EEE Transactions on Automatic Control, 48(6), 988—
1001.

Ji, Z., Wang, Z., Lin, H., & Wang, Z. (2010). Controllability of
multi-agent systems with time-delay in state and switching
topology. International Journal of Control, 83(2), 371-386.

Kashyap, A., Basar, T., & Srikant, R. (2007). Quantized consensus.
Automatica, 43(7), 1192-1203.

Liu, B., Chu, T., Wang, L., & Wang, Z. (2005). Swarm dynamics
of a group of mobile autonomous agents. Chinese Physics
Letters, 22(1), 254-257.

Liu, B., & Hill, D.J. (2011). Impulsive consensus for complex dy-
namical networks with nonidentical nodes and coupling time-
delays. SIAM Journal on Control and Optimization, 49(2),
315-338.

Lu,J.,Ho,D.W.C., & Cao, J. (2010). A unified synchronization cri-
terion for impulsive dynamical networks. Automatica, 46(7),
1215-1221.

Olfati-Saber, R., & Murray, R. (2004). Consensus problems in
networks of agents with switching topology and time-delays.
IEEE Transactions on Automatic Control, 49(9), 1520—
1533.

Paden, B., & Sastry, S. (1987). A calculus for computing Filippov’s
differential inclusion with application to the variable structure
control of robot manipulators. [EEE Transactions on Circuits
and Systems, 34(1), 73-82.

Ren, W., & Beard, R.W. (2005). Consensus seeking in multiagent
systems under dynamically changing interaction topologies.
IEEE Transactions on Automatic Control, 50(5), 655-661.

Ren, W.,, & Cao, Y. (2011). Distributed coordination of multi-agent
networks. London: Springer-Verlag.

Shevitz, D., & Paden, B. (1994). Lyapunov stability theory of
nonsmooth systems. /[EEE Transactions on Automatic Con-
trol, 39(9), 1910-1914.

Sun, Y.G., Wang, L., & Xie, G. (2008). Average consensus in net-
works of dynamic agents with switching topologies and mul-
tiple time-varying delays. Systems & Control Letters, 57(2),
175-183.

Tanner, H.G., Jadbabaie, A., & Pappas, G.J. (2007). Flocking in
fixed and switching networks. [IEEE Transactions on Auto-
matic Control, 52(5), 863—-868.

Vicsek, T., Czirok, A., Jacob, E.B., Cohen, 1., & Schochet,
0. (1995). Novel type of phase transition in a system of
self-driven particles. Physical Review Letters, 75(6), 1226—
1229.

Wang, Y.W.,, Yang, M., Wang, H.O., & Guan, Z.H. (2009).
Robust stabilization of complex switched networks with
parametric uncertainties and delays via impulsive control.
IEEE Transactions on Circuits and Systems I, 56(9), 2100—
2108.

Xiao, F, & Wang, L. (2008). Asynchronous consensus in
continuous-time multi-agent systems with switching topol-
ogy and time-varying delays. IEEE Transactions on Automatic
Control, 53(8), 1804-1816.

Xiao, F, Wang, L., Chen, J., & Gao, Y. (2009). Finite-time for-
mation control for multi-agent systems. Automatica, 45(11),
2605-2611.

Yu, J., & Wang, L. (2012). Group consensus of multi-agent sys-
tems with directed information exchange. International Jour-
nal of Systems Science, 43(2), 334-348.



Downloaded by [Beihang University] at 01:22 28 April 2015

International Journal of Systems Science 2071

Zelazo, D., & Mesbahi, M. (2011). Edge agreement: Graph-
theoretic performance bounds and passivity analysis.
IEEE Transactions on Automatic Control, 56(3), 544—
554.

Zheng, Y., & Wang, L. (2012). Consensus of heterogeneous sys-
tems without velocity measurements. International Journal
of Control, 85(7), 906-914.

Zheng, Y., Zhu, Y., & Wang, L. (2011). Consensus of heteroge-
neous multi-agent systems. /[ET Control Theory and Applica-
tions, 16(5), 1881-1888.

Zheng, Y., Zhu, Y., & Wang, L. (2014). Finite-time consensus of
multiple second-order dynamic agents without velocity mea-
surements. International Journal of Systems Science, 45(3),
579-588.



	Abstract
	1. Introduction
	2. Preliminaries
	3. Consensus of first-order multi-agent systems
	4. Consensus of second-order multi-agent systems
	5. Simulations
	6. Conclusion
	Funding
	References



