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conflict between leaders and then the Nash equilibrium point of the game corresponds to the equilibrium
topology. For the case of choosing one follower, a necessary and sufficient condition for an interaction
graph to be the equilibrium topology is derived. Moreover, we can obtain the equilibrium topology directly
if followers’ interaction graph is a circulant graph or a graph with a center vertex. Simulation examples
are provided to validate the effectiveness of the theoretical results.
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1. Introduction

In recent years, distributed control of multi-agent systems
(MASs) has attracted intensive attention in the scientific commu-
nity. This is due to its diverse applications in many areas, such as
formation control in unmanned aerial vehicles (Gu, 2008), flock-
ing in biology (Jing, Zheng, & Wang, 2014), rendezvous problem of
mobile autonomous robots (Xiao, Wang, & Chen, 2012), and so on.

Consensus seeking is a basic problem of MASs which aims to
design appropriate distributed protocols or algorithms such that
a group of agents can converge to the same state. There have
been extensive studies and results under various circumstances,
to name but a few, consensus problems in networks of dynamic
agents with switching topology (Olfati-Saber & Murray, 2004),
second-order consensus (Xie & Wang, 2007), consensus of
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heterogeneous MASs (Zheng, Zhu, & Wang, 2011), consensus of
switched MASs (Zheng & Wang, 2016) and finite-time consensus
(Wang & Xiao, 2010; Zheng & Wang, 2012), etc.

Leaders are ubiquitous in nature. Therefore, researchers have
paid great attention to problems for MASs with leaders, such as
leader-following consensus (Ma, Zheng, & Wang, 2015; Ni & Cheng,
2010), containment control (Ji, Ferrari-Trecate, Egerstedt, & Buffa,
2008; Liu, Xie, & Wang, 2012; Notarstefano, Egerstedt, & Haque,
2011; Zheng & Wang, 2014) and controllability analysis (Guan, Ji,
Zhang, & Wang, 2013; Rahmani, Ji, Mesbahi, & Egerstedt, 2009;
Wang, Jiang, Xie, & Ji, 2009). Containment control of MASs means
that the states of the followers will converge to the convex hull
spanned by the leaders. Ji et al. (2008) and Notarstefano et al.
(2011) investigated containment control with fixed undirected
topology and switching topologies, respectively. Liu et al. (2012)
obtained some necessary and sufficient conditions for solving
containment control of MASs with directed networks.

In the multi-agent system, each agent is an individual who
exchanges information with its neighbors and then makes decision
independently. If we further define the utility of agents and
assume that individuals adjust their behaviors by promoting
utility, game theory can be used to study distributed multi-agent
coordination. Bauso, Giarré, and Pesenti (2006) proposed a game
theoretic interpretation of consensus problems as mechanism
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design problems. Gu (2008) investigated formation control via
linear—quadratic Nash differential game. Moreover, cooperative
game theory is utilized to ensure team cooperation by considering
a combination of individual cost as the team cost in Semsar-
Kazerooni and Khorasani (2009). For leader-following MASs, the
notion of graphical game was formulated in Vamvoudakis, Lewis,
and Hudas (2012). Gharesifard and Cortés (2013) considered the
distributed convergence to Nash equilibrium for two networks
engaged in a strategic scenario.

Different from the above results, we consider the conflict
between leaders for multi-agent systems and formulate a type of
game. For multi-agent systems with two leaders, if the followers’
interaction subgraph is undirected and connected, then each
follower will converge to a convex combination of two leaders’
states (Liu et al., 2012). Based on this result, we define the average
distance to the followers as the payoff function of each leader.
Every leader’s strategy is to select at most k (> 1) followers
to connect with. Then, we formulate a noncooperative game in
which each leader independently chooses its strategy to minimize
payoff function. Noticing that two leaders’ decisions will determine
the interaction topologies of the system, the Nash equilibrium
point corresponds to the equilibrium topology of the system.
The main contribution of this paper is threefold. Firstly, we
consider the conflict between leaders and formulate it as a zero-
sum game. Secondly, we prove that each leader will choose as
many as possible followers to minimize its payoff. Finally, for the
case selecting one follower, we derive a necessary and sufficient
condition for an interaction graph to be the equilibrium topology.
Moreover, if followers’ interaction graph is a circulant graph or a
graph with a center vertex, then the system’s equilibrium topology
is obtained.

This paper is organized as follows. In Section 2, we introduce
some notions and propose our problem. In Section 3, we present
our main results and in Section 4, numerical simulations are
given to illustrate the effectiveness of the theoretical results. Some
conclusions are drawn in Section 5.

Notation: Throughout this paper, the following notations will
be used: R™™ is the set of n x m real matrices. Denote by 1,
(or 0,) the column vector with all entries equal to one (or all
zeros). I, is an n-dimensional identity matrix. For a column vector
b = [b1, by, ..., by]", diag{b} is a diagonal matrix with b; on its
diagonal and ||b||; = Z?:l |bi| is 1-norm of b. For a matrix A €
R™" adjA and detA are the adjugate and the determinant of
A, respectively. Denote A, i,..i: j1.jz....jix) @S the matrix obtained
by deleting rows iy, i, ..., i, and columns ji,j, ..., ji from A.
Aiyiy....ix1 is the k x k principal submatrix of A by keeping rows
and columns iy, ip, ..., i 4y = {1,...,n} is an index set. |S]| is
the cardinality of a set S. For two sets S; and S,, denote S; x S,
as the Cartesian product and S; \ S = S; — S5. Let e; denote the
canonical vector with a 1 in the ith entry and 0’s elsewhere. The
notation A < B means that A holds true if and only if B holds true.

2. Preliminaries
2.1. Graph theory

Let G = {V, E} be an undirected graph consisting of a vertex
set V. = {1,2,...,n} and an edge set E = {(i,j) € V x V}.
A graph Gy = {W,E(W)} is called an induced subgraph of G if
it is obtained by deleting some vertexes from V, along with any
edges that contain a deleted vertex. The adjacency matrix A of G
is a symmetric matrix such that for alli € V, a; = 0 and for all
i #j () € E 4 ap = ai = 1, while aq; = 0 otherwise.
For (i,j) € V x V,if G is a connected graph, then there exists
an integer z > 1 such that the ijth entry of A* is positive. The
neighbor set of the vertexiis N; = {j : (i,j) € E}. The degree

matrix D = diag{d, ds, ..., d,} € R™" is a diagonal matrix with
di = > jcx; @ The Laplacian matrix L = D—A. A vertex iis a center
vertex if it connects all the other vertexes, ie., #; = V \ {i}. A
graph is circulant when the adjacency matrix is a circulant matrix.
A connected graph is called a circle if every vertex has exactly two
neighbors. A tree is a connected graph where all its subgraphs are
not circles. For a connected graph G, a subgraph Gs = (V, Es) is
called a spanning tree of G if Es C E and Gs is a tree.

Lemma 1 (Godsil & Royal, 2001). For a graph G, detL = 0 and
adjL = T(G)lnlg, where t(G) is the number of spanning trees in the
graph G.

Lemma 2. Suppose that graph G is connected. Then, every principal
submatrix of L is positive definite and the inverse matrix of it is a
nonnegative matrix.

Proof. Let W = {iy, i», ..., i¢} be asubset of V. Gyy = {W,E(W)}
is the induced subgraph of Gwhere 1 <i; < i < --- < i < n.
Let Ly and Ay be the Laplacian matrix and the adjacency matrix
of Gy, respectively. Denoting 6;,, = — ngw lijom=1,2,...,k
we have AW = A[il.iz,_",,‘,(] and L[i1=i2,~-~~ik] =Ly + diag{@,—l, PN Qik}.
Therefore, by Lemma 4 in Ni and Cheng (2010), Li;, i,,....i,] iS positive
definite. Moreover, we have

. Aw
Liiyig,.i) = diag{liyiy, o i ) —Aw =n (L — [ A + o))

where 1 = max;<p<t li,,i,, and A = %diag{n —liyiys oo = ligi )+

It is easy to find that A + ATW is a nonnegative matrix with

iimim

spectral radius p < 1. Hence, it follows that Ll_ill o] = % Y oo
-1
li1.iz...

k
(A + ATW) . Consequently, we have L
matrix. H

il is a nonnegative

2.2. Two-player zero-sum games

Consider a zero-sum game of two players, to be referred to as
player P; and player P,, in which each player has finite alternatives.
Denote the set of strategies of P; and P, as S; = {s1, S2, ..., Si} and
Sy = {81, 52, ..., Sp}, respectively. A strategy pair (s;, §;) € S1 X Sy
means that P; chooses the strategy s; and P, chooses the strategy §;.
For (s;, §;), the payoff of Py is —a;; while that of P, is ajj. A = {aij}mxn
is the outcome of the game. This type of two-player zero-sum game
is called a matrix game A. In a matrix game A, P; wants to minimize
the outcome of the game, while P, seeks to maximize it, by
independent decisions. Under such an incentive, Py is forced to pick
its security strategy s; satisfying V(A) £ max;a;j = min; max;
a;. Similarly, P, will choose a security strategy S determined by
V(A) £ min; a;+ = max; min; a;. Denote ST and SJ as the set of the
security strategies of P; and P, respectively.

Definition 3 (Basar & Olsder, 1995). For a given (m x n) matrix
game A = {qa;}, if a strategy pair (s;+, §jx) that satisfies aj < apj <
aj foralli € 4 and j € {4, then it is said that the matrix game
has a Nash equilibrium point in pure strategies. The corresponding
outcome a;++ of the game is called the Nash equilibrium outcome
denoted by V (A).

Lemma 4 (Basar & Olsder, 1995). Let A = {ay} denote an (m x n)
matrix game with V (A) = V(A). Then, (1) A has a (pure) Nash equi-
librium point, (2) the strategy pair (s;, 5;) is a Nash equilibrium point
for Aifand only if s; € ST and5; € S5, (3) V(A) is uniquely given by
V(A) = V(A).
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Fig. 1. An interaction graph G(s;, s;) determined by the strategy pair (s;, s;).
2.3. Problem statement

Consider a multi-agent system consisting of two leaders and
n followers. Let the two leaders be Iy and I;. Denote the set
of followers as V = {1, ..., n}. The interaction of the followers
is described by an undirected graph Gr = (V, E). The following
assumption is given throughout this paper.

Assumption 1 (Connectivity). G is connected.

The leaders Iy and [; keep static states yg, ¥1 € R (o # Y1),
respectively. The state of follower i € V is x;(t) € R. The dynamics
of x;(t) is described as

n
X = Zaij(xj — X)) +bi(yo — X)) +di(y1 — x;)
jel
where

b — 1, iisconnected to ly
'™ 10, otherwise

and

4 — 1, iisconnected to [,
"7 10, otherwise.

Letb = [bl,...,bn]T, d = [d],...
..., X2()]". Then, it follows that

,dn]" and Xp(¢) = [x1(0),

Xp(t) = —(L + diag{b + d})X; (t) + by, + dy1, (1)

where L is the Laplacian matrix of Gg. From Liu et al. (2012), we
have

Lemma 5. Suppose that each leader connects to at least one agent in
Gr (i.e, b # 0, and d # 0,) and Assumption 1 holds. Then, X (t) will
converge to lim;_, o X; (t) = ayo + By1 where

a =[ag, o, ..., ay)" = (L+ diag{b+d})~'b,

B =181, B2 ..., Bul" = (L+ diag{b+d})"'d,
ai+Bi=10a;>0and B; > Oforalli € V.

(2)

Consider the following game regarding multi-agent system (1) (see
Fig. 1):

Players Letly and [; be two players.

Strategies Each player can select at most k (1 < k < n) followers
from V to connect with, i.e., the set of strategies of each
playeris S = {s; = (ar, a2, ...,a)" | @ € {0, 1},
Z?:] a; < k}. Obviously, S is a finite set and |S| =
Z’r‘nzl C)' £ N.Then, let S = {s1, 52, ..., Sn}.

Payoff The goal of each player is to steer all followers to move
towards itself as closely as possible. As a result, the payoff
of each leader can be described as the average distance
between the followers and itself. Then, player I.(r €

{0, 1}) wants to choose a strategy satisfying ming,cs
Ur(si’ Sj) £ % Z?ﬂ:l | limt—>oo xm(t) _yr|-

Remark 1. This game might be used to illuminate some phenom-
ena about social networks which may be modeled by graph the-
ory (Altafini & Lini, 2015; Hegselmann & Krause, 2002). Consider
two companies sell similar products in a market. These compa-
nies are the leaders and the followers are potential customers. The
companies can employ some “spokesmen” from these followers to
promote their product. Then, in order to sell more products, each
company wants to choose those followers who are more influential
than their peers.

3. Main results
3.1. Problem reformulation

In this subsection, we will reformulate the above problem as a
zero-sum game.
According to Lemma 5, let

n

B 1 . _

uj = Z Tm = H1§(L + diag{s; + s;}) 7 s;. (3)
m=1

It follows that

Uo(si, sp) = |y1 — Yoluy, Ui(si, sp) = [y1 — Yol (1 — uy) (4)
and Uo(si, s)) + Ui(si,s) = |y1 — Yol for all (s;,s;)) € S x S.
Since the two leaders’ states are static, |[y; — yol| is constant,
which produces a conflict between two leaders: the gain of [;
is exactly equal to the loss of ly. There is no way a mutually
beneficial coalition can be built and consequently the game is
noncooperative. Moreover, considering minges Ug(s;, 5)) = [y1 —
Yo| minges uy, and minges U1(si, S;) = |y1 — Yol (1- maXs;es Uij).
this game can be reformulated as a two-player zero-sum game
where [y attempts to minimize u; while [; intends to maximize it.

Definition 6. For a connected graph G, there are two players,
lp and [;. The player Iy wants to pick a strategy s; € S satisfying
ming;es MaX;es Uij, and the player [; seeks to choose a strategy
sj € S such that MaXges ming;es ;. This matrix game U is denoted

as §*(Gr), where U = {uy}wxn., Si. Sj € S.

Remark 2. It should be mentioned that the game is formulated as
a zero-sum game since there are only two players. For multi-agent
systems with three leaders, the sum of the leaders’ payoffs may be
variable and then the game may be cooperative and non-zero-sum.

For system (1), a strategy pair (s;, sj) corresponds an interaction

graph G(si, s;) which consists of follower interaction graph G, two
leaders [y and [ and several directed edges from the leaders to the
followers (see Fig. 1).

Definition 7. For §¥(Gr), if a strategy pair (si, sj+) is a Nash
equilibrium point, i.e., upxj < upp < uy, i,j € V.Itis said that
G(six, sj+) is the equilibrium topology of multi-agent system (1).

Property 8. For ¥(Gr), one has

(1) if the two players ly and l; choose the same strategy, then all

followers converge to }%;
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(2) forall (s, s;) € SxS,uj < (=or >) % ifand only if Uy(si, 5j) <
(=or >) Ui(s;, sj). Moreover, U + U" = 1} 1y, V(U) > 5 and
V) < 5

(3) if there is a strategy si< such that up; < %for allj € V, then
VU)=vU) =1

Proof. The proof is straightforward from the definition of U,
Eq.(4)and Lemma5. ®

Let S5 and ST be the set of security strategies of Iy and Iy,
respectively. Then, one can obtain the following results.

Theorem 9. For §*(Gr), one has S = S} = S*. Moreover, suppose
V) = é then (s;, s;) is a Nash equilibrium point if and only if
(Si, Sj) e S* x §*,

Proof. If s € Sj, max; uj = V(U) < max; u;. On the other hand,
by Property 8, we have max; u; = max;(1 — u;;) = 1 — min; u;
for all i € Jy. Therefore, V(U) = minju > min;u;. That is
to say s € S¥and V(U) = 1 — V(U). Similarly, if s» € S,
we have s € S;. Therefore, Sj = S = S*.If V(U) = 1, then
V) = % By Lemma 4, (s;, sj) is a Nash equilibria point if and
onlyif (s;,s;)) € S* x S*. ®

Remark 3. By Theorem 9, when (s;;, s;;) and (s;,, $;,) are Nash
equilibrium points, (s;, s;) is a Nash equilibrium for any i,j €
{i1, 12, j1,j2}. Hence, in the case of multiple Nash equilibrium
points, each player does not need to know which security strategy
its opponent will use in the game, since all such strategies are
in equilibrium and they yield the same value. Therefore, it is not
necessary to solve all Nash equilibrium points. As a result, the aim
of each player is to seek a strategy s;+ satisfying u;; < % for all
Sj € S.

Theorem 10. Suppose that a strategy pair is a Nash equilibrium.
Then, each strategy of it contains exactly k followers.

Proof. We reason by contradiction. Suppose that (s;«, sj+) is a Nash
equilibrium where s contains r follower f1, f5, ..., f, € V,r < k.
It follows that s+ = e, + ep, + -+ + e, and upjx = Ming;es U+
Let sy = s + e, where friqy € V\ {fi,f2,....fr}. According
to (3), upp = 1IL7'sp and upr = 110(L; + diagfey, )~
where Ly = L + diag{s;+ + s;+}. Considering (L; + diag{ey Dl=
LlilefrJrle}-_HLli1

———=—, one has

1+efr+1L1 ey

L' -
-1 T -1
_ 1 T L] efr+1ef,—+1L1
Upepe — Uyje = 71n ﬁsj*. (5)
no1+ ef,HLl €1
Denote n be the maximum number among the diagonal entries

of Ly. Similar to the proof of Lemma 2, we can obtain L;l = %

z
) (A + %) where A is the adjacency matrix of Gy and A is

negative. For every (n;, n;) € V x V, since Gy is connected, there
exists z > 1such that the (ny, ny) entry of A is positive. Therefore,
L1_1 is a positive matrix, i.e., each entry of L]_l is positive. Hence,
it follows from (5) that upj= > uy which conflicts with the fact
that upj» = minges uy«. Therefore, si« contains k followers. By
Property 8, we have u;+j+ = 1 — uj++. Likewise, we can prove sj-
contains k followers. H

Remark 4. Theorem 10 implies that each leader will choose as
many as possible followers to minimize its own payoff. As a result,
in order to obtain the equilibrium topology of the game, one
only needs to compute all u;; satisfying 15, = 1551- = k instead of
computing the matrix U.

Remark 5. The results in this subsection can be extended to the
case where Gy is a weighted undirected graph.

3.2. Special case: k = 1

In this subsection, we investigate game §!(Gg). Since both
leaders connect with one follower, they have n alternatives, i.e., the
strategy set can be denoted as S = {eq, e, ..., e,}. In order to
obtain the equilibrium topology, it is necessary to know whether
the inequality u; < % holds or not.

Lemma 11. For game §'(Gp), uj < (=or >) % if and only if

(L + diag{e))"ejll1 < (=or >)||(L + diagie;)"eill1.

Proof. By Property 8, we have u; < % & Uo(si, sp) < Ui(si, s)).
Combining (2) and (4), we get

Uo(si, 55) < Ui (si, 55) &

10(L + diagfe; + e;}) " 'e; < 17 (L + diag{e; + e;}) 'e;.

It follows from (L + diag{e; + €;})~1 = DUrARlete) 1o

T det(L+diag{e;+e;})
1](L + diagfe; + ;) 'e; < 11 (L + diag{e; + ¢;}) 'e; &
1]adj(L + diag{e; + e;})e; < 1%adj(L + diag{e; + e;})e;.
Noticing that

adj(L + diag{e; + e;})e; = adj(L + diag{e;})e;, (6)
one has

1,adj(L + diag{e; + ¢;})e; < 1,adj(L + diag(e; + e;})e;

& 17adj(L + diag{e;})e; < 1]adj(L + diag{e;})e;.

By using Laplace expansion along column i, it follows from
Lemma 1 that

det(L + diag{e;}) = detL + e adjL e; = 7(G¢). (7)
Likewise, we also have det(L + diag{e;}) = 7(Gr). Thus,

1]adj(L + diag{e;})e; < 1]adj(L + diag{e;})e; <
1](L + diag{e;}) 'e; < 17 (L + diag{e;}) 'e;.

T 1 —e!
Denote ; = (7e,- L+ dialg{e,-}
also the Laplacian matrix of a connected graph with an additional
vertex 0 and an edge (0, i) to Gg. Therefore, by Lemma 2, (L +
diag{e;})~" is a nonnegative matrix. Likewise, (L + diag{e;})~" is
also nonnegative. Then, we get 11(L + diag{e;})"'e; = ||(L +
dilag{ei})”ejlh and 1;, (L + diag{e;})~'e; = ||(L + diag{e;})"ei:.
Thus,

). Due to Gr being connected, L; is

1 . _ . _
wj < 5 (L + diag{e;) " "ejll1 < [I(L + diag{e;}) el
Similarly, we can prove the case of “="and “>". ®
Let

Se = {ex|||(L + diag{ey}) 'eyll1 < [[(L + diag{ex}) e |11,
e« €8S, e, €S}.

By Lemma 11, we can derive a necessary and sufficient condition
for an interaction graph G(e;, ;) to be the equilibrium topology.

Theorem 12. For game §'(Gg), C(ei*, e;+) is the equilibrium topol-
ogy if and only if e« € S, and ej« € S,.
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Proof. Because of Definition 7, it suffices to prove that (e;«, ej+) isa
Nash equilibrium pointifand only ife;« € S, and ej« € S,. It follows
from Lemma 11 that

1
e € Sp & Upy < 5, keV. (8)

Sufficiency is proved as follows. Due to (8), we have maxy, u, =
maxy Uy = 3. Then, it follows from Property 8 that V(U) = $ and
moreover, e; and e are security strategies. By Theorem 9, we have
(ej«, €j+) is a Nash equilibrium point.

Necessity is proved as follows. Firstly, we will prove ujx = %

by contradiction. Since (e;«, e;«) is a Nash equilibrium point, one
has u;+j < upp < uys foralli,j € V. Suppose ujj+ > % Recalling
Ujejr = % it follows that u;+j+ > uj++ which conflicts with the fact
that upj+ < uy+. Supposing upj+ < % we have v > uy+ which
has a conflict with u;+; < uj«. Therefore, we have proved uj+j+ = %
Then, it follows that u; < % < uy« foralli, j € V. According to (8),
we have e« € S,. Since uj = 1 — uj+;, we obtain up; < % Hence,
e cS.. |

Property 13. For game 4'(Gy), one has lim,_ o (x;(t) — yo) =
lim;_, oo (y1 — X;(t)) under every strategy pair (e;, ;) € S X S.

Proof. For the case of i =j, it follows from Property 8 that
My 00 (%i(t) — Yo) = lim,_, oo (y1 — X;(t)) = 52,

For the case of i # j, one can renumber vertexes of Gg by
exchanging the number of 1 and i and that of 2 and j, i.e,, 1 <
i, 2 <> j. Then, it follows that the new Laplacian matrix L' = PLPT
where P = [e;,€j,€3,...€_1,€1,€11,...,€_1,€,€1,...,€;]
is orthogonal. It is easy to prove that lgadj(L + diagle;})e; =
17adj(L’ + diag{e;})e; and 17adj(L + diag{e;})e; = 1ladj(l’ +
diag{e,})e;. Consequently, it suffices to prove the case of i = 1
andj = 2.

Let [; = L + diag{e;} and [, = L + diag{e,}, it follows that
L, = L, + diag{1,—1,0,...,0}. Denote L;" = (p1, P2 ..., Pn)
and iz’l = (ry, 13, ...,r,) Where p;, r; are n-dimension vectors.
Thus, it is easy to show that [,L;' = I, + (ry, =12, 0,, ..., 0,)",
LI =MLY =l + (=p1, P2, 0n, .., 0), and py =1, =
1,.. Consequently, L, L; ' and L, L; ' have eigenvalues A, Az, 1, ..., 1
andA;', A, ", 1, ..., 1, respectively. Noticing from (7) that A1 A, =
ILL'| = |Li||LJ~" = 1, we have A, = A;'. Therefore, the
eigenvalues of [,L;" are same as those of [;L; . Let p, = (wy,
wy, ..., wy)" and 1y = (21, 2y, .., Z,), we obtain [Al, — L] =
(A=1)"2(A2 = (wy+1)A+wy) and [l —L L' = (A—1)"2 (A% —
(z1+1)A+2,).Thus,onehasw; =z, = land w, = z; = A1+k1_1.
By Lemma 5, together with (6) and (7), we get

tl_iflo]oxf(f) = (L + diag{e; + e;}) "' (e1, €2) (o, y1)"

=pu I:zz_lel» Zflez] 0o, ¥y1)" = pulry, P21vo, y1)',

7(Gr)
|L+diag{e;+ep}| "

O A7 Dyr and limy_ o0 X2 (£) = (A 4+ A7 )yo + 4y1. Because
A +47" = 1, we have limg_, o (% (£) — o) = lim— 0o (V1 —
(). m

where u = It follows that lim;_, o x1(t) = uyo +

3.3. Graphical results

In this subsection, we will deduce some graphical results for

' (Gr).

Lemma 14. Suppose that Assumption 1 holds. Then, one has

17adj(L + diagle;))e; = nt(Gr) + Y (=D My (9)
k+#i,keV

fori,j e Vandi # j, where My, = detL . i k).

Proof. Firstly, we will prove the case of i < j. Denote [=1L+
diag{e;} and A" = diag{e;}, we have

det Z(j;k) = det (L(,‘;k) + Ai(j;k)) = det L.y + M.
Therefore, it follows from (—1)* det L.,y = 7(Gr) that

1;adj(L + diagle;))e; = nt(Gp) + Y (—D*IMy.
ki, keV

Similarly, we can prove the case ofi >j. ®

Denoting by V; the neighbor set of follower i in G¢, we have

Theorem 15. For two followers i,j € V, if M\ {j} 2 N \ {i}, then
uj < % and the equality holds if and only if N; \ {j} = M \ {i}.

Proof. Similar to the proof of Property 13, it suffices to prove the
result in the case ofi = 1andj = 2.

It follows from Lemmas 11 and 14 that u; < % if and only if
det M@V —det M1? > 0.Since (9), we have det M@V —det M1? =
‘0 17,
r Q
i — Ll 1M\ {2} = M\ (I} thenly — [, = 0,j €
(3,4, ...,n}. It follows that det M@V — detM(» = 0. Hence
Up = % If M \ {2} D M \ {1}, denote N, \ {1} = {i], iz,
ey i,<} and M \ {2} = {il, iz, e ik, ik+1, e ik+h}- then ljl —
lj =0 fOTj ¢ {1, 2, l'k+1, ...,i7<+h} and lj] — ljz = —1 for
. . . 1) 12) _ k+h
j € {iks1s - .., iggn). Therefore, det M©@D — detM =D ki
Z;=3(—1)j+im Q(l'mfz;];z). It is easy to find that (—]}H—im Q(imfz;jfz)
is the (j — 2, i, — 2)th entry of adjQ. By Lemma 2, we know that
Q is positive definite and Q ~! is a nonnegative matrix. Then, it
follows that adjQ is an invertible nonnegative matrix. Hence, for
allj € {3,4,...,n}andm € {k+1,k+ 2,...,k + h}, we have
(—1yY"mQg,,—2.j—2) > 0 and the inequality holds at least with one
j € {3,4,...,n} which implies that det M@V — detM? > 0.

Consequently, we can make a conclusion that uy; < % [ ]

where Q = Lizg,. gandr = [l31 — Iz, sy — I, ...,

Theorem 16. For game 6 (Gy),

(1) if Grisacirculant graph, then G(e;, ;) is the equilibrium topology
forevery (e;,e) € S xS;
(2) if G has a center vertex i, then f?(eic, e;c) is the equilibrium
topology.
Proof. Firstly, we will prove (1). If Gf is a circulant graph, adjA
is a circulant matrix. It follows that L is also a circulant matrix.
Without loss of generality, we assume that i < j. Denote ; =
L + diag{e;} and ij = L + diag{e;}. Then for a permutation matrix
iy 0 0 . .
P = ( gl 10 ln+017j> ,we have L; = PL;P". Noticing that P is
lj—i
orthogonal, we obtain that 17(L;))'e; = 17P(L;)~'PTe;. Thus, it
follows from PTe; = e; and 17P = 17 that 1,(L;)~'e; = 11(L;) " e;.
Hence, by Lemma 11, we getuy = 1 foralli,j € V,ie,U = 11,17,
Therefore, we can deduce that the strategy setis S* = S.In another
words, the graph f;(ei, e;) is the equilibrium topology for every
(ej, Ej) €S xS.
Next, we will give the proof of (2). For simplicity, we may take
i =n.Owingto M, = {1,2,..., n—1},one has N\ {n} C M\ {j}

forallj € {1,2,...,n — 1}. By Theorem 15, we have u,; < %
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(2) (e1,€2) .

(b) (er.e1) -

Fig. 3. The followers’ states and average distances under two strategy pairs for the game 4 (G).

-0.5 . . - - -0.5

x1
X2
x3
x4
x5
x6
do
- ==dl

(@) (s1,82) - (b) (s1,83) -

(©) (s1.84) -

Fig. 4. The followers’ states and average distances under three strategy pairs for the game 42 (Gy).

forallj € {1,2,...,n — 1}. Hence, V(U) = V(U) = 5 and
e, € S*. By Theorem 9, it follows that the strategy pair~(en, e,
is a Nash equilibrium point. Thus, we can conclude that G(e,, e;)

is the equilibrium topology. =

Remark 6. The results of Theorem 16 may be used to shed light on
some phenomena in reality. Firstly, if the interaction graph of the
followers is a circulant graph, then it implies that every follower’s
influence is equal. Consequently, everyone is the optimal strategy
to both two leaders and every strategy pair is a Nash equilibrium
strategy pair. Secondly, for a ‘center’ follower who can influence all
the others in G, its influence power is biggest among all followers.
As a result, both two leaders will choose connecting with it to
minimize their payoff. As a result, the corresponding strategy pair
is a Nash equilibrium.

4. Simulations

Suppose that there are 6 followers labeled as 1-6 and two
leaders labeled as Iy and [;. The followers’ interaction graph Gr
is a circulant graph depicted in Fig. 2(a). Let the leaders’ initial

states be —1 and 1, respectively. Let do(t) = % Z?:] |x; + 1| and

di(t) = é Z,i] |x; — 1| be the average distances function of [y and
l;, respectively. Obviously, we have lim;_, . d,(t) = U,,r =0, 1.

Example 1. Consider game §'(Gr). It is easy to obtain that the
outcome matrix is U = %161; which implies that all 36 strategy
pairs are Nash equilibrium points. This result illustrates the
effectiveness of theoretical results in Theorem 16. Consider two
strategy pairs (e, ;) and (eq, ;). The corresponded interaction
graphs are described in Fig. 2(b) and (c), respectively. Fig. 3(a) and
(b) show the followers’ states, do(t) and d;(t) under those two
strategy pairs, respectively, where dq(t) and d; (t) are depicted by
dashed lines in Fig. 3. Since (eq, e;) and (e, e1) are Nash strategy
pairs, lim;_, o, do(t) = lim;_, o, d1(t) = 1. For (eq, e1), we can find
that all followers converge to the middle point of two leaders’
initial states, which is consistent with the result of Property 8.

Example 2. Consider game §2(Gg). Then, it follows from N =

an:] C¢' = 21 that the outcome matrix U is 21 x 21-dimensional.
By computing U, we can obtain V(U) = % and the set of secu-
rity strategies S* = {e; + e4, e; + es, e3 + eg}.Itis shown thatev-

ery security strategy has exactly 2 followers which is consistent
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with the result of Theorem 10. By Theorem 9, we have a strategy
pair (s;, s;) is a Nash equilibrium if and only if (s;, s;) € S* x S§*.
Consider three strategy pairs (s,s2) = (e3 + eg, e; + €s), (51,
s3) = (e3 + eg, €, + €;), and (s1,S4) = (e3 + eg, ;). The corre-
sponded interaction graphs are described in Fig. 2(d), (e) and (f),
respectively. Fig. 4(a), (b) and (c) show the followers’ states, dq(t)
and dq(t) under those three strategy pairs, respectively. It is
easy to show that lim;_, o, do(t) = lim;_, o d;(t) = 1 since (s1, S2)
is a Nash equilibrium. One can observe that lim; ., do(t) <
lim;_, o, d;(t) because s is a security strategy and s3 and s4 are not
security strategies.

5. Conclusions

In this paper, we made use of game theory to tackle the con-
tainment control problem with conflicting leaders. We formulated
a standard two-player zero-sum game denoted as ¢*(Gy). For
61(Gr), we presented a necessary and sufficient condition for an
interaction graph to be the equilibrium topology. Moreover, if G¢
was a circulant graph or a graph with a center vertex, then the equi-
librium topology can be obtained directly. This work puts contain-
ment control in a game theoretical framework. This perspective
will foster the understanding of the interactions between leaders.
In the future, we may consider this game for the case where Gy is
a directed graph or for MASs with constraints, such as MASs with
switching topologies, MASs under measurement noises, etc.
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