Designs, Codes and Cryptography (2023) 91:373-389
https://doi.org/10.1007/s10623-022-01113-4

®

Check for
updates

A design and flexible assignment of orthogonal binary
sequence sets for (QS)-CDMA systems

WeiGuo Zhang'2(® - Enes Pasalic3 - Yiran Liu* . Liupiao Zhang’ - Chunlei Xie®

Received: 27 April 2022 / Revised: 30 August 2022 / Accepted: 5 September 2022 /
Published online: 17 September 2022
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2022

Abstract

Boolean functions naturally induce binary sequences of length 2" and a large number of such
orthogonal sequences is required in the design of code-division multiple-access (CDMA)
systems. In this paper, Boolean functions are used to construct nonlinear phase orthogonal
sequence sets for CDMA communications. For even m, employing carefully designed an
m-variable Boolean function with five-valued Walsh spectra, one can get 16 different orthog-
onal sequence sets with sequence length 2. These sequence sets are assigned to a lattice
of regular hexagonal cells, and we can ensure the orthogonality of adjacent cells. More-
over, the cross-correlation values between the sequences in a given cell and the sequences
in non-neighbouring cells belong to {0, 4+2%, 4£2% 1!}, On the other hand, the cardinality
of the sequences sets is 2”7~ thus implying a trade-off between the quality of communi-
cation and the number of users assigned to each cell. This method can be improved so that
the number of users is increased to 2" =2 in one half of the network while preserving the
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orthogonality between adjacent cells and the same level of low cross-correlation values to
the non-neighbouring cells.

Keywords Boolean functions - CDMA systems - Cross-correlation - Five-valued Walsh
spectra - Orthogonal sequences

Mathematics Subject Classification 05B20 - 94B99

1 Introduction

Walsh sequences [7] are a set of perfectly orthogonal sequences used to separate users on the
downlink channel in CDMA systems (for example in CDMA2000, UMTS cellular standards
etc.). In practice, the design of CDMA systems is commonly based on the use of (binary)
orthogonal sequences of length 2" which are called codewords. Even though the whole space
comprises 22" many sequences, finding a subset of these sequences of large cardinality such
that these sequences are mutually orthogonal to each other is difficult. Such a subset of
sequences is then allocated to a single cell of users where each user is assigned a unique
sequence from this set. To prevent interference from the neighbouring cells, using as a
model regular tessellation of hexagonal cells, a standard requirement is that the sequences
within any cell are also orthogonal to the sequences in the neighbouring cells (for hexagonal
networks there are six neighbouring cells). In addition, the so-called cross-correlation of the
sequences in a given cell to non-neighbouring cells should be sufficiently small. A common
way of constructing spreading codes (sequences) in these systems is to employ correlation-
constrained sets of Hadamard matrices as it has been done in [4, 6, 8]. A particular choice of
these matrices that satisfy the imposed orthogonality and cross-correlation conditions was
considered in [4, 6, 8].

The problem of allocating a set of sequences satistying the above criteria to a regular
tessellation of hexagonal cells is also governed by some practical requirements. The so-
called re-use distance D reflects the ability to use the same codewords in non-adjacent cells
that are at sufficient distance D (so that the signal is sufficiently attenuated and does not affect
the user employing the same sequence) from the cell where these codewords have originally
been placed. In practice, this re-use distance is commonly D = 4 which ensures that the use
of same sequences only causes acceptable interference levels.

The problem of designing such orthogonal sets was addressed in [5] using cosets of a cer-
tain subcode of the first order Reed-Muller code to construct a set of Hadamard matrices with
suitable properties. In addition, a suitable assignment of these sets into octants or quadrants
(see [5] for definitions) with D = 4 was specified, which gave a significant improvement over
other methods due to the specific properties of the Hadamard matrices specified in [5]. Fur-
thermore, it was shown in [1] that the same method could be adjusted to provide orthogonal
spreading codes of variable length.

In [11], vectorial semi-bent functions were employed for the purpose of constructing
large sets of orthogonal sequences and their efficient assignment to a regular tessellation of
hexagonal cells was demonstrated. In brief, the number of users per cell achieved by this
method was 2" ~2 which actually provided double as many users compared to the best known
methods, in particular compared to the method in [5]. The use of semi-bent functions then
implies that the cross-correlation value between the sequences in non-adjacent cells equals
to 0 or £27 1 for even m. This is a direct consequence of the fact that semi-bent functions
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Table 1 A comparison of the main parameters

Methods N D Cross-correlation
[1,5] m = 3.9) om=2 4 {0,427 11
m—2 Lo |

[11] m > 6 even) 2 >4 {0,£22 7}
[12](m = 6) om=2 op pm=1 J12 0,27+
[12](m > 8 even) 2m=2 op pm=1 > /21 0,27+

i -3 5 S+l
Construction 1 2m 4 {0,4+£22, 42277}

; -3 -2 z 541
Construction 2 2M=3 or 2M 4 {0,4£22, 42277}

have so-called three-valued Walsh spectra so that any such function is orthogonal to exactly
2™ — 2Mm=2 distinct linear functions and its cross-correlation to the remaining 2”2 linear
functions is 22+, In [12], an efficient design of binary orthogonal sequences of length 2",
based on vectorial semi-bent functions, is provided so that one third of the network contains
cells that comprise 2”1 users whereas two thirds of the network have cells that accommodate
2"=2 users. p-phase spreading sequences of length p” (p is an odd prime number) were
also designed for synchronous (QS)-CDMA applications in [11]. This design ensures that the
number of orthogonal sequences in any three adjacent cells (referring to regular hexagonal
networks) is equal to p™ for the sequences of length p™. Additionally, we mention two
designs of sequences with low correlation proposed in [13, 14] and a recent article [9] which
also identifies new applications of these sequences in joint communication and radar systems.
In this paper, we consider the problem of improving the quality of communication by
reducing the cross-correlation value between the sequences in non-adjacent cells. More
precisely, instead of using sequences that purely stem from semi-bent functions whose cross-
correlation value for even m corresponds to 25+ we essentially design suitable sets of
functions/sequences with spectral values in the set {0, :i:Z%, 425+ }. The main idea is that
using such a function we can allocate a subset of linear functions, whose cross-correlation
value to this function is 22 , to the first layer of non-adjacent cells. Therefore, the interfer-
ence between the users in nonorthogonal cells is 2% or27 1! [11]. On the other hand, the
improved quality of communication using this method implies a reduced number of users
per cell so that each cell can accommodate 2m=3 ysers instead of 2”2 achieved in [11].
We successfully solve the problem of efficient assignment of these sets of sequences within
regular hexagonal networks for any even m, thus also ensuring the orthogonality between
adjacent cells. In Table 1, we give a comparison of the main parameters with [1, 5, 11, 12].
Nevertheless, it turns out that there is a space for further improvements regarding the
number of orthogonal sequences in a certain portion of the network. Namely, a subtle modi-
fication of the original technique proposed above enables us to construct even larger families
of sets of orthogonal sequences, also satisfying the necessary orthogonality conditions. More
precisely, the proposed method increases the number of sequences (users) to be 2”2 in one
half of the network whereas for the remaining half of the network (identifying the network
as a regular tessellation of hexagonal cells) the number of sequences remains the same 23,
This leads to an uneven distribution of the number of users in different cells which from the
application point of view is still well-motivated. For instance, such a scenario is quite rea-
sonable in urban areas where there might exist a need for providing larger number of users in
a half of the network (namely 2”2 which is the largest known) and at the same time having
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a better quality of communication than the known methods due to a lower interference from
non-neighbouring cells. The problem of allocating these cells of orthogonal sequences to a
regular tessellation of hexagonal cells is also addressed, thus allowing an efficient practical
implementation of our method for any even m > 6.

This paper is organized as follows. Some basic notions and definitions related to sequences
are introduced in Sect. 2. In Sect. 3, the design of suitable sets of orthogonal sequences
with a decreased level of interference between non-adjacent cells is addressed. In Sect. 4,
an improved construction is presented which doubles the number of users locally. Some
concluding remarks are given in Sect. 5.

2 Preliminaries
Let Fom and ' denote the finite field G F(2™) and the corresponding vector space, respec-
tively. An m-variable Boolean function f is a function from F5' to I, thus for any fixed

X = (x1,...,xy) € FY we have X |—f> f(X) € F;. The set of all Boolean functions in
m-variables is denoted by B,,. For simplicity, we use “+” and ), to denote the addition
operations over 5" and [Fon. A Boolean function f € B, is generally represented by its
algebraic normal form (ANF):

f = > u[]x reFa

11, ,n} iel

Especially, any linear Boolean function on F' can be expressed as the inner product

m
w-X = E Wi X,
i=1

where w = (w1, ..., 0p), X = (x1,...,xy) € F}}, and the addition is performed modulo
two. The Walsh-Hadamard transform of f € B, at point w € F5' is denoted by Wy (w) and
computed as

Wf((l)) — Z (_l)f(X)-i—w-X.
Xel?y

Let supp(f) = {x € F}' | f(x) = 1} denote the support of f. Then, f € By, is said to be
balanced if its truth table contains equal number of 0’s and 1°s, i.e., #supp(f) = 2!, or
equivalently

Wy (0,) =0,
where 0,, denotes the all-zero vector of length m. The Parseval’s identity [2] states that

Z Wf(a))z — 221’}1’

m
welFy

which implies that max,epy |Wy ()| = 2"/2 The equality occurs if and only if f € B, is
a bent function [3], i.e.,

Wr(w) € {£2™/2), forallw € FY.
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A design and flexible assignment of orthogonal binary sequence sets 377

The sequence of f € B, is a (1, —1)-sequence of length N = 2™ defined as

7= <(_1)f(0,...,0,0)’ (_l)f(O,...,O,l)’ L (_l)f(l ..... 1,1)) .
Let f1, f> € B;,. Then we have
A= Z (—1)/10+00) )

m
xelfy

The absolute value of f; - f2 is called the cross-correlation of the sequences fi and fa. If
the cross-correlation of f] and f; is equal to zero, i.e.

fi-fa=0,

f1 and f> are said to be orthogonal, denoted by fi L f>. Furthermore, if f1+ f> = f + - x,
w € Y, then we clearly have

fi-fo=Wr(). 2
By (1) and (2), we can easily get the following result.

Lemmal Let fi, f» € By, and fi+ fo = f +w-x, w € Fy. filfsifand onlyif fi + f>
is balanced, i.e.,

Whip0y) = We(w) =0.
Especially, fiLf> if fi + f» is a nonzero linear Boolean function.
Definition 1 We call
S={filfi€Bui=12 ...k} 3)

a set of orthogonal sequences of cardinality « if the sequences in S are pairwise orthogonal.
Let S and S’ be two sets of orthogonal sequences. S and S’ are orthogonal to each other,
denoted by SL S, if s - 5" = 0 always holds forany s € Sand s’ € §'.

3 Reducing the level of interference in non-adjacent cells

The most efficient approaches for designing large sets of orthogonal sequences are based on
the use of (vectorial) semi-bent functions [5, 11]. More precisely, when m is even, the Walsh
spectrum of any semi-bent function f € B, is three-valued, so that W (w) € {0, :|:2%+1}.
Then, by Parseval’s equality, we have that there are 2” — 2"~2 linear functions w - x which
are orthogonal to f, i.e., those linear functions - x for which W;(w) = 0. The remaining
2"=2 Jinear functions are not orthogonal to f and the cross-correlation between f and these
linear functions is 2% *1. This implies that the cross-correlation value between the users in
non-adjacent cells equals to 27 1.

The above discussion indicates that for the purpose of lowering the interference (cross-
correlation value) from non-adjacent cells one may consider a class of Boolean functions
(sequences) whose Walsh spectrum is five-valued and given by {0, +2%, 425 +1}. The main
idea is then to place those linear functions corresponding to spectral values +27 (at bent
distance from f) in the first layer of non-adjacent cells referred to the allocation of f,
whereas the linear functions that are orthogonal to f (Walsh spectral value is 0) can be
placed in the same cell as f. The remaining linear functions are then placed further apart
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thus neutralizing the effect of having the standard cross-correlation value 2 1. Nevertheless,
a lower interference from non-adjacent cells compared to the methods that use semi-bent
functions is achieved at the price of a reduced number of users per cell which decreases to
2"=3 compared to the standard approach which accommodates 2”2 users [11].

In the remainder of this section, we derive a suitable class of five-valued spectra func-
tions and specify allocation of these functions and the set of linear functions within regular
hexagonal networks. We notice that our method of designing these functions belongs to the
generalized Maiorana-McFarland (GMM) construction technique, which was introduced in
[10] for specifying (resilient) Boolean functions with the highest nonlinearity known.

Construction 1 Let m = 2k +6, where k > 0 is an integer. Let X = (Xo, X()) = (X1, X]) =
(x1, ..., xm) € F, where

k42
Xo = (x1, ..., xk42) € F512,
k+3
X1 = (x1,...,x43) € F5,
k—+4
X0 = (Xk43, -+, Xm) € F5T and
/ k+3
X| = (Xkt4s ..o xp) €F57

Let
Eo = {00, 01} x F¥,
E; = {10, 11} x F5*1,
To = F5*! x {000}, and
T = F% x {001, 010, 011, 100}.

Fori = 0,1, let ®; : E; — T; be a bijective mapping. A Boolean function f € B, is
constructed as follows:

_ | ®o(Xo) - X, if Xo € Ep
F&) = { O(X)) - X], if X\ € Ey.

We construct 16 mutually orthogonal sets of sequences as follows. For any fixed o € IF%, let
Hy={l|l1=(B,)-X, p€F;) “
and

Hf ={F+1|l=@,a)-X, pecFr) 5)

Theorem 1 Foro € IE‘%, let H, and Ho{. be as defined in Construction 1. Then:
(i) |Hal = |H| = 2"

(ii) Hy is a set of orthogonal sequences, and Hy | Hy for any a # o';

(iii) Ho{ is a set of orthogonal sequences, and HO{J_HO{, forany a # o’;

(iv) HY L Hy ifa+do € {101,110, 111});
(v) Lets € H ands' e H,'. Then

C | k2m2H e 4o/ = (000), e, o = o
S5 =
+2m/2 ifa +a' € {001,010,011, 100}.
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A design and flexible assignment of orthogonal binary sequence sets 379

Proof (i) Tyii follows immediately from (4) and (5).
(ii) Let [, I’ be two different sequences in Hy, withl = (8,«) - X and I’ = (B, @) - X,
B # B'. By (1),

1.7 = Z (_1)(#3-&-/3’»03)-)('

m
xelfy

Note that (8 + ', 03) - X is a nonzero linear Boolean function. By Lemma 1,1 L g always
holds which implies that Hy is a set of orthogonal sequences. For any o # o', let ] € H,
and !’ € Hy with [ = (8, ) - X and I’ = (B’,a’) - X. Obviously, [ + [’ is a nonzero linear
Boolean function. So, ! L I’. By Definition 1, this proves H, 1 H,.

iii) Let f +1 and f + !’ be two different sequences in de ,where [ = (8,a) - X and
I'=(B,a) -X,B # B.Obviously, f +1-f +1' =1-I' = 0, which implies H; is a set of
orthogonal sequences. Forany o # o/, let f +1 € HJ and f + 1’ € Ho{, withl = (8, @) - X
and I’ = (B/,a') - X. Obviously, (f +1) + (f +1') = [ + 1’ is balanced. By Lemma 1,
F+1 L f+1. By Definition 1, this proves H 1 H D{,

f

iv) Fors € Hy and s’ € Hy, their inner product is computed as
sos'=fH1-T =Y (=) (6)
xely!

wherel = (B, a) - X, = (B’,a’) - X. By (2), and noticing E( x IF’;'M UE] x F’;” =Fy,
(6) can be written as,

s-s'=WrB+p . a+ad) =S+ Sk, ©)
where
Sep= Y, Y, (—1)P0X0) Xg+(B+5' a+a)-X
Xo€Eo x epk
and

SE1 — Z Z (_1)¢1(X1)X1+(/3+/3 ,ata )-X.
X1€Ey x1 bt

Fori =0,1,let B + B’ = (n;, 6;), where n; € IF‘;”“ and 9; € IF‘IEH’i. Then

Sg; = Z (—1ynki Z (— 1) @i XD X[+ 6t X; @®)

X;€E; Xl{ E]F’;r“*i

Note that ®; : E; — T; is a bijective mapping with Tp = IF';“I x {000}, and T} =
IF"; x {001, 010, 011, 100}. Thus, when o + " € {101, 110, 111}, ;(X}) = ®;(X;) - X| +
B, +a) - Xl’ must be a nonzero linear Boolean function for any fixed X; € E;. More
precisely, e; (X lf) must contain some of the variables x,,, _2, X;,—1, X, thus ¢; (X lf) is balanced.
Hence,

Z (_1)(Di(Xi)'X,{+(9iwa+(¥/)'Xf =0,

1 ok+4—i
X;€F,

which implies that S, = 0. By (7), we have s - 5" = 0. By Definition 1, de 1 Hy.
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380 W. Zhang et al.

v) Let us analyze the case « +a’ = 03 in detail. By the definition of @, the linear function
Do (Xp) - X6 does not depend on the variables x,,_2, x,,—1, X, for Ty = ]FIEJrl x {000}. By
(8), we have

Sg, = Z (—1)M0Xo Z (_1)<I>0(X0)~X{)+(90,03)~X6.

Xo€Ey X(/)EH?’2<+4

Since @ is bijection, then for any B + B’ = (10, 6) € IF’2"73, there will exist a unique
X € Eg such that ®o(X¢) = (6, 03). Thus,

SEO _ (_1)710.@)51(90,03) Z (_1)0 — :|:2k+4 — :|:2m/2+l.

X[ eFhts
By (8), we have
Spo= Y, (=DMF YT ()TN, ©
X|€E; X €FLH3

Notice that 77 = IF]; x {001, 010, 011, 100}, ®{(Xy) - X’1 contains some of the variables
Xm—2, Xm—1, Xm, and so does ®1(X1) - X| + (61, 03) - X|. So @1 (X1) - X + (61,03) - X is
balanced. Furthermore,

Z (_1)<D1(X1)-X'1+(91,03)-X’1 —0.
X/ eR&ts

By (9), Sg, = 0.By (7), we have s - 5" = Sg, + Sg, = 2"/>*1.

The case « + o’ € {001,010, 011, 100} can be analyzed similarly. In this case Sg, = 0
due to the presence of x,,,—2, X;;,—1, X 10 €9 (X6), whereas Sg, = +2k+3 = 2m/2 que to the
definition of 7. In this case s - s = Sg, + Sg, = 2m/2 This proves v). ]

Remark 1 Itis easily verified that indeed Eg x }F§+4 UE| x IFIEH equals to ', For instance,
if k =1 then

F5 = {00} x FS U {01} x FS U {100} x F3 U {101} x F3

U{110} x F3 U {111} x F3.

The cross-correlation between H, and HO{' is depicted in Table 2, which is then utilized
to provide an efficient assignment of these orthogonal sets in a regular hexagonal networks
as given in Fig. 2.

Example 1 Let m = 6, thus k = 0. Let f € Bg be a five-valued spectra function given by
(13) whose ANF is f(X) = X1x2Xx3 + X1X2X3X6 + X1X2X3X5 + X1 X2X3 (X5 + X6) + X1 X2X3X4,
where each X; = x; 4+ 1. By using the signs instead of +1, —1, we have

Fi+++++++++++++++

e+ttt ———————
-ttt —F+——F++——
ottt ++++——— ).
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A design and flexible assignment of orthogonal binary sequence sets 381

Table 2 The cross-correlation between orthogonal sets of sequences

H('){)o H&)l H({m H(')fu Hljz)o Hﬂn Hiflo Hlfll

Hppo ~ +2m/2+1 4om/2 +2m/2 +2m/2 +2m/2 0 0 0

Hyyy +2m/2 Hom/2+1  om/2 +om/2 0 +2m/2 0 0

Holg +2m/2 +2m/2 +om/2+L gom/2 0 0 +2m/2 0

Hopp +2m/2 +2m/2 +2m/2 +om/2+1 g 0 0 +2m/2
Higo +2m/2 0 0 0 +om/2+1 gom/2 +2m/2 +2m/2
Hiop O +om/2 0 0 +om/2 +om/2+1 - yom/2 +om/2
Hijg O 0 +2m/2 0 +2m/2 +2m/2 +om/2+1 4om/2
Hj;p O 0 0 +2m/2 +2m/2 +2m/2 +2m/2 +2m/2+1

The sets of orthogonal sequences {Hy, | o € ]Fg} divides the Hadamard matrix of size 64 x 64

into 8 parts, see Appendix for details. The inner products between any sequence in de and

H,, fora € }Fg, are given in Table 2, for m = 6. These sets of sequences are then assigned
to a lattice of regular hexagonal cells as depicted in Fig. 1.

3.1 Allocation of orthogonal sets to regular hexagonal networks

As already mentioned, for practical applications taking D = 4 suffices to keep the effect
of the interference caused by reused sequences at acceptable level. Based on this fact one
possible assignment of sixteen orthogonal sets of sequences within a regular tessellation of
hexagonal cells is given in Fig. 1 below.

In Table 3, the maximum cross-correlation values Rp,x between the codewords assigned
to different cells are given for each distance measured from the cell centre up to the re-use
distance.

This relative distance d between two cells, say R and S, is calculated as /i + j2 + i,
where i and j are nonnegative integers that specify the distance on two axis u and v. This
calculation is depicted in more detail in Fig. 2, where the distance between R and S is

V32462436 =37

Remark 2 The re-use distance for the assignment in Fig. 2 is D = 4 and the sequences in
adjacent cells are orthogonal. The cross-correlation value of two sequences is +2"/2F1 if
and only if the distance between the cells are 2 and 24/3.

4 Increasing the number of users locally

The previous approach essentially reduces the interference to the first layer of non-adjacent
cells by a factor two, though at the price of having “only” 2”73 users per cell. Nevertheless,
it is possible to increase the number of users locally. Thus, in what follows we preserve the
same benefits in terms of a reduced interference while increasing the number of users in one
half of the network to be 22,
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382 W. Zhang et al.

Construction2 Let m = 2k +4 withk > 2. Let Y = (y1,...,y%) € F%k, and x =
(x1,x2,X3,X4) € Fé. Two Boolean functions g1, g2 € Boy are defined as
oY) = (1, Yi) - 1y -+ 5 Y2k) (10)
and
g1(Y) = (s s YOM) - (Vi1 - -5 Y24), (1D
where
00---01
1 0
M= 1 0
11

We define two Boolean functions hq, hy € IF‘% as follows:

ho(X) = x1(x2 + Dxg4 + x1x2(x3 + x4), (12)
h1(X) = x1 (2 + D(x3 + x4) + x122X3. (13)

We next construct a vectorial Boolean function F : F3' — F% as follows:
F = (fo, f1), (14)
where fori =0, 1,
i, X) = gi(Y) + hi(X). 15)

For c eF%andoz GF%, let fo =c- F and

Hf ={f+111=B,a) - ¥,X), peFy 3. (16)
Let
fe Je fe fe fe fe
Sio = Hyjo Y Hijp and Sy; = Hygy U Hig, . a7

Then, we obtain 24 sets of disjoint sequences, where for ¢ € F2, ISlf6| = ISgi'I = 2"m=2 gnd
|de”| =23 when a € {000, 100,011, 111}.

Theorem 2 Let the sets of sequences be defined by (16) as in Construction 2.

(i) Foranyc e F2, Ho{“ is a set of orthogonal sequences, and HJCJ_HO{;” forany a # o'.
(ii) Lets € HO{C and s’ € Hl{f/, wherec # c'. Letv=c+c and . = a + o'. Then

2241 ify = 05
s-s' =10, if . € {(0,v), (1, v), 100} (18)
+2m/2 otherwise.

Proof (i) The proof uses the same technique as the one in Theorem 1 (iii) and is therefore
omitted.
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A design and flexible assignment of orthogonal binary sequence sets 383

Fig.1 Assignment of 16 orthogonal sets to a lattice of regular hexagonal cells

(ii)Lets = f. +lands’ = f +1',wherel = (B,a)- (Y, X)and !’ = (B, ) - (¥, X).
LetB+pB" = (0, 8), where§ € ]F%k and§ € Fp. Thenl+1' = (0, §, 1) Note that f.+ fr = fy,
where v = ¢ + ¢’ # 0,. We have

sos'= 3 (DA 6,5, (19)
(¥, X)eF?

Let g, = v - (go, g1) and hy = v - (ho, h1). Then

Wy, (6,8,1) = Z (_1)gv(Y)+hu(X)+(9,5,l)-(Y~,X)

(Y. X)eFy
= Z (=& M+ Z (=) X)+60-X
Y eF3 XeF}
= Wy, (0) Wi, (8, 1). (20)

It is well known that go(Y) is a quadratic bent function [2, pp. 430]. By (10) and (11), we
have

go+gr =,y + M) - ka1, 5 Y2k)s
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384 W. Zhang et al.

where I is the identity matrix of order k. It is easy to see that g = go(Y A) and go + g1 =

g0(Y B) where
MO
»=(on)

Ii +M0
B = ( A Ik) |
Note that M and I} + M are two nonsingular n X n matrices, which implies that g; and

g0+ g1 are obtained from gg by the linear transformations A and B, respectively. This means
that g1 and go + g are also bent functions. Thus, in Eq. (20),

and

W, (0) = 25, v £ 0, Q1)
always holds. Obviously, k19 = ho, hoy = hy,and b1 = ho + h1. We have
Wi (8, 1) = Z (_1)h0+(5,>~)'x + Z (_1)h0+(5,l)‘x + Z (_1)h0+(5->»)‘x

x1=0 (x1,x2)=(10) (x1,x2)=(11)
(xz,xg,,m)e]F% (xg,,u)e]F% (X3,)L‘4)EF%
= Z (_1)1‘(X2-x3,x4) + (_1)5 Z (_I)A(O,xg,x4)+)c4
(xz,xg,x;;)E]F% (x3,X4)e]F%

+(_1)8 Z (_1))»(1,X3,X4)+X3+m.

(x3,x4)€F3

Note that
Z (_l)k-(xz.,x:s,m) — 8, if A =03 (22)
( - 0, otherwise,
X2,X3,X4) €5
Z (—1)A(O’X3*x4)+x4 _ 4, if » € {001, 101} (23)
o g 0, otherwise
X3,X4)€ 2
and

Z (_])k(l,x37x4)+X3+x4 _ +4, if A € {011,111} 24)
0, otherwise.

(x3.x4)€F3
Combining (22), (23) and (24),
8, ifA=03

Wio(8,2) = 10, if A € {010, 110, 100} (25)
+4, if » € {001, 101,011, 111},

Similarly, we have

8, ifaA=03
Wi (8,4) = 10, if A € {001, 101, 100} (26)
+4, if A € {011, 111, 010, 110}
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Table 3 Maximum cross-correlation value for sequences within cell distance 4

d 0 1 V3 2 NG 3 23 V13 4
Rmax O 0 427 om/2+1 427 27 +om/2+1 27 om

Fig.2 The distance between the cells

and

8, if A =03
Wi (6,4) =10, ifxe {011,111, 100} 27
+4, if A € {010, 110, 001, 101}.

Combining (25), (26) and (27), for v € F3 ",

8, if A =03
Wh,(6,2) =10, ifx e {(0,v), (1, v), 100} (28)
+4, otherwise.

(21) and (28) are substituted in (20), and we get

+£2m/2+1if ) = 04
Wy, (0,8,1) =40, if A € {(0,v), (1, v), 100}
+2m/2 . otherwise.
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Table 4 The cross-correlation between the sets of orthogonal sequences

Hooo Hioo Hoo1 Hioy Ho1o Hio Hori Hiny

HJO  +om/241 £2m/2 gm/2 o 0 £z gom/2
H]{)l(()) 0 4om/2+1 om/2 4om/2 0 0 4om/2 4om/2
HJO a2 aom2 gom/241 g +om/2 gom/2 g 0

HO om2 gm/2 g £m/24L gom/2 - gpm/2 g 0

HJ1 o 0 £2m/2 gom/2 gpm/241 g £z gom/2
a0 o 0 £2m/2 om0 £+ gom/2 gpm/2
HJlo o2 gm2 0 +om/2 gom/2 gom/241

BN 4om2 gm/2 g 0 £2m/2 gm0 £2m/2+1
HJ m/2t 0 0 w22 gom/2 ggm/2 gpm/2
a0 £om/2+l o 0 £2m/2 xom/2 gom/2 4m/2
HP 0 0 0 oM/ gom/2 gom/2 ggm/2 om/2
HY 0 0 £2m/241 £2m/2 gom/2 gpm/2 gom/2
Bl a2 agm2 gom/2 gom/2 £2m/2+1 0

O am2 agm2 gom/2 gom/2 ggm/2H1 0 0

HOU +om2 agm2 pom/2 gom2 0 +£2m/241 g

HIOU pom/2 gom/2 ggm/2 gom/2 g 0 0 +om/2+1
HJL £2m2H £/ xom/2 g2 pm/2 0
a0 /241 om/2 gom/2 gm/2 gom/2 0

HJL +am2 am/2 g /241 0 /2 ygm/2
HilL £om/2 gom/2 gm/2H1 g 0 0 £z gom/2
HJL xam2 am2 0 0 /241 gom/2 gpm/2
HL wam2 am2 0 +om/2+1 g +om/2 gom/2
HJL o 0 m/2 agm/2 agm/2 gm/2 gm/2HL

HI o 0 £2m/2 gom/2 gpm/2 M2 £2m/2+1
By (19), the desired result follows immediately. O

The cross-correlation between any two sets of sequences is depicted in Table 4. We then
assign 16 sets of sequences to a regular hexagonal network as illustrated in Fig. 3. These 16
sequences sets are composed of 8 sets with cardinality 2”2 and 8 sets whose cardinality (of
any set) is 2”7 ~3. The reuse distance for the assignment in Fig. 3 is D = 4 and this assignment

also ensures the orthogonality of sequences in adjacent cells. Note that the notation HO{ 9 jg

abbreviated to H, in Fig. 3.
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Fig.3 Assignment of orthogonal sets to a lattice of regular hexagonal cells

5 Conclusions

We have shown that Boolean functions whose Walsh spectra are five-valued are useful in
the design of orthogonal sequences for CDMA applications. In particular, the use of such
functions leads to an interesting trade-off between the number of users and the quality of
communication. An improvement of our basic approach gives an increased number of users
in one half of the network and it is an interesting question whether this technique can be
optimized further.
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Appendix

The sets of orthogonal sequences Hoog, Hoo1, - - -» H111 in Example 1 is given as below:
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Hooo:

B S L o o O o e e |

(

(++++++++——F+++++++——F+++++++——F++++++++——)
(++++++++++++++++ —t++t+t+tttttttttt—————)
(++++++++
(
(
(
(

e o S e —ttb )
++++++++HH bbb bbb —————————————)
++++++++——++++HHH+ —tt++++t+++——++++++++)
B —+++ttttttttttE+)
++++++++ —tt+++++++——++++++++H A E——)
Hoo
(+—F—F—F—+—F—F—F—+—+—+—F—F—F—F—F—F—F—F—F—F—+—F—F—+—+—+—+—+—+—+—+—)
(+—+—F+—F—+—+—+—++—+—+—+—+—+—+—++—F—F—F—F—F—+—++—+—+—+—+—+—+—+)
(+=+—F—F—t—F—F—t—t—t—t—t—t—t—F—tt—F—t—t—t—F—F—t—F -ttt -t —F—+—+)
(+—+—F—F—+—t+—+—+—+—+—+—++—+—+—+t—F—F—F—F—F—F—F—+—+—+—+—++—+—+—+—)
(+—+—-+—+—+—+—+—+—+—+—+—+—F—F—F—F—F—F—F—F—+—t—+—+—+—+—+—+—+—+—+—+)
(+—F+—F—F—t+—+—F—++—+—+—+—+—+—+—F—F—F—F—F+—F—+—+—F—+—+—++—+—+—+—)
(+—+—F—F—t+—+—+—+—+—+—F—+—F—F—F—F—F—F—F—F—+—t+—+—++—+—+—+—+—+—+—+—)
(+=—+—F—t—t—F—F—t—t—t—t—tt—t—t—t—t—t—t—tt—t—t—t—t—t—F -ttt —+—+)
Ho1o

-ttt t—tt—Ft+t—t+—tt—t -+ttt -ttt -ttt —++—)
b=ttt bttt — bttt —— =+ +)
ettt bttt -ttt -ttt —tt——++—t+—++—++)
B st s S e e ) |
bttt bttt bt —t+t—— bttt b+ttt —t+—++)
tt—tt——tt -ttt —tt—— -ttt —— 4 )
B e ey

++—t+——t+t—t -ttt —Ft——F+—t+++—++—++—++——++—++)
Hojp:

ottt —tt—tt—t bttt -ttt —++—+)

B e et T St e e S e D

ottt t—tt—t -ttt -ttt -ttt —++—+)

(
(
(
(
(
(
(
(

Hioo:
(++++——F+++——F+++——tt++——tttt——ttt+——t bt ——t+++——)
(++++——++++++++——++++++++——++++++++——++++)
(++++——++++——++++——++++++++——t+++——t+++——++++)
(++++——++++——++++++++——++++——++++——++++++++——)
(++++——++++——++++——F+++——F+++——F+++——F+++——++++)
(++++——++++++++———tt+t——t bttt +——)
(++++——++++——++++——++++——++++——++++++++——++++——)
(++++——++++——++++++++——F+++++++——t+++——++++)
Hjor:

ottt —tt—tt -ttt -ttt -ttt -ttt —t—+t+—++—)
B s e e e e
ottt —tt—Ft+—tt—tt—t -+ttt —F+—F+—F+—t+—+—++—+)

ottt —tt—tt -ttt bttt -ttt ottt —++—+)

ottt ottt —F -ttt -ttt —t—t+—++—)

ottt -ttt —F bttt —t—F—F -ttt —t—F—F+—t—+—+)

B Tt e e e e s s e e e R

ottt -ttt bttt -ttt -+ttt -+ —+—t—++—+—)

—t—t ottt -ttt -ttt —t—F—F -ttt —t—++—+—F—+—+—+)

—t—t ottt -ttt -ttt ottt -ttt —F—F -ttt —+—+—+—+)

B e et R e e s s st e e T R e e ]

(

(

(

(+
(+—+—F+—++—F—F—++—+—+—++—+—+—F—F—F+—F—F—++—+—F—++—+—+—++—+—)
(+

(

(

ottt -ttt bttt ottt -ttt -ttt -+ —F—F—F—+—++—+—)

tt—— b=ttt bttt —— bt —— bt —— bt —— 4 +)
tt——tt—ttt bttt -ttt bttt ——F+—F+++—)

(
(
(+4+——++++——F+—t+++——t+++—tt——tt+—— =+t +——t+++—)
(+4+——F++—++++——t+++t—t+——tt++——tt—t+++——tt++t—t+——t++)
(

tt——tttt——tttt——tttt—— -ttt —— =t F—— 4 )
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(++——F++—++++—F+——tt—t+++——t++tt—t+t——Ft+t—t+t++t—++——++)
(++——t++++——Ft—tttt——tttt——tttt——tttt—tt——tttt——t++)
(+4+——F++—++++——t+++t—tt——tt—tttt—tt——tttt—— bt —t+++—)

References

Hunt F.H., Smith D.H.: The construction of orthogonal variable spreading factor codes from semi-bent
functions. IEEE Trans. Wirel. Commun. 11, 2970-2975 (2012).

MacWilliams F.J., Sloane N.J.A.: The Theory of Error-Correcting Codes. North-Holland, Amsterdam
(1977).

Rothaus O.S.: On bent functions. J. Comb. Theory 20, 300-305 (1976).

Smith D.H., Ward R.P., Perkins S.: Gold codes, Hadamard partitions and the security of CDMA systems.
Des. Codes Cryptogr. 51, 231-243 (2009).

Smith D.H., Hunt EH., Perkins S.: Exploiting spatial separations in CDMA systems with correlation
constrained sets of Hadamard matrices. IEEE Trans. Inf. Theory 56, 5757-5761 (2010).

Tang X., Mow W.H.: Design of spreading codes for quasi-synchronous CDMA with intercell interference.
IEEE J. Sel. Areas Commun. 24, 84-93 (2006).

Walsh J.L.: A closed set of normal orthogonal functions. Am. J. Math. 45, 5-24 (1923).

Yang K., Kim Y.-K., Kumar P.V.: Quasi-orthogonal sequences for code-division multiple-access systems.
IEEE Trans. Inf. Theory 46, 982-993 (2000).

Ye Z.F.,ZhouZ.C., Lei X.F,, Fan PZ., Liu Z.L., Tang X.H.: Low ambiguity zone: theoretical bounds and
Doppler-resilient sequence design in integrated sensing and communication systems. IEEE J. Sel. Areas
Commun. 40, 1809-1822 (2022).

Zhang W.-G., Pasalic E.: Generalized Maiorana-McFarland construction of resilient Boolean functions
with high nonlinearity and good algebraic properties. IEEE Trans. Inf. Theory 60, 6681-6695 (2014).

. Zhang W.-G., Xie C.-L., Pasalic E.: Large sets of orthogonal sequences suitable for applications in CDMA

systems. IEEE Trans. Inf. Theory 62, 3757-3767 (2016).

Zhang W.-G., Pasalic E., Zhang L.-P.: Phase orthogonal sequence sets for (QS)CDMA communications.
Des. Codes Cryptogr. 9, 1139-1156 (2022).

Zhou Z.C., Helleseth T., Udaya P.: A family of polyphase sequences with asymptotically optimal corre-
lation. IEEE Trans. Inf. Theory 64, 2896-2900 (2018).

Zhou Z.C., Zhang D., Helleseth T., Wen J.M.: A construction of multiple optimal ZCZ sequence sets with
good cross-correlation. IEEE Trans. Inf. Theory 64(2), 1340-1346 (2018).

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Springer Nature or its licensor holds exclusive rights to this article under a publishing agreement with the
author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is
solely governed by the terms of such publishing agreement and applicable law.

@ Springer



	A design and flexible assignment of orthogonal binary sequence sets for (QS)-CDMA systems
	Abstract
	1 Introduction
	2 Preliminaries
	3 Reducing the level of interference in non-adjacent cells
	3.1 Allocation of orthogonal sets to regular hexagonal networks

	4 Increasing the number of users locally
	5 Conclusions
	Acknowledgements
	Appendix
	References




