5.1

ChS Finite-Length Discrete Transforms

(Optional) Let X[N] be a periodic sequence with period N, i.e., X[N] = X[N+IN], where |

is any integer. The sequence X[ N] can be presented by Fourier series given by a weighted sum

1= gl2akn/N

of periodic complex exponential sequences 7, [N . Show that, unlike the Fourier

series representation of a periodic continuous-time signal, the Fourier series representation of

a periodic discrete-time sequence requires only N of the periodic complex exponential

sequences 7/, [n], K=0,1,...,N —1, and is of the form

N-1 .
')\(/[n] — Lz X[kijﬂkn/N
N =

where the Fourier coefficients X [k] are given by
N-I

)Z/[k] _ Z)N(f[n]efjbzkn/N

n=0

Show that X [K]is also a periodic sequence in k with a period N. The set of sequences

represent the discrete Fourier series pair.

(Optional) Let X[Nn]be an aperiodic sequence with a DTFT X (ej‘”) . Define

X[k]= X(ei“)\w = X (eP™N), —w<k<owm

=27k/N

Show that)Z[k]is a periodic sequence in k with a period N. Let )Z[k]be the discrete

Fourier series coefficients, defined in optional question before, of the periodic sequence X[N].

Shown with the equations in optional question before, that

0

K[n]= > Xn+rN]

r=—cw

Determine the N-point DFTs of the following length-N sequences defined for
0<n<N-1:

a) X,/[n]=cos(27n/N)

b) X,[n]=sin*(2zn/N)



5.2
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5.4

) XJ[n]l=a"

4,  forneven

d X, n]=
) AN} {—2, for n odd

Determine the N-point DFT X[K] of N-point sequence X[n] = cos(e,n), 0 <n<N -1,

for @, #2ar /N, where r is an integer in the range 0<r <N —1.

Consider a length-N sequence X[N],0 < n < N —1, with N even. Define two sequences of
length-N/2 given by:
N N n
g[n] = (x[n]+ X+ n]), h[n]=(x[n]- X+ npwy, 0<n<—-1.

o | Z

If G[k] and H[k],OSkS%—l, denote the N/2-point DFT of g[n] and h[n],

respectively. Determine the N-point DFT X[K],0<k <N —1, of X[Nn], from these two

N/2-point DFTs.

Let X[K] denote the N-point DFT of a length-N sequence X[N], with N even. Define two

length-N/2 sequences given by:
ol = %(X[zn] +x(2n+1]),  h(n]= %(X[2n] —x[2n+1]), 0<n< %—1.

If G[K] and H[k],OSkS%—l, denote the N/2-point DFT of g[n] and h[n],

respectively. Determine the N-point DFT X[K] from these two N/2-point DFTs.

(Optional) Let X[K],0<k <N —1, denote the N-point DFT of a length-N sequence X[n],
with N even. Define two sequences of length-N/2 given by:

g[n]=ax[2n]+a,x[2n+1], h[n]=(a,x[2n]+a,X[2n+1]), 0<n< %—1.
where @,a, #a,a,. If G[k]and H[K],0<k S%—l, denote N/2-point DFTs of g[n]

and h[N], respectively. Determine the N-point DFT X[K] from these two N/2-point DFTs.



5.5
a) LetX[n],0<n<N —1, be a length-N sequence with an N-point DET given by X[K],
0<k <N —1. Determine the 2N-point DFTs of the following length-2N sequences in

terms of X[K].

. 1= X[n], 0<n<N-1
o= N en<an -

0, 0<n<N-1
ii. h[n]=

X(n—=N],N<n<2N-1
b) Let G[K] andH[K], 0 <k <2N —1, denote, respectively the 2N-point DFTs of the
length-2N sequences Q[N] and h[N] in Question a). Define a new length-2N
sequence by Y[n]=g[n]+h[n], with a 2N-point DFT Y[K] 0<k<2N -1.

Develop the relation between Y[K], H[k],G[k]and X[K].

® Let X[N] be a length-N sequence with X[K] denoting its N-point DFT. We present the
DFT operation as X[K]=.7{X[n]} . Determine the sequence Y[N] obtained by applying
the DFT operation 4 times to  X[N], i.e.,

yin]=7 {7 {7 {7 {Xnl} } )}

5.6 Consider a length-N sequence X[N], 0<n<N -1, with an N-point DFT X[K],
0<k<N-1.

a) Let Y[K] denote the MN-point DFT of the sequence X[N] appended with (M-1)N

zeros. Show that the N-point DFT X[K] can be simply obtained from Y[K] as

follows:

X[k]=Y[kM], 0<k<N -1
b) Define a sequence Y[N] of length N/3, , given by:

yin]=x(3n], 0<n<N/3-1



5.7

5.8

Express the N/3-point DFT Y[K] in terms of X[K].
c) Define asequence Y[N] oflength LN, 0 <n<LN -1, given by:

X[n/L], n=0,L,2L,...,(N-1)L
y[n]= .
0, otherwise

where L is a positive integer. Express the NL-point DFT Y[K] in terms of X[K].

Let X[N], 0<n<N —1 be alength-N sequence with an N-point DFT X[K], denoting its

N-point DFT. Define a length-3N sequence by

X[n], 0<n<N-1
y[nl=
0, N<n<3N-1

with Y[K] , 0<k <3N -1, denoting its 3N-point DFT. Let W[{]=Y[3(+2] ,

0<¢<N-1,withwNn] denoting its N-point DFT. Express W[N] in terms of X[N].

Let X[N], 0<n<N -1 be a even length sequence with an N-point DFT X[K],

N
0<k<N-1.If x[2m]=0forosmg%—l,showthatx[n]:—x[<n+3>N].

Let X[N], 0<n<N -1 be a even length sequence with an N-point DFT X[K],

0 <k <N —1. Determine the N-point DFTs of the following N-point sequences in terms of

X[K].

2 un]= x[n]—x[<n—%> ]

N

b) v[n]=x[n]+x[<n—%> ]

N

) Wn]=(-1)"x[n]

(Optional) Consider a rational discrete-time Fourier transform X (e!”) with real



59

coefficients of the form of

P(e") py+pe’+:+py e’ ™"
De*) d,+de’ +---+d,_e "

X(ejw) —

Let P[K] denote the M-point DFT of the numerator coefficients {p,}and D[K] denote
the N-point DFT of the denominate coefficients {d, } . Determine the exact expressions of the

DTFT X(e'”) for M=N=4 if the 4-point DFTs of its numerator and denominator

coefficients are given by

P[k]={35, —05—j95, 25, —05+ j9.5}
D[k]={17, 7.4+ j12, 17.8, 7.4— j12}

Verify your result using MATLAB.

Let X[N], 0<n<N -1 be a length-N real sequence with an N-point DFT X[K],
0<k<N-1.
a) Show that X[(N—k) 1=X"[k];

b) Show that X[0] is real;

¢) IfNiseven, show that X[N /2] isreal

5.10 Without computing the DFT, determine which one of the following length-9 sequences

defined for 0<N<8 has a real-valued 9-point DFT and which one has an

imaginary-valued 9-point DFT. Justify your answer.

a) Xl[n] = {57 _95 47 79 _87 _85 77 4) _9} 5

b) Xz[n]:{oa _47 39 77 _55 59 _79 _35 4}

5.11 LetG[K] and HI[K], 0<k <7 denote the 8-point DFTs of two length-8 sequences Q[N]

and h[N], 0<Nn<7,respectively.
a) If G[k]={3+]j4, 2-j7, —4+]j, 5-j2, 5 4+]j3, 4-j6, —3+]j2} and
h[n]= g[(n - 3> o], determine H [K] without forming h[N] and computing its DFT.

by Ifg[n]={-1-j7, 3+], 2+]j7, 2+]j2, —-8+j2, 4—j, —1+]j3, jl.5}



and H[k]ZG[<k+5>8], determine h[N] without computing the DFT G[K],

forming H[K] and then finding its inverse DFT.

® (Optional) Consider two length-N real-valued sequences X[N] and Y[N] defined for
0<n<N-1, with N-point DFTs X[K] and Y[K], 0<Kk <N —1, respectively. The

circular correlation of X[N]and Y[N] is given by

N-1

r,[01=Y x[nIx[{¢+n) 1, 0<{<N-1

Xy
n=0

Express the DFT of I, [£]in terms of X [k]and Y[K].

512Let X[n], 0<n<N-1be a length-N sequence with an MN-point DFT X[K],

0<k <MN —1. Define
y[n]=x(n),,]. 0<n<MN -1

How would you compute the MN-point DFT Y[K] of Y[n] knowing only X[k]?
5.13 Consider the length-10 sequence, defined for 0 <N<9,
X[n] = {_37 57 _7> 8 2) _87 _47 17 _97 9}

with a 10-point DFT given by X[k],0 <k <9 . Evaluate the following functions of X[K]

without computing the DFT:

a)  X[0],

b X[5],
9
¢) ZX[k],
k=0
9 .
d) zefj.’)izk/Sx[k]’
k=0

SEDIRII

k=0



514 Let X[K], 0<k <11, be a 12-point DFT of a length-12 real sequence X[N]with the first
seven samples of X[K] given by:
X[K]={l1, 8—j2, —1+j4, —6+]3, 3+j2, 2—j4 4}, 0<k<6
Determine remaining samples of X[K]. Evaluate the following function of X[N]without

computing the IDFT of X[K]:

11

o Y.xn],

n=0

11
d) ZejZﬁnBX[n] ,
n=0

11

o X [Xnlf

n=0

5.15 The following 5 samples of 9-point DET X[K] of a real length-9 sequence X[N] are given by:

X[0]=11, X[2]=12-j23, X[3]==7.2— j4.1 , X[5]=—-3.1+ j8.2 , X[8]=4.5+ j1.6 .

Determine the remaining 4 samples of the DFT.

5.16 The first 7 samples of a length-12 real sequence X[N] with an imaginary-valued 12-point
DFT X[K] are given by: x[0]=0,x[1]=0.7,X[2]=-3.25,X[3]=4.1, X[4] = 2.87, X[5] = 9.3

and x[6] = 0 . Determine the remaining 5 samples of X[N].

® (Optional) 158-point DFT X[K] of a real-valued sequence X[N] has the following DFT
samples:  X[0]=31, X[15]=4.13— (827 ., X[k]=6.14 j2.8 . X[4]]=—3.15— j2.04 ,
X[k,]=-73-j9.5 . X[80]=9.08 , X[119]=6.1—j2.8 , X[k]=4.13+ 827 .

X[151]=-7.3+j9.5, and X[k,]=-3.15+ j2.04. Remaining DFT samples are assumed to



be of zero value.

a) Determine the values of the indices K, ,k,,K;andk,.
b) What is the dc value of {x[n]} ?

¢) What is the energy of {x[n]} ?

5.17 Let X(€”) denote the DTFT of the length-9 sequence
X[n]=4{1, -3, 4, -5, 7, -5, 4, -3, 1}
a) For the DFT sequence X,[K], obtained by sampling X (€') at uniformly intervals of
7 /6 starting from@ =0, determine the IDFT X,[N] of X,[K] without computing
X (e') and X,[K].Can yourecover X[N] fromX,[n]?
b) For the DFT sequence X,[K], obtained by sampling X (€') at uniformly intervals of
7/ 4 starting from@ =0, determine the IDFT X,[Nn]of X,[K] without computing

X (e') and X,[K].Can you recover X[N] from X,[Nn]?

® (Optional) Let X[N]Jand h[N]be two length-51 sequences defined for 0 <n<50. It is
known that h[N]=0for 0<Nn<16and 37<Nn<50. Denote the 5I-point circular
convolution of these sequences as Y [N]and the linear convolution as Y, [N]. Determine the
range of n for which y, [n]=y.[Nn].
5.18
a) Let g[n] and h[N] be two finite-length sequences of length 6 each. If Yy, [N] and
Yc[N] denote the linear and 6-point circular convolutions of g[n] and h[n],
respectively, develop a method to determine Y.[N] in termsof Y, [N].
b) Let Y.[n] denote the 6-point circular convolutions of two length-6 sequences

X(n]={3, 0, 7, 4, -5, §



h[n] = {7’ _29 45 _55 09 6}
Determine the Y, [n] obtained by a linear convolution of X[N]and h[N]. Determine the sample

value Y.[3] using the method developed in Part a) without carrying out the circular
convolution.
® (Optional) Show that the circular convolution is

¢) Commutative;

d) Associative.

5.19 A length-9 sequence is given by X[n]={3, 5, 1, 4, -3, 5, -2, -2, 4},
0<n<8§, with an 9-point DFT given by X[k],0 <k < 8. Without computing the IDFT,

determine the sequence Y[N]whose 9-point DFT is given by Y[K] =W3_2k X[K].

5.20 The first 5 samples of 9-point DFT X[k] 0 <k <8 is given by
X[K]={15, 7-j6, 6-j2, j8 —6-jll},
Without computing the IDFT, determine the 9-point DFT Y[K] of the length-9

sequence Y[n]=€'**3x[n]

5.21 Consider the two finite-length sequences h[N]={4, -3, 1, —4}, 0<n<3, and
g[n]=4{-3, 2, 5},0<n<2.
a) Determine Y, [n]=g[n]*h[n];
b) Extend Q[N] to a length-4 sequence (,[N] by zero-padding and compute
yc[n]=g[n]@h[n];
¢) Determine Y.[N] using the DFT-based approach;
d) Extend g[n]and h[n] to length-6 sequences by zero-padding and compute the

6-point circular convolution Y[N] of the extended sequences. Is Y[N]the same as



Yy, [N]determined in Part a).

(Optional) Let X[n], 0<n<N —1 be a length-N sequence with an N-point DFT X[K],
0<k<N-1.

a) If X[N] is a symmetric sequence satisfying the condition X[n] = X[< N-1- n>N ], show
that X[N/2]=0 for N even.

b) If X[N] is an antisymmetric sequence satisfying the condition X[N] :—X[<N —1—n>N],
show that X[0]=0.

c) If X[N] is a sequence satisfying the condition X[Nn] =—X[<n+|\/I>N] with N=2M, show

that X[2¢]=0for ¢=0, 1, ..., M —1.

(Optional) Consider two real, symmetric length-N sequences, X[N] and Yy[N] ,
0<n<N -1 with N even. Define the length-N/2 sequences:

X,[n]=X[2n+1]+ x[2n] X, [N]=X[2n+1] - X[2n]
Yo[n]=y[2n +1]+ y[2n] yi[n]=y[2n+1]-y[2n]
where 0<n< %—l. It can be easily shown that X,[N] and Y,[n]are real, symmetric
sequences of length-N/2 cach. Likewise, X[N] and Y,[N]are real, antisymmetric
sequences of length-N/2 each. Denote the %—point DFTs of X,[n],Y,[n],X[Nn] and
y,[n] by X,[k],Y,[k],X,[K] and Y,[K], respectively. Define alength—% sequence:
ufn]=x,[n]+ y,[n]+ j(x,[n]+ y,[n])

Determine X ,[K],Y,[K], X,[K] and Y,[K] in terms of the %—pointDFT U[K].

(Optional) Let X[N], 0<n<N —1 be alength-N sequence with an N-point DFT X[K],

0<k<N-1.

N
e) Show thatif N is evenand X[N]= —x[<n + ?> ] for all n, then X[K] = 0 for k even;
N



N
f)  Show that if N is an integer of 4 and X[N]= —x[<n +?> ] for all n, then X[k]=10
N

for k=47, OSES%—I

522 LetX[N], 0<n<N -1 be a length-N sequence with an N-point DFT X[k],0<k <N —1.
Determine the N-point DFTs of the following length-N sequences in terms of X[K].

a) wn]= ax[(n -m, >N 1+ ﬂx[(n -m, >N ], where m, and m, are positive integers less
than N,

X[n], fork even
gln]= ,
0, for k odd

) y[n]=x(n]®@ xn]

523 Let X[N], 0<n<N —1 bealength-N sequence with an N-point DFT X[k],0<Kk <N —1.
Determine the N-point inverse DFTs of the following length-N DFTs in terms of X[ N].

a) W[k]=aX [<k - m1>N 1+ ﬁX[<k - m2>N ], where m, and m, are positive integers

less than N,
b Glk]= X[k], fork even’
0, for k odd

o) Y[k]=X[k]® X[K]

5.24 The first seven samples of the 12-point DFT H[k],0 <k <11, of a length12 real sequence
h[n], 0<n<11, are given by
H(k]={4, 17.19+ jl1.46, -9+ j3.46, -9+ ]5, 1+ j24.25, 6.8-]546, 6},
0<k<6 . Determine the 12-point DFT G[k] of the length-12 sequence

g[n]=h[<n—=17 > ] without computing h[N], forming the sequence g[N], and then

taking its DFT.



5.25Let X[N], 0<n<N -1 be alength-8 sequence given by
(X} ={2, 4, 6, 8 1, 3, 5 7, 0<n<7
with X (e/”) denoting its DTFT. Define Y[k]= X (/**°) , 0<k <4, with y[n]
denoting its 5-point IDFT. Determine Y[N] without computing Y[K]of Yy[Nn] in terms of

X[nj.



