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Robust least squares support vector regression (RLSSVR), minimizing the variance and mean of the
global modeling errors, has achieved the excellent performance in dealing with outliers. However,
generalizing the RLSSVR for solving the binary classification problems is easily misguided by the
outliers because the differences in the modeling errors of the different classes are not considered.
To address this issue, a robust least squares support vector classifier (RLSSVC) with optimal error
distribution is proposed. RLSSVC minimizes the mean and variance of the modeling errors class-wisely,
and considers the difference in the modeling errors of the different classes. Specifically, the binary
classification problems are considered at first, the variance analysis indicates that the variance of the
modeling errors of RLSSVC is smaller than that of RLSSVR. According to the validity in solving the
binary classification problems, RLSSVC is naturally generalized for solving the multiclass classification
problems by introducing multiple error adjusting factors. The robustness analysis provides a theoretical
guarantee for the robustness of RLSSVC, which delivers that RLSSVC assigns the smaller weights
for the training instances with the larger errors, while the larger weights for the training instances
with the smaller errors. Furthermore, our optimization objective function is strictly convex and thus
can obtain their corresponding closed-form solutions, resulting in higher computational performance.
Finally, the performance of RLSSVC is further improved by introducing the metric learning and kernel
trick. Theoretical and experimental results indicate that the proposed RLSSVC achieves the better
classification effect with the lower computational costs.
© 2020 Published by Elsevier B.V.

1. Introduction

• When y i ∈ ℜ is a continuous observation of xi , the model (1)

Least squares regression (LSR) [1–4] finds the optimal prediction function(s) for the training data by minimizing the squared
errors, which has been widely used in machine learning because
its formula is simple and easy to solve. Let the training set be T =
{(x1 , y 1 ), . . . , (xn , y n )}, where xi ∈ ℜd is the training instance, and
y i is the corresponding target of xi . LSR is formulated as
min
W

n
1∑

2

∥y i − W ⊤ xi ∥22 +

i=1

λ
2

∥W ∥2F ,

(1)

where the first item of (1) is the empirical risk measured by the
least squares loss, and the second one is the regularization part
with a regularization parameter λ. For clarity, the bias in LSR is
absorbed into the W ⊤ xi term.
According to the different attributes of y i , model (1) solves the
following different problems:
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solves a regression problem. Then, the prediction function
for a test instance x becomes f (x) = W ⊤ x, where W ∈ ℜd
is the regression coefficient.
• When y i ∈ {+1, −1} is a discrete label of xi , the model (1)
solves the binary classification problem. Then, the decision
function for a test instance x becomes y = sgn(W ⊤ x), where
W ∈ ℜd is the hyperparameter of the decision boundary,
and sgn(·) is a symbol function.
• When y i is a c-dimensional binary codeword [5,6] for the
label of xi , the model (1) solves the multiclass classification problem [5,7]. For a test instance x, it is classified by
d×c
argmaxk∈[c ] W ⊤
, and W :,k is the kth
:,k x, where W ∈ ℜ
column of W .
For the regression and binary classification tasks, LSR (1) is equivalent to least squares support vector machine (LSSVM) [1,8].
In practice, the multiclass classification is becoming increasingly important in pattern recognition. In past decades, many
multiclass classification methods based on support vector machine (SVM) [9] have been developed well. One way is decomposing the multiclass classification problems into a series of binary
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classification problems using the one-vs-one (OVO) or one-vsall (OVA) schemes [10]. Brunner [11] employed the pairwise
SVM for handling the large scale multiclass classification problems. Allwein et al. [6] proposed a general method for combining
the classifiers generated on the binary problems and proved
a general empirical multiclass loss bound given the empirical
loss of the individual binary learning algorithms. Liu et al. [12]
used the Error-correcting output coding to transform the original multiclass classification problems into a series of binary
classification problems, and mined the relationship between the
binary classifiers. Takenouchi et al. [13] decomposed the original multiclass classification problems into the multiple binary
classification problems based on the OVO method, and then decoded the outputs of the binary classifiers by minimization of
weighted mixture of the Bregman divergence. Although these
methods are intuitive, the OVO scheme can lead to a tie-in-vote
problem and the OVA approach suffers from inconsistency when
there is no dominant class [14]. Another way, considering all
the classes simultaneously, has been proposed to overcome these
drawbacks. As examples, Crammer et al. [15] and Tsochantaridis
et al. [16] generalized the concept of margin for the multiclass
problems and formulated the multiclass classification problems
as a quadratic programming with constraints. Lee et al. [14] extended the SVM to the multiclass cases by devising a loss function
with the suitable class codes. The detailed analysis and systematic
comparison of the above multiclass classification methods based
on SVM are provided in [17,18]. Subsequently, Xiang et al. [2]
proposed a discriminative LSR (DLSR) model for the multiclass
classification, which can be formulated as a single LSR model
by using the ε -dragging technique. Zhang et al. [19] presented a
retargeted LSR (ReLSR) model, which resets the regression target
matrix and makes it have a large between-class margin. Wang
et al. [20] proposed a margin scalable DLSR (MSDLSR) model,
which improves the classification performance by minimizing
the number of the support vectors of DLSR. Geng et al. [21]
proposed a metric learning-guided least squares classifier (MLGLSC), which learns a symmetric positive definite (SPD) metric
matrix that yields the small distances for the LSR errors of the
same class, while large ones for the LSR errors of the different
classes. The above linear classification methods can be more
expressive to deal with the more complex classification problems
with the aid of metric learning [22,23], and can also effectively
deal with the nonlinear classification problems by introducing
the kernel trick [24]. Although the abovementioned algorithms
have achieved great success, those are very sensitive to random
noise [25]. For example, the label noise [26,27] generated by incorrectly labeling the training instances may mislead the learning
of classifiers.
There are three types of approaches to improve the robustness
of the model. One is assigning the different weights to each
instance. Suykens et al. [28] proposed a weighted LSSVM (WLSSVM) model, which reduces the negative influence of outliers
by distributing the smaller weights to outliers. Liu et al. [29] presented the importance reweighting algorithms for classification
with label noise by employing the inversed noise rates. Several
other weight setting strategies are found in [30,31] and references
therein. The theoretical analysis and experimental results show
that those methods are very effective in dealing with outliers.
Nevertheless, those methods need to solve LSSVM on the training
data repeatedly, resulting in high computational complexity.
The second strategy is employing the robust surrogate loss
functions. Ertekin et al. [32] and Ma et al. [33] proposed a nonconvex online support vector machine algorithm based on the
Ramp loss. Wang et al. [34] presented a robust LSSVM model,
which employs a non-convex least squares loss function to suppress the influence of outliers. Yang et al. [35] and Chen et al. [36]

gave the robust LSSVM (RLSSVM) with truncated least squares
loss, which is illustrated to be more robust to outliers. Zhang
et al. [37] proposed a robust angle-based multiclass SVM
(RMSVM) model using truncated hinge loss and solved it with the
difference convex (DC) algorithm [38], which shows the excellent
performance in dealing with the outliers. However, solving the
non-convex loss function is not only time-consuming but also
requires more parameters to be preset [39].
Recently, Lu et al. [40] proposed a robust least squares support
vector machine for regression (RLSSVR), which simultaneously
minimizes the variance and mean of the global modeling errors
(see Eq. (2)). The theoretical analysis and experimental results
show that RLSSVR is less sensitive to outliers. The objective of
RLSSVR is convex, which brings the easy-to-solve closed-form
solutions and higher computational performance. Unfortunately,
RLSSVR is tailored for regression. More exactly, the mean of the
modeling errors of the different classes is considered to be equal
when RLSSVR is directly used for classification, which results in
the weakening of robustness.
In this paper, we attempt to construct a robust and simple
multiclass classifier directly. With this intent, a novel robust least
squares support vector classifier (RLSSVC) is proposed. Different
from the existing algorithms, RLSSVC minimizes the variance and
mean of the modeling errors of each class simultaneously, and can
be formulated as a compact LSR model. According to the convexity of the objective of the RLSSVC, the closed-form solutions can
be obtained, which brings the high computational performance.
To the best of our knowledge, this is the first attempt to improve
the robustness of the LSSVM for solving the classification problems by optimizing the distribution of the modeling errors for
each class. Moreover, by introducing the geometric mean metric
learning (GMML) [23] and kernel trick [24], RLSSVC can be further
improved to solve the complex classification problems. The main
contributions are summarized as follows.

• A novel robust least squares support vector classifier
(RLSSVC) for the binary classification is proposed at first,
which tries to enhance the robustness of classifier by minimizing the mean and variance of the modeling errors for
each class. The theoretical analysis shows that the variance
of the modeling errors of RLSSVC is smaller than that of
RLSSVR in dealing with the binary classification problems.
• RLSSVC is generalized for solving the multiclass classification problems. The robustness analysis provides a theoretical guarantee for the robustness of RLSSVC, which delivers
that RLSSVC assigns the smaller weights for the training
instances with the larger errors, while the larger weights for
the training instances with the smaller errors.
• RLSSVC is further improved for solving the complex classification problems with the aid of GMML and kernel.
• Experimental results verify our theoretical analysis, and illustrate that our method achieves the better classification
effect with lower computational costs.
The rest of this paper is organized as follows. In Section 2,
RLSSVR is to review briefly. In Section 3, RLSSVC is proposed and
compared with RLSSVR in dealing with the binary classification
problems. In Section 4, a framework of multiclass RLSSVC is
proposed and robustness analysis is provided . The performance
of RLSSVC is further improved by introducing the metric learning
and kernel trick in Section 5. Section 6 includes several sets of
experiments to demonstrate the effectiveness of the proposed
method. The conclusion is finally given in Section 7.
2
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Fig. 1. Plots for the classification boundaries of RLSSVR on the binary classification dataset without and with outliers. The training dataset on the left panel has no
outliers, whereas the training set on the right panel has six outliers simulated by labels flipping (five outliers marked as ‘+’ in class +1, and one outlier marked as
‘◦’ in the class −1). The test accuracies of RLSSVR on the dataset without and with outliers are 95.71% and 91.86%, respectively.

2. Review of RLSSVR

y|X = x], where c is the number of the classes, and the posterior
probability P [Y = y|X = x] is calculated based on the P (X , Y ).
As shown in Fig. 1(a), the classification performance of RLSSVR
on the dataset without outliers is comparable to the Bayes optimal classifier. Actually, on the clean dataset, the mean of the
modeling errors is 0, and there is almost no difference between
the modeling errors of class +1 and class −1. This makes the
RLSSVR equivalent to the LSSVM and can obtain the better classification results. In contrast, as shown in Fig. 1(b), the classification
boundary of RLSSVR on the dataset with outliers is seriously
deviated from the original position in Fig. 1(a), and the prediction
accuracy deteriorates. This is because the appearance of outliers
will cause the oscillations and differences in modeling errors of
the different classes, while RLSSVR only introduces one error
adjustment factor, ignoring the differences between the classes.
Therefore, it is desirable to reduce the error oscillation for such
outliers in RLSSVR by minimizing the mean and variance of the
modeling errors for each class.

Lu et al. [40] proposed RLSSVR based on minimizing the variance and mean of the global modeling errors to deal with the
regression problems with outliers. Its regression model can be
formulated as
min
w,ẽ

n
1 ∑
λ1
λ2
(yi − w⊤ xi − ẽ)2 +
∥w∥22 + ẽ2 ,
2n
2
2

(2)

i=1

where yi ∈ ℜ is the target of xi , w ∈ ℜd is the regression
coefficient, ẽ ∈ ℜ is a global error adjusting factor, λ1 and λ2
are the regularization parameters. According to the optimization
conditions, ẽ is the scaled mean value of the modeling errors,
1
and the scaling factor is 1+λ
. Therefore, optimizing the model
2
(2) actually minimizes the mean and variance of the modeling
errors simultaneously, thereby reducing the negative impact of
outliers on the model. As a special case, when λ2 → ∞, model
(2) degenerates to the LSR model.
As discussed in Section 1, when yi ∈ {+1, −1} is a discrete label of xi , RLSSVR is equivalent to the following binary
classification model

⎛
min
w,ẽ

+

1
2n

λ1
2

⎝

3. RLSSVC for binary classification

⎞
∑

(1 − w⊤ xi − ẽ)2 +

y i =+1

∥w∥22 +

∑

(−1 − w⊤ xi − ẽ)2 ⎠

In this section, the binary classification problems will be considered. By introducing two error adjustment factors to minimize
the variance and mean of the modeling errors for each class, a
robust least squares support vector classifier with optimal error
distribution is proposed. This new model is built in the following
formula

y i =−1

λ2
2

ẽ2 .

(3)

Model (3) employs only one error adjustment factor ẽ to minimize
the variance and mean of the global modeling errors, and does
not consider the difference between classes, which weakens the
robustness of the classifier to outliers. A set of binary classification experiments were conducted on an artificial dataset that
obeys the Gaussian distribution to show the influence of outliers
on the RLSSVR , as shown in Fig. 1. Where the instances of class
+1 and class −1 are drawn from N ([−0.4, −0.4], [0.1 0; 0 0.1])
and N ([0.4, 0.4], [0.1 0; 0 0.1]), respectively. The labels of six
instances are flipped to simulate the outliers, which are marked
as ‘+’ and ‘◦’. The Bayes optimal classifier [3] is chosen as the reference. Given the joint distribution P (X , Y ) for the data, the Bayes
optimal classifier is defined as hBayes (x) = argmaxy∈{1,2,...,c } P [Y =

⎛
min

1

w,ẽ1 ,ẽ2 2n

+

λ1
2

⎞
∑

⎝

(1 − w⊤ xi − ẽ1 )2 +

y i =+1

∥w∥22 +

∑

(−1 − w⊤ xi − ẽ2 )2 ⎠

y i =−1

λ 2 ( n1
2

n

ẽ21 +

n2
n

)

ẽ22 ,

(4)

where ẽ1 ∈ ℜ and ẽ2 ∈ ℜ are the error adjustment factors for
class +1 and class −1, n1 and n2 are the number of instances
in class +1 and class −1. Fig. 2 illustrates the learning dynamics
induced by the model (4).
3
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Fig. 2. Illustration of the RLSSVC model for the binary classification problem. Here e1 and e2 record the modeling errors for class +1 and class −1, ẽ1 and ẽ2 are
the error adjustment factors for class +1 and class −1, E(e1 ) and E(e2 ) are the mean of the modeling errors for class +1 and class −1. As shown in the figure, the
mean values of the modeling errors of the class +1 and the class −1 are significantly different. Therefore, unlike RLSSVR, we minimize the mean and variance of
the modeling errors for each class.

Because the objective of model (4) is convex, its closed-form
solutions can be easily obtained through the optimality conditions.

1
of modeling errors of class +1, and ẽ2 = 1+λ
E(e2 ) is the scaled
2
mean of modeling errors of class −1. The first item in model(4)
can be relisted as

⎧
2
2
∑
∑
⎪
⊤
−1
⎪
⎪
L
X
)
X j⊤Ljyj
w
=
(n
λ
I
+
X
j
j
1
d
j
⎨

1

j=1

⎪
⎪
⎪
⎩ ẽj =

1
(1 + λ2 )nj

n

(5)

j=1

∑
⎝

1⊤
nj ej , j = 1, 2

(1 − w xi − ẽ1 ) +
⊤

2

y i =+1

∑

(−1 − w xi − ẽ2 ) ⎠

=
n1 ×d

where I d ∈ ℜ
is an identity matrix, X 1 ∈ ℜ
and X 2 ∈
ℜn2 ×d denote the instances of class +1 and class −1, L j = I nj −
1
1 1⊤ , 1nj denotes a nj -dimensional column vector of ones,
n (1+λ ) nj nj

1
n

y i =−1

∑
⎝

+

2

y 1 = [+1, +1, . . . , +1]⊤ ∈ ℜn1 , y 2 = [−1, −1, . . . , −1]⊤ ∈ ℜn2 ,
and ej = y j − X j w records the modeling errors of class j.
To estimate the robustness of the model (4), experimental
studies are carried out on the dataset in Fig. 1, applying the model
(4), and the results are shown in Fig. 3. From the comparison of
Fig. 3(a) and (b), it can be seen that the classification boundary of
the RLSSVC is almost unchanged, and its accuracy remains stable
before and after adding outliers. Although the outliers cause the
significant differences between the error distributions of class +1
and class −1, RLSSVC minimizes the variance and mean of the
modeling errors class by class, effectively reducing the negative
impact of outliers, but RLSSVR fails.
The above experiments intuitively demonstrate the superiority of RLSSVC in dealing with the classification problems with
outliers. Next, we will theoretically prove that the variance of
the modeling errors for RLSSVC is smaller than that of RLSSVR
in dealing with the binary classification problems.

(1 − w⊤ xi − E(e1 ) +

y i =+1

∑

2

⊤

⎛

d×d

j

⎞

⎛

(−1 − w⊤ xi − E(e2 ) +

y i =−1

λ2
1 + λ2

E(e1 ))2

⎞

λ2
1 + λ2

E(e2 ))2 ⎠

⎛
=

1
n

∑
⎝

∑

(1 − w⊤ xi − E(e1 ))2 +

y i =+1

(−1 − w⊤ xi − E(e2 ))2

y i =−1

⎞
λ2 2 2
λ2 2 2
+ n1 (
) E (e1 ) + n2 (
) E (e2 )⎠
1 + λ2
1 + λ2
=

n1
n

D(e1 ) +

n2
n

D(e2 ) +

n1 λ22
n(1 + λ2

)2

E2 (e1 ) +

n2 λ22
n(1 + λ2 )2

E2 (e2 ),
(6)

where D(ej ) denotes the variance of the modeling errors of class
j. Therefore, the first and third terms of model (4) minimize
the variance and mean of the modeling errors for each class.
Moreover, when λ2 → ∞, ẽ1 → 0 and ẽ2 → 0, the model (4)
degenerates to the LSR. □

Proposition 3.1. Solving model (4) actually minimizes the variance
and mean of modeling errors for each class. When λ2 → ∞, the
model (4) will degenerate to the LSR model.

Theorem 3.2. The variance of the modeling errors of RLSSVC (the
first term in model (4)) is smaller than that of RLSSVR (the first term
in model (3)), and they are equal if and only if the mean of the
modeling errors of class +1 and class −1 are equal.

Proof. Let e1 and e2 record the modeling errors of class +1 and
1
class −1, respectively. We have ẽ1 = 1+λ
E(e1 ) is the scaled mean
2

4
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Fig. 3. Plots of the classification boundaries of RLSSVC on the binary classification dataset with and without outliers. The training dataset on the left panel has no
outliers, whereas the training set on the right panel has six outliers simulated by labels flipping (five outliers marked as ‘+’ in class +1, and one outlier marked as
‘◦’ in the class −1). The test accuracies of RLSSVC on the dataset without and with outliers are 95.71% and 95.43%, respectively.

Proof. The variance term D(e) of the global modeling errors in

4. RLSSVC for multiclass classification

model (3) can be rewritten as

Motivated by the effectiveness of RLSSVC in solving the binary classification problems, a multiclass RLSSVC learning framework is proposed and some theoretical analysis is carried out
in this section. Let X = [x1 , x2 , . . . , xn ]⊤ ∈ ℜn×d and Y =
[y 1 , y 2 , . . . , y n ]⊤ ∈ ℜn×c denote the instance matrix and corresponding label matrix, where c is the number of classes. Here, -1
or +1 is used to denote the regression label for each instance. For
example, if xi belongs to the class j, its label is defined as y i =
[−1, −1, . . . , +1, −1, . . . , −1]⊤ with only the jth element equal
to +1. For clarity, X j = [xj1 , . . . , xjnj ]⊤ and Y j = [y j1 , . . . , y jnj ]⊤
are employed to record the instance from class j and their corresponding labels, where nj is the number of training instances in
class j. The instances and their corresponding labels that are not
in the class j are recorded as X j̄ and Y j̄ , respectively.

n

1∑
D(e) =
(yi − w⊤ xi − ẽ)2
n
i=1
n

n

i=1

i=1

n

1∑
1∑
1∑ 2
=
(yi − w⊤ xi )2 − 2ẽ
(yi − w⊤ xi ) +
ẽ
n
n
n

=

n
1∑

n

i=1

⎛
=

1
n

(1 + λ2 )2

(yi − w xi ) +
⊤

2

yi =+1

n
∑

n
1∑

n

)2
(yi − w xi )
⊤

i=1

⎞
(yi − w xi ) ⎠
⊤

2

yi =−1

1 + 2λ2

(

n1 E(e1 ) + n2 E(e2 )

(1 + λ2 )2

)2

4.1. Model construction and optimization

n

For a c-class classification problem, we introduce c error adjustment factor vectors to minimize the variance and mean of the
modeling errors for each class. As a result, we have the following
multiclass RLSSVC model:

n1 D(e1 ) + n1 E2 (e1 ) + n2 D(e2 ) + n1 E2 (e2 )

−
=

n
∑

⎝

−
=

(yi − w xi ) −

1 + 2λ2

2

⊤

i=1

(

n1
n

+

1 + 2λ2

(

n
)2
n1 E(e1 ) + n2 E(e2 )

(1 + λ2 )2

D(e1 ) +

n

n2
n

n2 λ22
n(1 + λ2 )2

D(e2 ) +
2

E (e2 ) +

n1 λ22
n(1 + λ2 )

min
W ,ẽj

E2 (e1 )
2

(1 + 2λ2 )n1 n2
(1 + λ2 )2 n2

(E(e1 ) − E(e2 ))

2

c
1 ∑

2n

2
∥Y j − X jW − 1nj ẽ⊤
j ∥F +

j=1

λ1
2

c

∥W ∥2F +

λ2 ∑ nj
2

j=1

n

∥ẽj ∥22 ,

(8)

where ẽj ∈ ℜc ×1 is the error adjustment factor vector for class
j, λ1 and λ2 are the regularization parameters. With model (8),
the first-order statistics (mean value) and second-order statistics
(variance) are employed to characterize the distribution of the
modeling errors for each class, so as to the distribution of the
modeling errors for each class is optimal. The objective of model
(8) is convex, its closed-form solutions can be easily obtained
through the optimality conditions, as follows

(7)

where yi ∈ {+1, −1} is the label of xi . Combining (7) with (6),
the proof is provided. □
For the dataset with outliers in Fig. 1(b), the mean of the

⎧
⎛
⎞−1
c
c
⎪
∑
∑
⎪
⎪
⎪
X j⊤LjX j⎠
X j⊤LjY j,
⎨W = ⎝nλ1 I d +

modeling errors for class +1 are greater than those for class

−1, that is, E(e1 ) ≫ E(e2 ), which causes the variance term

j=1

j=1

in model (3) is much larger than that in model (4). Therefore,

⎪
⎪
⎪
⎪
⎩ẽ⊤
j =

for the classification problems with outliers, it is more effective

1

1⊤
nj (Y j − X j W ), j ∈ [c ],

to minimize the mean and variance of the modeling errors for

nj (1 + λ2 )

each class than to minimize the mean and variance of the global

where L j = I nj −

modeling errors.

the inverse of H = nλ1 I d +
5

(9)

1
1 1⊤ .
nj (1+λ2 ) nj nj

To reduce the costs of calculating

∑c

j=1

X j ⊤ L j X j in the cases of n ≪ d,
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Theorem 4.2. Compared with LSR, in the optimization process
for the RLSSVC model, the normal instances are assigned the larger
contribution weights, while the outliers are assigned the smaller
contribution weights.

Sherman–Morrison-Woodbury (SMW) identity [41] can be used
to simplify the calculation of H −1 , as described below
H −1 =

1
I
nλ1 d

−

λ

1
X ⊤ (n 1 L −1
n λ1

+ X X ⊤ )−1 X ,

1
here L = diag(L 1 , L 2 , . . . , L c ), and L −
can be further simplified
j
by the SMW identity.
In the optimization process, the model (8) enjoys the following
four valuable features:

Proof. Let xjk be the kth instance in class j, ejk is the modeling
error of xjk , and E j = [ej1 , . . . , ejk , . . . , ejnj ] records the modeling
errors of the instances from class j. For simplicity, it is assumed
that an instance xjk satisfying ∥ejk ∥2 ≤ 0.5∥ẽj ∥2 is regarded as
a normal instance, otherwise it is regarded as an outlier. The
proof for [40, Theorem 1] is adapted to complete the proof of
Theorem 4.2. The contribution weights of xjk in LSR and RLSSVC
are defined as

• ẽj is actually the scaled mean of the modeling errors for
class j, which will ∑
be proved in Section 4.2. Thus, minimizing
⊤ 2
c
1
the first term 2n
j=1 ∥Y j − X j W − 1nj ẽj ∥F will optimize
the variance of the modeling errors for each class, thereby
reducing the error oscillations caused by the outliers and
enhancing the stability of the model.
• The second regularization term λ21 ∥W ∥2F is introduced to
relieve overfitting by imposing
constraints on W .
∑prior
n
• Minimizing the third term λ22 cj=1 nj ∥ẽj ∥22 will minimize the
mean of the modeling errors for each class. Hence, it can
improve the classification accuracy.
• When c = 2, that is, the regression label for xi is [+1 −
1]⊤ or [−1 + 1]⊤ , the sum of the two columns of the
optimal solution W of the model (8) is 0, which leads to
the model (8) is equivalent to the model (4) in dealing with
the binary classification problems. In short, model (8) is a
natural generalization of model (4) for solving the multiclass
classification problems, inheriting the good properties of the
model (4).

i=1

argmin(y − W x − ẽk ) (y − W x − ẽk ),
⊤

⊤

k

⊤

∥eji ∥22

i=1

∥eji − ẽj ∥22 + λ2 nj ∥ẽj ∥22

.

(12)

To compare the contribution weights of xjk in LSR and RLSSVC, the
jk
jk
jk
difference between CLSR and CRLSSVC is defined as △jk = CRLSSVC −
jk
jk
CLSR . By substituting (11) and (12) into △ , we have
T

jk

△ =

(µ∥ẽj ∥22 − 2ẽj ejk )

∑nj

i=1

∥eji ∥22 (

∑nj

i=1

∑nj

i=1

∥eji ∥22 + nj µ∥ẽj ∥22 ∥ejk ∥22

∥eji − ẽj ∥22 + λ2 nj ∥ẽj ∥22 )

,

(13)

where µ = 1 + λ2 . When ∥ejk ∥2 ≤ 0.5∥ẽj ∥2 , the numerator on
the right side of (13) can be derived as
T

(µ∥ẽj ∥22 − 2ẽj ejk )

(10)

nj
∑

∥eji ∥22 + nj µ∥ẽj ∥22 ∥ejk ∥22

i=1
nj

where y k denotes a column vector whose kth element is +1 and
the rest of elements is −1.

≥ λ2 ∥ẽj ∥22

(14)

This means that for a normal instance, the contribution weight
assigned by RLSSVC is greater than that assigned by∑
LSR. On the
nj
jk
other hand, the training instances of class j satisfy
k=1 CLSR =
∑nj
jk
k=1 CRLSSVC = 1. Thus, we have

∑
∑
∥ejk ∥2 >0.5∥ẽj ∥2

Proof. Based on the optimality conditions for model (8), we have

∑

jk

CRLSSVC ≥

∥ejk ∥2 ≤0.5∥ẽj ∥2

Proposition 4.1. The error adjustment factor vector ẽj is the scaled
mean of the modeling errors of class j.

jk

CLSR

∥ejk ∥2 ≤0.5∥ẽj ∥2
jk
CRLSSVC

∑

<

jk

CLSR . □

(15)

∥ejk ∥2 >0.5∥ẽj ∥2

Theorem 4.2 shows that compared with LSR, RLSSVC gives
the smaller weights to the training instances with the larger
errors (∥ejk ∥2 > 0.5∥ẽj ∥2 ), and gives the larger weights to the
training instances with the smaller errors (∥ejk ∥2 ≤ 0.5∥ẽj ∥2 ).
From the above theoretical analysis, it can be concluded that the
proposed RLSSVC can reduce the negative impact of outliers on
the classifier to some extent.

1⊤
nj (Y j − X j W )

nj (1 + λ2 )
1
=
E(E j ),
(1 + λ2 )

∥eji ∥22 + nj (1 + λ2 )∥ẽj ∥22 ∥ejk ∥22

i=1

In this subsection, a robust analysis for RLSSVC from the perspective of the contribution weights of the instances is proposed.
It can be first proven that the optimal error adjustment factor ẽj
is the scaled mean of the modeling errors for class j.

1

∑

≥ 0.

4.2. Robustness analysis

⊤

(11)

∥ejk − ẽj ∥22 + λ2 ∥ẽj ∥22

jk

CRLSSVC = ∑nj

k∈[c ]

ẽj =

,

and

Based on the learned optimal W and ẽj , each test instance x is
classified by
k

∥ejk ∥22

jk

CLSR = ∑nj

j ∈ [c ],

where E j = Y j − X j W records the modeling errors of class j,
and λ2 ≥ 0 is the regularization parameter. Therefore, the error
adjustment factor ẽj is the scaled mean of the modeling errors of
class j. □

4.3. Complexity analysis

From Proposition 4.1, it can be concluded that a multiclass
regression model with minimization of the mean and variance
of the modeling errors for each class can be obtained through
optimizing the model (8). Now, we prove that compared to LSR,
RLSSVC assigns the smaller weights for the training instances
with the larger errors, while the larger weights for the training
instances with the smaller errors.

The optimization processes for DSLR, MSDSLR and ResLSR
are very similar, and their main computational costs come from
the matrix inversion and matrix multiplication. The closed-form
solutions of RLSSVC can be obtained by the optimality conditions.
In Eq. (9), the computational
complexity
for solving the opti(
)
mal W and ej are O d3 + nd2 + ncd and O(nj dc), respectively.
In summary, the total computational complexity of RLSSVC is
6
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Table 1
Computational complexity of the comparison methods.
Method

As discussed in [21], the closed-form solutions of (17) is obtained:

(

3

2

)

DLSR [2]

O d + 2nd + T × 2ndc

RMSVM [37]

O T × (c 3 n2 d + t × c 2 n2 )

RLSSVM [35]

O T × cn3

(

(
(

3

)
2

ReLSR [19]

O d3 + 2nd2 + T × 2nc2d

(

3

2

argmin(y k − W ⊤ x − ẽk )⊤ M (y k − W ⊤ x − ẽk ),

)

O d + 2nd + T × 2ndc

)

where y k denotes a column vector whose kth element is +1, and
the rest of elements is −1.

2

O(d + 2nd + 2ndc + 2nc )

RLSSVC

O d3 + nd2 + 2ncd

)

5.2. Scalable kernel RLSSVC
Another improvement of RLSSVC is to solve the nonlinear
classification problems by introducing kernel trick [24]. In kernel
method, the original instance xi is transformed to a higher dimensional or even infinite dimensional feature vector φ (xi ), where
φ is a nonlinear function accomplished k(xi , xj ) = ⟨φ (xi ), φ (xj )⟩.
Let Φ = [φ (x1 ), φ (x2 ), . . . , φ (xn )]⊤ and Φ j = [φ (xj1 ), φ (xj2 ), . . . ,
φ (xjnj )]⊤ record the transformed features of all instances and the
instances in class j. By the representer theorem [42], W can be
expressed as a linear combination of the transformed instances

)

O d3 + nd2 + 2ncd . The formulation of RMSVM involves a nondifferentiable non-convex optimization problem with nc constraints. The authors therefore use the DC algorithm with the
coordinate descent method. Where the computational complexity
of each outer iteration for DC algorithm is O(c 3 n2 d) and the
computational complexity of each inner iteration for coordinate
descent algorithm is O(c 2 n2 ). The objective of RLSSVM is neither
differentiable nor convex, the DC algorithm is employed, and
from [35], the computational complexity of RLSSVM is O(cn3 ) for
each iteration. Let T be the iterative number of the DLSR, RMSVM,
RLSSVM, MSDLSR and ReLSR, and t be the iterative number for
solving the subproblems in RMSVM, then the computational complexity of these methods can be compared in detail, as shown in
Table 1. It is note that the number of iterations T for each method
may be different.

W = Φ ⊤ A,

where A = [α1 , α2 , . . . , αc ] ∈ ℜ
is a linear combination coefficient matrix. Inserting (20) into the model (8), kernel RLSSVC
can be formulated as
min

5. Improvement of RLSSVC based on metric learning and kernel

2

2

c

tr(A⊤ K A) +

λ 2 ∑ nj
2

j=1

n

∥ẽj ∥22 (21)

n×n

(Y j̄ + 1nj̄ 1⊤
c )Ẽ , j ∈ [c ],

(16)

min

where Ẽ = [ẽ1 , ẽ2 , . . . , ẽc ]⊤ ∈ ℜc ×c , nj̄ = n − nj , C j and C j̄ record
the centralized modeling errors for the instances included and
excluded in the class j, respectively.
Then, a SPD matrix M for the centralized errors is learned by
the following optimization objective
min(1 − α )ρR2 (M , S −1 ) + αρR2 (M , D),
M ≻0

(22)

where M = {1, 2, . . . , n} is the index set of the input instances,
B ⊂ M is a landmark set of r(= |B|) instances, K MB ∈ ℜn×r is the
submatrix of K , whose elements are k(xi , xj ) for i ∈ M and j ∈ B,
and K BB ∈ ℜr ×r has the similar meanings. Actually, Nyström
method provides a natural approximation to the optimal rank1/2
r kernel map φ̃ accomplished φ̃ (x) = K xB U r Σ −
. Here K xB =
r
⊤
[k(x, x1 ), . . . , k(x, xi ), . . . , k(x, x|B| )] represents the approximate
kernel map of x based on the selected landmark set B, Σ r is a
diagonal matrix where the diagonal entries are the eigenvalues
of K BB , and U r are the corresponding eigenvectors. Then, kernel
RLSSVC is reduced as

(Y j + 1nj 1⊤
c )Ẽ ,

W ,ẽj

c
1 ∑

2n

2
∥Y j − Φ̃ j W − 1nj ẽ⊤
j ∥F +

j=1

λ1
2

c

∥W ∥2F +

λ2 ∑ nj
2

j=1

n

∥ẽj ∥22 ,
(23)

where Φ̃ j = [φ̃ (xj1 ), φ̃ (xj2 ), . . . , φ̃ (xjnj )] ∈ ℜ
is the kernel approximation of the instances in class j. By the optimality
conditions, the following equation is obtained.
⊤

(17)

⎧
⎛
⎞−1
c
c
⎪
∑
∑
⎪
⊤
⊤
⎪
⎪
Φ̃ j L j Φ̃ j ⎠
Φ̃ j L j Y j ,
⎨W = ⎝nλ1 I d +

where
that determines the balance,
∑cα ∈⊤[0, 1] is a parameter
∑c
⊤
C
C
,
S =
C
C
and
D
=
j
j̄ ρR stands for the Riemannian
j=1 j̄
j=1 j
distance between two SPD matrices, which is defined as follows

ρR (X , Z ) := ∥ log(Z −1/2 X Z −1/2 )∥F

j=1

λ1

1 ⊤
K ≈ K MB K −
BB K MB ,

Motivated by MLG-LSC [21], we learn a SPD metric matrix M
for the centralized modeling errors of RLSSVC such that matrix
M can yield small distances for the same class, while large ones
for the different classes. After obtaining the optimal W and ẽj
through Eq. (9), the centralized modeling errors of the class j
and the centralized modeling errors excluding the class j are
calculated as follows

C j̄ = Y j̄ − X j̄ W −

2n

2
∥Y j − K j A − 1nj ẽ⊤
j ∥F +

n×c

where K = ΦΦ ∈ ℜ
is the kernel matrix, and K j = Φ j Φ ⊤ ∈
ℜnj ×n .
Solving (21) for the large datasets is challenging. To scale up
(21) on limited resources, one common approach is to approximate the kernel learning problem with a linear learning problem.
The popular methods including Nyström [43,44], random features [45], and their numerous extensions. Here, the Nyström
method is introduced to approximate the kernel matrix K , that
is

5.1. RLSSVC with metric learning

1

c
1 ∑

⊤

In this section, RLSSVC is further improved by using the Geometric mean metric learning (GMML) [23] and kernel method
[24]. Specifically, GMML can be used as a simple and effective
post-processing for RLSSVC, meanwhile the kernel trick can assist
RLSSVC to deal with the nonlinear classification problems.

2
1

(20)
⊤

A,ẽj

C j = Y j − X jW −

(19)

k∈[c ]

MLG-LSC [21]

(

(18)

Based on the learned optimal W , ẽj and M , each test instance
x is classified by

)

MSDLSR [20]

(

M = S −1/2 (S 1/2 DS 1/2 )α S −1/2 .

Computational complexity

j=1

⎪
⎪
⎪
⎪
⎩ẽ⊤
j =

for X , Z ≻ 0
7

1
nj (1 + λ2 )

j=1

1⊤
nj (Y j − Φ̃ j W ), j ∈ [c ].

nj ×r

(24)
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For a new test instance x ∈ ℜd , it is assigned to class k,
depending on
argmin(y k − W ⊤ φ̃ (x) − ẽk )⊤ (y k − W ⊤ φ̃ (x) − ẽk ),

Table 2
Brief description of the twelve benchmark datasets.

(25)

k∈[c ]

where y k denotes a column vector whose kth element is +1 and
the rest of elements is −1.
6. Experiments
In this section, we investigate the performance of our proposed RLSSVC using the artificial and benchmark datasets. The
experiment results in [19,20] show that the classification performance of MSDLSR and ReLSR is better than that of DLSR [2],
L1 -SVM, L2 -SVM [15] and logistic regression [46] on the most
datasets. The classification experiments in [35] show that RLSSVM
is better than W-LSSVM [28] in terms of the classification accuracy and training time. Therefore, we compare our RLSSVC with
several state-of-the-art multiclass learning methods:

•

•

•

•

Classes

Features

Total num.

Train num.

Cora_OS
Coil20
DNA
Satimage
Usps
Letter
Shuttle
Sensorless
Connect-4
Hand-poses
Acoustic
Covtype

4
20
3
6
10
26
7
11
3
5
3
7

6737
256
180
36
256
16
9
48
126
37
50
54

1246
1440
2586
6435
9298
15 500
58 000
58 509
67 557
78 096
98 528
580 382

997
1152
1400
4435
7291
10 500
43 500
48 509
54 046
62 477
78 823
464 180

6.1. Experimental results with artificial data
To demonstrate the numerical performance of our new classifier, we compare the proposed RLSSVC with LSR, MLG-LSC, MSVM,
RLSSVM and RMSVM on a three classification dataset that includes 120 training instances and 180 test instances. The dataset
obeys the Gaussian distribution. Specifically, the instances
of class
√
j satisfy√X j ∼ N (µj , σ ), where µ1 = (0, 1), µ2 = (− 3/2, −1/2),
µ3 = ( 3/2, −1/2) and σ = [0.15 0; 0 0.15]. In particular, we
contaminate the dataset with outliers as following: 1) selecting
six instances from class 2; 2) relabeling the three instances as
class 1, and the remaining as class 3. The Bayes optimal classifier [3] is also chosen as the baseline method. Fig. 4 shows the
experimental results.
From the comparisons of Fig. 4(a)–(f), it can be seen that
for the dataset without outliers, the classification boundaries of
MLG-LSC, MSVM, RLSSVM, RMSVM and RLSSVC are closer to
that of the Bayes optimal classifier, and the classification accuracies are higher than that of LSR. Further, Fig. 4 shows that the
classification boundaries of LSR, MLG-LSC and MSVM are more
shifted toward the outliers than RLSSVM, RMSVM and RLSSVC. For
example, in Fig. 4(a)–(c), the classification boundaries between
the class 1 and class 2, the class 2 and class 3 slopes very
sharply toward the six outliers (the three instances marked as
‘◦’ are located in the area of the ‘+’ class but are labeled as the
‘◦’ class, and the three instances marked as ‘△’ are located in
the area of the ‘+’ class but are labeled as the ‘△’ class), while
the classification boundaries of RLSSVM, RMSVM and RLSSVC are
almost unchanged, as shown in Fig. 4(d)–(f). It can be concluded
that our RLSSVC is insensitive to outliers.

• MSVM [15,16]: Generalizes the notions of margin and large

•

Data set

margin loss to the multiclass problems, and casts the learning problem into a single quadratic program. Codes are
available in https://www.cs.cornell.edu/people/tj/svm_light/
svm_multiclass.html.
RMSVM [37]: A robust angle-based multiclass SVM
(RMSVM) model using truncated hinge loss with L2 regularization. As what has been done in [37], we also set the
truncated parameter s in RMSVM to −1/(c − 1), where c is
the number of classes. As recommended in [37], we employ
the DC algorithm to solve the nonconvex problem via a
sequence of convex subproblems, and apply the coordinate
descent method [47] to solve the sub-problems. In our
experiment, the code for RMSVM is written according to the
pseudo-code in [37,47].
RLSSVM [35]: Uses a truncated least squares loss to deal
with the outliers. The truncated parameter τ in RLSSVM
is selected from the interval of [0.2:0.3:3]. Our code for
RLSSVM is written according to the RLSSVM algorithm in
[35].
MLG-LSC [21]: Based on the geometric mean metric learning, a metric matrix for the errors of LSR is learned, which
yields small distances for the same class, while large ones
for the different classes. The weight parameters α in metric learning is selected from the set {10−6 , 10−5 , 10−4 , . . . ,
10−1 }. The codes for MLG-LSC are available in https://github.
com/ChuanxingGeng/MLG-LSC.
MSDLSR [20]: Imposes an regularization with respect to the
margin on the DLSR to control the number of support vectors. The margin scalable parameter β in MSDLSR is selected
from the interval of [0:0.005:0.05]. The code for MSDLSR is
written according to the pseudo-code in [20].
ReLSR [19]: This method directly learns the regression target
and projection matrix from the training data, which guarantees a large margin constraint for the requirement of the
correct classification for each instance. The code for ReLSR
is written according to the pseudo-code in [19].

6.2. Experimental results with benchmark datasets
In this subsection, the proposed RLSSVC is then tested on
several benchmark datasets. The information of the datasets are
listed in Table 2, and the details about the datasets are described
as follows.
(1) Cora_OS is a subset containing the research papers about
operating system [48].
(2) The dataset of Coil20 includes 20 objects [49],1 each of
which has 72 gray images, which are taken from the different view directions. Each image is down-sampled to have
16 × 16 pixels. Thus, the dimensionality is 256.
(3) Hand-poses dataset consists of 5 static gestures (hand
poses) captured for 12 users, which has 62477 training
instances and 15619 test instances. Each instance has 37

The regularization parameters λ1 , λ2 in RLSSVC, and λ in MSVM,
RMSVM, MLG-LSC, MSDLSR, and ReLSR are selected from the set
{10−6 , 10−5 , 10−4 , 10−3 , 10−2 , 10−1 , 100 }. All the parameters in
these methods are selected from the corresponding candidate set
by the five-fold cross-validation technique on the corresponding
training datasets. All the experiments are implemented in Matlab
R2017a environment on a PC with an Intel core i7-4790 processor
(3.60 GHz) and 8 GB RAM.

1 www.cs.columbia.edu/CAVE/software/softlib/coil-20.php
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Fig. 4. Plots for comparing the classification boundaries of LSR, MLG-LSC, MSVM, RLSSVM, RMSVM and RLSSVC on the artificial dataset without and with outliers.
For the dataset without outliers, the test accuracies of these six algorithms are 95.56%, 96.11%, 96.11%, 96.11%, 96.11% and 96.11%, respectively. For the dataset with
outliers, the test accuracies of LSR, MLG-LSC, MSVM, RLSSVM, RMSVM and RLSSVC are 91.67%, 93.89%, 93.96%, %96.11%, 96.11% and 96.11%, respectively.

features. Which can be taken from UCI machine learning
data repository.2
(4) The rest of the datasets (DNA, Satimage, Usps, Letter, Shuttle, Sensorless, Connect-4, Acoustic, Covtype) is taken from
the LIBSVM machine learning data repository.3

other methods based on LSR under the higher error ratio. For the
DNA, Shuttle and Acoustic, the classification accuracy of RMSVM
is slightly higher than that of RLSSVC, but RMSVM is much slower
than RLSSVC. Especially for the Shuttle and Acoustic, the training
time of RMSVM is more than 10,000 times slower than that of
RLSSVC. It is noteworthy that our method is rather stable even
for the training data with the serious outliers, which empirically
validates the robustness of our method for outliers.
In order to compare the performance of all the methods objectively and fairly, Macro averaged F1 scores (F1Macro ) [50] and
Matthews correlation coefficient (MCC) [51] are also adopted
as the evaluation criteria. For each dataset, RMSVM was run
3 times, and the remaining methods were run 10 times. The
average and standard deviation of the accuracy, F1Macro and MCC
for these methods on the benchmark datasets with outliers (20%)
are reported in Table 3. From the results, we can see that our
proposed method with minimizing the mean and variance of
the modeling errors for each class is very competitive in terms
of both accuracy, F1Macro and MCC, especially when the dataset
is contaminated by the outliers. This is because minimizing the
mean and variance of the modeling errors for each class can
reduce the error oscillations caused by the outliers.

6.2.1. Comparison of robustness
In order to evaluate the robustness of the proposed method to
varying degrees of outliers, we demonstrate the performances of
all the methods with respect to the different degrees of outliers
on the benchmark datasets, as shown in Fig. 5. Specifically, we
inject the label noises into the training datasets as following:
(1) randomly selecting {0%, 5%, 10%, 15%, 20%} of the training
instances from each class; (2) randomly relabeling them into the
other classes. All the plots were averaged over 10 random trials.
The only exception is to repeat the experiments 3 times for the
RMSVM because it is computationally very expensive. In addition,
the experimental result of the RMSVM on the Covtype data is
missing because the training time is too long.
As shown in Fig. 5, it is obvious that the average test accuracy
of every method for all the datasets descends with the increase of
the outlier ratio. However, the average test accuracies of RLSSVC,
RMSVM and RLSSVM on all the datasets are much more stable
than the remaining methods. Given any degree of outlier, the
average test accuracy of RLSSVC is higher than that of the other
methods on the most datasets. For the Shuttle, Connect-4 and
Acoustic, although the RLSSVC performs inferior to the other
methods under the low outlier ratio, RLSSVC still surpass the

6.2.2. Comparison of training time
Next, we mainly compare the computational performance
among our RLSSVC, MSVM, RMSVM, RLSSVM, MLG-LSC, MSDLSR
and ReLSR. Table 4 reports the training time of the seven methods on the benchmark datasets. It can be seen that RLSSVC
is the fastest algorithm among the compared approaches. Our
RLSSVC is almost 100 times faster than the ReLSR on some
large datasets, such as Letter, Shuttle and Covtype. Compared

2 https://archive.ics.uci.edu/ml/index.php
3 https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
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Fig. 5. Robustness experiments with different degrees of outliers. From a comparison between the plots of related algorithms, it is clear that the RLSSVC is more
stable under any outlier ratio on the most datasets, while those methods based on the least square loss become worse with increase of outliers. The experimental
result of the RMSVM on the Covtype data is missing because the training time is too long.

with MSVM, RLSSVM, MLG-LSC and MSDLSR, RLSSVC is also very
competitive in terms of the training time. This is because the
objective of RLSSVC is convex, and the closed-form solutions can
be obtained only through the KKT condition, resulting in the high
computational performance. In particular, with the help of SMW
identity [41], the training time of RLSSVC on the Cora_OS dataset
is significantly reduced compared with the other methods. This
scales our approach up to the high-dimensional data effectively.
In contrast, RMSVM has to deal with a non-differentiable nonconvex optimization problem with nc constraints. Even if the
difference convex algorithm and coordinate descent method are
employed to solve RMSVM, it is still computationally very expensive. Even for the smaller datasets, the training time of RMSVM
is almost 1000 times slower than our RLSSVC. For the Covtype
data, the training procedure of RMSVM already takes more than
two days.

different if their average ranks √
over all datasets differ by at least
K (K +1)
), where critical values qα
one critical difference (CD= qα
6N

√

are based on the studentized range statistic divided by 2, K is
the number of comparison algorithms, and N is the number of
datasets. For clarification, Fig. 6 illustrates the CD diagrams [52]
for the seven comparison methods on the eleven benchmark
datasets with the different degrees of outliers, where the average
rank of each comparing method is marked along the axis. The axis
is turned so that the lowest (best) ranks are to the right. Groups
of algorithms that are not significantly different according to
Nemenyi test are connected with a red line. The critical difference
(CD = 2.7155 at 0.05 significance level) is also shown above the
axis in each subfigure.
To sum up, out of all the 30 comparisons (6 algorithms to
compare ×5 degrees of outliers), RLSSVC achieves the statistically comparable performance in only 36.67% cases, i.e. the 11
comparisons against the RMSVM on the datasets with outliers,
against the MLG-LSC on the datasets including 0% and 5% outliers,
against the MSDLSR on the datasets including 0% outliers, against
the MSVM on the datasets including 0% outliers, and against the
RLSSVM on the datasets including 10% and 15% outliers. Rather
impressively, RLSSVC achieves the statistically superior performance in all the other 63.33% cases and no algorithms have once
outperformed RLSSVC.
Based on the above analyses, we conclude that our proposed
method (RLSSVC) is more suitable for the classification problems

6.2.3. Statistical comparisons by friedman test
In order to compare the multiple methods systematically, the
Friedman test [52] is employed to compare the test accuracies of
the seven methods over the first 11 (the experimental result of
the RMSVM on the Covtype data is missing because the training
time is too long) benchmark datasets with the different degrees
of outliers. For the different degrees of outliers, Friedman test at
significance level α = 0.05 rejects the null hypothesis of equal
performance, which leads to the use of post-hoc tests to find out
which algorithms are actually different. Specifically, Nemenyi test
is used where the performance of two algorithms is significantly
10
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Table 3
Experimental results of each comparing method (mean ± standard deviation) on the twelve benchmark datasets with outliers (20%). The best values are highlighted
in bold. The ’-’means the experimental results are missing, because the training time is too long.
Data

Evaluation criterion

MSVM

RMSVM

RLSSVM

MLG-LSC

MSDLSR

ReLSR

RLSSVC

Cora_OS

Accuracy (%)
Macro-F1 (%)
MCC(%)

64.36 ± 0.62
56.16 ± 0.68
51.88 ± 0.81

71.29 ± 0.74
62.97 ± 0.72
59.33 ± 0.71

69.59 ± 0.88
62.21 ± 0.83
55.04 ± 0.85

63.72 ± 0.67
55.86 ± 0.68
50.79 ± 0.81

63.21 ± 0.72
55.37 ± 0.63
50.11 ± 0.77

60.67 ± 0.56
52.03 ± 0.61
47.67 ± 0.65

73.51 ± 0.51
65.16 ± 0.58
61.38 ± 0.61

Coil20

Accuracy (%)
Macro-F1 (%)
MCC(%)

91.31 ± 0.55
90.21 ± 0.78
90.16 ± 0.92

94.47 ± 0.66
94.13 ± 0.72
94.27 ± 0.88

94.40 ± 0.91
94.04 ± 0.87
94.18 ± 0.96

93.01 ± 0.66
91.00 ± 0.64
91.15 ± 1.26

92.02 ± 0.63
89.50 ± 0.60
89.63 ± 1.06

90.96 ± 0.96
88.01 ± 1.04
88.17 ± 1.02

95.88 ± 0.50
94.50 ± 0.53
94.60 ± 0.55

DNA

Accuracy (%)
Macro-F1 (%)
MCC(%)

88.07 ± 0.71
85.42 ± 0.67
82.86 ± 0.91

93.57 ± 0.62
93.13 ± 0.68
90.77 ± 0.63

92.29 ± 0.88
91.87 ± 0.61
89.73 ± 1.41

89.07 ± 1.07
86.91 ± 0.73
84.78 ± 1.52

87.86 ± 0.95
85.47 ± 0.84
82.51 ± 1.66

88.24 ± 1.72
85.67 ± 1.43
83.09 ± 1.71

92.97 ± 0.52
92.56 ± 0.53
90.04 ± 0.67

Satimage

Accuracy (%)
Macro-F1 (%)
MCC(%)

73.92 ± 0.91
64.42 ± 0.83
65.86 ± 1.01

81.21 ± 0.75
72.85 ± 0.79
77.38 ± 0.85

80.02 ± 1.26
70.43 ± 1.06
74.55 ± 1.17

74.83 ± 1.15
66.50 ± 0.96
70.91 ± 0.92

75.28 ± 1.06
67.00 ± 0.93
72.01 ± 1.03

74.01 ± 1.31
64.84 ± 0.99
66.12 ± 1.12

80.81 ± 0.70
71.54 ± 0.88
76.03 ± 1.03

Usps

Accuracy (%)
Macro-F1 (%)
MCC(%)

83.10 ± 0.87
82.17 ± 0.83
81.03 ± 1.04

88.32 ± 0.62
87.33 ± 0.61
87.17 ± 0.91

87.93 ± 0.57
85.54 ± 0.62
84.95 ± 1.23

85.13 ± 0.68
84.03 ± 0.73
83.93 ± 1.42

86.32 ± 0.51
85.17 ± 0.58
84.84 ± 1.00

83.43 ± 1.22
82.61 ± 1.15
81.22 ± 1.62

89.77 ± 0.69
88.90 ± 0.71
88.86 ± 0.89

Letter

Accuracy (%)
Macro-F1 (%)
MCC(%)

64.71 ± 0.91
57.62 ± 1.07
56.21 ± 1.12

67.86 ± 1.12
65.73 ± 1.21
64.68 ± 1.37

66.66 ± 1.25
64.78 ± 1.11
63.69 ± 1.57

64.12 ± 1.06
56.34 ± 1.27
55.34 ± 1.34

65.01 ± 1.26
60.74 ± 1.32
60.66 ± 1.43

65.00 ± 1.79
60.66 ± 1.56
60.33 ± 2.01

68.42 ± 0.70
66.63 ± 0.77
65.00 ± 0.81

Shuttle

Accuracy (%)
Macro-F1 (%)
MCC(%)

85.55 ± 0.93
70.62 ± 1.02
71.21 ± 1.10

91.08 ± 0.78
77.89 ± 0.77
78.38 ± 0.81

86.81 ± 0.77
73.58 ± 0.72
74.21 ± 1.48

86.75 ± 0.65
73.01 ± 0.60
73.56 ± 1.23

85.61 ± 0.93
71.33 ± 0.82
71.78 ± 1.73

85.41 ± 1.13
69.98 ± 0.95
70.21 ± 1.21

90.60 ± 0.23
76.56 ± 0.24
77.33 ± 0.44

Sensorless

Accuracy (%)
Macro-F1 (%)
MCC(%)

76.01 ± 1.14
74.82 ± 1.10
72.21 ± 1.33

81.88 ± 0.92
80.57 ± 1.03
77.95 ± 1.78

73.62 ± 1.12
71.87 ± 1.10
70.13 ± 2.27

80.45 ± 1.25
78.57 ± 1.10
75.68 ± 2.26

73.68 ± 1.05
72.03 ± 1.00
71.37 ± 2.15

74.01 ± 1.32
73.21 ± 1.24
71.87 ± 2.52

83.11 ± 0.60
82.29 ± 0.59
80.05 ± 1.20

Connect-4

Accuracy (%)
Macro-F1 (%)
MCC(%)

68.23 ± 0.96
39.64 ± 1.16
34.65 ± 1.27

72.36 ± 1.31
45.59 ± 0.88
40.93 ± 1.67

69.31 ± 0.91
40.51 ± 0.91
35.23 ± 1.62

70.15 ± 0.53
41.27 ± 0.66
36.78 ± 1.21

71.18 ± 0.69
42.07 ± 0.71
37.77 ± 1.28

67.01 ± 1.03
35.63 ± 0.96
32.11 ± 1.37

73.30 ± 0.47
47.55 ± 0.56
42.33 ± 0.94

Hand-poses

Accuracy (%)
Macro-F1 (%)
MCC(%)

68.33 ± 0.85
67.64 ± 1.32
62.65 ± 1.28

76.83 ± 0.97
74.16 ± 1.79
68.38 ± 1.66

74.58 ± 1.91
71.78 ± 1.78
66.71 ± 1.82

69.85 ± 1.08
69.57 ± 1.24
63.92 ± 1.39

70.78 ± 1.22
70.34 ± 1.85
65.18 ± 1.96

68.01 ± 2.00
66.66 ± 1.30
61.85 ± 1.58

76.12 ± 0.67
73.28 ± 1.11
67.26 ± 1.25

Acoustic

Accuracy (%)
Macro-F1 (%)
MCC(%)

65.21 ± 0.73
59.04 ± 1.01
45.68 ± 1.03

69.10 ± 0.57
61.86 ± 0.58
48.38 ± 1.27

68.88 ± 0.78
61.53 ± 0.83
48.11 ± 1.12

65.31 ± 0.88
59.16 ± 0.95
45.87 ± 1.25

66.08 ± 0.76
60.33 ± 0.79
46.56 ± 1.07

63.11 ± 1.32
58.66 ± 1.30
41.37 ± 1.65

69.37 ± 0.51
62.55 ± 0.52
49.31 ± 1.01

Covtype

Accuracy (%)
Macro-F1 (%)
MCC(%)

62.69 ± 1.54
26.54 ± 1.33
45.07 ± 1.55

–
–
–

68.43 ± 0.91
32.01 ± 1.21
48.80 ± 1.56

65.01 ± 1.15
27.68 ± 1.22
46.36 ± 1.38

65.28 ± 1.05
30.31 ± 1.07
47.33 ± 1.32

62.71 ± 1.37
26.88 ± 1.56
45.13 ± 1.61

68.91 ± 0.75
32.15 ± 1.02
49.11 ± 1.12

Table 4
Training time (seconds) of each comparing algorithm on the benchmark datasets. The best values are highlighted in bold. The ’-’means the experimental results are
missing, because the training time is too long.
Data

MSVM

RMSVM

RLSSVM

MLG-LSC

MSDLSR

ReLSR

RLSSVC

Cora OS
Coil20
DNA
Satimage
Usps
Letter
Shuttle
Sensorless
Connect-4
Hand-poses
Acoustic
Covtype

4.14 ± 0.66
0.16 ± 0.02
0.09 ± 0.01
0.12 ± 0.01
56.35 ± 0.31
9.52 ± 0.11
0.77 ± 0.54
25.81 ± 0.64
16.81 ± 0.34
8.81 ± 0.24
15.02 ± 0.24
47.35 ± 1.12

462.83 ± 2.31
751.7 ± 2.63
39.92 ± 0.78
100.1 ± 1.77
4524 ± 1.43
10436 ± 2.78
14957 ± 3.61
94851 ± 3.56
14316 ± 2.67
15939 ± 2.31
14195 ± 2.17
–

4.85
0.03
0.04
0.02
0.33
0.20
0.04
0.22
0.26
0.05
0.38
2.98

1.79
0.02
0.02
0.02
0.24
0.05
0.03
0.14
0.21
0.03
0.22
1.26

41.43 ± 0.70
0.26 ± 0.01
0.39 ± 0.01
0.18 ± 0.01
7.84 ± 0.19
0.21 ± 0.02
0.37 ± 0.02
3.90 ± 0.12
4.19 ± 0.22
0.49 ± 0.01
6.82 ± 0.15
20.76 ± 0.67

53.97 ± 0.81
0.87 ± 0.02
0.88 ± 0.03
1.37 ± 0.03
10.68 ± 0.22
12.43 ± 0.36
17.65 ± 0.61
29.99 ± 0.75
17.22 ± 0.58
10.13 ± 0.27
21.16 ± 0.58
192 ± 11.20

0.46
0.01
0.01
0.01
0.23
0.03
0.02
0.13
0.19
0.02
0.19
1.23

±
±
±
±
±
±
±
±
±
±
±
±

0.21
0.00
0.00
0.00
0.01
0.01
0.00
0.02
0.02
0.00
0.02
0.12

±
±
±
±
±
±
±
±
±
±
±
±

0.10
0.00
0.00
0.01
0.01
0.00
0.01
0.01
0.02
0.00
0.01
0.04

±
±
±
±
±
±
±
±
±
±
±
±

0.01
0.00
0.00
0.00
0.01
0.00
0.00
0.01
0.01
0.00
0.01
0.03

RMSVM, RLSSVM, MSDLSR and ReLSR, the metric matrix M can
be learned through (17) (where Ẽ = 0), and each test instance
is classified by (10), after obtaining the optimal projection matrix
W . For clarity, the improvements of these comparison methods
are referred to ML-MSVM, ML-RMSVM, ML-RLSSVM, ML-MSDLSR,
ML-ReLSR and ML-RLSSVC for short. The experimental results
with average and standard deviation of these methods on the
last four benchmark datasets with outliers(20%) are reported in
Table 5.
In Table 5, it can be observed that the results are better for the
improvements of the six methods based on metric learning. This
fact demonstrates the virtues of the metric learning for solving

with outliers, as it has higher test accuracy, requires less training
time than the other methods.
6.3. Improvement of RLSSVC on the hard benchmark datasets
In this subsection, several experiments were conducted on the
last four hard benchmark datasets to verify the effectiveness of
the improvement of RLSSVC with metric learning and kernel trick.
6.3.1. RLSSVC with metric learning
MLG-LSC has adopted the metric learning in the second stage,
so MSVM, RMSVM, RLSSVM, MSDLSR, ReLSR and RLSSVC are improved by introducing the metric learning. Specifically, for MSVM,
11
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Fig. 6. CD diagrams of the five comparison models on the twelve benchmark datasets with different degrees of outliers. It is clear that RLSSVC achieves the statistically
superior performance on the datasets with the different outlier ratios.
Table 5
Experimental results of each comparing algorithm with metric learning (mean ± standard deviation) on the last four hard benchmark datasets with outliers (20%).
The best values are highlighted in bold. The ’-’means the experimental results are missing, because the training time is too long.
Data

Evaluation criterion

ML-MSVM

ML-RMSVM

ML-RLSSVM

ML-MSDLSR

ML-ReLSR

ML-RLSSVC

Connect-4

Accuracy (%)
Macro-F1 (%)
MCC(%)

71.27 ± 0.73
41.33 ± 0.83
37.78 ± 1.12

73.18 ± 0.68
48.27 ± 0.77
42.35 ± 1.14

71.14 ± 0.95
41.26 ± 0.99
37.33 ± 1.24

72.19 ± 0.67
43.31 ± 0.78
40.23 ± 1.17

70.81 ± 1.21
37.55 ± 1.12
35.46 ± 1.33

74.11 ± 0.55
49.35 ± 0.61
44.22 ± 0.72

Hand-poses

Accuracy (%)
Macro-F1 (%)
MCC(%)

74.54 ± 1.27
72.91 ± 1.15
65.49 ± 1.36

83.11 ± 1.32
80.17 ± 1.45
74.55 ± 1.57

81.97 ± 1.22
77.78 ± 1.17
71.24 ± 1.23

78.57 ± 1.06
75.86 ± 1.23
69.45 ± 1.35

73.14 ± 1.37
70.29 ± 1.54
64.82 ± 1.51

82.78 ± 0.95
79.01 ± 1.02
73.92 ± 1.08

Acoustic

Accuracy (%)
Macro-F1 (%)
MCC(%)

67.54 ± 1.27
62.26 ± 0.92
46.93 ± 1.18

71.78 ± 0.68
65.17 ± 0.87
50.55 ± 1.24

70.16 ± 0.62
64.01 ± 0.66
49.66 ± 0.71

67.91 ± 0.65
62.32 ± 0.68
47.79 ± 0.87

64.18 ± 1.01
60.44 ± 1.03
42.25 ± 1.22

72.16 ± 0.55
66.85 ± 0.57
51.58 ± 0.62

Covtype

Accuracy (%)
Macro-F1 (%)
MCC(%)

64.44 ± 1.43
28.31 ± 1.36
47.72 ± 1.27

–
–
–

69.78 ± 1.33
33.83 ± 1.41
51.43 ± 1.52

66.55 ± 1.21
32.24 ± 1.23
50.13 ± 1.30

64.62 ± 1.39
27.77 ± 1.51
47.98 ± 1.58

70.32 ± 1.12
34.87 ± 1.16
52.31 ± 1.22

the multiclass classification problems. The results in Table 5 show
that ML-RLSSVC outperforms the other methods on the most
datasets. Therefore, our proposed RLSSVC has good expansibility.

the seven compared models discussed in Section 6.2. For clarity, we refer to the scalable kernel versions of the models discussed in Section 6.2 as NMSVM, NRMSVM, NRLSSVM, NMLG-LSC,
NMSDLSR, NReLSR and NRLSSVC, respectively. The Gauss kernel
k(x, z) = exp(−‚∥x − z ∥2 ) is used as the kernel function. The
kernel spread parameter γ was chosen roughly by the fivefold cross-validation with γ ∈ {2−9 , . . . , 23 }. The number r of
landmark points is set to 700.

6.3.2. Scalable kernel RLSSVC
In this subsection, the robustness of the scalable kernel RLSSVC
is verified in dealing with hard datasets with outliers. In all
the experiments, the original instance x is first transformed to
φ̃ (x) using the Nyström method, and then used as the input to
12
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Table 6
Experimental results of each scalable kernel version of comparing algorithm (mean ± standard deviation) on the last four hard benchmark datasets with outliers
(20%). The best values are highlighted in bold. The ’–’ means the experimental results are missing, because the training time is too long.
Data

Evaluation criterion

NMSVM

NRMSVM

NRLSSVM

NMLG-LSC

NMSDLSR

NReLSR

NRLSSVC

Connect-4

Accuracy (%)
Macro-F1 (%)
MCC(%)

75.49 ± 0.74
49.38 ± 0.91
45.65 ± 0.88

76.66 ± 0.87
50.24 ± 0.83
46.33 ± 0.79

74.14 ± 0.58
46.67 ± 0.72
42.86 ± 0.71

75.08 ± 0.65
48.04 ± 0.62
44.12 ± 0.70

76.19 ± 0.75
49.81 ± 0.68
45.55 ± 0.73

73.81 ± 0.71
42.30 ± 0.77
40.88 ± 0.81

77.51 ± 0.45
51.16 ± 0.61
47.62 ± 0.68

Hand-poses

Accuracy (%)
Macro-F1 (%)
MCC(%)

84.79 ± 1.21
81.41 ± 1.36
75.85 ± 1.33

91.76 ± 1.04
88.71 ± 1.47
82.07 ± 1.59

88.97 ± 1.31
86.78 ± 1.52
79.24 ± 1.63

84.12 ± 0.97
82.49 ± 1.15
76.38 ± 1.28

86.57 ± 1.17
85.86 ± 1.35
77.45 ± 1.42

83.14 ± 1.76
80.29 ± 1.65
74.82 ± 1.50

90.53 ± 0.88
87.01 ± 0.94
80.92 ± 1.03

Acoustic

Accuracy (%)
Macro-F1 (%)
MCC(%)

73.59 ± 1.19
70.76 ± 1.17
55.67 ± 1.16

77.36 ± 0.92
72.24 ± 0.91
58.87 ± 1.37

76.16 ± 0.81
72.01 ± 0.85
58.33 ± 1.21

73.57 ± 0.91
70.35 ± 0.96
55.11 ± 1.33

73.91 ± 0.87
71.32 ± 0.93
56.46 ± 1.55

72.18 ± 1.46
69.44 ± 1.42
52.25 ± 1.71

78.16 ± 0.61
73.73 ± 0.63
60.03 ± 1.05

Covtype

Accuracy (%)
Macro-F1 (%)
MCC(%)

68.59 ± 1.19
46.32 ± 1.36
56.67 ± 1.46

–
–
–

75.13 ± 1.27
50.77 ± 1.55
61.92 ± 1.63

70.25 ± 1.37
47.32 ± 1.58
58.29 ± 1.73

71.55 ± 1.20
49.24 ± 1.19
60.88 ± 1.31

68.35 ± 1.44
45.77 ± 1.67
55.98 ± 1.79

76.53 ± 1.03
51.23 ± 1.46
62.02 ± 1.57

The last four datasets, described in Table 2, are employed to
evaluate the robustness of the proposed scalable kernel RLSSVC.
The accuracy, F1Macro and MCC on all the four datasets (700 landmark points) with the outliers at 20% are reported in Table 6.
Table 6 clearly show that the NRLSSVC with the variance reduction yields better classification results than the other compared
models on the most datasets, with respect to both F1 -measure
scores and Matthews correlation coefficient. This validate that
our NRLSSVC is effective for solving the nonlinear classification
problems.
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Altun, Large margin methods for structured and interdependent output
variables, J. Mach. Learn. Res. 6 (2) (2006) 1453–1484.
[17] Chih Wei Hsu, Chih Jen Lin, A comparison of methods for multiclass
support vector machines, IEEE Trans. Neural Netw. Learn. Syst. 13 (2)
(2000) 415–425.
[18] Ürün Doğan, Tobias Glasmachers, Christian Igel, A unified view on multiclass support vector classification, J. Mach. Learn. Res. 17 (45) (2016)
1–32.
[19] X. Zhang, L. Wang, S. Xiang, C. Liu, Retargeted least squares regression
algorithm, IEEE Trans. Neural Netw. Learn. Syst. 26 (9) (2015) 2206–2213.
[20] L. Wang, X. Zhang, C. Pan, MSDLSR: Margin scalable discriminative least
squares regression for multicategory classification, IEEE Trans. Neural
Netw. Learn. Syst. 27 (12) (2016) 2711–2717.
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7. Conclusion
In this paper, a novel robust least squares support vector
classifier (RLSSVC), minimizing the variance and mean of the
modeling errors for each class, is proposed. The theoretical analysis shows that the variance of the modeling errors of RLSSVC is
smaller than that of RLSSVR in dealing with the binary classification problems. According to the validity of the RLSSVC for solving
the binary classification problems, RLSSVC is then generalized
for solving the multiclass classification problems. The robustness
analysis provides a theoretical guarantee for the robustness of
RLSSVC, which delivers that RLSSVC assigns the smaller weights
for the training instances with the larger errors, while the larger
weights for the training instances with the smaller errors. Experimental results show that the proposed RLSSVC achieves the better
classification effect with the lower computational costs.
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