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Principal of inclusion and exclusion

Theorem

Let S be an N-set; Eq,--- , E, not necessarily distinct subsets of S.
For any subset M of {1,--- | r}, we define N(M) to be the number
of elements of S in NjecpEj, and for 0 < j < r, we define

N; £ >_mj=j N(M). Then the number of elements of S not in any
of the subsets E;, 1 <i<r, is

N—N1+N2—N3+---—|-(—]_)rl\/r. (]_)
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Theorem

Let S be an N-set; Eq,--- , E, not necessarily distinct subsets of S.
For any subset M of {1,--- | r}, we define N(M) to be the number
of elements of S in NjecpEj, and for 0 < j < r, we define

N; £ >_mj=j N(M). Then the number of elements of S not in any
of the subsets E;, 1 <i<r, is

N—N1+N2—N3+---—|-(—]_)rl\/r. (]_)
Proof.

1. If x € S and x is in none of the E;, then x contributes 1 to
the expression (1).

2. If x € 5§ and x is in exactly k of the sets E;, then the
contribution to (1) equals

1—</1‘>+<12<>—---+(—1)K<£>:(1—1)K:0.



Exmample 10.1

Example

Let d,, denote the number of permutations 7w of 1,2,---, n such
that (i) # i for all i (these are called derangements). Let S £ S,
and let E; be the subset of those permutations 7 with 7(i) = i. By
(1), we find

=3 (7)o = 'z;(_ﬂly )
2

Jj=0

why N; = (7)(n —j)!?
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Example

Let d,, denote the number of permutations 7w of 1,2,---, n such
that (i) # i for all i (these are called derangements). Let S £ S,
and let E; be the subset of those permutations 7 with 7(i) = i. By
(1), we find

(n (— 1)-’
d = > (1) — @
2 (e G
why N; = ( )(n— )17

Remark
From this formula, we see that for large values of n the probability
that a permutation is a derangement is nearly e 1.



Example 10.2

Example

Let X be an n-set, Y = {y1, -+, yx} a k-set. We count the
surjections of X to Y .



Example 10.2

Example

Let X be an n-set, Y = {y1, -+, yx} a k-set. We count the
surjections of X to Y .

> Let S be the set of all mappings from X to Y,

» E; the subset of mappings for which y; is not in the image of
X.

» By (1) we find the number of surjections to be
ik
Sy (k-
j=0 /
» Now this number is trivially 0 if k > n and clearly n! if k = n.

» So we have proved:

ok o ifk=n,
.:0(_1)J<j>(k_1) _{0 if k> n.

J



Example 10.3

Example

The following identity is a well known relation between binomial
coefficients:

()7 =P

» Consider aset Z=XUY, where X = {x1,--+ ,x,} is an
n-set of blue points and Y is an m-set of red points.

» How many k-subsets consist of red points only?
> Take S to be all the k-subsets of Z,

> FE; those k-subsets that contain x;.



Example 10.4

Example (The Euler function)
Let n = pi'p32 - - - p2r be a positive integer. We denote by ¢(n) the
number of integers k with 1 < k < n such that the
g.c.d.(n k) = 1.
» We apply Theorem 10.1 with S = {1,2,--- , n},
» and E; the set of integers divisible by p;,1 < <r.

» Then (1) yieds

¢(n):n—zr:£+ >y --~:nﬁ<1;> (3)

iz Pi 1<i<j<r PiP;j i=1
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Theorem



Theorem 10.2

Theorem

> o(d)=n
d|n

Proof.
» Consider {1,2,--- ,n} = N.
» For each m € N, we have (m, n)|n.

» The number of integers m with (m,n) = d, i.e. m = md,
n=nid and (m1,n1) =1, clearly equals ¢(n1) = ¢(n/d).
> Son =3 4,d(n/d) which is equivalent to the assertion.



Mobius function

Definition
The following function is called Mé&bius function.

1 if d = product of an even number of distinct primes,
p(n) =< =1 if d = product of an odd number of distinct primes,
0 otherwise, i.e. d not squarefree.



Theorem 10.3

otherwise.

S u(d) - {1 ifn=1,
d|n 0



Theorem 10.3

1 ifn=1,
> u(d) = .
0 otherwise.
d|n
Proof.
1. If n =1, there is nothing to prove.
2. If n=p*p3?---p2r , then by the definition of u(d), we have

r

dzh;“(d) = (:)(—1)i =(1-1) =0

i=0



Theorem 10.3

S u(d) - {1 ifn=1,
d|n 0

otherwise.

Proof.

1. If n =1, there is nothing to prove.

2. If n=p*p3?---p2r , then by the definition of u(d), we have

r

dzh;“(d) = (:)(—1)i =(1-1) =0

i=0

Using the M&bius function, we can reformulate (3) as follows:

#(n) _ < p(d)
n %; d




Theorem 10.4

Theorem
Let f(n) and g(n) be function defined for every positive integer n
satisfying

f(n) =7 g(d). (4)
d|n

Then g satisfies

g(n) = " u(d)f(2). (5)
d|n



Theorem 10.4

Theorem
Let f(n) and g(n) be function defined for every positive integer n
satisfying
=Y g(d). (4)
d|n
Then g satisfies n
= S ud(), (5)
d|n

Proof.
By (4) we have

> ) () = zmg)f(d)
d|n
—Zu )> gld)=> g(d) Y um).
d'|d d'|n m|(n/d")

By Theorem 10.3 the inner sum on the right-hand side is O unless
d =n. E]



Example 10.5: circular binary sequences

Example
We shall count the number N, of circular sequences of 0's and 1's,
where two sequences obtained by a rotation are considered the

same.



Example 10.5: circular binary sequences

Example
We shall count the number N, of circular sequences of 0's and 1's,
where two sequences obtained by a rotation are considered the

same.
» Let M(d) be the number of circular sequences of length d
that are not periodic. Then N, =3, M(d).
> We observe that 3, dM(d) = 2" since this counts all binary
sequences of length n.
» By Theorem 10.4 we find from this equation that
nM(n) = Zd‘n,u(d)2”/d and therefore

S L CID DED BT
d|n

d|n Ild

/ n
DR R VG
Iln k|2

IIn



Theorem 10.5

Theorem (Burnside's lemma)

Let G be a permutation group acting on a set X. For g € G, let
Y (g) denote the number of points of X fixed by g. Then the
number of orbits of G is equal to ﬁ > gec V(&)



Theorem 10.5

Theorem (Burnside's lemma)

Let G be a permutation group acting on a set X. For g € G, let
Y (g) denote the number of points of X fixed by g. Then the
number of orbits of G is equal to ﬁ > gec V(&)

Proof.

| 2
>
>

Count pairs (g, x), where g € G, x € X, x&8 = x.

Starting with g, we find deG »(g).

For each x € X, there are |G|/|Ox| such pairs, where O is
the orbit of x.

So the total number equals |G| >, .« 1/|Ox/|.

The orbits of G partition X, and if we sum the terms 1/|O4]

in a prticular orbit, we obtain 1. Thus >~ _, 1/|O4] is the
number of the orbits.



Example 10.5(cont.)

Example

> Let G be the cyclic group of order n, i.e. the group of
rotations of a circular sequence of Q's and 1's.

» If d|n there are ¢(n/d) integers g such that (n,g) = d and
for each such g there are 29 circular sequences that are fixed
by the rotation over g positions.

» So Theorem 10.5 immediately yields the result (6).



Thank you!



