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Graphs

Definition

A graph G = (V, E) consists of
> aset V of vertices,
> a set E of edges,

» and a mapping associating to each edge e € E to an
unordered pair x,y € V, where x, y are called endpoints or
ends of e.



Graphs

Definition

A graph G = (V, E) consists of
> aset V of vertices,
> a set E of edges,

» and a mapping associating to each edge e € E to an
unordered pair x,y € V, where x, y are called endpoints or
ends of e.

> We say an edge is incident with its ends, and it joins its ends.

> A vertex is called isolated if it incident with no edges.



Graph represented by incidence table

Example

edge ends
a T, 2
b Y, w
c P 2
d Z,w
e Z, W
f T,y
g Z,w




Simple graph

» An edge is called a loop if it is incident with one vertices.

> Two edges are called parallel if they are incident with the
same two ends.



Simple graph

» An edge is called a loop if it is incident with one vertices.

> Two edges are called parallel if they are incident with the
same two ends.

Definition
A graph is called simple if it has no loops and no parallel edges.



Directed graphs

Definition

A directed graph or a digraph D = (V/, E) consists
> aset V of vertices,
> a set E of edges,

P and a mapping associating to each edge e € E to an ordered
pair (x,y), where x,y € V, and x is called the tail and y is
called the head of e.



Some examples

Y

(i) graph (ii) graph with loop (iii) digraph (iv) multiple edges




Isomorphism

Definition
Two graphs are called isomorphic if there is a one-to-one
correspondence between the vertex sets such that if

P two vertices are joined by an edge in one graph,
then
P the corresponding vertices are joined by an edge in the other
graph.



Isomorphism

Definition
Two graphs are called isomorphic if there is a one-to-one
correspondence between the vertex sets such that if

P two vertices are joined by an edge in one graph,
then
P the corresponding vertices are joined by an edge in the other
graph.

Problem 1A
Show that the following two graphs are isomorphic.



Problem 1A(cont.)



Neighborhood and degree

Definition
» Two vertices a and b of a graph G are called adjacent if they
are distinct and joined by an edge.

» For a vertex x, its neighborhood I'(x) is the set of all vertices
adjacent to x.

» Any y € ['(x) is called a neighbor of x.



Neighborhood and degree

Definition
» Two vertices a and b of a graph G are called adjacent if they
are distinct and joined by an edge.
» For a vertex x, its neighborhood I'(x) is the set of all vertices
adjacent to x.
» Any y € ['(x) is called a neighbor of x.

Definition
The number of edges incident with a vertex x is called the degree
or the valency of x. (Loops are considered to contribute 2 to the

degree.)



Theorem 1.1

Theorem
A finite graph G has an even number of vertices with odd degree.



Theorem 1.1

Theorem
A finite graph G has an even number of vertices with odd degree.

Proof sketch.
Note that each edge contributes two degrees in the summation of
the total degree of the graph. It implies the theorem. Ol



Subgraph

Definition

A subgraph of a graph G is a graph H such that V(H) C V(G),
E(H) C E(G), and the ends of an edge e € E(H) are the same as
its ends in G.



Subgraph

Definition

A subgraph of a graph G is a graph H such that V(H) C V(G),
E(H) C E(G), and the ends of an edge e € E(H) are the same as
its ends in G.

Definition
H is a spanning subgraph when V(H) = V(G). The subgraph of
G induced by a subset S of vertices of G is the subgraph whose

vertex set is S and whose edges are all the edges of G with both
ends in S.



Walks and paths

Definition
A walk in a graph G consists of an alternating sequence

X0, €1, X1, €2, X2, , Xk—1, €k, Xk

of vertices x;, not necessarily distinct, and edges e; so that the
ends of ¢; are exactly x;_1 and x;, i =1,2,--- , k. Such a walk has
length k.



Walks and paths

Definition
A walk in a graph G consists of an alternating sequence

X0, €1, X1, €2, X2, , Xk—1, €k, Xk

of vertices x;, not necessarily distinct, and edges e; so that the

ends of ¢; are exactly x;_1 and x;, i =1,2,--- , k. Such a walk has
length k.
Definition

P If the edge terms ey, - - - , e, are distinct, then the walk is

called a path from xp to x.
» If xop = xk, then a walk (or path) is called closed.

> A simple path is one in which the vertex terms xp, x1,- - - , Xk
are also distinct, although we say we have a simple closed path
when k > 1 and all vertex terms are distinct except xg = x.



Connectedness and connected components

Definition
If a path from x to y exists for every pair of vertices x, y of G,
then G is called connected. Otherwise G consists of a number of

connected components (maximal connected subgraphs).



Connectedness and connected components

Definition

If a path from x to y exists for every pair of vertices x, y of G,
then G is called connected. Otherwise G consists of a number of
connected components (maximal connected subgraphs).

Problem 1B
Suppose G is a simple graph on 10 vertices that is not connected.
Prove that G has at most 36 edges. Can equality occur?



Distance

Definition
The length of the shortest walk from a to b, if such walks exist, is
called the distance d(a, b) between these vertices.

Erdés number
Let G = (V, E) be the graph of mathematicians, where

> V is the set of all mathematicians,
» for a,b € V, {a,b} € E if they coauthored a paper.

For a mathematician, his/her distance from Erdés is his/her Erdds
number.



Distance

Six Degrees of Separation
Let G = (V, E) be a graph, where

> V is the set of all people,

» for a,b e V, {a, b} € E if they know each other.
Six Degrees of Separation says, for any a, b, d(a, b) < 6, i.e., any
people can contact with any other people in the world by at most
5 intermediedates.



Some special graphs

» The complete graph K, on n vertices is the simple graph that
has all (3) possible edges.
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» The complete graph K, on n vertices is the simple graph that
has all (3) possible edges.

» A polygon or a circle is the graph of a simple closed path.



Some special graphs

» The complete graph K, on n vertices is the simple graph that
has all (3) possible edges.

» A polygon or a circle is the graph of a simple closed path.

» If all the vertices of a graph have the same degree, then the
graph is called regular.



Some special graphs

» The complete graph K, on n vertices is the simple graph that
has all (3) possible edges.

» A polygon or a circle is the graph of a simple closed path.

» If all the vertices of a graph have the same degree, then the
graph is called regular.

P> A connected graph contains no circles as subgaphs is called a
tree.

Problem 1C
Show that a connected graph on n vertices is a tree if and only if it
has n — 1 edges.



Some special graphs

» The complete graph K, on n vertices is the simple graph that
has all (3) possible edges.

» A polygon or a circle is the graph of a simple closed path.

» If all the vertices of a graph have the same degree, then the
graph is called regular.

P> A connected graph contains no circles as subgaphs is called a
tree.

» A bipartite graph B, , has n + m vertices a1, -- ,a, and
b1, , bm, and as edges some pairs {aj, b;}.



Some special graphs

>

The complete graph K, on n vertices is the simple graph that
has all (3) possible edges.

A polygon or a circle is the graph of a simple closed path.

If all the vertices of a graph have the same degree, then the
graph is called regular.

A connected graph contains no circles as subgaphs is called a
tree.

A bipartite graph B, ,, has n+ m vertices ay,--- ,a, and
b1, , bm, and as edges some pairs {aj, b;}.
The complete bipartite graph K, , has n -+ m vertices

ai, -+ ,apand by, -+, by, and as edges all pairs {aj, b;}.



Eulerian circuit and eulerian graph

Definition

A closed path through a graph using every edge once is called an
Eulerian circuit and a graph that has such a path is called an
Eulerian graph.



Bridges of Konigsberg Problem

Konigsberg



Bridges of Konigsberg Problem




Theorem 2

Theorem

A finite graph G with no isolated vertices (but possibly with
multiple edges) is Eulerian if and only if it is connected and every
vertex has even degree.

Proof sketch.

» Only if part: That G must be connected is obvious. That a
path enters and leaves a vertex implies that the degree of a
vertex must be even.

» If part: See the blackboard.

O



Hamiltonian circuit

Definition
A Hamiltonian circuit in a graph G is a simple closed path that
passes through each vertex exactly once (rather than each edge).



A sufficient condition for the existance of Hamiltonian
circuit

Theorem (Dirac)

If a simple graph G on n vertices has all vertices of degree at least
n/2, then it contains a C, as a subgraph, i.e., it has a Hamiltonian
circuit.



A sufficient condition for the existance of Hamiltonian
circuit

Theorem (Dirac)

If a simple graph G on n vertices has all vertices of degree at least
n/2, then it contains a C, as a subgraph, i.e., it has a Hamiltonian
circuit.

Proof.

» Suppose the theorem is not true and let G be a graph
satisfying the hypothesis for some n but having no
Hamiltonian circuits.

> We may take G to be such a counterexample with the
maximum number of edges; then the addition of any edge to
G (i.e. joining two nonadjacent vertices by an edge) creates a
Hamiltonian circuit.

P> Let y and z be nonadjacent vertices.



cont.

» Since adding {y, z} creates a Hamiltonian circuit, there exists
a simple path from y to z with vertex terms,

Yy =X1,X2, "+ ,Xp = Z, Say.

» Since '(y), I'(z) each have cardinality > n/2 and contained in
V(G)\ {y, z} with cardinality n — 2, so by pigeon hole, there
exist i such that x; € ['(z) and x;11 € I'(y).

» The sequence
Y =X1,X0, "y XjyZ = Xpny Xn—1,""" 1 Xj+1, X1 = Y forms a
Hamiltonian circuit.




Thank you!



