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1�Ù �ÅL§Ä��£
1.�Y = {Yt : t ≥ 0}´��EÜÑtL§,=§��Ǒ

Yt =
Nt

∑
k=1

ξk, Y0 = 0Ù¥ N = {Nt : t ≥ 0}´ëêǑ λ�ÑtL§��ÕáÓ©Ù��ÅCþS� ξ1, . . . ,ξn, . . .�pÕá. b� µ= Eξ1,σ2 = D(ξ1)Ñk�,O�EÜÑtL§Y��'¼ê RY(s, t)ÚÆ��¼êCY(s, t).)Äk�þ�¼êmY(t)Ú��¼ê DY(t).5¿�
mY(t)=

∞

∑
n=0

E

[

Nt

∑
k=1

ξk

∣

∣

∣

∣

Nt = n

]

(λt)n

n!
e−λt =

∞

∑
n=1

n

∑
k=1

E(ξk)
(λt)n

n!
e−λt = λµt,

E(Y2
t )=E







E





(

Nt

∑
k=1

ξk

)2 ∣
∣

∣

∣

Nt











=
∞

∑
n=0

E





(

n

∑
k=1

ξk

)2 ∣
∣

∣

∣

Nt = n



P{Nt = n}

=
∞

∑
n=0

E

[

n

∑
i=1

n

∑
j=1

ξiξ j

]

P{Nt = n}=
∞

∑
n=0

n

∑
i, j=1

E(ξiξ j)
(λt)n

n!
e−λt

=
∞

∑
n=0

(

n

∑
i=1

E(ξ2
i )+

n

∑
i 6= j

E(ξiξ j)

)

(λt)n

n!
e−λt =

∞

∑
n=0

[

n(µ2+σ2)+(n2−n)µ2] (λt)n

n!
e−λt

=σ2λt+µ2[(λt)2+λt
]

.Ïd
mY(t) = λµt,

DY(t) = E
(

Y2
t

)

−mY(t)
2 = λ(σ2+µ2)t.2��'¼êÚÆ��¼ê.�±y²YǑ²ÕáOþL§,u´

RY(s, t)=E[Ys(Yt −Ys+Ys)]
s≤t
= E(Y2

s )+EYsE(Yt −Ys)

=DY(s)+mY(s)
2+mY(s)mY(t −s) = λ(σ2+µ2)s+λ2s2µ2+λsµλ(t−s)µ

= λ(σ2+µ2)s+λ2µ2st.���/
RY(s, t) = λ(σ2+µ2)(s∧ t)+λ2µ2st.?�Ú

CY(s, t) = RY(s, t)−mY(s)mY(t) = λ(σ2+µ2)(s∧ t). �
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·2 · �ÅL§Ä��£
2.�W = {Wt : t ≥ 0}´IOÙK$Ä.?�~ê µ∈ R,σ > 0,½Â

Yt = µt+σWt , t ≥ 0.¡Y = {Yt : t ≥ 0}Ǒ (µ,σ2)-ÙK$Ä.y²§´pdL§,¿�Ñ�þ (Yt1, . . . ,Ytn)�þ�ÚÆ��
,Ù¥ 0< t1 < · · ·< tn < ∞.)Äk`²IOÙK$ÄWǑpdL§. ∀ 0≤ s0 < s1 < · · ·< sn < ∞,Ï
(Ws1, . . . ,Wsn) = (Ws1 −W0,Ws2 −Ws1, . . . ,Wsn −Wsn−1)
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,

dÙK$Ä½Â9���þ���C�5� (P.14)�WǑpdL§. Ùgy² YǑpdL§.Ï
(Ys1, . . . ,Ysn) = σ(Ws1, . . . ,Wsn)+(µs1, . . . ,µsn),�2g^���þ���C�5��YǑpdL§.w,
E(Yt1, . . . ,Ytn)= (EYt1, . . . ,EYtn) = (t1µ, . . . , tnµ),

Cov(Yti ,Yt j )=σ2
E(WtiWt j ) = σ2(ti ∧ t j),�Æ��
CCC= (ci j )n×n,Ù¥ ci j = σ2(ti ∧ t j),½�¤

CCC= σ2
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5.� ξÚ η´ü��pÕá��ÅCþ,Ù¥ ξ�VÇ�Ý¼ê
fξ(x) = 2x3e−x4/21(0,∞)(x),

η ∼U [0,2π].y²�ÅL§
Xt := ξ2cos(2πt+η), t ≥ 0



�ÅL§Ä��£ ·3 ·´����L§,¿O�Ùþ�¼êÚÆ��¼ê.)Ï
d
dx

P{ξ2 ≤ x}= d
dx

∫ √
x

0
2t3e−t4/2dt = xe−x2/2, x> 0,� ξ2ÑlëêǑ σ2 = 1� Rayleigh©Ù (P.31).- X1 = ξ2cosη,X2 = ξ2sinη,K

Xt = (X1,X2)(cos(2πt),−sin(2πt))T.d~ 2.2.5� (X1,X2)Ñl����©Ù,l Xt Ñl��©Ù.?�Úé?ÛØÓ�m�I t1, . . . , tn ∈ [0,∞)

(Xt1, . . . ,Xtn) = (X1,X2)

(

cos(2πt1) cos(2πt2) · · · cos(2πtn)

−sin(2πt1) −sin(2πt2) · · · −sin(2πtn)

)

,l (Xt1, . . . ,Xtn)Ñl n���©Ù,ùÒy²
 XǑ��L§.,	´�
Ecos(2πt+η)=

∫ 2π

0
cos(2πt+u)

1
2π

du= 0,

E[cos(2πs+η)cos(2πt+η)]=
∫ 2π

0
cos(2πs+u)cos(2πt+u)

1
2π

du=
1
2

cos[2π(t−s)],

E(ξ4)=
∫ ∞

−∞
x4 fξ(x)dx= 2.Ïd ∀ s, t ∈ [0,∞),dÕá5á�

mX(t) = E[ξ2cos(2πt+η)] = E(ξ2)Ecos(2πt+η) = 0,

RX(s, t) = E(ξ4)E[cos(2πs+η)cos(2πt+η)] = 2 · 1
2

cos[2π(t−s)] = cos[2π(t−s)],

CX(s, t) = RX(s, t)−mX(s)mX(t) = cos[2π(t−s)]. �

6.O�IOÙK$ÄW���©Ù¼ê9ÙVÇ�Ý¼ê.) ∀ 0≤ s< t,w, (Xs,Xt)Ñl����©Ù,Ùþ��þǑ µµµ= (0,0),Æ��
Ǒ
CCC=

(

s s

s t

)

, CCC−1 =
1

st−s2

(

t −s

−s s

)

.�VÇ�Ý¼ê (P.14)Ǒ
f (x1,x2)) =

1

(2π)n/2|CCC|1/2
exp

{

−1
2
(xxx−µµµ)CCC−1(xxx−µµµ)T

}

=
1

2π
√

st−s2
exp

{

− 1
2(st−s2)

(x1,x2)

(

t −s

−s s

)

(x1,x2)
T

}

=
1

2π
√

st−s2
exp

{

−x2
1t+x2

2s−2x1x2s

2(st−s2)

}

,



·4 · �ÅL§Ä��£l©Ù¼êǑ
F(x,y) =

x∫

−∞

y∫

−∞

f (x1,x2)dx1dx2. �

9.� N = {Nt : t ≥ 0}´��ëêǑ λ > 0�ÑtL§.é�½~ê l > 0½Â#L§
Z(l)

t = Nt+l −Nt , t ≥ 0.O� Z(l) = {Z(l)
t : t ≥ 0}�þ�¼êmZ(l) Ú�'¼ê RZ(l)(s, t)9p�'¼ê RN,Z(l)(s, t).)Äk�ÑtL§��'¼ê.Ø�� s< t,dÙÕáOþ59Ñt©Ù�(Øk

RN(s, t) = E[(Nt −Ns+Ns)Ns] = ENsE(Nt −Ns)+E(N2
s ) = λsλ(t−s)+λs+(λs)2 = λs+λ2st.���/

RN(s, t) = λ(s∧ t)+λ2st.2� Z(l)�þ�¼ê��'¼ê.w,
mZ(t) = E(Nt+l −Nt) = λ(t+ l)−λt = λl ;

RN,Z(l)(s, t) = E[Ns(Nt+l −Nt)] = RN(s, t+ l)−RN(s, t)

= λ2s(t+ l)+λ[s∧ (t+ l)]− [λ2st+λ(s∧ t)] = λ2sl+λ[s∧ (t+ l)−s∧ t];

RZ(l)(s, t) = E[Ns+l Nt+l −NtNs+l −NsNt+l +NsNt ]

= RN(s+ l , t+ l)−RN(t,s+ l)−RN(s, t+ l)+RN(s, t)

= λ2l2+λ[(s+ l)∧ (t+ l)− t ∧ (s+ l)−s∧ (t+ l)+s∧ t]. �



1nÙ ÙK$Ä
1.�yÙK$ÄW�é¡5,g�q5Ú�m_=5.y?� 0≤ t0 < t1 < · · ·< tn−1 < tn < ∞9 t ≥ 0.

(1)é¡5 =y −WǑ´IOÙK$Ä.

i) ("��)w, −W0 =−0= 0.

ii) (²ÕáOþ) −W�OþS�Ǒ
−(Wt1 −Wt0),−(Wt2 −Wt1), . . . ,−(Wtn −Wtn−1).Ï Wtk −Wtk−1 ∼ N(0, tk − tk−1), �á� −(Wtk −Wtk−1) ∼ N(0, tk − tk−1), = −W ÷vOþ²5. q Wt1 −Wt0,Wt2 −Wt1, . . . ,Wtn −Wtn−1 �pÕá, � −(Wt1 −Wt0),−(Wt2 −

Wt1), . . . ,−(Wtn −Wtn−1)Ǒw,�pÕá,l`² −WǑ÷vOþ�Õá5.

iii) (����)w, −Wt ∼ N(0, t).nþ��, −WǑIOÙK$Ä.

(2)g�q5 =y ∀ t,a> 0,kWat
d
=
√

aWt .ÏWat ∼ N(0,at),d��©Ù�5��√
aWt ∼ N(0,at),�Wat

d
=
√

aWt .

(3)�m_=5 =yé�½� T > 0,L§ B= {Bt =WT −WT−t : 0≤ t ≤ T}´IOÙK$Ä.

i) ("��)w, B0 =WT −WT = 0.

ii) (²ÕáOþ) Btk −Btk−1 =WT−tk−1 −WT−tk,k= 1, . . . ,n, tn ≤ T,� B�OþS�Ǒ
WT−t0 −WT−t1,WT−t1 −WT−t2, . . . ,WT−tn−1 −WT−tn.w, 0≤ T − tn < T − tn−1 < · · ·< T − t1 < T − t0 ≤ T,�aq (1)¥ ii) �?ØéN´�� B�ÕáOþ5.

iii) (����)dW�½ÂWT −WT−t ∼ N(0, t),= Bt ∼ N(0, t).nþ��, BǑIOÙK$Ä.

2.O�ÙK$ÄW�m�Ý E(Wm
t ),Ù¥ t > 0,mǑ��ê.
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·6 · ÙK$Ä)�W���W0 = x,ÏWt ∼ N(x, t),d P.13á�
µk := E[(Wt −x)k] =

{

(k−1)!! tk/2, kǑóê;

0, kǑÛê.

E(Wm
t ) = E

[

m

∑
k=0

Ck
mxm−k(Wt −x)k

]

=
m

∑
k=0

Cm−k
m xm−kµk. �

3.�W´��IOÙK$Ä, ∀ s< t,�
E[W3

t −W3
s −3(tWt −sWs)]Ú

E[W4
t −W4

s −6(t−s)W2
s −3(t −s)2].)dÏ"��55�ÚþK(Øá�üªÑǑ 0. �

6.�W´��IOÙK$Ä,é�½� t0 > 0,½Â
W0

t =Wt+t0 −Wt0, t ≥ 0.y²W0 = {W0
t : t ≥ 0}ǑǑIOÙK$Ä.)©nÚ

(1) ("��)ÏW0
0 =Wt0 −Wt0 = 0,�W0��Ǒ 0.

(2) (²ÕáOþ) ∀ 0≤ s0 < s1 < · · ·< sn < ∞,dWOþ�²5k
W0

si
−W0

si−1
=Wsi+t0 −Wsi−1+t0 ∼ N(0,si −si−1), i = 1, . . . ,n,�W0´²OþL§.dW´ÕáOþL§�OþS�

Ws1+t0 −Ws0+t0,Ws2+t0 −Ws1+t0, . . . ,Wsn−1+t0 −Wsn−2+t0,Wsn+t0 −Wsn−1+t0´�pÕá�,l
W0

s1
−W0

s0
,W0

s2
−W0

s1
, . . . ,W0

sn−1
−W0

sn−2
,W0

sn
−W0

sn−1´�pÕá�,=W0÷vÕáOþ5.

(3) (����)ÏW0
t =Wt+t0 −Wt0 ∼ N(0, t),=L§W0���©Ù´���.



ÙK$Ä ·7 ·nþ�, W0ǑIOÙK$Ä. �

8.�W´��IOÙK$Ä.y²: ∀ t,x> 0k
1√
2πt

xt
t +x2e−

x2
2t ≤ P{Wt > x} ≤

√

t
2π

1
x

e−
x2
2t .)w,

P{Wt > x}= 1√
2πt

∫ ∞

x
e−

y2
2t dy.d©ÜÈ©úª ∫ ∞

x
e−

y2

2t dy=
t
x
e−

x2
2t −

∫ ∞

x

t
y2e−

y2

2t dy≤ t
x
e−

x2
2t ,9w´��Ø�ª ∫ ∞

x

t
y2e−

y2

2t dy≤ t
x2

∫ ∞

x
e−

y2

2t dy,K¥Ø�ªá�y. �



1oÙ a��ÅL§
1.� N´ëêǑ λ�ÑtL§.� 0≤ s< t,�

E[N3
t −N3

s −3λ(t−s)N2
s −3λ(t−s)(1+λ(t−s))Ns].)e X ∼ P(λ),K EX = D(X) = λ,E(X2) = λ2+λ,�

E(X3) =
∞

∑
k=0

k3λk

k!
e−λ =

∞

∑
k=0

k2 λk

(k−)!
e−λ

=
∞

∑
k=0

[(k−1)(k−2)+3(k−1)+1]
λk

(k−1)!
e−λ = λ3+3λ2+λ.òþã(Ø��A^���ª¥=��t��K¥�Ï".e¡�Ä,�«g´. d ENt =

λt, N�²ÕáOþ5±9Ï"��55k
E[N3

t −N3
s −3λ(t −s)N2

s −3λ(t−s)(1+λ(t−s))Ns]

= E[N3
t −N3

s −3N2
sE(Nt −Ns)−3E(Nt −Ns)(1+E(Nt −Ns))Ns]

= E[N3
t −N3

s −3N2
s (Nt −Ns)−3(Nt −Ns)(1+(Nt −Ns))Ns]

= E[(Nt −Ns)
3] = λ3(t −s)3+3λ2(t −s)2+λ(t−s). �

2.� ξi ÑlëêǑ λi ��ê©Ù (i = 1,2).e ξ1,ξ2�pÕá,�
(1) P{ξ1 < ξ2}.

(2) max(ξ1,ξ2)�©Ù¼ê.) (1)

P{ξ1 < ξ2}=
∫ ∞

0
P{x< ξ2,ξ1 ∈ dx}=

∫ ∞

0
P{x< ξ2}λ1e−λ1xdx

=

∫ ∞

0
λ1e−λ1xdx

∫ ∞

x
λ2e−λ2ydy=

∫ ∞

0
λ1e−λ1x−λ2xdx=

λ1

λ1+λ2
.½ö^éÜVÇ�Ý,w, (ξ1,ξ2)�éÜVÇ�ÝǑ�g>Æ (>S)VÇ�Ý�È,u´

P{ξ1 < ξ2}=
∫∫

0<x<y

λ1λ2e−(λ1x+λ2y)dxdy

=
∫ ∞

0
dx

∫ ∞

x
λ1λ2e−(λ1x+λ2y)dy=

λ1

λ1+λ2
.

8



a��ÅL§ ·9 ·

(2) ∀ x∈ R

P{ξ1∧ξ2 ≤ x}= 1−P{ξ1 > x,ξ2 > x}
= 1−P{ξ1 > x}P{ξ2 > x}

=

{

1−e−λ1xe−λ2x = 1−e−(λ1+λ2)x, x> 0;

1−1×1= 0, x≤ 0.
�

3. b�����Õ1�L§´ëêǑ λ�ÑtL§. 31���Skü�����Õ1,�
(a) ùü��Ñ3 20©¨���VÇ.

(b) ��k����3 20©¨���VÇ.)����g��Õ1��mǑ T1,T2, . . ..

(a)�K¿��
P{T1 < 20/60,T2 < 20/60|N1 = 2}.e¡^ØÓ�{�).){�:w, {T2 ≤ t}= {Nt ≥ 2},

P{T1 < 20/60,T2 < 20/60|N1 = 2}

=
P{T2 ≤ 1/3,N1 = 2}

P{N1 = 2} =
P{N1/3 ≥ 2,N1 = 2}

P{N1 = 2}

=
P{N1/3 = 2,N1 = 2}

P{N1 = 2} =
P{N1/3 = 2,N1−N1/3 = 0}

P{N1 = 2} =
1
9
.){�: dÑtL§�5��,�½ N1 = 2�e, (T1,T2)�^�éÜVÇ�Ý¼êǑ

f (x,y) =

{

2!
12 = 2, 0< x< y≤ 1;

0, Ù§.l
P{T1 < 1/3,T2 < 1/3|N1/3 = 2}=

∫∫

x<1/3,y<1/3

f (x,y)dxdy=
∫∫

0<x<y
x<1/3,y<1/3

2dxdy

=
∫ 1/3

0
dx

∫ 1/3

x
2dy=

1
9
.



·10· a��ÅL§){n:¤�VÇ=Ǒ
P{N(20) = 2|N(60) = 2}= P{N(20) = 2,N(60)−N(20) = 0}

P{N(60) = 2} =
1
9
.

(b)�K¿¤�VÇǑ
1−P{T1 > 1/3,T2 > 1/3|N1 = 2}= 1−P{T1 > 1/3|N1 = 2}= P{T1 ≤ 1/3|N1 = 2}.){�:w, {T1 ≤ 1/3}= {N1/3 ≥ 1},l

P{T1 ≤ 1/3|N1 = 2}==
P{N1/3 ≥ 1,N1 = 2}

P{N1 = 2}

=
P{N1/3 = 1,N1 = 2}+P{N1/3 = 2,N1 = 2}

P{N1 = 2} =
5
9
.){�:dÑtL§�5��,�½ N1 = 2�e, (T1,T2)�^�éÜVÇ�Ý¼êǑ

f (x,y) =

{

2!
12 = 2, 0< x< y≤ 1;

0, Ù§.l
P{T1 ≤ 1/3|N1 = 2}= P{T1 ≤ 1/3,T1 < T2|N1 = 2}

=

∫∫

x<1/3,x<y

f (x,y)dxdy=
∫ 1/3

0
dx

∫ 1

x
2dy=

5
9
.){n:w, {T1 > 20}= {N(20) = 0},u´

1−P{T1 > 20|N(60) = 2}=1−P{N(20) = 0|N(60) = 2}

=1− P{N(20) = 0,N(60)−N(20) = 2}
P{N(60) = 2} =

5
9
. �

4. � N ´��ëêǑ λ �ÑtL§, ?�¢ê 0 = t0 ≤ t1 < t2 < · · · < tn 9g,ê
m1,m2, . . . ,mn,y²

P{Nt1 = m1, . . . ,Ntn = mn}=
{

αm1
1 e−α1

m1! · · · αmn
n e−αn

mn! , 0≤ m1 ≤ ·· · ≤ mn;

0, Ù§,Ù¥ αk = λ(tk− tk−1),k= 1, . . . ,n.



a��ÅL§ ·11·)w,
{Nt1 = m1,Nt2 = m2, . . . ,Ntn−1 = mn−1,Ntn = mn}

= {Nt1 = m1,Nt2 −Nt1 = m2−m1, . . . ,Ntn−1 −Ntn−2 = mn−1−mn−2,Ntn −Ntn−1 = mn−mn−1}.u´dÑtL§�²ÕáOþ5á�(Ø. �

5.�W´��IOÙK$Ä, N´��ëêǑ λ�ÑtL§, {ξ1, . . . ,ξn, . . .}´��ÕáÓ©Ù��ÅCþ,b�ùn�L§�´�pÕá�.½ÂL§
Xt = exp

{(

µ− 1
2

σ2
)

t +σWt

} Nt

∏
k=1

ξk, t ≥ 0,Ù¥ µ∈ R,σ2 > 0,ξ1ÑlëêǑ (a,b2)�éê��©Ù.�
(1) �ÅL§ X = {Xt : t ≥ 0}���©Ù¼ê.

(2) L§ X�þ�¼êmX(t)Ú�'¼ê RX(s, t).

(3) � r,K,T > 0,�
e−rT

E[max(0,XT −K)].)e η∼N(µ,σ2),déê��©Ù�5� (P.15)Eexp{η}= exp{µ+σ2/2}.w, lnξ1 ∼
N(a,b2),u´ ∀ n,dÕá5Ú��©Ù�5�k

(µ−σ2/2)t+σWt +
n

∑
k=1

lnξk ∼ N(µn,σ2
n),Ù¥ µn := na+(µ−σ2/2)t,σ2

n := σ2t +nb2,l
exp{(µ−σ2/2)t +σWt +

n

∑
k=1

lnξk}ÑlëêǑ (µn,σ2
n) �éê��©Ù,ÙVÇ�Ý¼êǑ (P.15)

fn(t;y) =
1

y
√

2πσ2
n

exp

{

−(lny−µn)
2

2σ2
n

}

1(0,∞)(y).



·12· a��ÅL§
(1) ∀ t ≥ 0,x∈ R,w,

x≤ 0, F(t;x) = P{Xt ≤ x}= 0;

x> 0, F(t;x) = P{exp{(µ−σ2/2)t+σWt +
Nt

∑
k=1

lnξk} ≤ x}

=
∞

∑
n=0

P{exp{(µ−σ2/2)t+σWt +
n

∑
k=1

lnξk} ≤ x|Nt = n}P{Nt = n}

=
∞

∑
n=0

(λt)n

n!
e−λt

∫ x

0
fn(t;y)dy=

∫ x

0

∞

∑
n=0

(λt)n

n!
e−λt fn(t;y)dy,½

x> 0, F(t;x) = P{exp{(µ−σ2/2)t+σWt +
Nt

∑
k=1

lnξk} ≤ x}

=
∞

∑
n=0

P{exp{(µ−σ2/2)t+σWt +
n

∑
k=1

lnξk} ≤ x|Nt = n}P{Nt = n}

=
∞

∑
n=0

P

{

(µ−σ2/2)t+σWt +∑Nt
k=1 lnξk−µn

σn
≤ lnx−µn

σn

}

P{Nt = n}

=
∞

∑
n=0

Φ((lnx−µn)/σn)
(λt)n

n!
e−λt ,Ù¥ ΦǑIO��©Ù�©Ù¼ê.

(2)5¿�
E

(

Nt

∏
k=0

ξk

)

=
∞

∑
n=0

E

(

e∑Nt
k=1 lnξk|Nt = n

)

P{Nt = n}=
∞

∑
n=0

Ee∑n
k=1 lnξk · (λt)n

n!
e−λt

=
∞

∑
n=0

ena+ nb2
2 · (λt)n

n!
e−λt = eλt(ea+b2/2−1);

E





(

Nt

∏
k=0

ξk

)2


= E

(

e2∑Nt
k=1 lnξk

)

= eλt(e2a+2b2−1);

E

(

Ns

∏
k=0

ξk

Nt

∏
k=0

ξk

)

s<t
= E





(

Ns

∏
k=1

ξk

)2 Nt

∏
k=Ns+1

ξk



= E





(

Ns

∏
k=1

ξk

)2


E

(

Nt

∏
k=Ns+1

ξk

)

= E

(

e2∑Nt
k=1 lnξk

)

E

(

e2∑Nt−Ns
k=1 lnξk

)

= e
λs
(

e2a+2b2−1
)

e
λ(t−s)

(

ea+b2/2−1
)

= e
λs
(

e2a+2b2−1
)

+λ(t−s)
(

ea+b2/2−1
) ��/
= e

λ(s∧t)
(

e2a+2b2−1
)

+λ|t−s|
(

ea+b2/2−1
)

.



a��ÅL§ ·13· ∀ s, t ∈ [0,∞),Ws+Wt ∼ N(0,2(s∧ t)+s+ t),�dÕá5�
mX(t) = Eexp{(µ−σ2/2)t+σWt}E

(

Nt

∏
k=1

ξk

)

= exp
{

µt+λt
(

ea+b2/2−1
)}

;

RX(s, t) = E

(

exp{(µ−σ2/2)(s+ t)+σ(Ws+Wt)}
Nt

∏
k=1

ξk

Ns

∏
k=1

ξk

)

= Eexp{(µ−σ2/2)(s+ t)+σ(Ws+Wt)}E
(

Nt

∏
k=1

ξk

Ns

∏
k=1

ξk

)

= e(µ−σ2/2)(s+t)+(s+t+2(s∧t))σ2/2e
λ(s∧t)

(

e2a+2b2−1
)

+λ|t−s|
(

ea+b2/2−1
)

= exp
{

µ(s+ t)+σ2(s∧ t)+λ(s∧ t)
(

e2a+2b2 −1
)

+λ|t−s|
(

ea+b2/2−1
)}

.

(3)?UePÒ,- µn = na+(µ−σ2/2)T,σ2
n = σ2T +nb2d (1)

e−rT
Emax{0,XT −K}= e−rT

E[(XT −K)1[K,∞)(XT)]

= e−(r+λ)T
∞

∑
n=0

(λT)n

n!

∫ ∞

K
(x−K) fn(T;x)dx

= e−(r+λ)T
∞

∑
n=0

(λT)n

n!

[∫ ∞

K

1
√

2πσ2
n

e
− (lnx−µn)2

2σ2
n dx−

∫ ∞

K

K

x
√

2πσ2
n

e
− (lnx−µn)2

2σ2
n dx

]

,l¯K�).e��?�Ú,�XeO�
∫ ∞

K

1
√

2πσ2
n

e
− (lnx−µn)2

2σ2
n dx=

∫ ∞

lnK−µn
σn

1√
2π

e−y2/2+µn+σnydy= eµn+σ2
n/2

∫ ∞

lnK−µn
σn

1√
2π

e−(y−σn)
2/2dy

= eµn+σ2
n/2

∫ ∞

lnK−(µn+σn)
σn

1√
2π

e−x2/2dx

= eµn+σ2
n/2
[

1−Φ
(

lnK − (µn+σn)

σn

)]

.aq/,

∫ ∞

K

K

y
√

2πσ2
n

e
− (lny−µn)2

2σ2
n dy= K

[

1−Φ
(

lnK −µn

σn

)]

.Ïd
e−rT

Emax{0,XT −K}

= e−(r+λ)T
∞

∑
n=0

(λT)n

n!

{

eµn+σ2
n/2
[

1−Φ
(

lnK − (µn+σn)

σn

)]

−K

[

1−Φ
(

lnK −µn

σn

)]}

.�



·14· a��ÅL§
9.� N´��ëêǑ λ�ÑtL§.�

(1) N���©Ù¼ê F2(1,2;x1,x2).

(2) N�n�©Ù¼ê F3(1,2,3;x1,x2,x3).)- ⌊x⌋L«Ø�L x����ê.

(1)d�ÅL§k��©Ù¼ê�½Â
x1 < 0½ x2 < 0�, F2(1,2;x1,x2) = P{N1 ≤ x1,N2 ≤ x2}= 0;

x1,x2 ≥ 0�, F2(1,2;x1,x2) = P{N1 ≤ x1,N2 ≤ x2}= P{N1 ≤ x1,N2−N1+N1 ≤ x2}

=
∞

∑
m,n=0

P{m≤ x1,m+n≤ x2}P{N1 = m,N2−N1 = n}

= ∑
m≤x1

m+n≤x2

λm

m!
e−λ λn

n!
e−λ =

⌊x1⌋
∑

m=0

⌊x2⌋−m

∑
n=0

λm+n

m!n!
e−2λ.u´

F2(1,2,3;x1,x2) =

{

∑⌊x1⌋
m=0 ∑⌊x2⌋−m

n=0
λm+n

m!n! e−2λ, x1,x2 ≥ 0;

0, Ù§.

(2)aq/ x1,x2,x3 ≥ 0�
F3(1,2,3;x1,x2,x3)

= P{N1 ≤ x1,N2−N1+N1 ≤ x2,N3−N2+N2−N1+N1 ≤ x3}

=
∞

∑
m,n,p=0

P{m≤ x1,m+n≤ x2,m+n+ p≤ x3}P{N1 = m,N2−N1 = n,N3−N2 = p}

= ∑
m≤x1

m+n≤x2
m+n+p≤x3

λm

m!
e−λ λn

n!
e−λ λp

p!
e−λ =

⌊x1⌋
∑

m=0

⌊x2⌋−m

∑
n=0

⌊x3⌋−m−n

∑
p=0

λm+n+p

m!n!p!
e−3λ.Ïd

F3(1,2,3;x1,x2,x3) =

{

∑⌊x1⌋
m=0 ∑⌊x2⌋−m

n=0 ∑⌊x3⌋−m−n
p=0

λm+n+p

m!n!p! e−3λ, x1,x2,x3 ≥ 0;

0, Ù§.
�



1ÊÙ ²L§
1.� X = {Xn : n= 1,2, . . .}´�lÑ�m�ÅL§, X1,X2, . . . ,Xn, . . .ÕáÓ©Ù�ÑÑl N(0,σ2)(σ2 > 0)©Ù,K¡ XǑî�pdxD(.Áy XǑî�²L§.y?�g,ê k1 < k2 < · · ·< knÚ�ê τ�� 1≤ k1+τ < k2+τ < · · ·< kn+τ,dÕá59��©Ù�5�� (Xk1,Xk2, . . . ,Xkn)Ú (Xk1+τ,Xk2+τ, . . . ,Xkn+τ)Ñ´ n����Å�þ.é?¿g,êm,n

EXn = 0, Cov(Xm,Xn) =

{

σ2, m= n;

0, m 6= n.� (Xk1,Xk2, . . . ,Xkn)Ú (Xk1+τ,Xk2+τ, . . . ,Xkn+τ)äk�Ó�Ï"�þÚÆ��
,l§�Ñl�Ó���©Ù,=
(Xk1,Xk2, . . . ,Xkn)

d
= (Xk1+τ,Xk2+τ, . . . ,Xkn+τ),Ïd XǑî�²L§. �

14.� Xt = s(t+Θ),Ù¥ s(t)´±ÏǑ T0�¼ê�3��±ÏS²��È, Θ´[0,T0]þ�þ!©Ù�ÅCþ,¡ X = {Xt : t ∈ (−∞,∞)}Ǒ±Ï��Å��L§.Á?Ø X´ÄǑ��{²L§.)Ï
mX(t) = EXt =

1
T0

∫ T0

0
s(t +θ)dθ =

1
T0

∫ T0

0
s(θ)dθ,

RX(t, t+ τ) = E(XtXt+τ) =
1
T0

∫ T0

0
s(t+θ)s(t+ τ+θ)dθ

=
1
T0

∫ T0

0
s(θ)s(τ+θ)dθ,� XǑ²L§.- ⌊x⌋L«Ø�L x����ê.d�m²þ�½Â9 s�±Ï5k

〈Xt〉= l.i.m
T→∞

1
2T

∫ T

−T
s(t+Θ)dt

= l.i.m
T→∞

1
2T

[∫ −T+T0

−T
s(t+Θ)dt +

∫ −T+2T0

−T+T0

s(t+Θ)dt+ · · ·

+
∫ −T+⌊2T/T0⌋T0

−T+(⌊2T/T0⌋−1)T0

s(t+Θ)dt +
∫ T

−T+⌊2T/T0⌋T0

s(t +Θ)dt

]

= l.i.m
T→∞

1
2T

[∫ T0

0
s(t+Θ)dt +

∫ T0

0
s(t+Θ)dt + · · ·+

∫ T0

0
s(t +Θ)dt

]

= l.i.m
T→∞

⌊2T/T0⌋
2T

∫ T0

0
s(t +Θ)dt =

1
T0

∫ T0

0
s(t)dt,

15



·16· a��ÅL§=�m²þ´��Å��=� T0k'.Ón
〈XtXt+τ〉= l.i.m

T→∞

1
2T

∫ T

−T
s(t+Θ)s(t+ τ+Θ)dt

= l.i.m
T→∞

⌊2T/T0⌋
2T

∫ T0

0
s(t+Θ)s(t+ τ+Θ)dt =

1
T0

∫ T0

0
s(t)s(t+ τ)dt,=�m�'¼êǑ´��Å��=� T0,τk'.Ïdw,k

P{mX(t) = 〈Xt〉}= 1, P{RX(t, t+ τ) = 〈XtXt+τ〉}= 1,= X�þ�Ú�'¼êÑäk��{²5,½= Xäk��{²5. �



18Ù lÑ�mê��Åó
4. ���:3�±þ��ÅiÄ,�±þ�k N �,�:z��Ǒ±VÇ p^��iÄ��½±VÇ q = 1− p_��iÄ��.- Xn L«�:3 n�Ǒ¤3� �.Á`²

X = {Xn : n= 0,1,2, . . .}´àgê��Åó,�ÑÙG��m¿O��Ú=£VÇÝ
.)Ø�b��±þ N ��:U^���dIÒǑ 1,2, . . . ,N,w,L§ X �G��m�L«Ǒ S= {1,2, . . . ,N}.dK�,e�:3�Ǒ n�� �Ǒ k∈ S,K n+1�Ǒ� � j�UǑ k+1∈ S(e k= N,5½ k+1 := 1)½ k−1∈ S(e k= 1,5½ k−1 := N),�T�:3�Ǒ n�G� �´vk'X�,Ó�ù«=£�¹��m nv'X=� n�Ǒ¤?� � kk'X,= ∀ n= 0,1,2, . . . ,∀ j0, . . . , jn−1 ∈ S,∀ k∈ S

P{Xn+1 = j|Xn = k,Xn−1 = jn−1, . . . ,X1 = j1,X0 = j0}=
{

p, j = k+1;

q, j = k−1.l
P{Xn+1= j|Xn= k,Xn−1= jn−1, . . . ,X1= j1,X0= j0}=P{Xn+1= j|Xn= k}=P{X1= j|X0= k},= X÷vê��Å59�màg5,lǑàgê¼ó. X��Ú=£VÇÝ
Ǒ

































0 p 0 0 · · · 0 0 q

q 0 p 0 · · · 0 0 0

0 q 0 p · · · 0 0 0
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0 0 0 0 · · · q 0 p

p 0 0 0 · · · 0 q 0
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5: þK¥�VÇÝ
ÌéÆ����Ǒ",;�ÌéÆ��ü^“9éÆ�”þ��©O�Ǒ pÚ q,Ý
��mþÆ��Ǒ q,��eÆ��Ǒ p,Ù{���Ǒ".
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