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OêL§ (counting process):

(a). � {Tn : n ∈ N∗} ´���K r.v.s � P(limn→∞ Tn =
+∞) = 1 Ú 0 = T0 < T1 < T2 < · · · < Tn < · · ·

(b). OêL§ Nc = {Nc
t : t ≥ 0} ½Â�

Nc
t = max{n ∈ N∗ : Tn ≤ t}, t ≥ 0

(c). 0 < T1 < T2 < · · · < Tn < · · · ¡� Nc ����m

(d). τn = Tn − Tn−1, Ù¥ n = 1, 2, . . . ¡� Nc ����mm�
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OêL§�;�5�:

(a). Nc
0 = 0, G��m S = N∗

(b). ��;� t → Nc
t ´üNØ~!mëY

(c). Nc
Tn
− Nc

Tn− = 1, ∀ n = 1, 2, . . . .

(d). Nc �,�L«:

Nc
t =

∞∑
n=0

n1[Tn,Tn+1)(t), t ≥ 0.
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OêL§ Nc �ÑtL§�'X:

Theorem

XJ Nc ����mm� {τn : n = 1, 2, . . . } ´ i.i.d. u Exp(λ),
KOêL§ Nc ´��ëê� λ > 0 �ÑtL§.
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y:

(a). Nc
0 = 0

(b). ∀ t > 0, Nc
t ∼ Poisson[λ]:

OêL§����m Tn =
∑n

k=1 τk ∼ Γ(n, λ), Ù pdf �

pTn(x) =
λn

(n − 1)!
xn−1e−λx , x > 0.

�8Ü At = {(x , y) ∈ (0,∞)2 : x ≤ t < x + y}, K

P (Nc
t = n) = P (Tn ≤ t < Tn+1) = P (Tn ≤ t < Tn + τn+1)

=

∫ ∫
At

pTn(x)λe−λydxdy =

∫ t

0

pTn(x)e−λ(t−x)dx

=
(λt)n

n!
e−λt .
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(c). ∀ 0 ≤ s < t§Oþ Nt − Ns ´Õáu {Nu : u ≤ s} �ÙÑl
ëê� λ(t − s) �Ñt©Ù.

½Â Ñs
t = Nc

t − Nc
s , K Ñs = {Ñs

t ; t ≥ s} ´��l s m©

�OêL§. Ñs ����mm�:

τ̃1 = τk+1 − (s − Tk), τ̃n = τn+k , n ≥ 2

d τk+1 ∼ Exp[λ], �d�ê©ÙÃPÁ5:

P(τ̃1 > u|τ̃1 > 0) = P(τk+1 > u+(s−Tk)|τk+1 > (s−Tk)) = e−λu
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Ïd3 {Nc
s = k} e, {τ̃1, τ̃2, . . . } i.i.d. u Exp[λ]. ù`²:

3 {Nc
s = k} e, Ñs = {Ñs

t ; t ≥ s} ´ëê λ > 0 � PP.

P
(
Ñs

t = n|Nc
s = k

)
=
λn(t − s)n

n!
e−λ(t−s)

±9

P
(
Ñs

t = n
)

=
n∑

k=0

P (Nc
t = k + n,Nc

s = k)

=
n∑

k=0

P (Tk+n ≤ t < Tk+n+1,Tk ≤ s < Tk+1)

=
λn(t − s)n

n!
e−λ(t−s)
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~K:

,�Æ)�� A �¿þêÆ�§. ykü�\� B Ú C �
±?\ A �¿. �3�� t > 0, l B �?\ A �¿�Æ)
ê� NB

t , l C �?\ A �¿�Æ)ê� NC
t .

� NB Ú NC ´Ñlëê λB = 0.5 Ú λC = 1.5 �Õá�Ñ
tL§.
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(a). 3���½� 3©¨SvkÆ)?\ A�¿�VÇkõ�º

P (T1 > 3) = e−6 ≈ 2.5%.

(b). Æ)�� A �¿��mm��þ�´õ�º

E[τn] = λB + λC = 1/2
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(c). ®���Æ)?\
 A �¿, @¦´l C �?\�VÇº

P
(
τCn < τBn

)
=

∫
{0<x<y}

λBλCe−λ
C x−λBydxdy

=
λC

λB + λC
=

1.5

2
= 75%

or

=

∫ ∞
0

P
(
τBn > t

)
λCe−λ

C tdt =
λC

λB + λC
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ÑtL§ N = {Nt : t ≥ 0} ����mm�:

T1 = min{t > 0 : Nt = 1}
T2 = min{t > T1 : Nt = 2}
· · · · · ·

Tn+1 = min{t > Tn : Nt = n + 1}, n ∈ N∗

���mm� τn = Tn+1 − Tn.
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Theorem

ÑtL§ N ����mm� {τn : n ∈ N} ´�pÕá�Ó©Ù
uëê� λ ��ê©Ù.
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y: =y τ1, τ2 i.i.d. u Exp(λ)

(a). τ1 ∼ Exp(λ):

∀ t > 0,

P(τ1 > t) = P(T1 > t) = P(Nt = 0) = e−λt .

(b). τ1 Ú τ2 Õá, � τ2 ∼ Exp(λ):

∀ t2 > t1 > 0 Ú¿©� δ1, δ2 > 0,
¦ ti − δi > 0 Ú t2 − δ2 > t1 + δ1, �Ä
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P(t1 − δ1 < T1 ≤ t1 + δ1, t2 − δ2 < T2 ≤ t2 + δ2)

= P(Nt1−δ1 = 0,Nt1+δ1 − Nt1−δ1 = 1,Nt2−δ2 − Nt1+δ1 = 0,

Nt2+δ2 − Nt2−δ2 = 1)

= P(Nt1−δ1 = 0) · P(Nt1+δ1 − Nt1−δ1 = 1)

×P(Nt2−δ2 − Nt1+δ1 = 0) · P(Nt2+δ2 − Nt2−δ2 = 1)

= 4λ2δ1δ2e
−λ(t2+δ2).
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Ïd 2d r.v. (T1,T2) � pdf �

p(T1,T2)(t1, t2) =

{
λ2e−λt2 , t2 > t1 > 0,

0, otherwise

5¿: τ1 = T1 Ú τ2 = T2 − T1§K (τ1, τ2) �éÜ pdf �

p(τ1,τ2)(t1, t2) =

{
λ2e−λ(t1+t2), t1 > 0 and t2 > 0,

0, otherwise

� τ2 � pdf � pτ2(t2) =
∫∞
0
λ2e−λ(s+t2)ds = λe−λt2 , Ïd

p(τ1,τ2)(t1, t2) = pτ1(t1)pτ2(t2).
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ÑtL§����m��ý:

u = rand(1,K );

T = zeros(1,K + 1);

k = zeros(1,K + 1);

for j = 1 : K

k(j + 1) = j ;

T (j + 1) = T (j)− log(u(j))/lambda;

end
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∀ t > 0 Ú¿©�� h > 0,

(a). P(Nt+h − Nt = 0) = 1− λh + o(h)

(b). P(Nt+h − Nt = 1) = λh + o(h)
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y:

(a). d PP �²ÕáOþ5:

P(Nt+h − Nt = 0) = P(Nh = 0) = e−λh

= 1− λh + λ2h2 − · · ·

(b).

P(Nt+h − Nt = 0) = P(Nh = 1) = λhe−λh

= λh[1− λh + λ2h2 − · · · ]
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OêL§� PP a 0-1 Æ:

Theorem

OêL§ Nc äk²ÕáOþ5�÷v PP a 0-1 Æ,
@ Nc ´��ÑtL§.
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y: �Iy qk(t) := P(Nc
t = k) = (λt)k

k! e−λt , ∀ k ∈ N∗

(a). �Ä¼ê q0(t + h) é¿©� h > 0:

q0(t + h) = P(Nc
t+h = 0)

= P(Nc
t+h − Nc

t = 0,Nc
t = 0)

= P(Nc
t+h − Nc

t = 0)P(Nc
t = 0)

= (1− λh + o(h))q0(t).

u´ q0(t+h)−q0(t)
h = −λq0(t) + o(h)

h . þªü> h→ 0 �

q′0(t) = −λq0(t), q0(0) = 1.

�
q0(t) = e−λt
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(b). �Ä¼ê qk(t + h), ∀ k = 1, 2, . . . :

qk(t + h) = P(Nc
t+h = k)

= P(Nc
t = k ,Nc

t+h − Nc
t = 0)

+P(Nc
t = k − 1,Nc

t+h − Nc
t = 1)

+
k∑

j=2

P(Nc
t = k − j ,Nc

t+h − Nc
t = j)

= qk(t)q0(h) + qk−1(t)q1(h) +
k∑

j=2

qk−j(t)qj(h)

= qk(t)(1− λh + o(h)) + qk−1(t)(λh + o(h)) + o(h).
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�n�

qk(t + h)− qk(t)

h
= −λqk(t) + λqk−1(t) +

o(h)

h
.

þªü> h→ 0 �S��~�©�§:

q′k(t) + λqk(t) = λqk−1(t), q1(0) = 0, q0(t) = e−λt

)�

qk(t) =
(λt)k

k!
e−λt , k = 1, 2, . . .
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~K:

éuëê� λ > 0 �ÑtL§ N, y: 3 {Nt = 1} e, N �
1�����m T1 ∼ U[0, t].

y: ∀ t > s > 0,

P(T1 ≤ s|Nt = 1) =
P(T1 ≤ s,Nt = 1)

P(Nt = 1)

=
P(Ns = 1,Nt − Ns = 0)

P(Nt = 1)

=
λse−λse−λ(t−s)

λte−λt
=

s

t
.
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~K: AÛÑtL§

� N ´ëê� λ > 0 �ÑtL§. �~ê σ > −1, ½Â

Nge
t = exp [Nt log(σ + 1)− λσt]

= (σ + 1)Nte−λσt , t ≥ 0

K ∀ 0 ≤ s < t <∞,

E
[
Nge
t

Nge
s

]
= 1.
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y: ^ÑtL§�²ÕáOþ5�,

E
[
Nge
t

Nge
s

]
= E {exp [(Nt − Ns) log(σ + 1)− λσ(t − s)]}

= E {exp [Nt−s log(σ + 1)]} e−λσ(t−s)

= e−λσ(t−s)
∞∑
n=0

(σ + 1)n
λn(t − s)n

n!
e−λ(t−s)

= e−λ(σ+1)(t−s)
∞∑
n=0

[λ(σ + 1)(t − s)]n

n!

= e−λ(σ+1)(t−s) × eλ(σ+1)(t−s) = 1
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�àgÑtL§:

� N ´��²ÕáOþL§. �¼ê λ(t) : [0,∞)→ (0,∞),
e

P(Nt−Ns = k) =
(m(t)−m(s))k

k!
e−(m(t)−m(s)), t > s ≥ 0, k ∈ N∗.

Ù¥ m(t) =
∫ t
0 λ(u)du, K¡ N ´��rÝ¼ê� λ(t) ��à

gÑtL§.
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~K: àg��àgÑtL§

��àgÑtL§ N �rÝ m(t) ÷v limt→∞m(t) =∞.
½Â

θ(t) = min{s ≥ 0 : m(s) > t}, t ≥ 0

y: M = {Nθ(t) : t ≥ 0} ´ëê� 1 �àgÑtL§.
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y:

¼ê t → θ(t) ´üNØ~mëY�� m(θ(t)) = t. � M ä
kÕáOþ5. e�Iy²: � t > s ≥ 0 �,

P
(
Nθ(t) − Nθ(s) = k

)
=

(t − s)k

k!
e−(t−s), k ∈ N∗.

¯¢þ:

P
(
Nθ(t) − Nθ(s) = k

)
=

f kθ,λ(s, t)

k!
e−fθ,λ(s,t),

Ù¥ f kθ,λ(s, t) = m(θ(t))−m(θ(s)) = t − s.
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1 a��ÅL§
ÑtL§Ä�5�
ÑtL§a� 0-1 Æ
EÜÑtL§
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�ÅiÄ (random walk):

� ξ1, ξ2, . . . , ξn, . . . ´ i.i.d. r.v.s, ¡

Sn =
n∑

k=1

ξk , S0 = x ∈ R, and n ∈ N∗

´Ð©�� x ��ÅiÄ.
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EÜÑtL§ (compound Poisson process):

y� x = 0 �ÑtL§ N � r.v.s (ξk : k ∈ N) Õá. @¡

Xt = SNt , t ≥ 0

�EÜÑtL§.
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~K:

r.v.s ξ1(ω) �êÆÏ"� µ, ��� σ2 > 0. O�EÜÑt
L§ X �þ�¼ê!��¼êÚ�'¼ê.
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(a). þ�¼ê mX (t):

^^�êÆÏ"�5��

mX (t) = E [SNt ] = E {E [SNt |Nt ]}

=
∞∑
k=0

E [SNt |Nt = k]P(Nt = k)

=
∞∑
k=0

E [Sk |Nt = k]P(Nt = k)

= E[S1]P
∞∑
k=0

kP(Nt = k)

= E[S1]E[Nt ] = µλt.
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(b). ��¼ê DX (t):

ΦX (t) = E[X 2
t ]

= E
{
E
[
S2
Nt
|Nt

]}
=
∞∑
k=0

E
[
S2
Nt
|Nt = k

]
P(Nt = k)

=
∞∑
k=0

E
[
S2
k

]
P(Nt = k)

=
∞∑
k=0

E

 k∑
i=1

ξ2i + 2
∑

1≤i<j≤k
ξiξj

P(Nt = k)
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(b). ��¼ê DX (t):

ΦX (t) =
∞∑
k=0

kP(Nt = k)E[ξ21 ]

+2
∞∑
k=0

 ∑
1≤i<j≤k

E[ξi ]E[ξj ]

P(Nt = k)

= E[ξ21 ]E[Nt ] + µ2
∞∑
k=0

k(k − 1)P(Nt = k)

= E[ξ21 ]E[Nt ] + µ2[E[N2
t ]− E[Nt ]],

DX (t) = ΦX (t)−m2
X (t) = (λ2 + σ2)λt
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(c). �'¼ê RX (s, t):

EÜÑtL§�÷v²ÕáOþ5: ∀ 0 ≤ s < t <∞,

RX (s, t) = E[XsXt ]

= E[Xs(Xt − Xs + Xs)]

= E[Xs ]E[Xt−s ] + E[X 2
s ]

= mX (s)mX (t − s) + ΦX (s)

= mX (s)mX (t − s) + DX (s) + m2
X (s).
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~K: ÑtL§�©)ÑEÜÑtL§

r.v.s (ξk : k ∈ N) i.i.d. u 0-1 ©Ù, = ∀ k ∈ N,

P(ξk = 1) = p > 0, and P(ξk = 0) = 1− p.

ëê� λ �ÑtL§ N Õáuþ¡� r.v.s.. ∀ t ≥ 0, ½Â

Mt = SNt , and Lt = Nt −Mt ,

y: L = {Lt : t ≥ 0} Ú M = {Mt : t ≥ 0} ´Õá�Ñl
ëê� λp Ú λ(1− p) �ÑtL§.
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y: �Iy²: ∀ t > s ≥ 0 Ú m, k ∈ N∗, ¯�

A = {Mt −Ms = m, Lt − Ls = k}

Õáu r.v.s {Mu, Lu : u ≤ s} �ÙVÇ�

P(A) =
λmpm(t − s)m

m!
e−λp(t−s)

λk(1− p)k(t − s)k

k!
e−λ(1−p)(t−s).
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(a). 5¿�: A = {Nt − Ns = m + k ,SNt − SNs = m}

(b). r.v.s {Mu, Lu : u ≤ s} d {Nu : u ≤ s, ξ1, . . . , ξNs} û½.
� A � {Mu, Lu : u ≤ s} Õá
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(c). Ï� r.v. Sm+k Ñl����©Ù, �

P(A) =
∞∑
n=0

P(A ∩ {Ns = n})

=
∞∑
n=0

P(Ns = n,Nt − Ns = m + k ,SNt − SNs = m)

=
∞∑
n=0

P(Ns = n,Nt − Ns = m + k ,Sm+n+k − Sn = m)

=
∞∑
n=0

P(Ns = n,Nt − Ns = m + k)P(Sm+k = m)

= P(Nt−s = m + k)P(Sm+k = m)

=
λm+k(t − s)m+k

(m + k)!
e−λ(t−s)

(m + k)!

m!k!
pm(1− p)k
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