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êêê������ÅÅÅLLL§§§���½½½ÂÂÂ�X = {Xt; t ∈ I}´��G��mǑS��ÅL§,XJé?¿��Ǒt1 < t2 < · · · < tn ∈ I Úx1, . . . , xn ∈ S (n ≥ 2),Ù^�©Ù¼ê

P
(

Xtn
≤ xn|Xt1 = x1, · · · , Xtn−1

= xn−1

)

= P
(

Xtn
≤ xn|Xtn−1

= xn−1

)

.XJ·�^�Ǒtn−1L«"y3", t < tn−1L«"L�", t > tn−1L«"ò5""Kê��ÅL§XÒ÷v:3"y3"G�®��^�e,"ò5"?3,�G��^�VÇ�"L�"¤?�G��'"d�·�¡ù��L§÷v"ê��Å5""

ê��ÅL§�½Â 2



��ê��ÅL§�~fÙK$Ä(½¡WienerL§),PoissonL§ÚEÜPoissonL§Ñ´²;�ê��ÅL§"XÛ�yMarkov5?(�Ñ���Ñ�)·�^���^�VÇ�5�:XJ�ÅCþZ�{Xt1 , . . . , Xtn−1
}Õá,K

P(Z + Xtn−1
≤ xn|Xt1 = x1, · · · , Xtn−1

= xn−1)

= P(Z + Xtn−1
≤ xn|Xtn−1

= xn−1).
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lÑ�mê��Åó(Markov Chain)XJê��ÅL§X = {Xn; n = 0, 1, . . . }�G��mS´lÑ�,=

S = {i0, i1, i2, . . . , in, . . . },·�¡X = {Xn; n = 0, 1, . . . }Ǒ��lÑ�mê��Åó"ù�du

P(Xn = in|X0 = i0, X1 = i1, · · · , Xn−1 = in−1)

= P(Xn = in|Xn−1 = in−1).
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A.A. Markov(�£�e)ê��Åód�éêÆ[A.A. Markov(1856-1922)u1907JÑ(ÙÆ¬��:Chebyshev)"
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êêê¼¼¼óóó���===£££VVVÇÇÇ���©©©ÙÙÙǑ
{üå�,·�Pê¼óX = {Xn; n = 0, 1, . . . }�G��mǑ

S = {1, 2, 3, . . . }.=£VÇ·�¡^�VÇ

p
(k)
ij (n) = P (Xn+k = j|Xn = i)Ǒê¼óX3�Ǒn�kÚ=£VÇ"·���P�Ǒn�1Ú=£VÇǑ

pij(n) := p
(1)
ij (n).

ê¼ó�=£VÇ�©Ù 6



=£VÇÝ
·�¡Ý


P
(k)(n) =

(

p
(k)
ij (n)

)

i,j=1,2,...Ǒê¼óX3�Ǒn�kÚ=£VÇÝ
"Ón,·�P�Ǒn�1Ú=£VÇÝ
Ǒ

P(n) := (pij(n))i,j=1,2,...
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=£VÇÝ
�5�ê¼óX3�Ǒn�kÚ=£VÇÝ
P(k)(n)÷v5�µ

(1) : p
(k)
ij (n) ≥ 0, ∀ k, n, i, j; (2) :

∞
∑

j=1

p
(k)
ij (n) = 1, ∀ k, n, i.

Proof: (1)w,"éu5�(2),�âVÇÿÝ����\5, ·�k

∞
∑

j=1

p
(k)
ij (n) =

∞
∑

j=1

P (Xn+k = j|Xn = i)

= P
(

∪∞
j=1{Xn+k = j}|Xn = i

)

= P (Ω|Xn = i) = 1.±�·�¡¤k÷v5�(1)Ú(2)�Ý
a = (aij)i,j=1,...Ǒ�ÅÝ
.
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·�P0Ú=£VÇǑ
p
(0)
ij (n) = P(Xn = j|Xn = i)

=







1, i = j

0, i 6= j

= δij .Ïd0Ú=£VÇÝ


P(0) = I (ü 
).
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Chapman-Kolmogorov�§·��½ke¡�Chapman-Kolmogorov(CK)�§¤áµ

p
(k+m)
ij (n) =

∞
∑

l=1

p
(k)
il (n)p

(m)
lj (n + k)

½��¤=£VÇÝ
�/ª

P(k+m)(n) = P(k)(n)P(m)(n + k).
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Proof: d½Â�
p
(k+m)
ij (n) = P(Xn+k+m = j|Xn = i)

= P(∪∞
l=1{Xn+k = l}, Xn+k+m = j|Xn = i)

= P(∪∞
l=1{Xn+k = l, Xn+k+m = j}|Xn = i)

=
∞
∑

l=1

P(Xn+k = l, Xn+k+m = j|Xn = i)

=

∞
∑

l=1

P(Xn+k = l|Xn = i)P(Xn+k+m = j|Xn+k = l, Xn = i)

=
∞
∑

l=1

P(Xn+k = l|Xn = i)P(Xn+k+m = j|Xn+k = l)

=
∞
∑

l=1

p
(k)
il (n)p

(m)
lj (n + k).
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kÚ=£VÇ�1Ú=£VÇ�'Xê¼óX = {Xn; n = 0, 1, . . . }�kÚ=£VÇ�dÙ1Ú=£VÇ��û½,=

P(k+1)(n) = P(n)P(n + 1) × · · · ×P(n + k).

Proof: 3C-K�§¥�m = 1,Kk
P(k+1)(n) = P(k)(n)P(n + k)

= P(k−1)(n)P(n + k − 1)P(n + k)

= · · · · · ·

= P(n)P(n + 1) × · · · ×P(n + k).
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ê¼ó�©Ù�X = {Xn; n = 0, 1, . . . }Ǒ��ê¼ó.

1. �©©Ù(initial distribution)·�¡VÇ

q
(0)
i = P(X0 = i), i = 1, 2, . . . ,Ǒê¼óX��©©Ù"P©ÙÇ

q(0) =
(

q
(0)
1 , q

(0)
2 , . . .

)

Ǒê¼óX��©©Ù�þ"
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2. k��©Ù(finite-dimensional distribution)ê¼óX�k��©ÙdÙ�©©ÙÚ1Ú=£VÇ��(½"

Proof:�i1, i2, . . . , in ∈ S = {1, 2, . . . }Úm1 < · · · < mn ∈ {0, 1, 2, . . . },Kê¼óX�?¿n�k�©Ù
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P(Xm1
= i1, Xm2

= i2, · · · , Xmn
= in)

= P(∪∞
i=1(X0 = i), Xm1

= i1, · · · , Xmn
= in)

= P (∪∞
i=1(X0 = i, Xm1

= i1, · · · , Xmn
= in))

=
∞
∑

i=1

P (X0 = i, Xm1
= i1, · · · , Xmn

= in)

=

∞
∑

i=1

P(X0 = i)P(Xm1
= i1|X0 = i)P(Xm2

= i2|X0 = in, Xm1
= i1)

× · · · × P(Xmn
= in|X0 = i, Xm1

= i1, · · · , Xmn−1
= in−1)

=
∞
∑

i=1

P(X0 = i)P(Xm1
= i1|X0 = i)P(Xm2

= i2|Xm1
= i1)

× · · · × P(Xmn
= in|Xmn−1

= in−1)

=
∞
∑

i=1

q
(0)
i p

(m1)
ii1

(0)p
(m2−m1)
i1i2

(m1) × · · · × p
(mn−mn−1)
in−1in

(mn−1).
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ê¼ó�ýé©Ù·�¡VÇ

q
(n)
j = P(Xn = j), n ≥ 0, j = 1, 2, . . . ,Ǒê¼óX�ýé©Ù"P©ÙÇ

q(n) = (q
(n)
1 , q

(n)
2 , . . . ), n ≥ 0Ǒê¼óX�ýé©Ù�þ"
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ýé©Ù��©©Ù�'X
q
(n)
j =

∞
∑

i=1

q
(0)
i p

(n)
ij (0), ½ q(n) = q(0)P(n)(0).

Proof: ¯¢þ,·�k
q
(n)
j = P(Xn = j)

=
∞
∑

i=1

P(X0 = i, Xn = j)

=

∞
∑

i=1

P(X0 = i)P(Xn = j|X0 = i)

=
∞
∑

i=1

q
(0)
i p

(n)
ij (0).
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àgê¼ó(Homogeneous Markov Chains)ê¼óX = {Xn; n = 0, 1, . . . }�1Ú=£VÇpij(n)��©�Ǒn�',·�d�P1Ú=£VÇǑpij = pij(n),K·�¡Tê¼ó X´àgê¼ó"ù¿�Xàgê¼ó�kÚ=£VÇ��¤
p
(k)
ij = P(Xk = j|X0 = i) = P(Xn+k = j|Xn = i), ∀ n ≥ 1.
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éuàgê¼ó·�k
(1) P(k) = Pk, k ≥ 0,

(2) q(k) = q(0)Pk, k ≥ 0.
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{üê¼ó�Þ~
1. Õáê¼ó�X0, X1, . . . , Xn, . . .´ÕáÓ©Ù���©©ÙǑ

P(X0 = i) = ai, i = 1, 2, . . . , m,KX = {X0, X1, . . . }´��àgê¼ó"
Proof: ¯¢þ,·�k

P(Xn = in|X0 = i0, · · · , Xn−1 = in−1) = P(Xn = in) = ain

= P(Xn = in|Xn−1 = in−1)

= P(Xn+k = in|Xn+k−1 = in−1)

= pin−1in
.
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1Ú=£VÇÝ
Ǒ

P =















a1 a2 · · · am−1 am

a1 a2 · · · am−1 am

· · · · · · · · · · · · · · ·

a1 a2 · · · am−1 am
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2. �ÅiÄ�(Xn; n ≥ 1)´�pÕáÓ©Ù��ÅCþ��Ó�©ÙǑ

P(Xn = k) = ak, k = Z.·�½Â�ÅiÄ

S0 = 0, Sn =
n
∑

i=1

Xi, n ≥ 1.

KS = {Sn; n ≥ 0}´��àgê¼ó"
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Proof: ·�5¿�Sn = Sn−1 + Xn,K

P(Sn = in|S0 = 0, S1 = i1, · · · , Sn−1 = in−1)

= P(Xn + in−1 = in|S0 = 0, S1 = i1, · · · , Sn−1 = in−1)

= P(Xn = in − in−1|S0 = 0, S1 = i1, · · · , Sn−1 = in−1)

= P(Xn = in − in−1) = ain−in−1
.,	,·�k

P(Sn = in|Sn−1 = in−1)

= P(Xn + in−1 = in|Sn−1 = in−1)

= P(Xn = in − in−1|Sn−1 = in−1)

= P(Xn = in − in−1) = ain−in−1
.

23



1Ú=£VÇÝ
Ǒ

P =





















a0 a1 · · · an−1 · · ·

a−1 a0 · · · an−2 · · ·

· · · · · · · · · · · · · · ·

a1−n a2−n · · · a0 · · ·

· · · · · · · · · · · · · · ·
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3. lÑüè�.M/G/1yb�k��ÑÖ�"����ÑÖ��güè�ÉÑÖ,ÑÖ�Uìk�kÑÖ(FIFO)��K"·�^XtL« t�Ǒ3TXÚ���ê(�)�3�ÉÑÖ���)"���ÉÑÖ�lm��mPǑ

T0 < T1 < T2 < · · · < Tn < · · · .^An+1L«3Tn+1�Ǒlm����ÉÑÖÏm��XÚ���ê"·�P

Xn = XTn+,KXnL«3Tn�XÚo��ê(�)3Tn�Ǒ=òlm�� ��).u´Xn÷v

Xn+1 = (Xn − 1)+ + An+1.·�b�{An; n ≥ 1}´ÕáÓ©Ù��ÕáuX0,¿�©ÙÇǑ
P(A1 = k) = ak, k ≥ 0,
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�o {Xn; n ≥ 0}´��àgê¼ó"
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Proof: ·��±rXn+1�¤
Xn+1 = g(Xn, An+1), g(x, y) = (x − 1)+ + y.ù�·�k

X1 = g(X0, A1), X2 = g(X1, A2) = g(g(X0, A1), A2), · · · ,ù`²Xn´X0, A1, . . . , An�¼ê"Ïd·�k
X0, X1, X2, . . . , Xn Ñ´ÕáuAn+1�.
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Ïd
P(Xn+1 = in+1|X0 = i0, X1 = i1, · · · , Xn = in)

= P(g(Xn, An+1) = in+1|X0 = i0, X1 = i1, · · · , Xn = in)

= P(g(in, An+1) = in+1|X0 = i0, X1 = i1, · · · , Xn = in)

= P(g(in, An+1) = in+1|Xn = in)

= P(g(in, An+1) = in+1)ùy²
{Xn}´�ê¼ó"ùÓ�y²
1Ú=£VÇ
pinin+1

= P(Xn+1 = in+1|Xn = in) = P(g(in, An+1) = in+1|Xn = in)

= P(g(in, An+1) = in+1) = P(g(in, A1) = in+1)

= P(g(in, A1) = in+1|X0 = in) = P(g(X0, A1) = in+1|X0 = in)

= P(X1 = in+1|X0 = in) = ain+1−(in−1)+ ,ùy²
Tê¼ó´àg�"
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1Ú=£VÇÝ
Ǒ

P =





















a0 a1 a2 · · · · · ·

a0 a1 a2 · · · · · ·

0 a0 a1 · · · · · ·

0 0 a0 a1 · · ·

· · · · · · · · · · · · · · ·
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àààgggêêê¼¼¼óóó���GGG���©©©aaaÄ��m�X = {X0, X1, X2, . . . }´���màg�ê¼ó. ·�½Â�Å�m(Markov�½Ä�G�j��m)

τj(1) = min{m ≥ 1; Xm = j}, j ∈ S = {1, 2, · · · }.Ä�VÇ�i, j ∈ SÚn ≥ 1,¡

f
(n)
ij = P(τj(1) = n|X0 = i)

= P(Xn = j, Xm 6= j, m = 1, 2, . . . , n − 1|X0 = i)ǑXÚ30�ǑlG�iÑu²LnÚ�Äg��G�j�VÇ.

àgê¼ó�G�©a 30



´�VÇ
fij =

∞
∑

n=1

f
(n)
ij = P(τj(1) < ∞|X0 = i).

Ø��VÇ

f+∞
ij = P(τj(1) = ∞|X0 = i)

= P(Xn 6= j, ∀ n ≥ 1|X0 = i)²þ=£Úê

µij = E[τj(1)|X0 = i] =
∞
∑

n=1

nf
(n)
ij .

31



Ä�VÇÚ´�VÇ�5�
(1) 0 ≤ f

(n)
ij ≤ p

(n)
ij ≤ fij ≤ 1.

(2) f
(n)
ij =

∑

i1 6=j

∑

i2 6=j

· · ·
∑

in−1 6=j

pii1pi1i2 · · · pin−1j .

(3) p
(n)
ij =

n
∑

l=1

f
(l)
ij p

(n−l)
jj .
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Proof: éun ≥ 1,·�k
(1)

f
(n)
ij = P(τj(1) = n|X0 = i)

= P(Xn = j, Xm 6= j, m = 1, 2, . . . , n − 1|X0 = i)

≤ P(Xn = j|X0 = i) = p
(n)
ij

≤ P(τj(1) ≤ n|X0 = i)

≤ P(τj(1) < ∞|X0 = i) = fij ≤ 1.

33



(2)·�Äky²�n > 1,

f
(n)
ij =

∑

i1 6=j

pii1f
(n−1)
i1j .
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¯¢þ·�k
f

(n)
ij = P(τj(1) = n|X0 = i)

= P(X1 6= j, X2 6= j, · · · , Xn−1 6= j, Xn = j|X0 = i)

=
∑

i1 6=j

P(X1 = i1, X2 6= j, · · · , Xn−1 6= j, Xn = j|X0 = i)

=
∑

i1 6=j

P(X2 6= j, · · · , Xn−1 6= j, Xn = j|X0 = i, X1 = i1)

×P(X1 = i1|X0 = i) Markov Property

=
∑

i1 6=j

P(X2 6= j, · · · , Xn−1 6= j, Xn = j|X1 = i1)pii1

Homogeneous Property

=
∑

i1 6=j

pii1P(X1 6= j, · · · , Xn−2 6= j, Xn−1 = j|X0 = i1)

=
∑

i1 6=j

pii1f
(n−1)
i1j .
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·�S�þªk
f

(n)
ij =

∑

i1 6=j

pii1f
(n−1)
i1j

=
∑

i1 6=j

pii1





∑

i2 6=j

pi1i2f
(n−2)
i2j





=
∑

i1 6=j

∑

i2 6=j

pii1pi1i2f
(n−2)
i2j

= · · ·

=
∑

i1 6=j

∑

i2 6=j

· · ·
∑

in−1 6=j

pii1pi1i2 · · · pin−2in−1
f

(1)
in−1j

=
∑

i1 6=j

∑

i2 6=j

· · ·
∑

in−1 6=j

pii1pi1i2 · · · pin−2in−1
pin−1j .
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(3)^{Xn = j} ⊂ ∪n
l=1{Xm 6= j, m = 1, 2, . . . , l − 1, Xl = j}·�k

p
(n)
ij = P(Xn = j|X0 = i)

= P(∪n
l=1(Xm 6= j, m = 1, 2, . . . , l − 1, Xl = j), Xn = j|X0 = i)

=
n
∑

l=1

P(Xm 6= j, m = 1, 2, . . . , l − 1, Xl = j, Xn = j|X0 = i)

=
n
∑

l=1

P(Xn = j|Xm 6= j, m = 1, 2, . . . , l − 1, Xl = j, X0 = i)

×P(Xm 6= j, m = 1, 2, . . . , l − 1, Xl = j|X0 = i)

=
n
∑

l=1

P(Xn = j|Xl = j)f
(l)
ij

=
n
∑

l=1

f
(l)
ij p

(n−l)
jj .
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ê¼óG��±Ï�i ∈ S,K¡{n ≥ 1; p
(n)
ii > 0}���ú�êǑG�i�±Ï,·�PǑdi,=

di = GCD{n|n ≥ 1; p
(n)
ii > 0} (GCD = Greatest Common Divisor),d	§·�½Â

hi = GCD{n|n ≥ 1; f
(n)
ii > 0}.
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~f���àgê¼óX = {Xn; n ≥ 0}�kn�G�S = {1, 2, 3}�Ù�ÚVÇ=£Ý
Ǒ
P =









0 1 0

1/2 0 1/2

1 0 0









.

O�G�1�±Ïd1"

Answer: p11 = 0,�âP(n) = Pn��
p
(2)
11 = p11p11 + p12p21 + p13p31 = p12p21 > 0,

p
(3)
11 = p12p23p31 > 0,Ïd{2, 3} ⊂ {n; p

(n)
ii > 0},u´d1 = 1"
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±Ï�5�
(1)XJp

(n)
ii > 0,K�3m ≥ 1��

n = mdi.

(2)XJf
(n)
ii > 0,K�3m′ ≥ 1��

n = m′hi.

(3)XJdiÚhi¥k���3,K,��Ǒ�3,¿���=di = hi.

40



Proof: (1)Ú(2)w,d��ú�ê�½Â��"e¡·�©nÚy²(3)"
Step 1. ½Âü�8Ü

N1 = {n|n ≥ 1; p
(n)
ii > 0}, Ú N2 = {n|n ≥ 1; f

(n)
ii > 0}.·�y²: N1ÚN2¥k����,K,��Ǒ��"

•XJN1 6= ∅,K�3,�n ≥ 1,�p
(n)
ii > 0.ù¿�X(Lemma 5.3.1

Page148)

p
(n)
ii =

n
∑

l=1

f
(l)
ii p

(n−l)
ii > 0.

ù`²�½�31 ≤ l′ ≤ n�f
(l′)
ii > 0,=l′ ∈ N2"Ïd·�k

N2 6= ∅"

41



•XJN2 6= ∅,K�3,�n ≥ 1,�f
(n)
ii > 0. �k

p
(n)
ii ≥ f

(n)
ii > 0.ùy²
n ∈ N1,=N1 6= ∅"

Step 2. ·�y²: di ≤ hi"¯¢þ,duf
(n)
ii ≤ p

(n)
ii ,�N2 ⊂ N1,ù¿�Xdi ≤ hi"

Step 3. ·�y²: hi ≤ di"
•XJhi = 1,dStep 2��di = 1,ldi = hi"
•XJhi > 1,K�n = 1, . . . , hi − 1, f

(n)
ii = 0,±9

p
(n)
ii =

n
∑

l=1

f
(l)
ii p

(n−l)
ii = 0.
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•XJn = hi + l,K�l = 1, . . . , hi − 1, f
(n)
ii = 0Úp

(l)
ii = 0.¿�·�k

p
(n)
ii =

n
∑

l′=1

f
(l′)
ii p

(n−l′)
ii

= f
(1)
ii p

(hi+l−1)
ii + · · · + f

(hi−1)
ii p

(l+1)
ii�âþ�Ú·�kf

(1)
ii = · · · = f

(hi−1)
ii = 0

+f
(hi)
ii p

(l)
ii 5¿p

(l)
ii = 0

+f
(hi+1)
ii p

(l−1)
ii · · · + f

(hi+l)
ii p

(0)
ii�âù�Ú·�kf

(hi+1)
ii = · · · = f

(hi+l)
ii = 0

= 0 + 0 + 0 = 0.·�dêÆ8B{�?�Úy²: é?¿�n ≥ 1�ØU�hi�Ø,·�k

f
(n)
ii = 0 ⇒ p

(n)
ii = 0,
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ù`²nǑØU�di�Ø,d_Ä·K���di|n,Khi|n"�n = di,Khi|di,ù¿�Xhi ≤ di"

44



~�Ú�~�G�(Recurrence and Transience)

(1)·�¡ê¼óG�iǑ~�G�(Recurrence),XJ

fii = P(τi(1) < ∞|X0 = i) = 1.

(2)·�¡ê¼óG�iǑ�~�G�(Transience),XJ
fii = P(τi(1) < ∞|X0 = i) < 1.

i is Recurrent ⇔ P(Xn = i for infinitely many n|X0 = i) = 1

i is Transient ⇔ P(Xn = i for infinitely many n|X0 = i) = 0
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(3)·�¡ê¼óG�iǑ�~�G�(Positive Recurrence),XJiǑ~�G��

µii = E[τi(1)|X0 = i] < ∞.

(4)·�¡ê¼óG�iǑ"~�G�,XJiǑ~�G��
µii = E[τi(1)|X0 = i] = ∞.

(5)·�¡ê¼óG�iǑ±ÏG�,XJdi > 1. ¡iǑ�±ÏG�,XJdi = 1. ¡iǑH{G�,XJi´�~��±ÏG�"
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���pÏG�(Accessible and Communication)XJ�3n ≥ 1�p
(n)
ij > 0,K¡ê¼óG�i��G�j,PǑi → j"XJi → j�j → i,K¡G�iÚjpÏ,PǑi ↔ j"
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���pÏG��5�
(1)���D45: XJi → jÚj → k,Ki → k"

(2)pÏ�D45: XJi ↔ jÚj ↔ k,Ki ↔ k"

(3)pÏ�é¡5: XJi ↔ j,Kj ↔ i"
Proof: �y²(1)"(2)Ú(3)�y²aq"b�i → jÚj → k,Kd½Â�3n1, n2 ≥ 1�

p
(n1)
ij > 0, p

(n2)
jk > 0.KdCK�§,·�k

p
(n1+n2)
ik =

∞
∑

l=1

p
(n1)
il p

(n2)
lk ≥ p

(n1)
ij p

(n2)
jk > 0.
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���pÏG���O
(1)

i → j ⇔ fij > 0.

(2)

i ↔ j ⇔ fijfji > 0.

(3)XJi 6= j�j´~�G�,j → i,Ki ↔ j¿�kfij = fji = 1"

éu(3),·���±��iǑ´~�G�,ù3±�?1y²"
49



Proof: (1)b�i → j,K�3n ≥ 1�p
(n)
ij > 0,u´(Lemma 5.3.1

Page148)

fij ≥ p
(n)
ij > 0.XJb�fij > 0,Kd

fij =
∞
∑

n=1

f
(n)
ij > 0

���½�3��n ≥ 1�f
(n)
ij > 0,u´(Lemma 5.3.1 Page148)·�k

p
(n)
ij ≥ f

(n)
ij > 0.éu(2),·�d(1)á=��"
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(3)·�ky²i → j"·�æ^�y{"b�iØ��j,ù¿�X

P(Xl 6= j, ∀ l ≥ 1|X0 = i) = 1.duj → i,K�3��m ≥ 1�p
(m)
ji > 0. 5¿�j´~�G�,K

0 = P(τj(1) = ∞|X0 = j)

= P(Xl 6= j, ∀ l ≥ 1|X0 = j)

= P(Xl 6= j, ∀ l ≥ m + 1|X0 = j) ÏǑj´~��,�§��¡õg��j

≥ P(Xl 6= j, ∀ l ≥ m + 1, Xm = i|X0 = j) since i 6= j

= P(Xl 6= j, ∀ l ≥ m + 1|Xm = i, X0 = j)P(Xm = i|X0 = j)

= P(Xl 6= j, ∀ l ≥ m + 1|Xm = i)p
(m)
ji by Markov Property

= P(Xl 6= j, ∀ l ≥ 1|X0 = i)p
(m)
ji

= p
(m)
ji > 0. ùw,´gñ�.
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·��Xy²fij = 1"duj → i,Kd(1)���½�3��m ≥ 1�

f
(m)
ji = P(τi(1) = m|X0 = j) > 0.
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2dG�j´~��,Kd½Â�
0 = 1 − fjj = P(τj(1) = ∞|X0 = j)

= P(Xn 6= j, ∀ n ≥ 1|X0 = j)

= P(Xn+m 6= j, ∀ n ≥ 1|X0 = j)ÏǑj´~��,�§��¡õg��j"

≥ P(τi(1) = m, Xn+m 6= j, ∀ n ≥ 1|X0 = j)

= P(Xn+m 6= j, ∀ n ≥ 1|τi(1) = m, X0 = j)

×P(τi(1) = m|X0 = j)

= P(Xn+m 6= j, ∀ n ≥ 1|Xm = i)f
(m)
ji

= P(Xn 6= j, ∀ n ≥ 1|X0 = i)f
(m)
ji

= (1 − fij)f
(m)
ji .
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Doeblinúª·�kXe�Doeblinúª:

fij = lim
N→∞

∑N
n=1 p

(n)
ij

1 +
∑N

n=1 p
(n)
jj

.

AO/·�k

fii = 1 − lim
N→∞

1

1 +
∑N

n=1 p
(n)
ii

.
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Proof: ·�æ^���{ü�y²�{(Ý1¼ê�{)"�Ä±eü�Ý1¼ê:

Pij(x) =

∞
∑

n=0

p
(n)
ij xn, Fij(x) =

∞
∑

n=0

f
(n)
ij xn, 0 < x < 1.

·��½f
(0)
ij = 0,é¤ki, j ∈ S"
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u´·�k
Pij(x) =

∞
∑

n=0

p
(n)
ij xn = p

(0)
ij +

∞
∑

n=1

p
(n)
ij xn

= δij +

∞
∑

n=1

n
∑

m=1

f
(m)
ij p

(n−m)
jj xmxn−m

= δij +
∞
∑

m=1

∞
∑

n=m

f
(m)
ij xmp

(n−m)
jj xn−m

= δij +
∞
∑

m=1

f
(m)
ij xm

∞
∑

n=0

p
(n)
jj xn

= δij +
∞
∑

m=0

f
(m)
ij xm

∞
∑

n=0

p
(n)
jj xn

= δij + Fij(x)Pjj(x), 0 < x < 1.
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òþªü>Ó�4�x → 1,�5¿�
lim
x→1

Fij(x) = fij .�

∞
∑

n=0

p
(n)
ij = δij + fij

∞
∑

n=0

p
(n)
jj

⇔ δij +

∞
∑

n=1

p
(n)
ij = δij + fij

(

1 +

∞
∑

n=1

p
(n)
jj

)

⇔
∞
∑

n=1

p
(n)
ij = fij

(

1 +
∞
∑

n=1

p
(n)
jj

)

.
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~�G���OG�i´~�� ⇔ fii = 1 ⇔
∞
∑

n=1

p
(n)
ii = +∞.

G�i´�~�� ⇔ fii < 1 ⇔
∞
∑

n=1

p
(n)
ii < +∞.

Proof: A^úª

fii = 1 −
1

1 +
∑∞

n=1 p
(n)
ii

.
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=£VÇ�4�XJG�iǑ±Ïdi�~�G�,K�34�
lim

n→∞
p
(ndi)
ii =

di

µii
,Ù¥µii = E[τi(1)|X0 = i]²þ�£�m.
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{y:

Step 1: ·�Ú\
rn =

∞
∑

k=n+1

f
(k)
ii , n = 0, 1, 2, . . . .

dui´~��,�r0 = fii = 1. Ïd
r0p

(n)
ii = p

(n)
ii =

n
∑

k=1

f
(k)
ii p

(n−k)
ii =

n
∑

k=1

(rk−1 − rk)p
(n−k)
ii

=

n
∑

k=1

rk−1p
(n−k)
ii −

n
∑

k=1

rkp
(n−k)
ii

=

n−1
∑

k=0

rkp
(n−1−k)
ii −

n
∑

k=1

rkp
(n−k)
ii .

60



ù��

n
∑

k=0

rkp
(n−k)
ii =

n−1
∑

k=0

rkp
(n−1−k)
ii , n = 1, 2, . . . .

ù?�Ú��

n
∑

k=0

rkp
(n−k)
ii = r0p

(0)
ii = 1, n = 0, 1, 2, . . . .
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Step 2: �
limn→∞p

(ndi)
ii = λi.·�A^i�~�59��êØ�£�y²µ�3f�

{nm; m = 1, 2, . . . }Ú��êN0�
lim

m→∞
p
((nm−N)di)
ii = λi, ∀ N ≥ N0.�âStep 1,·�®²y²

n
∑

k=0

rkp
(n−k)
ii = 1, n = 0, 1, 2, . . . .

3þª�n = (nm − N0)di¿5¿�XJdiØU�Øk�,p(k)
ii = 0,u´·�k

nm−N0
∑

k=0

rkdi
p
((nm−N0−k)di)
ii = 1.
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-þªü>�m → ∞(=nm → ∞),Kk

λi =
1

∑∞
k=0 rkdi

.

5¿�XJdiØU�Øk�,f (k)
ii = 0±9rn�½Â·���

rkdi
=

1

di

kdi+di−1
∑

n=kdi

rn,

ù¿�X

∞
∑

k=0

rkdi
=

1

di

∞
∑

n=0

rn =
1

di

∞
∑

n=0

∞
∑

m=n+1

f
(m)
ii =

1

di

∞
∑

n=1

nf
(n)
ii =

1

di
µii.

u´·���λi = di

µii
. ÓnXJ·��βi = limn→∞p

(ndi)
ii ,·�^�q��{�y² βi = di

µii
.u´limn→∞ p

(ndi)
ii = λi = βi = di

µii
.
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=£VÇ4��o(yb�ê¼óG�i´~��,K
(1)G�i´"~��⇔ limn→∞ p

(n)
ii = 0"

(2)G�i´H{�⇔ limn→∞ p
(n)
ii = 1

µii
> 0"

(3)G�i´�~�±Ï�⇔ limn→∞ p
(n)
ii Ø�3�k�Âñ,�ê�f�"
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Proof: (1)XJi´"~��,Kd(Thm 5.3.3 Page154),��

lim
n→∞

p
(ndi)
ii = 0, (since µii = ∞),�diØU�Øn�,d±Ï�½Â� p

(n)
ii = 0.Ïd·�k

lim
n→∞

p
(n)
ii = 0.��,XJlimn→∞ p

(n)
ii = 0,KG�i´"~�,ÄKµii < +∞,u´

lim
n→∞

p
(ndi)
ii =

di

µii
> 0.

ù�limn→∞ p
(n)
ii = 0gñ"
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(2)XJi´H{�,K±Ïdi = 1,u´
lim

n→∞
p
(n)
ii = lim

n→∞
p
(ndi)
ii =

di

µii
=

1

µii
> 0.

��,XJlimn→∞ p
(n)
ii = 1

µii
> 0,Kd(1)�,i�½Ø´"~��"du i��´~��,Ki´�~��"2d4���Ò5,�½�3

N ≥ 1��n > N�,·�k

p
(n)
ii > 0, p

(n+1)
ii > 0.ù¿�X±Ïdi = 1"
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(3)b�i´�~���di > 1,·�^�y{b�limn→∞ p
(n)
ii �3"u´·��½k

lim
n→∞

p
(n)
ii ≥ 0.

•XJlimn→∞ p
(n)
ii = 0,Kd(1)�i´"~��,ù�i´�~�G�gñ"

•XJlimn→∞ p
(n)
ii > 0,Kd4���Ò5��di = 1ù�±Ï

di > 1gñ"Ïd·���limn→∞ p
(n)
ii Ø�3"�d�·�Ek

lim
n→∞

p
(ndi)
ii =

di

µii
.

b�limn→∞ p
(n)
ii Ø�3,Kd(1)�i�½Ø´"~��,d(2)�iǑØ´H{� i��´~��,u´i��U´�~�±Ï�"
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íØ�G�j ∈ S´�~��½"~��,K
lim

n→∞
p
(n)
ij = 0, ∀ i ∈ S.

Proof: •XJi = j,ej´"~��,Kd(1)�limn→∞ p
(n)
jj = 0"ej´�~��,K∑∞

n=1 p
(n)
jj < ∞,�limn→∞ p

(n)
jj = 0"

•XJi 6= j,Ké?¿�1 < m < n,·�k
p
(n)
ij =

n
∑

l=1

f
(l)
ij p

(n−l)
jj ≤

m
∑

l=1

f
(l)
ij p

(n−l)
jj +

n
∑

l=m+1

f
(l)
ij .

u´

limn→∞p
(n)
ij ≤

m
∑

l=1

f
(l)
ij lim

n→∞
p
(n−l)
jj +

∞
∑

l=m+1

f
(l)
ij =

∞
∑

l=m+1

f
(l)
ij .
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2-m → ∞,Kk
limn→∞p

(n)
ij ≤ 0,�½¤á

limn→∞p
(n)
ij ≥ 0.ùÒy²


limn→∞p
(n)
ij = 0.
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�±Ï��Ob�G�i, j ∈ S,K·�k
(1)XJ�3,���ên ≥ 1�p

(n)
ii > 0Úp

(n+1)
ii > 0,�oG�i´�±Ï�,=di = 1"

(2)XJ�3,���êm ≥ 1�mÚ=£VÇÝ
P(m)¥1j����ØǑ",KG�j�±Ï"
(3)XJG�i±ÏǑd,K�½�3,���êN0 ≥ 1�

p
(nd)
ii > 0, ∀ n ≥ N0.

70



Proof: (1)d±Ïdi�½Âá=��"
(2)dK¿·���: é?¿�G�i ∈ S,kp

(m)
ij > 0"u´�âThm

5.2.2(Page142)�:�½�3,�G�i1 ∈ S�pii1 > 0.dCK�§(¿5¿p
(m)
i1j > 0),

p
(m+1)
ij =

∞
∑

l=1

pilp
(m)
lj ≥ pii1p

(m)
i1j > 0.

þª¥�i = jkp
(m)
ii > 0, p

(m+1)
ii > 0,�d(1)�di = 1"
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(3)ò8Ü {n|n ≥ 1; p
(n)
ii > 0}¥�êUl����^Sü�Ǒ

{n1, n2, n3, . . . , nk, . . . }.-

tk = GCD{n1, n2, . . . , nk}, k ≥ 1.w,·�kt1 ≥ t2 ≥ · · · ≥ d ≥ 1"��½�3����êN�

tN = tN+1 = · · · = d.Ïd

d = GCD{n1, n2, . . . , nN}.�â��êØ�£·��±é�����êN0�é?¿���ên ≥ N0,

nd =
N
∑

k=1

aknk, akǑ��ê"
72



u´dCK�§íÑ
p
(nd)
ii = p

(
∑N

k=1
aknk)

ii ≥ p
(a1n1)
ii p

(a2n2)
ii · · · p

(aN nN )
ii

≥
N
∏

k=1

(

p
(nk)
ii

)ak

> 0.
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pÏG��G�a.pÏ�ü�G�k�Ó�G�a."
Proof: b�i ↔ j,K�3��êl, n�α := p

(l)
ij > 0Úβ := p

(n)
ji > 0"u´dCK�§,éu?¿���êm

p
(l+m+n)
ii =

∞
∑

k,s=1

p
(l)
ik p

(m)
ks p

(n)
si ≥ p

(l)
ij p

(m)
jj p

(n)
ji = αβp

(m)
jj .

Ón

p
(l+m+n)
jj ≥ αβp

(m)
ii .

•XJj´~�G�,K∑∞
m=1 p

(m)
jj = ∞,u´

∞
∑

m=1

p
(l+m+n)
ii ≥ αβ

∞
∑

m=1

p
(m)
jj = +∞.
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Ïdi´~�G�"Ónòþ¡y²¥i, jN��XJjǑ´~�G�,Ki´~�G�"
•XJj(½i)´�~�G�,Kdþ¡�_Ä·K�i(½j)´�~�G�"

•XJj´"~�G�,ù�dulimm→∞ p
(m)
jj = 0"u´�âþ¡y²�Ø�ª

0 ≤ αβ lim
m→∞

p
(m)
ii ≤ lim

m→∞
p
(l+m+n)
jj = lim

m→∞
p
(m)
jj = 0.u´limm→∞ p

(m)
ii = 0Ïdù�duiǑ´"~�G�"

•XJj´�~�G��,Kdþ¡�_Ä·K�i´�~�G��"

•y3·�b�i, jÑ´�~��,·�y²±Ïdi = dj"�âCK�§

p
(n+l)
jj =

∞
∑

k=1

p
(n)
jk p

(l)
kj ≥ p

(n)
ji p

(l)
ij = αβ > 0.

75



u´dj |n + l"e¡·�?�
m ∈ {m|m ≥ 1; p

(m)
ii > 0},K�âþ¡y²�Ø�ª

p
(l+m+n)
jj ≥ αβp

(m)
ii > 0.ù`²dj |l + m + n,u´dj |mé¤k,m ∈ {m|m ≥ 1; p

(m)
ii > 0}"Ïd

dj |di, ù¿�Xdj ≤ di.Ón·��y

di|dj , ù¿�Xdi ≤ dj .�di = dj"
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êêê¼¼¼óóóGGG������mmm���©©©)))pÏ´�«�d'XpÏ´�«�d'X,ǑÒ´§÷vµ
(1)g�5: i → i ⇒ i ↔ i;

(2)é¡5: i ↔ j ⇒ j ↔ i;

(3)D45: i ↔ j and j ↔ k ⇒ i ↔ k.

ê¼óG��m�©) 77



ê¼óG��mS��«©)|^pÏù��d'X,ê¼ó�G��mS�©)Ǒ

S = ∪i∈SS(i), S(i) ∩ S(j) = ∅, i 6= j, i, j ∈ S,Ù¥ØÓ�8ÜS(i)ÚS(j) (i 6= j)¥�G�ØpÏ,�ü���´�±�"ù�·�¡S(i)Ǒ���da"ù¿�X
S(i) = {i} ∪ {j ∈ S|j ↔ i}.

78



48,Ø��
(1)48: �8ÜC ⊂ S´��f8,XJ

∀ i ∈ C, ∀ j ∈ Cc ⇒ p
(n)
ij = 0, ∀ n ≥ 0.XJüG�8{i}´��48,K·�¡G�i´��áÂG�"

(2)Ø��48: �C ⊂ S´��48"XJC¥Ø2¹k?Û��ý4f8,K¡C´��Ø��48(½¡���48)"
(3)Ø��àgê¼ó: XJG��mS´Ø���,K¡Tê¼ó´Ø���"

i is a closed set ⇔ ∀ i ∈ C, if i → j, then j ∈ C
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48��O^�
(1) C´48⇔ pij = 0, ∀ i ∈ C, j ∈ Cc"

(2) C´48⇔
∑

j∈C pij = 1, ∀ i ∈ C"
(3) C´48⇔

∑

j∈C p
(n)
ij = 1, ∀ i ∈ C, n ≥ 0"

(4) i ∈ S´áÂG�⇔ pii = 1"

¯¢þ·��Iy²(1)"XJ(1)¤á,K∀ i ∈ C,·�k
1 =

∑

j∈S

pij =
∑

j∈C

pij +
∑

j∈Cc

pij =
∑

j∈C

pij .

Ù{�(3)Ú(4)�(2)y²aq"e¡·��y²(1)"
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Proof: (1)7�5d½Âw,¤á(3½Â¥�n = 1)"¿©5:

•w,·�kp
(0)
ij = δij = 0, ∀ i ∈ C, j ∈ Cc"

•dK¿� pij = 0, ∀ i ∈ C, j ∈ Cc"
•·�b�n = k ≥ 2�,¤áp

(k)
ij = 0, ∀ i ∈ C, j ∈ Cc"u´�n = k + 1�§�âCK�§·�k∀ i ∈ C, j ∈ Cc,

p
(k+1)
ij =

∑

l∈S

p
(k)
il plj =

∑

l∈C

p
(k)
il plj+

∑

l∈Cc

p
(k)
il plj =

∑

l∈C

p
(k)
il 0+

∑

l∈Cc

0plj = 0.

ÏddêÆ8B{·���

∀ i ∈ C, ∀ j ∈ Cc ⇒ p
(n)
ij = 0, ∀ n ≥ 0.
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Ø����O^�
(1)XJ�daS(i)´48,K§�½´Ø��48"

(2)�C´48,�oC´Ø���⇔ C¥�?Ûü�G�ÑpÏ"

(3)àgê¼óØ��⇔§�?Ûü�G�ÑpÏ"
(4)�i´~��,KS(i)´48,Ïd´Ø���"

duê¼ó�G��mS´��48,K(3)�(J�d(2)íÑ"e¡·��y²(1),(2)Ú(4)"
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Proof: (1)�C´S(i)�����48,Kd48�½Â·��

∀ j ∈ C, XJj → k, Kk ∈ C.�∀ l ∈ S(i)Új ∈ C,Kl ↔ iÚj ↔ i,�âpÏ�D45·�k

j ↔ l"j ∈ C(48),Kl ∈ C.ùy²
S(i) ⊂ CÏS(i) = C"

(2)¿©5�y²�(1)�y²��aq"7�5: �C´Ø��48"·�^�y{b�G�i, j ∈ CÚi 9 j

(i 6= j),½Â8Ü

D = {i} ∪ {l 6= i|l ∈ C, i → l} ⊂ C.Kd½Â�D´C���4f8(Ǒ�o?)"
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[1] i ∈ D,¤±D��¶
[2]b�DØ´48,K�3��G�k ∈ Dc�l → k (Ù¥

i 6= l ∈ D)"dui → l,��â���D45,·�k i → k,�dD�½Â, k ∈ D"ù�k ∈ Dcgñ"5¿�j ∈ Dc,� D´C�����ý4f8,ù�CØ��gñ,Ïdi → j"�q/,·�kj → i,u´ i ↔ j"
(4)·��Iy²S(i)´48"?�G�j ∈ S(i)Úk ∈ S,Ki ↔ j,dui~��jǑ~�(Thm5.3.6Page157)"yb�j → k,·��Iy²: k ∈ S(i)"¯¢þ, j → kÚj´~�G�,K�½k j ↔ k

(Coro5.3.6Page152)"ù¿�Xi ↔ k,Ïdk ∈ S(i)"
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k�G�àgê¼ó��/
(1)k�G�àgê¼ó�¤k�~�G�¤/¤�8ÜDØ�U´48(D 6= ∅)"

(2)k�G�àgê¼óØ�U�3"~�G�"
(3)Ø��k�G�àgê¼ó�¤kG�Ñ´�~��"

85



Proof: (1)^�y{b�D´48,KdLemma5.3.7(3)Page159��

∑

j∈D

p
(n)
ij = 1, ∀ i ∈ D, n ≥ 0.

�âíØ5.3.3Page156�limn→∞ p
(n)
ij = 0"5¿�D���´k��,Ïdéþªü>�4�n → ∞��0 = 1�gñ"ÏdDØ´48"
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(2)^�y{b�G��m¥�3"~�G�j ∈ S"u´�½�3,��daS(j),Ïj~��S(j)´48"Ïd·�k

∑

k∈S(j)

p
(n)
ik = 1, ∀ i ∈ S(j), n ≥ 0.

dulimn→∞ p
(n)
ik = 09S(j)���k�5��gñ"Ïd"~�G�´Ø�U�3�"

(3)d(1)Ú(2)á=��"
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àgê¼óG��m©)½nàgê¼óG��mS���©)¤pØ���G�f8�¿

S = D ∪ C1 ∪ C2 ∪ · · · ,Ù¥D´¤k�~�G��¤�f8, Cn, n = 1, 2, . . .´d~�G��¤�Ø��48,z�Ci¥k�Ó�G�a."
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öööSSSé±eàgê¼ó�G��m?1©)
P =









0 0.5 0.5

0.5 0 0.5

0.5 0.5 0
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0.5

0.5

0.5

0.5 0.5

0.5
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P =





















0.7 0 0.3 0 0

0.1 0.8 0.1 0 0

0.4 0 0.6 0 0

0 0 0 0.5 0.5

0 0 0 0.5 0.5
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1

3 4 5

2

0.1

0.7

0.8

0.6 0.5 0.5

0.1

0.3

0.4

0.5

0.5
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Ø��48�±Ï©a�G��m�f8C´��±ÏǑd�Ø��48,KXC�±��©)¤d�pØ��G�f8J1, . . . , Jd�¿,=
C = ∪d

m=1Jm, Jm ∩ Jl = ∅, m 6= l¿�é?¿�k ∈ Jm(m = 1, 2, . . . , d)k
∑

j∈Jm+1

pkj = 1, Jd+1 := J1.

þ¡��Úúª`²µlJm¥�?¿G�Ñu,²�Ú=£7½U?\Jm+1¥"
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~5.3.8Page165

2

5 7

1 3

6 8

4

0.25

0.5

0.25

0.5

0.5

1/3

2/3

1

1

0.5

0.5

1

1
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Ún�G��m�f8C´��±ÏǑd�Ø��48"XJé?¿�G�i, j ∈ C,k
p
(n1)
ij > 0, p

(n2)
ij > 0, (n2 > n1)K·�k

d|n2 − n1.

Proof: duC´��Ø��48K§¥�¤kG�ÑpÏ"u´�½�3,���ên�p
(n)
ji > 0. u´�âCK�§,·�k

p
(n1+n)
ii ≥ p

(n1)
ij p

(n)
ji > 0, p

(n2+n)
ii ≥ p

(n2)
ij p

(n)
ji > 0.�d|n1 + nÚd|n2 + n,ùy²
d|n2 − n1"
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{{{yyy(Thm5.3.10) : é?¿�G�i ∈ CÚm = 1, . . . , d,·��EG�f8

Jm = {j ∈ C; ∃ n ≥ 0, p
(nd+m)
ij > 0}.w,·�kC = ∪d

m=1Jm"y3·�y²µ
Jm ∩ Jl = ∅, m 6= l.^�y{b��3j ∈ Jm ∩ Jl,�odJm�½Â�½�3

n1, n2 ≥ 0�

p
(n1d+m)
ij > 0, p

(n2d+l)
ij > 0.dþ¡�Ún�d|l − m,�1 ≤ m, l ≤ d��km = l"ù�m 6= lgñ"
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e¡·�y²∀ k ∈ Jm,k∑j∈Jm+1
pkj = 1. 5¿�C´48,�

1 =
∑

j∈C

pkj =
∑

j∈Jm+1

pkj +
∑

j∈C/Jm+1

pkj .

Edk ∈ Jm�½Â��3n ≥ 0�p
(nd+m)
ik > 0,éþ¡� n9

j ∈ C/Jm+1,k

0 = p
(nd+m+1)
ij ≥ p

(nd+m)
ik pkj ≥ 0.ù`²p

(nd+m)
ik pkj = 0.p

(nd+m)
ik > 0ù��kpkj = 0.

��5(Ñ)
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öS�X = {Xn; n ≥ 0}Ǒ±Ïd�Ø��àgê¼ó"�o�âþ¡�½n·���ÙG��mS���©)Ǒd�pØ���G�f8

J1, . . . , Jd�¿,y3½Â#�L§
Yn = Xnd, n = 0, 1, 2, . . . .y²µ

(1) Y = {Yn; n ≥ 0}´±(p
(d)
ij )Ǒ�Ú=£VÇÝ
�àgê¼ó"

(2)é#ê¼óYó,Jm (m = 1, 2, . . . , d)Ñ´Ø��48�Ù¥�G�Ñ´�±Ï�"

(3)XJX¥�¤kG�Ñ´~��,�oY�¤kG�Ǒ´~��"
98



Proof: (1)¯¢þ·�k
P(Yn+1 = j|Y0 = i0, . . . , Yn−1 = in−1, Yn = i)

= P(X(n+1)d = j|X0 = i0, Xd = i0, . . . , X(n−1)d = in−1, Xnd = i)

= P(X(n+1)d = j|Xnd = i) = p
(d)
ij

= P(Yn+1 = j|Yn = i)

= P(Xd = j|X0 = i)

= P(Y1 = j|Y0 = i).
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Proof: (2)·���é?¿�k ∈ Jm,
∑

j∈Jm+1
pkj = 1"2�â

Jm��E·��½k
∑

j∈Jm

p
(d)
kj = 1, ∀ k ∈ Jm.

ǑÒ´`µlJmÑu²LdÚ=£�½�±#�£Jm"ù�dLemma5.3.7(page158)�: Jm (m = 1, . . . , d)éYóÑ´48"duX´Ø���,�é?¿�j, k ∈ Jm,kj ↔ k,u´�3

N ≥ 0�p
(N)
jk > 0,ù¿�XN�U´/Xnd�L«"¯¢þ:é�½�G�i,dj ∈ Jm,K�3n1 ≥ 0,�p

(n1d+m)
ij > 0. �âCK�§·�k p

(n1d+m+N)
ik ≥ p

(n1d+m)
ij p

(N)
jk > 0,duk ∈ Jm,�d|n1d + N . ùy²d|N"
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ÏdéYó, j → kÓnk → j,�j ↔ k"ù�A^ Lemma 5.3.9
Pg159�: JméYó´Ø��48"2A^Thm5.3.5(3)Page156�: �½�3 N ≥ 1�

p
(nd)
ii > 0, p

((n+1)d)
ii > 0, ∀ n ≥ N.�Y�G�´�±Ï�"
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(3)�X�¤kG�´~��,Ké?¿�j ∈ Jm,�â±Ï�½Â,�dØU�Øn�, p
(n)
jj = 0"ÏǑp

(n)
jj ≥ f

(n)
jj ,lf

(n)
jj = 0,u´

1 = fjj =
∞
∑

n=1

f
(n)
jj =

∞
∑

n=1

f
(nd)
jj .

Ïd�éYóÙG�Ñ´~��"
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===£££VVVÇÇÇ���444������²²²©©©ÙÙÙ£�®²y²�(JXJê¼óG�j´�~�½"~��,Ké?¿�G�i ∈ S,·�k

lim
n→∞

p
(n)
ij = 0.�e5·�?Ø: (1)G�i�~�, j�~�; (2) i, jÓáu���~�a� limn→∞ p
(n)
ij �4�¯K"

=£VÇ�4��²©Ù 103



===£££VVVÇÇÇ���444������²²²©©©ÙÙÙ4�½n5.4.1XJG�j�~�,Ké?¿�G�i,·�k
lim

n→∞
p
(ndj+r)
ij = fij(r)

dj

µjj
, r = 1, 2, . . . , dj .

Ù¥fij(r) =
∑∞

n=0 f
(ndj+r)
ij �÷v

dj
∑

r=1

fij(r) = fij .

=£VÇ�4��²©Ù 104



Ǒ
y²T4�½n,·�I�e¡���Ún"Ún�{an; n ≥ 0}Ú{bn; n ≥ 0}Ñ´�Kê�. XJ§�÷vXe^�:

(1)
∑∞

n=0 an < +∞ (½∑∞
n=0 an = +∞�ank.);

(2) limn→∞ bn = b < +∞,�o·�k
lim

n→∞

∑n
m=0 ambn−m
∑n

m=0 am
= b.

105



444���½½½nnn4.5.1���yyy²²²5¿�·�k
p
(ndj+r)
ij =

n
∑

m=1

f
(mdj+r)
ij p

((n−m)dj)
jj .

XJ·��

an = f
(ndj+r)
ij k., bn = p

(ndj)
jj → b =

dj

µjj
, n → ∞, by Thm5.3.3 Pp154,�o

p
(ndj+r)
ij =

n
∑

m=0

ambn−m.
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dþ¡�Ún¿5¿�
n
∑

m=0

am =
n
∑

m=0

f
(mdj+r)
ij → fij(r), n → ∞,

u´

lim
n→∞

p
(ndj+r)
ij = lim

n→∞

[(

n
∑

m=0

am

)

∑n
m=0 ambn−m
∑n

m=0 am

]

= bfij(r) = fij(r)
dj

µjj
.
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íØ�ê¼óX = {Xn; n = 0, 1, . . . }´Ø��àgê¼ó,�§�z�G�Ñ´�~�Ú±ÏǑd"u´G��mS����©)¤

S = ∪d
m=1Jm,Ké?¿�G�i, j ∈ S,·�k

lim
n→∞

p
(nd)
ij =







d
µjj

, ei, jáuÓ��Jm

0, ÄK.AO/,XJ±Ïd = 1 (S = J1),Ké?¿�i, j ∈ S,·��½k
lim

n→∞
p
(n)
ij =

1

µjj
.
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3d = 1��/e,·�uy(p
(n)
ij )�4��3��G�i�',·�²~Pù�4�Ǒπj ,=

lim
n→∞

p
(n)
ij = πj =

1

µjj
.

109



Proof: 3½n4.5.1¥�r = d,Kk
lim

n→∞
p
(nd)
ij = lim

n→∞
p
((n+1)d)
ij = fij(d)

d

µjj

=
d

µjj

∞
∑

n=0

f
((n+1)d)
ij =

d

µjj

∞
∑

n=1

f
(nd)
ij .

•XJi, jØáuÓ��Jm,KdJm�½Â�:

p
(nd)
ij = 0, n = 1, 2, . . . . ��ùÂPage100.5¿�0 ≤ f

(nd)
ij ≤ p

(nd)
ij = 0,�f

(nd)
ij = 0, n = 1, 2, . . . ,u´

fij(d) = 0.
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•XJáuÓ��Jm"edØU�Øn,Kp
(n)
ij = 0,lf

(n)
ij = 0"u´

fij(d) =
∞
∑

n=1

f
(nd)
ij =

∞
∑

n=1

f
(n)
ij = fij .dLemma5.3.6Page152,�fij = 1,Ïdfij(d) = 1"
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=£VÇ4�o(�ê¼óG��mS = D ∪C0 ∪C+
1 ∪C+

2 ∪ · · · ,Ù¥DǑ�~�G�8, C0Ǒ"~�G�48, C+
m(m = 1, 2, . . . )Ǒ�~�G�48,K

lim
n→∞

p
(n)
ij =



























0, j ∈ D ∪ C0, i ∈ S
fij

µjj
, j ∈ C+

mH{(d = 1), i ∈ S

0, j ∈ C+
m±Ïd > 1, i ∈ C0 ∪ C+

l , l 6= m��Ø�3, j ∈ C+
m±Ïd > 1, i ∈ D ∪ C+

m.
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4�©Ù�CǑpÏ�H{G��¤�48(Ø��48),K·�k

∑

j∈C

1

µjj
= 1.

XJC = S,Kπ = {πj = 1
µjj

; j ∈ S}�¤��VÇ©Ù(©ÙÇ)"d�·�¡πǑê¼ó�4�©Ù"

113



Proof: ·�5¿�:

lim
n→∞

p
(n)
ij =

1

µjj
> 0, ∀ i, j ∈ C.ÏǑC´48,K∑j∈C p

(n)
ij = 1, i ∈ C. �âFatouÚn

∑

j∈C

1

µjj
=
∑

j∈C

limn→∞p
(n)
ij ≤ limn→∞

∑

j∈C

p
(n)
ij = 1.

2�âCK�§,é?¿�g,êm,·�kp
(n+m)
ij =

∑

k∈C p
(n)
ik p

(m)
kj .ü>�e4�(n → ∞),dFatouÚn�

1

µjj
≥
∑

k∈C

1

µkk
p
(m)
kj .

e¡·�y²µé?¿�j ∈ CÚm,Ñk
1

µjj
=
∑

k∈C

1

µkk
p
(m)
kj .
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^�y{,b��3,�j0 ∈ C�

1

µj0j0

>
∑

k∈C

1

µkk
p
(m)
kj0

.

u´·�k
∑

j∈C

1

µjj
>

∑

j∈C

(

∑

k∈C

1

µkk
p
(m)
kj

)

=
∑

k∈C

1

µkk





∑

j∈C

p
(m)
kj





=
∑

k∈C

1

µkk
,

ùw,´�gñ"u´·�y²
é?¿�j ∈ CÚm,Ñk
1

µjj
=
∑

k∈C

1

µkk
p
(m)
kj .

ü>�m → ∞(^��Âñ½n(DCT)XÛ^?),q5¿� 1
µjj

> 0§Ïd��·��(J"
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������ÂÂÂñññ½½½nnn(DOMINATED CONVERGENCE THEOREM)

DCT1�{a
(m)
n ; n = 1, 2, . . . }´¢�ê� (m ∈ N)�limm→∞ a

(m)
n �3"XJ|a

(m)
n | ≤ bn�∑∞

n=1 bn < ∞,K
lim

m→∞

∞
∑

n=1

a(m)
n =

∞
∑

n=1

(

lim
m→∞

a(m)
n

)

.

éuþ¡½n�y²,·��I5¿�µ
∑

k∈C

∣

∣

∣

∣

1

µkk
p
(m)
kj

∣

∣

∣

∣

≤
∑

k∈C

1

µkk
≤ 1 < ∞.

DCT2�{fn(x); n = 1, 2, . . . }´��Rþ�¼ê�limn→∞ fn(x) = f(x)"XJ|fn(x)| ≤ g(x)�∫
R
|g(x)|dx < ∞,K∫

R
fn(x)dx →

∫

R
f(x)dx"��Âñ½n(DOMINATED CONVERGENCE THEOREM) 116



~~~KKKµµµPAGE196–11

(1)Ǒ�o´ê¼ó¶
(2)G��m¶

(3)G�©);

(4)O�µf
(2)
00 Úf

(7)
00 ?"
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²²²©©©ÙÙÙ(ØØØCCCÿÿÿÝÝÝ)²©Ù�½Â�π = {πj ; j ∈ S}´��VÇ©Ù,XJ§÷v

π = πP, or πj =
∑

i∈S

πipij, j ∈ S,

K¡π´ê¼ó���²©Ù"

²©Ùπ�÷v

πj =
∑

i∈S

πip
(n)
ij , j ∈ S, n = 1, 2, . . . .

²©Ù(ØCÿÝ) 118



²©Ù�5��π = {πj ; j ∈ S}´ê¼óX��²©Ù,XJ·���©©ÙǑπ: P(X0 = i) = πi,Ké?¿�n ≥ 1,·�k
P(Xn = i) = πi, i ∈ S.?�Ú·�k: é?¿l ≥ 2Úm,

P(Xn1+m = i1, . . . , Xnl+m = il) = P(Xn1
= i1, . . . , Xnl

= il).d�,ê¼óX´î²�"

119



Proof: (1)w,·�k
P(Xn = i) =

∑

k∈S

P(Xn = i, X0 = k)

=
∑

k∈S

P(Xn = i|X0 = k)P(X0 = k)

=
∑

k∈S

πkp
(n)
ki = πi, i ∈ S.

120



(2)|^Thm5.2.3Page142,·�k
P(Xn1+m = i1, . . . , Xnl+m = il)

=
∑

i0∈S

πi0p
(n1+m)
i0i1

p
(n2−n1)
i1i2

· · · p
(nl−nl−1)
il−1il

= πi1p
(n2−n1)
i1i2

· · · p
(nl−nl−1)
il−1il

= P(Xn1
= i1)P(Xn2

= i2|Xn1
= i1)

×P(Xnl
= il|Xnl−1

= il−1)

= P(Xn1
= i1, . . . , Xnl

= il), By Markov Property.

121



Thm5.4.1���íØé?¿�G�i ∈ S,·�ke��4�(J:

lim
n→∞

1

n

n
∑

m=1

p
(m)
ij =







0, ejǑ�~�½"~�;
fij

µjj
, ejǑ�~�.

XJê¼ó´Ø����G�Ñ´~��,Kù
G��½´pÏÏdfij = 1"u´·��âþ¡�(J�½k
lim

n→∞

1

n

n
∑

m=1

p
(m)
ij =

1

µjj
.

e¡·�y²ù�íØ,Ǒd·�I�e¡�Ún"
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��'uê�4��Ún�{an; n ≥ 1}´��ê���3��êd�
lim

m→∞
amd+r = br, r = 1, 2, . . . , d,K·�k

lim
n→∞

1

n

n
∑

m=1

am =
1

d

d
∑

r=1

br.
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Proof:

•XJG�jǑ�~�½"~�,Klimm→∞ p
(m)
ij = 0, ∀ i ∈ S. 3þ¡�Ún¥�am = p

(m)
ij Úd = 1,K�Ukr = 1�b1 = 0. u´�âþ¡�Ún,·�á=k
lim

n→∞

1

n

n
∑

m=1

p
(m)
ij = b1 = 0.

•XJG�jǑ�~��±ÏǑdj ,KdThm5.4.1(P167),·�k

lim
m→∞

p
(mdj+r)
ij = fij(r)

dj

µjj
, r = 1, 2, . . . , dj.3þ¡Ún¥�am = p

(m)
ij Úd = dj ,K br = fij(r)

dj

µjj
,Ïdk

lim
n→∞

1

n

n
∑

m=1

p
(m)
ij =

1

dj

dj
∑

r=1

br =
1

dj

dj
∑

r=1

fij(r)
dj

µjj
=

fij

µjj
.
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VÇ©Ù{ 1
µjj

; j ∈ C}�C´��±ÏǑd > 1��~�G��Ø��48,K

{ 1
µjj

; j ∈ C}�½´�VÇ©Ù,=∑

j∈C
1

µjj
= 1.

d = 1��/®�Thm5.4.4Page169¤y²"

125



Proof: �âThm5.3.10Page160,·�k©) C = ∪d
m=1Jm"dCoro5.4.1Page168�: ∀ i, j ∈ Jm,·�k

lim
n→∞

p
(nd)
ij =

d

µjj
.2�âThm5.3.11Page161,·��E��#�ê¼ó

Y = {Yn := Xnd; n = 0, 1, . . . }.u´Y��Ú=£VÇǑ

p
(1)
y;ij = p

(d)
ij .?�Ú·�k: éYó,z�JmÑ´Ø��48,�Ù¥�G�Ñ´�±Ï�"u´éYó,k

πy;j := lim
n→∞

p
(n)
y;ij = lim

n→∞
p
(nd)
ij =

d

µjj
, ∀ i, j ∈ Jm.
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éY ,A^�±Ï��/(�Thm5.4.4Page169),·�k

∑

j∈Jm

d

µjj
=
∑

j∈Jm

πy;j = 1.

Ïd·�k

∑

j∈C

1

µjj
=

d
∑

m=1





∑

j∈Jm

1

µjj



 =
1

d

d
∑

m=1





∑

j∈Jm

d

µjj



 =
1

d

d
∑

m=1

1 = 1.
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Ø���~�ê¼ó�²©Ù�X = {Xn; n = 0, 1, . . . }´��Ø��àgê¼ó,XJÙG��mS¥¤kG�Ñ´�~��,KXk���²©Ù:

{πj =
1

µjj
; j ∈ S}.?�Ú,XJS¥¤kG�Ñ´H{�,Kù����²©ÙÒ´4�©Ù"

128



Proof: (1)ÏǑS´Ø��48�G�Ñ´�~�,¤±·��âþ¡�(Jk∑j∈S πj =
∑

j∈S
1

µjj
= 1"

(2)·�y²'Xπ = πP. �âCK�§,·�k

1

n

n
∑

m=1

p
(m+1)
ij =

1

n

n
∑

m=1

(

∑

k∈S

p
(m)
ik pkj

)

=
∑

k∈S

(

1

n

n
∑

m=1

p
(m)
ik

)

pkj .

Ïd·��âFatouÚnk
πj =

1

µjj
= lim

n→∞

n + 1

n
×

1

n + 1

n+1
∑

m=1

(

p
(m)
ij − pij

)

= lim
n→∞

1

n

n
∑

m=1

p
(m+1)
ij = limn→∞

∑

k∈S

(

1

n

n
∑

m=1

p
(m)
ik

)

pkj

≥
∑

k∈S

(

limn→∞

1

n

n
∑

m=1

p
(m)
ik

)

pkj =
∑

k∈S

πkpkj .
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e¡·�y²þ¡�Ø�ª¢Sþ´�ª"·�^�y{, b��3,�G�j0 ∈ S�
πj0 >

∑

k∈S

πkpkj0 .ù�·�k

∑

j∈S

πj >
∑

j∈S

(

∑

k∈S

πkpkj

)

=
∑

k∈S

πk





∑

j∈S

pkj





=
∑

k∈S

πk. ùw,´�gñ"
(3) π���5ò3e¡�½n¥?1?Ø"
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��àgê¼ó�²©Ù�àgê¼ó�G��mS©)Xeµ
S = D ∪ C0 ∪ C+

1 ∪ C+
2 ∪ · · · = Q ∪ H, (Q = D ∪ C0),Ù¥D´�~�G�8, C0´"~�G�48, C+

m (m = 1, 2, . . . )´�~�G��Ø��48"b� πj > 0, j ∈ SÚ∑j∈S πj < ∞,K{πj ; j ∈ S}ǑTê¼ó�²©Ù�¿�^�´: �3�Kê�

{λm; m = 1, 2, . . . }�

(1)
∑

m

λm = 1;

(2) πj = 0, j ∈ Q;

(3) πj =
λm

µjj
, j ∈ C+

m, m = 1, 2, . . . .
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��àgê¼ó�²©Ùdþ¡�½n,·�éN´��e¡�íØµéuàgê¼ó,

(1)Ù²©Ù�3⇔Ù���3���~�Ø��48C+
m"d��²©ÙǑπj = λm

µjj

Ù¥j ∈ C+
mÚ∑m λm = 1.

(2)Ù�3���²©Ù⇔ÙT��k���~�Ø��48C+
1 "d�ù����²©ÙǑπj = 1

µjj

Ù¥j ∈ C+
1 .

(3)Ù�3�¡õ�²©Ù⇔Ù��kü�ØÓ��~�G��Ø��48C+
m, C+

n"~X�kü���/,K²©ÙǑ
πj = λm

µjj
( λn

µjj
)Ù¥j ∈ C+

m(C+
n )Úλm + λn = 1 (w,�K�λm, λnk�¡���÷vù��§).

(4)Ø��àgê¼ó�3���²©Ù⇔ÙG��mS�G�Ñ´�~��"d�ù����²©ÙǑπj = 1
µjj

Ù¥j ∈ S.
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Ø��àgê¼ó�²©Ù�3�,��¿�^�Ø��àgê¼ó�²©Ù�3⇔e¡��5�§|

zj =
∑

i∈S

zipij , j ∈ S

k�"(�K)�ýéÂñ){zj ; j ∈ S} (=∑j∈S zj < +∞)"d�,·��k

zj =
∑

i∈S

zi
1

µjj
, j ∈ S.

½�¤

1

µjj
=

zj
∑

i∈S zi
, j ∈ S.
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Proof:

⇒b�Tê¼ók²©Ù,Kd(1)�§���3���~�Ø��48"duê¼óØ��,ÏdG��mSÒ´ù��~�Ø��48"�âThm5.4.6 Page172��{πj = 1
µjj

; j ∈ S}Ò´²©Ù,Ïd�â²©Ù�½ÂπÒ´�§|z = zP�)"

⇐b��§|z = zPäk��ýéÂñ)z = {zj ; j ∈ S},K|^CK�§�

zj =
∑

i∈S

zip
(m)
ij , ∀ j ∈ S, m ≥ 1.u´·�k

zj =
1

n

n
∑

m=1

zj =
∑

i∈S

zi

(

1

n

n
∑

m=1

p
(m)
ij

)

, ∀ n ≥ 1.
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�âz�ýéÂñ,·�3þªü>�4�n → ∞��

zj =
∑

i∈S

zi

(

lim
n→∞

1

n

n
∑

m=1

p
(m)
ij

)

ÏǑz = {zj ; j ∈ S}�",ù¿�X�3,�G�j0 ∈ S�zj0 6= 0.ù��âþª�½�3,�G�i0 ∈ S�
lim

n→∞

1

n

n
∑

m=1

p
(m)
i0j0

> 0.

dLemma5.4.1 Page171���Uk
lim

n→∞

1

n

n
∑

m=1

p
(m)
i0j0

=
fi0j0

µj0j0

> 0, �j0´�~��"
135



duê¼óØ��ÏdS¥¤kG�ÑpÏ,�S¥¤kG�Ñ´�~��"�â(4)�: ²©Ù�3���¿�Ò´
πj =

1

µjj
, j ∈ S.
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~5.4.4Page178

5

6

0 1 2 3 4

1

7

1

2

1

3

1

2

1

2

1

7

1

7

1

7
1

7

1

7

1

1

2

2

3

2

3

1

2

1

2

1

3
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u´ù�k�G�ê¼ó�G��m©)Xeµ

S = D ∪ C+
1 ∪ C+

2 ∪ C+
3 ,Ù¥D = {6}, C+

1 = {0, 1, 2}, C+
2 = {3, 4}ÚC+

3 = {5}"

�C+
1 éA��Ú=£VÇÝ
Ǒ

P1 =









1
2

1
2

1
2

0 2
3

1
3

1
3 0 2

3
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�C+
2 , C+

3 éA��Ú=£VÇÝ
Ǒ
P2 =





1
2

1
2

1
2

1
2



 , P3 = [1].

)Xe�§|:

π(1) = π(1)P1,

3
∑

j=1

π
(1)
j = 1;

π(2) = π(2)P2,
2
∑

j=1

π
(1)
j = 1;

π(3) = π(3)P3, π
(1)
1 = 1;
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u´���K)
π(1) =

{

2

8
,
3

8
,
3

8

}

, π(2) =

{

1

2
,
1

2

}

, π(3) = {1}.Ïd²©Ùk�¡õ�:

π =

{

2λ1

8
,
3λ1

8
,
3λ1

8
,
λ2

2
,
λ2

2
, λ3, 0

}

,Ù¥λi�K(i = 1, 2, 3)�λ1 + λ2 + λ3 = 1"
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