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Plan of lecture

➢ Introduction
▪ A typical result of VCRM
▪ Structure of Ray theory of waves

➢ Ray theory of waves
▪ Resume of VCRM
▪ Principles of Ray theory of Waves

➢ Ray theory of waves for Rainbow
▪ Reexamination of Airy theory
▪ Solution of RTW

➢ Application of RTW
▪ Generalized rainbow patterns
▪ Light scattering by a pendant water drop
▪ Shaped beams in RTW
▪ Scattering of an elliptical Gaussian beam by a real liquid jet

➢ Conclusions and perspectives
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Introduction

➢ A typical result of VCRM: Rainbow pattern of spheroid
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Duan et al OL 2021

VCRM3D is in excellent 
agreement with exp. 
except near rainbow 
angles.

Zone of 2 rays
Zone of 4 rays

VCRM2D+ not good
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Introduction

➢ 波的射线理论：射线模型 + 波动特性
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▪ 理论研究：

1. 第一步 (上一讲)
波的复射线模型：Vectorial Complex Ray Model (VCRM):

= 射线 + 波阵面结构

2. 第二步: (这一讲)

VCRM + 干涉 + 衍射 → 波的射线理论 Ray theory of wave

➢ 已获得关键研究结果及应用:

» VCRM 的理论验证 (Yang et al, JQSRT, 2015),

» VCRM 实验验证(Onofri et al, OpEx, 2015)

» 三维扁椭球广义彩虹的理论模拟和实验验证(Q. Duan et al, OL, 2021). 

» 球形和扁椭球彩虹角附近强度精确计算(C. Zhang et al, OL, 2022)
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Ray theory of waves
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➢波的射线理论 Ray theory of wave

▪ Four principles of ray theory of waves}
» All waves are described by the vectorial complex rays and each ray 

possesses 3 properties: (a). the wave vector, (b). the complex electric 

vector and (c). the wavefront curvature.

» All properties of a ray after its interaction with a dioptric surface are 

calculated by: (a). the vectorial Snell law, (b). the Fresnel formulas in 

wave vector components and (c). the wave front equation.

» In the region without singularity, the total electric field is the 

summation of the complex electric vectors of all the rays at that point.

» In the vicinity of singular points (caustics, critical angles, …), the 

physical optics is applied for the calculation of the electric field.

The first three principles form the Vectorial Complex Ray model  VCRM.
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Ray theory of waves
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➢波的射线理论 Ray theory of waves

▪ Notes on ray theory of waves
» The vectorial complex rays (VCRM) emphasizes two aspects. (i) the rays are 

vectorial because the direction of ray is described by the wave vector and the 

electric field is in vector also. (ii) the rays are complex: the electric field is in 

complex number (amplitude and phase) and the rays have a property of wave 

front curvature, so more complex than the classical light rays.

» The ratio of the intensities at two points in the same medium is equal to the 

ratio of the Gaussian curvatures of the wave fronts at these points.

» The phase of focal lines: each time the wave curvature changes the sign, the 

phase of the wave jumps a value of /2, called also the Gouy phase shift.

» In the ray tracing procedure, the complex electric vector is described and 

calculated separately by two amplitudes and two phases. (two polarization 

states) which are continuous functions appropriates for interpolation.

» Different kinds of waves, such as surface waves, diffraction rays of GTD, 

diffraction tunneling of Nussenzveig, ... are expected to be described by 

vectorial complex rays. This remain to be explored.



西安电子科技大学现代光学前沿专题Lecture at Xidian University

Ray theory of waves for rainbow

➢ Reexamination of Airy theory

▪ Recall of Airy theory (lecture 2)

» with approximation the vicinity of 𝜽𝑹 the phase is a cubic function:

𝑢 =
ℎ𝑣3

3𝑎2 with  ℎ =
𝑝2−1 2

𝑝2

𝑝2−𝑚2 1/2

𝑚2−1 3/2

» And assuming a constant amplitude for all emergent rays, the amplitude of the 

scattered wave is give by (extending v to infinity):

• The version of van de Hulst (1957) 
permits to predict the profile, 

• But the absolute or relative  intensity?

q

I

O ( )go mq

G.O.

Airy theory
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Ray theory of waves for rainbow

➢ Reexamination of Airy theory

▪ Amplitude

» Some typical results in the literature:

» Tricker: in his book 1970

𝐴~ 𝑎/λ

» Nussenzveig: JOSA 1979 : 

𝐴~(𝑎/λ)7/6

» …

▪ Range of applicable size

» van de Hulst 0.5 mm,

» - Können (1979): 0.14 mm,

» - Nussenzveg: only correction for 1st bow,

» - Wang & van de Hulst (1991): 0.1 mm,

Perpendicular polarization
Hovenac & Lock 1992

Airy differs from Debye and difference increases with p

=1000  → a=160 λ
=1000  → a=160 λ

Perpendicular polarization
Nussenzveig PRL (1974), JOSA A (1979)

Airy fails for pparallel polarization!!

=1500 → a=240 λ
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Ray theory of waves for rainbow

➢ Solution of RWT: Huygens-Fresnel for the field of rainbow: 
(Goodman, Introduction of Fourier optics)

𝐸 𝜃 = 𝑘න
𝑣0

𝑣1

𝐴𝑋,𝑝 𝑣 exp 𝑖Φ𝑇(𝑣) 𝑑𝑣

where the amplitude

𝐴𝑋,𝑝 𝑣 = 𝜖𝑋,𝑝 𝐷𝑝,𝑣𝑖𝑟

and the phase
Φ𝑇 𝑣 = −𝑘𝑣 sin 𝜃 − 𝜃𝑅 +Φ 𝑣

In VCRM 
- the Fresnel factor 𝜖𝑋,𝑝(𝑣)

- the divergence factor 𝐷𝑝,𝑣𝑖𝑟 𝒗

- the phase on the virtual line Φ 𝑣

can all be calculated rigorously in the sense of ray model.

So the scattered field 𝑬 𝜽 is also rigorous.
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Ray theory of waves for rainbow

IV-11

( )( )3 2( ) exp / 3 dRE kC ikv ikhv a vq q q


−
= − − +

Divergence factor of GO

cylinder to sphere

Enhance factor from 

1D to 2D (Tricker)

➢ Preliminary test of our method

where

By changing variables as  𝑡3 = 𝑘ℎ𝑣3/𝑎2, we obtain naturally

𝐸𝐴𝑖𝑟𝑦
𝑝

𝜃 =
2𝜋 sin 𝜃𝑅
sin 𝜃𝑖,𝑅

1/2
−𝛼7/6

ℎ1/3
𝜖𝑋,𝑝𝐴𝑖

−𝛼2/3(𝜃 − 𝜃𝑅)

ℎ1/3

where 𝜖𝑋,𝑝 is the Fresnel factor at rainbow angle, 𝐴𝑖(. ) is the Airy function.
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➢ Rigorous phase and amplitude on the virtual line by VCRM 
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Local coordinate:

Phase:

where the supplementary phase b/t CD is

O

v
u

D O

C

 Emergent wave front

A

B

E

F

m


R

- Rq q

iq

rq
cos

cos
cos( )

R
R

a
v a




q q
= −

−

( ) F f vip r Rv =  + + + −

cos tan( )vir Rka  q q = −

Conclusions:
▪ Both phase and amplitude are calculated 

numerically, so rigorously, 
▪ No any hypothesis,
▪ Same method for non-spherical particle.
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Ray theory of waves for rainbow

➢ Rigorous phase and amplitude on the virtual line by VCRM 
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Amplitude in ⊥ polarization Amplitude in || polarization

Amplitude b/t 0 ~ 
0.37 almost constant

Amplitude b/t 0.2 ~ 0.36 
almost constant

Phase in ⊥ polarization Phase in || polarization

Phases and amplitudes near 

rainbow angles calculated by 

the cubic function and 

VCRM.

Parameters:

order : p =2

radius: a = 100 µm

Refractive index: m = 1.333

wavelength:  = 0.6328 µm
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Ray theory of waves for rainbow

➢ Rainbow of an infinite circular cylinder:
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The results of RTW are in perfect agreement 

with the Debye theory for both polarization.

Perpendicular polarization Parallel polarization
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Ray theory of waves for rainbow

➢ Rainbow for a sphere of different size:
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a=1000 µmPerpendicular polarization

m = 1.333,        = 0.6328 µm.

• Airy theory is not precise for large angle

what ever the particle size.

• VCRM+PO is precise for particle as small as 5𝜆.
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Application of RTW

➢ Generalized rainbow patterns

Zone of 2 rays
Zone of 4 rays

VCRM2D+ not good

OK: Improved 

with RTW

Ray theory of waves 

validated for a non-

spherical particle by 

experiment.
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Conclusions and perspectives

Conclusions:
➢ Ray theory of wave is very promising for the scattering of larges non-

spherical particles. It composed of two parts: VCRM and Physical optics 

➢ VCRM is well established and has been applied to predict the scattering 
patterns of typical non-spherical liquid particles.

➢ Ray theory of wave (VCRM + PO) is validated: 

▪ Airy theory revisited with VCRM.

▪ Excellent agreement b/t simulated and measured Generalized rainbow 
patterns for a spheroidal drop.

Perspectives:
➢ Applications of RTW to scattering of EM waves.

➢ Combination/relation of RTW with GTD

➢ Applications of RTW to other domains:
- liquid jet/drop imaging et characterization 
- imaging/non-imaging 
- … 
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