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Plan of lecture

➢ Introduction

▪ Considerations of a new model.

▪ Main idea of the ray theory of waves.

➢ Vector calculation and curvature of a surface

▪ Curvature of a plane curve

▪ Fundamental form and curvature of a surface

➢ Fundamentals laws of GO in vector form

➢ Wave front equation and VCRM

▪ Cylindrical wave (2D)

▪ Wave front equation in 3D and typical applications.

➢ Summary
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Introduction

➢ 经典模型的局限性-对新模型的思考
▪ 射线模型灵活但精度不够

▪ 波动理论严格但不适用大的非球形粒子

需要发展新的理论模型
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关键问题：射线模型中缺少波的形状

我们的策略：

将射线模型扩展
➢ 引入波阵面形状

➢ + 干涉

➢ + 衍射 Divergence/ 

Convergence

Phase in 

focal lines
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Introduction

➢ 我们的理论模型：射线模型 + 波动特性
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▪ 理论研究：

1. 第一步
波的复射线模型：Vectorial Complex Ray Model (VCRM):

= 射线 + 波阵面结构

2. 第二步:

VCRM + 干涉 + 衍射 → 波的射线理论 Ray theory of wave

➢ 已获得研究结果及应用:

» VCRM 的理论验证 (Yang et al, JQSRT, 2015),

» VCRM 实验验证(Onofri et al, OpEx, 2015)

» 三维扁椭球广义彩虹的理论模拟和实验验证(Q.Duan et al, OL, 2021). 

» 球形和扁椭球彩虹角附近强度精确计算(C.Zhang et al, ELS XIX, 2021)
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Curvature of a surface

➢ Property in the vicinity of tangent point C
𝜌 − 𝑑𝛿 2 + 𝑑𝑡2 = 𝜌2

▪ On develop and neglect the second order

𝑑𝛿 =
1

2𝜌
𝑑𝑡2 =

1

2
𝜅𝑑𝑡2

In the case of a circle we have:

𝑑𝛿 =
1

2𝑅
𝑑𝑡2

Remember well this result, 

That is very helpful to understand 
the curvature of a surface.
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𝑑𝛿 =
1

2
𝜅𝑑𝑡2
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Curvature of a surface

➢ Surface and fundamental forms

▪ Surface (2 variables): 
𝒓(𝑢, 𝑣) = (𝑥 𝑢, 𝑣 , 𝑦 𝑢, 𝑣 , 𝑧(𝑢, 𝑣)))

▪ First fundamental form:
𝜑1 = 𝑑𝑠2 = 𝑑𝒓 ∙ 𝑑𝒓 = 𝒓𝑢 ∙ 𝒓𝑢𝑑𝑢

2+ 𝟐𝒓𝑢 ∙ 𝒓𝑣𝑑𝑢𝑑𝑣 + 𝒓𝑣 ∙ 𝒓𝑣𝑑𝑣
2

𝐸 = 𝒓𝑢 ∙ 𝒓𝑢
𝐹 = 𝒓𝑢 ∙ 𝒓𝑣
𝐺 = 𝒓𝑣 ∙ 𝒓𝑣

𝑑𝑠2 = 𝑑𝑢, 𝑑𝑣
𝐸 𝐹
𝐹 𝐺

𝑑𝑢
𝑑𝑣

▪ Normal of the surface:

𝒏 =
𝒓
𝑢
×𝒓

𝑣

𝒓
𝑢
×𝒓

𝑣
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𝒏
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Vector calculation & curvature of a surface

➢ Curvature matrix
We rewrite the above relation as follows:

▪ Cylinder:

We know 𝜅1 = 1/𝑎, 𝜅2 = 0, the curvature matrix is

𝑄 =
1/𝑎 0
0 0

and we can write 

▪ Sphere: the curvature matrix

𝑄 =
1/𝑎 0
0 1/𝑎

with 𝒕 = 𝑎𝑑𝜃, 𝑎 sin 𝜃 𝑑𝜙 in equation given on the previous slide.
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t in dimension of distance

Curvature matrix



西安电子科技大学现代光学前沿专题Lecture at Xidian University

Fundamental laws of GO in vectors

➢ Snell-Descartes law:

▪ Reflection: 

▪ Refraction:

➢ Snell-Descartes law in vector form:

▪ For refraction ray:

𝐵𝐶 = 𝑂𝐶෠𝑘𝑖 ∙ Ƹ𝜏

𝑂𝐸 = 𝑂𝐶෠𝑘𝑟 ∙ Ƹ𝜏

Optical path:
𝐵𝐶 = 𝑚𝑂𝐸

𝑂𝐶෠𝑘𝑖 ∙ Ƹ𝜏 = 𝑚𝑂𝐶෠𝑘𝑟 ∙ Ƹ𝜏

That is
𝒌𝑖 ∙ Ƹ𝜏 = 𝒌𝑟 ∙ Ƹ𝜏

Similarly for reflection ray:
𝒌𝑖 ∙ Ƹ𝜏 = 𝒌𝑙 ∙ Ƹ𝜏
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The tangent component of 

wave vector is continuous  

'k k
 
=

'=i i

 sin 'sinn i n r=

෠𝑘𝑟

෠𝑘𝑖

 Derive the Snell’s law in vector form.
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Fundamental laws of GO in vectors

➢ Fresnel’s formulas :
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We need simply note that the 
normal components of the wave 
vectors of the incident and refracted 
rays are :

𝑘𝑖𝑛 = 𝑚0𝑘𝑖 cos 𝜃𝑖
𝑘𝑟𝑛 = 𝑚𝑝𝑘𝑖 cos 𝜃𝑟

Fresnel’s formulas in vector form:

The vector form can be derived 
in the similar way as for Snell’s law 
by using the boundary conditions 
in the first lecture. But we will not 
give the details.
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Wave front equation

➢ Cylindrical wave incident on a 
plane surface

▪  and ’ are respectively the wave fronts 
of the incident and refracted rays. 

▪ The distance of a point on the wave front 
to its tangent plane are:

So the distances OE and AC are:
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The optical path between two 
wave fronts is constant:

𝑚0𝐴𝐶 = 𝑚𝑝𝑂𝐸
i.e. Refraction law

t
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Wave front equation

➢ Cylindrical wave incident on a 
curved surface (VCRM2D)

Similar as above by adding the relation:

𝐻𝐶 =
1

2

𝑂𝐶2

𝜌𝑐
=
1

2

𝑡2cos2𝜃

𝜌𝑐
▪ The optical path between two wave 

fronts is constant:
𝑚0𝐴𝐻 = 𝑚𝑝𝑂𝐸

We find finally:
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Refraction law

t

Refraction law

Term of the 
curved diopter

In components 
of vectors
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Wave front equation

➢ Wave front equation in 3D curved surface (VCRM3D)

▪ The procedure is similar but in 3D vectors .

▪ Distances in curvature matrices of the incident 𝑄𝑖 and refracted 𝑄𝑟

wave fronts and that of the diopter 𝐶: 

▪ Phase match leads to 

▪ Final wave front equation:
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Wave front equation

➢ Wave front equation in a symmetric plane (VCRM2D+)

▪ In this special case the principal direction perpendicular to the 
symmetric plane is constant and the 3D wave front equation is 
simplified to two scalar equations:
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Perpendicular 
direction

Parallel 
direction

R1

t1

t2 s2

s1

1

Deduce the wave front 

equations in this 

simple form for this 

special case.
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Wave front equation

➢ Typical applications

▪ Image formed by a plane diopter  = :

» The relation in the plane:

» Coordinates of the image:

» When i tends to 0:
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Perpendicular

Parallel
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Summary of VCRM
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• Fundamental laws

1. Wave front equation:

2. Law of Snell-Descartes in vectors:

• Amplitude:

• Phase:

• Total field:

1

N

diff i

i

E S S
=

= +

A D=

inc fl path  = + + +

( ) ' ' ' 'i t T T

n nk k C k Q k Q− =   −  

 =i tk k

CQ
Q’

Divergence factor:

Fresnel coefficients:   ε 

All expressed in wave vector components.
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Software of VCRM: VCRMEll2D

➢ This software calculate the scattering field on the 
symmetric plane of a ellipsoid.

It can be download from
www.amocops.eu
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Ray tracing 

Module

▪ Tracing of all 

the rays or a 

part of them

▪ Any number 

of rays

▪ Any position 

of rays

www.amocops.eu
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Software of VCRM: VCRMEll2D

➢ This software calculate the scattering field on the 
symmetric plane of a ellipsoid.

It can be download from
www.amocops.eu
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Scattering 

diagram 

module

▪ Intensity of each 

order

▪ total intensity of 

all the rays:

- Interference

- Diffraction

www.amocops.eu
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Software of VCRM: VCRMEll2D
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Interference near 
rainbow angles

Plane wave incident on a sphere:

λ=0.6328 µm,    

a = 100 µm,  m = 1.33

First rainbow p =2

second rainbow p =3 third rainbow p =4
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Software of VCRM: VCRMEll2D
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Comparison with Mie theory for a bubble
The Mie result is calculated by software ABSphere which can be 

download from  www.amocops.eu

m = 1/3.33 = 0.75
VCRM

Mie theory
m = 1/3.33 = 0.75
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Summary

➢ Vectors calculation and curvatures

▪ Fundamental forms of curved surface

» Calculation of the first and second fundamental forms

» Curvature matrix, principal curvatures and directions.

➢ Fundamental laws of GO in vectors

▪ The vector forms are very suitable for 3D calculation.

➢ Wave front equation

▪ Cylindrical wave (2D)

▪ Wave equation in 3D – key point of VCRM and ray theory of wave.

▪ The special case VCRM2D+ is very important for understanding RTW.
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