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Plan of lecture

➢ Introduction
▪ Considerations of a new model.

▪ Main idea and achievements of the ray theory of waves.

➢ Mathematical basis
▪ Vectors, equations of a line and a surface, curvature

▪ Fundamental form and curvature of a surface

➢ Vectorial Complex Ray Model - VCRM
▪ Fundamentals laws of GO in vector form

▪ Wave front equation 

➢ Ray Theory of Waves
▪ General view – VCRM + physical optics (interference and diffraction)

▪ Combination – our rainbow theory
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Introduction

➢ Limitations of classic models - considerations on a new nodel
▪ The ray model is flexible but not accurate enough

▪ The wave theory is rigorous but not applicable to large non-spherical particles

New theoretical models need to be developed
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Key problem: Missing wave shape in ray model

Our strategy: 

Extend the ray model
➢ Introduce wavefront shape

➢ + interference

➢ + Diffraction Divergence/ 

Convergence

Phase in focal 

lines
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Introduction

➢ Our theoretical model: Ray Model + Wave Properties
▪ Theoretical development

» First step: Vectorial Complex Ray Model (VCRM):

Ray with wavefront structure

» Second step: VCRM + Interference + diffraction

Ray theory of wave

➢ Achievements and applications
▪ Theoretical/numerical validation for VCRM2D+ (Yang et al, JQSRT, 2015),

▪ Experimental validation for VCRM2D+ (Onofri et al, OpEx, 2015)

▪ Generalized 3D rainbow patterns of a spheroidal drop (Q.Duan et al, OL, 2021)

▪ Precise prediction of rainbow patterns of a sphere/spheroid (C. Zhang et al, OL, 2022)

➢ State of art: 
▪ Almost all theoretical problems have been resolved (a book).
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Mathematical basis

➢ Vector components
▪ Cartesian coordinate system

𝒗 = 𝑣𝑥𝒊 + 𝑣𝑦𝒋 + 𝑣𝑧𝒌

▪ Spherical coordinate system
𝒗 = 𝑣𝑟𝒆𝑟 + 𝑣𝜃𝒆𝜃 + 𝑣𝝋𝒆𝝋

▪ Frenet–Serret frame
𝒗 = 𝑣𝑛𝒏 + 𝑣𝜏𝝉 + 𝑣𝑏𝒃

with 𝒃 = 𝝉 × 𝒏, 𝝉 and 𝒏 are unit vectors tangent, normal to the surface.

➢ Vector products
▪ Dot product

𝒖 ∙ 𝒗 = 𝒗 ∙ 𝒖 = 𝑢𝑣 cos( ෞ𝑢, 𝑣)

▪ Cross product

𝒖 × 𝒗 = −𝒗 × 𝒖,        𝒖 × 𝒗 = 𝑢𝑣 sin( ෞ𝑢, 𝑣)
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Mathematical basis

➢ Line through a point 𝒓0 and parallel to a vector 𝒗:
𝒓 = 𝒓0+ 𝑡𝒗

where 𝒓0 = (𝑥0, 𝑦0, 𝑧0), 𝒗 = 𝛼, 𝛽, 𝛾

or in scalar form
𝑥 = 𝑥0+ 𝛼𝑡
𝑦 = 𝑦0 + 𝛽𝑡
𝑧 = 𝑧0 + 𝛾𝑡

➢ Line through two point 𝒓1 and 𝒓2 :
𝒓 = 𝒓1+ 𝑡(𝒓2− 𝒓1)

or in scalar form
𝑥 = 𝑥1+ 𝛼(𝑥2− 𝑥1)
𝑦 = 𝑦1+ 𝛽(𝑦2− 𝑦1)
𝑧 = 𝑧1+ 𝛾(𝑧2− 𝑧1)
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Mathematical basis

➢ Plane curves
▪ Curve equation (one variable):

𝒓(𝑠) = (𝑥 𝑠 , 𝑦(𝑠))

𝑠 is the length of the arc.

Or                    𝒓(𝑡) = (𝑥 𝑡 , 𝑦(𝑡))

𝑡 is just a parameter.

Its tangent unit vector is
ො𝝉 = 𝒓′(𝑠) = (𝑥′ 𝑠 , 𝑦′(𝑠))

Its normal unit vector is

ෝ𝒏 = (𝑦′(𝑠), −𝑥′(𝑠)) or     ෝ𝒏 = (−𝑦′(𝑠), 𝑥′(𝑠))

▪ Curvature 𝜅
𝑑𝑠 = 𝜌𝑑𝜃

Definition: 

𝜅 =
1

𝜌
=
𝑑𝜃

𝑑𝑠
= 𝒓"(𝑠)
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ෝ𝒏

ො𝝉

𝑠

𝐴

𝐵

𝑠

𝐴

𝐵𝑑𝑠
𝑑𝜃

𝜌

𝜅 =
ሶ𝑥 ሷ𝑦− ሶ𝑦 ሷ𝑥

ሶ𝑥2+ ሶ𝑦2 3/2 , ሶ𝑥 =
𝑑𝑥

𝑑𝑡
, ሶ𝑦 =

𝑑𝑦

𝑑𝑡
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Mathematical basis

➢ Examples:
▪ A circle: 𝑥 = 𝑎 cos 𝑡 , 𝑦 = 𝑎 sin 𝑡
ሶ𝑥 = −𝑎 sin 𝑡 , ሶ𝑦 = 𝑎 cos 𝑡 , ሶ𝑥2+ ሶ𝑦2= 𝑎2, ሶ𝑥 ሷ𝑦 − ሶ𝑦 ሷ𝑥 = 𝑎2

𝜅 =
ሶ𝑥 ሷ𝑦 − ሶ𝑦 ሷ𝑥

ሶ𝑥2 + ሶ𝑦2 3/2
=
1

𝑎

▪ An ellipse: 𝑥 = 𝑎 cos 𝜃 , 𝑦 = 𝑏 sin 𝜃
ሶ𝑥 = −𝑎 sin 𝜃 , ሶ𝑦 = 𝑏 cos 𝜃 ,

ሶ𝑥2+ ሶ𝑦2= 𝑎2 sin2𝜃 + 𝑏2 cos2𝜃 ,
ሶ𝑥 ሷ𝑦 − ሶ𝑦 ሷ𝑥 = 𝑎𝑏

𝜅 =
ሶ𝑥 ሷ𝑦 − ሶ𝑦 ሷ𝑥

ሶ𝑥2 + ሶ𝑦2 3/2
=

𝑎𝑏

𝑎2 sin2𝜃 + 𝑏2 cos2𝜃 3/2

» Special cases:

𝜅 𝜃 = 0, 𝜋 =
𝑎

𝑏2
, 𝜅(𝜃 = ±𝜋/2) =

𝑏

𝑎2

If 𝑏 = 2𝑎 (see figure): 

ρ 𝜃 = 0, 𝜋 =
1

𝜅
= 4𝑎, ρ 𝜃 = ±

𝜋

2
=
1

𝜅
=
𝑏

4
.
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Mathematical basis

➢ Property in the vicinity of tangent point C
𝜌 − 𝑑𝛿 2 + 𝑑𝑡2 = 𝜌2

▪ On develop and neglect the second order

𝑑𝛿 =
1

2𝜌
𝑑𝑡2 =

1

2
𝜅𝑑𝑡2

In the case of a circle we have:

𝑑𝛿 =
1

2𝑅
𝑑𝑡2

Remember well this result, 

That is very helpful to understand 
the curvature of a surface.
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𝑑𝛿 =
1

2
𝜅𝑑𝑡2



上海理工大学际合作讲座(2022)University of Shanghai for Science and Technology

Mathematical basis

➢ Surface and fundamental forms
▪ Surface (2 variables): 

𝒓(𝑢, 𝑣) = (𝑥 𝑢, 𝑣 , 𝑦 𝑢, 𝑣 , 𝑧(𝑢, 𝑣)))

▪ First fundamental form:
𝜑1 = 𝑑𝑠2 = 𝑑𝒓 ∙ 𝑑𝒓 = 𝒓𝑢 ∙ 𝒓𝑢𝑑𝑢

2 + 𝟐𝒓𝑢 ∙ 𝒓𝑣𝑑𝑢𝑑𝑣 + 𝒓𝑣 ∙ 𝒓𝑣𝑑𝑣
2

𝐸 = 𝒓𝑢 ∙ 𝒓𝑢
𝐹 = 𝒓𝑢 ∙ 𝒓𝑣
𝐺 = 𝒓𝑣 ∙ 𝒓𝑣

𝑑𝑠2 = 𝑑𝑢, 𝑑𝑣
𝐸 𝐹
𝐹 𝐺

𝑑𝑢
𝑑𝑣

▪ Normal of the surface:

𝒏 =
𝒓𝑢×𝒓𝑣
𝒓𝑢×𝒓𝑣

IV-10
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Mathematical basis

➢ Surface and fundamental forms
▪ Second fundamental form:

2𝛿 = 𝜑2 = 𝒏 ∙ 𝒓"𝑑𝑠2 = 𝒏 ∙ 𝒓𝑢𝑢𝑑𝑢
2+ 𝟐𝒏 ∙ 𝒓𝑢𝑣𝑑𝑢𝑑𝑣 + 𝒏 ∙ 𝒓𝑣𝑣𝑑𝑣

2

𝐿 = 𝒏 ∙ 𝒓𝑢𝑢,    𝑀 = 𝒏 ∙ 𝒓𝑢𝑣,       𝑁 = 𝒏 ∙ 𝒓𝑣𝑣
The curvature of the surface depends on the direction of the curve on the surface. We call the minimum 
and maximum curvatures as the principal curvatures and the corresponding directions as the principal 
directions. which are respectively the eigenvalues and eigenvectors of the equation:

𝐿 − 𝜅𝐸 𝑀 − 𝜅𝐹
𝑀 − 𝜅𝐹 𝑁 − 𝜅𝐺

= 0

The principal curvatures are

𝜅1,2 = 𝜅𝑀 ± 𝜅𝑀
2 − 𝜅𝐺

Where the Gaussian curvature 𝜅𝐺 and the mean
curvatures 𝜅𝑀 are given by the coefficients 
of the first and the second forms.

IV-11
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Mathematical basis

➢ Gaussian curvature and mean curvature

𝜅𝐺 = 𝜅1𝜅2 =
𝐿𝑁 −𝑀2

𝐸𝐺 − 𝐹2

𝜅𝑀 =
𝜅1 + 𝜅2

2
=
1

2

𝐸𝑁 − 2𝐹𝑀 + 𝐺𝐿

𝐸𝐺 − 𝐹2

➢ Distance  from tangent plane
▪ Circular cylinder:

▪ Sphere

▪ But what relation between 𝛿 and the (principal) curvatures?

IV-12
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Mathematical basis

➢ Curvature matrix
We rewrite the above relation as follows:

▪ Cylinder:

We know 𝜅1 = 1/𝑎, 𝜅2 = 0, the curvature matrix is

𝑄 =
1/𝑎 0
0 0

and we can write 

▪ Sphere: the curvature matrix

𝑄 =
1/𝑎 0
0 1/𝑎

with 𝒕 = 𝑎𝑑𝜃, sin 𝜃 𝑑𝜙 since 

IV-13

t in dimension of distance

Curvature matrix
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Vectorial Complex Ray Model - VCRM

➢ Fundamental laws of GO in vectors
▪ Snell-Descartes law:

» Reflection: 

» Refraction:

▪ Snell-Descartes law in vector form:

» For refraction ray:

𝐵𝐶 = 𝑂𝐶 ෠𝑘𝑖 ∙ Ƹ𝜏

𝑂𝐸 = 𝑂𝐶෠𝑘𝑟 ∙ Ƹ𝜏

Optical path:

𝐵𝐶 = 𝑚𝑂𝐸

𝑂𝐶෠𝑘𝑖 ∙ Ƹ𝜏 = 𝑚𝑂𝐶෠𝑘𝑟 ∙ Ƹ𝜏

That is

𝒌𝑖 ∙ Ƹ𝜏 = 𝒌𝑟 ∙ Ƹ𝜏

Similarly for reflection ray:

𝒌𝑖 ∙ Ƹ𝜏 = 𝒌𝑙 ∙ Ƹ𝜏

IV-14

The tangent component of 

wave vector is continuous  

'k k
 
=

'=i i

 sin 'sinn i n r=

෠𝑘𝑟

෠𝑘𝑖
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Vectorial Complex Ray Model - VCRM

▪ Fresnel’s formulas:

𝑟⊥ =
𝐸𝑙⊥
𝐸𝑖⊥

=
𝑚i cosi −𝑚𝑟 cos 𝑟
𝑚i cosi +𝑚𝑟 cos 𝑟

𝑟∥ =
𝐸𝑙∥
𝐸𝑖∥

=
𝑚𝑟 cos i −𝑚𝑖 cos 𝑟
𝑚𝑟 cos i +𝑚𝑖 cos 𝑟

𝑡⊥ =
𝐸𝑟⊥
𝐸𝑖⊥

=
2𝑚i cosi

𝑚i cos i +𝑚𝑟 cos 𝑟

𝑡∥ =
𝐸𝑟∥
𝐸𝑖∥

=
2𝑚i cos i

𝑚𝑟 cos i +𝑚𝑖 cos 𝑟

The vector form can be derived in the similar 
way as for Snell’s law by using the boundary 
conditions in the first lecture. But we will not 
give the details.
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We need simply note that the 
normal components of the wave 
vectors of the incident and refracted 
rays are :

𝑘𝑖𝑛 = 𝑚0𝑘𝑖 cos 𝜃𝑖
𝑘𝑟𝑛 = 𝑚𝑝𝑘𝑖 cos 𝜃𝑟

Fresnel’s formulas in vector form:
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Vectorial Complex Ray Model - VCRM

➢ Wave front equation -
Cylindrical wave incident on a plane surface (VCRM2D)

▪  and ’ are respectively the wave fronts of the incident 
and refracted rays. 

▪ The distance of a point on the wave front to its tangent 
plane are:

So the distances OE and AC are:

III-16

The optical path b/t two wave fronts is constant:
𝑚0𝐴𝐶 = 𝑚𝑝𝑂𝐸

i.e.
Refraction law

t

This is what we obtain 
with geometrical optics.

𝜌𝑖 = 𝑂𝐴, 𝜌𝑟= 𝑂𝐴′
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Vectorial Complex Ray Model - VCRM

➢ Wave front equation -
Cylindrical wave incident on a plane surface (VCRM2D)

Similar as above by adding the relation:

𝐻𝐶 =
1

2

𝑂𝐶2

𝜌𝑐
=
1

2

𝑡2cos2 𝜃

𝜌𝑐
▪ The optical path between two wave fronts is constant:

𝑚0𝐴𝐻 = 𝑚𝑝𝑂𝐸

We find finally:
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Refraction law

t

Refraction law

Term of the 
curved diopter

In components 
of wave vectors
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Vectorial Complex Ray Model - VCRM

➢ Wave front equation:
can be derived by 
phase matching with 
help of differential 
geometry.

But we will omit it
here and give directly 
all formulas necessary
for Ray theory of waves. 

We will focus on 
its usage by some 
simple examples.
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• Amplitude:

• Phase:

• Total field:

1

N

diff i

i

E S S
=

= +

A D=

inc fl path  = + + +

Divergence factor:

Fresnel coefficients:   ε 

All expressed in wave vector components.

' '' ' ' '
1 211 21 12 22

12 22 13 23 1 2

q q

q q

R RR R R R
D

R R R R R R
=

'

'

n n

n n

k k
r

k k
⊥

−
=

+

2 '

2 '

n n

n n

m k k
r

m k k

−
=

+

• Fundamental laws

1. Wave front equation:

2. Law of Snell-Descartes in vectors:

( ) ' ' ' 'i t T T

n nk k C k Q k Q− =   −  

 =i tk k

CQ
Q’

Summary of VCRM
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Vectorial Complex Ray Model - VCRM

➢ Applications to a sphere and a cylinder
The divergence factor of GO by VCRM.

▪ Sphere
» Reflection: 𝜌1 = 𝜌2 = 𝑎, 𝑅𝑖 = 𝑅𝑖 = ∞, 𝑘𝑖 cos 𝜃 𝑖 = −𝑘𝑖 cos 𝜃 𝑟, 𝜃𝑖 = 𝛼

» Refraction p =1: 𝜃𝑖 = 𝛼, 𝜃𝑟 = 𝛽

After 1st refraction: 

» Divergence factor: 

▪ Cylinder R2=∞: 

» Reflection : 

» Refraction p=1:
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' '

10 20

cos 1 1

2 2 cos 4

a
R R D

a




= − = − → =

2

11 21

cos
' '

cos cos cos cos

am am
R R

m m



   
= − = −

− −

sin(2 )cos

4sin[2( )](cos cos )

m
D

m

 

   
=

− −

Derive these results from the 

wavefront equations (see below)

Check these by 

yourself.

cos

2

a
D


=

cos cos

2(cos cos )

m
D

m

 

 
=

−
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Ray theory of waves

➢ General view

IV-20

Physical 
Optics

rays model (Geometrical optics)

Curvature of wave front
+

Vectorial Complex Ray Model (VCRM)

EM/light Scattering

Optical metrology

Imaging/non-imaging

Optical force/torque

Shaped beam modelling

……

Incident 
wave

Ray 
theory of 

waves



上海理工大学际合作讲座(2022)University of Shanghai for Science and Technology

Ray theory of waves

➢ Ray theory of waves for rainbow - Recall of Airy theory (lecture 2)

» with approximation the vicinity of 𝜽𝑹 the phase is a cubic function:

𝑢 =
ℎ𝑣3

3𝑎2 with  ℎ =
𝑝2−1 2

𝑝2

𝑝2−𝑚2 1/2

𝑚2−1 3/2

» And assuming a constant amplitude for all emergent rays, the amplitude of the scattered wave is give by 

(extending v to infinity):

IV-21

• The version of van de Hulst (1957) 
permits to predict the profile, 

• But the absolute or relative  intensity?



I

O ( )go m

G.O.

Airy theory
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Ray theory of waves

➢ Reexamination of Airy theory
▪ Amplitude factor:

» Some typical results in the literature:

» Tricker in “Introduction to meteorological optics” 1970: 𝐴~ 𝑎/λ

» Nussenzveig (JOSA 1979):      𝐴~(𝑎/λ)7/6

» Hovenac & Lock (JOSA A 1992): disagree with Nussenzveig.

» R. Lee (Appl. Opt. 1998): “I must normalize theory’s results”.

▪ Fails in parallel polarization

▪ Two approximations in Airy theory

» Cubic phase function obtained for 𝑣 ~ 0, integration to 

» Constant amplitude.

▪ Questions:

» Why Airy theory suffers so much?

» Are these due to the ray model or the diffraction procedure?

Perpendicular polarization
Hovenac & Lock 1992

Airy differs from Debye and difference increases with p

=1000  → a=160 λ
=1000  → a=160 λ

Parelle polarization
Nussenzveig PRL (1974), JOSA A (1979)

Airy fails for pparallel polarization!!

=1500 → a=240 λ
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Ray theory of waves

➢ Physical optics for rainbow – Huygens-Fresnel for the field of rainbow (Goodman):

𝐸 𝜃 = 𝑘න
𝑣0

𝑣1

𝐴𝑋,𝑝 𝑣 exp 𝑖Φ𝑇(𝑣) 𝑑𝑣

where the amplitude

𝐴𝑋,𝑝 𝑣 = 𝜖𝑋,𝑝 𝐷𝑝,𝑣𝑖𝑟

and the phase
Φ𝑇 𝑣 = −𝑘𝑣 sin 𝜃 − 𝜃𝑅 +Φ 𝑣

In VCRM 
- the Fresnel factor 𝜖𝑋,𝑝(𝑣)

- the divergence factor 𝐷𝑝,𝑣𝑖𝑟 𝒗

- the phase on the virtual line Φ 𝑣

can all be calculated rigorously in the sense of ray model.

So the scattered field 𝑬 𝜽 is also rigorous.

v

u


Rigorous
phase and 
amplitude
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Ray theory of waves

➢ Preliminary test of our method

where

By changing variables as  𝑡3 = 𝑘ℎ𝑣3/𝑎2, we obtain naturally

𝐸𝐴𝑖𝑟𝑦
𝑝

𝜃 =
2𝜋 sin 𝜃𝑅
sin 𝜃𝑖,𝑅

1/2
−𝛼7/6

ℎ1/3
𝜖𝑋,𝑝𝐴𝑖

−𝛼2/3(𝜃 − 𝜃𝑅)

ℎ1/3

where 𝜖𝑋,𝑝 is the Fresnel factor at rainbow angle, 𝐴𝑖(. ) is the Airy function.

( )( )3 2( ) exp / 3 dRE kC ikv ikhv a v  


−
= − − +

Divergence factor of GO

cylinder to sphere

Enhance factor from 

1D to 2D (Tricker)
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Ray theory of waves

➢ Rigorous phase and amplitude on the virtual line by VCRM 
Local coordinate:

Phase:

where the supplementary phase b/t CD is

O

v
u

D O

C

 Emergent wave front

A

B

E

F

m


R

- R 

i

r
cos

cos
cos( )

R
R

a
v a




 
= −

−

( ) F f vip r Rv =  + + + −

cos tan( )vir Rka    = −

The phase and the amplitude are calculated 

rigorously with VCRM on the line v.



上海理工大学际合作讲座(2022)University of Shanghai for Science and Technology

Ray theory of waves

➢ Physical optics
▪ Airy theory in RTW 

-- Numerical results 

IV-26

Amplitude in ⊥ polarization Amplitude in || polarization

Amplitude b/t 0 ~ 
0.37 almost constant

Amplitude b/t 0.2 ~ 0.36 
almost constant

Phases and amplitudes near 
rainbow angles calculated by 
the cubic function and VCRM.

Parameters:
order : p =2
radius: a = 100 µm

Refractive index: m = 1.333
wavelength:  = 0.6328 µm

Phase in ⊥ polarization Phase in || polarization
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Ray theory of waves

➢ Scattering diagrams of an infinite circular cylinder:
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The results of RTW are in perfect agreement with the Debye theory for both polarization.

Perpendicular polarization Parallel polarization
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Ray theory of waves

➢ Scattering diagrams for a sphere of different size:
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Perpendicular polarization

m = 1.333,        = 0.6328 µm.

• Airy theory is not precise for large angle

what ever the particle size.

• VCRM+PO is precise for particle as small as 5𝜆.
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➢ Scattering diagrams for a sphere in Parallel polarization – detailed examination
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m = 1.333, a=50 µm  

 = 0.6328 µm.

B: phase shift of π at Brewster angle

AF: amplitude by Fresnel factor

Dvir: amplitude on virtual line

VCTM: rigorous phase and amplitude
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Therefore, with rigorous phase, Fresnel factor and divergence factor 

we obtain a result in perfect agreement with the rigorous Debye theory. 
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Ray theory of waves

➢ Experimental validation

IV-30

Figure 3 in  Onofri et al, Opt. Exp. 2015
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Ray theory of waves

➢ Generalized rainbow patterns

IV-31

Duan et al OL 2021

Comparison with experiment



上海理工大学际合作讲座(2022)University of Shanghai for Science and Technology

Ray theory of waves

➢ Generalized rainbow 
patterns
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Duan et al OL 2021

Quantitative 
comparison 
of VCRM with 
experiment.

Excellent 
agremment
except near 
rainbow 
angles.
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Ray theory of waves

➢ Generalized rainbow patterns
▪ Ray theory of waves (full 3D VCRM + PO) is in perfect agreement with the experiment in all 

range.

▪ VCRM2D+ considers only rays in the symmetric plane, not good in 4 ray region.
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Zhang, Rozé &  Ren,  ELS 2021
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Conclusions and perspectives

Conclusions:
➢ Ray theory of wave is very promising for the scattering of larges non-spherical particles. It composed 

of two parts: VCRM and Physical optics 

➢ VCRM is well established and has been applied to predict the scattering patterns of typical non-
spherical liquid particles.

➢ Ray theory of wave (VCRM + PO) is validated: 

▪ Airy theory revisited with VCRM.

▪ Excellent agreement b/t simulated and measured Generalized rainbow patterns for a spheroidal drop.

Perspectives:
➢ Applications of RTW to scattering of EM waves.

➢ Combination/relation of RTW with GTD

➢ Applications of RTW to other domains:
- liquid jet/drop imaging et characterization 
- imaging/non-imaging 
- … 
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