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Plan of lecture

» Introduction
= Considerations of a new model.
= Main idea and achievements of the ray theory of waves.

> Mathematical basis
= Vectors, equations of a line and a surface, curvature
= Fundamental form and curvature of a surface

» Vectorial Complex Ray Model - VCRM
* Fundamentals laws of GO in vector form
= Wave front equation
» Ray Theory of Waves
= General view - VCRM + physical optics (interference and diffraction)

= Combination - our rainbow theory
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Introduction

» Limitations of classic models - considerations on a new nodel
The ray model is flexible but not accurate enough
The wave theory is rigorous but not applicable to large non-spherical particles
New theoretical models need to be developed

Key problem: Missing wave shape in ray model

Our strategy:
Extend the ray model

» Introduce wavefront shape

> + interference

> + Diffraction Divergence/  Phase in focal

Convergence lines
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Introduction

» Our theoretical model: Ray Model + Wave Properties
Theoretical development

» First step: Vectorial Complex Ray Model (VCRM):
Ray with wavefront structure
» Second step: VCRM + Interference + diffraction

Ray theory of wave
» Achievements and applications
Theoretical /numerical validation for VCRM2D+ (Yang et al, JQSRT, 2015),
Experimental validation for VCRM2D+ (Onofri et al, OpEx, 2015)
Generalized 3D rainbow patterns of a spheroidal drop (Q.Duan et al, OL, 2021)
Precise prediction of rainbow patterns of a sphere/spheroid (C. Zhang et al, OL, 2022)
> State of art:

Almost all theoretical problems have been resolved (a book).
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Mathematical basis

» Vector components
= Cartesian coordinate system
v=wdi+vj+vk
= Spherical coordinate system

V=vre,. + Ve t+ Ve,

* Frenet-Serret frame
V=v,n+v.T+v,b
with b = T X n, T and n are unit vectors tangent, normal to the surface.
» Vector products
= Dot product
U-v=v-u=uvcos(u,v)

= Cross product

UXv=—-vXu, lu X v| = |uv sin(u, V)]
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Mathematical basis

» Line through a point r, and parallel to a vector v:
r=ry,+tv
where ry = (X0, V0, Z9), Vv = (a, B,v)
or in scalar form
X =Xx,+ at
Yy =Yt ht
Z=2Zyt+yt
» Line through two pointr, and r,:
r=r,+t(r,—1,)
or in scalar form
x=x,+a(x,—xq)
y=y1+tb2—y1)
z =12, +v(z,— zy)

MUNIVERSITE
'DEROUEN

P ;{: " Y m
g ___J
T Ty, |
UMR 6614 -
CNRS - UNIVERSITE of INSA do ROUEN

V-6




University of Shanghai for Science and Technology E#&E T KSR A A BE (2022)

Mathematical basis

> Plane curves T B
= Curve equation (one variable):
r(s) = (x(s),y(s)) S n
s is the length of the arc.
Or r(t) = (x(8), y(t)) A

t is just a parameter.
[ts tangent unit vector is

2 / ! / B
£=1(s) = (¥(5),Y(5) ds
[ts normal unit vector is S
n='(s),—x(s)) or n=(-y'(s)x(s)) P
= Curvature k A
ds = pd6
Definition: Xy—yx . dx . dy
1 dé K= "5 y X =",V = 7
= = = " (x2+y2)3/2 dt dt
K > T ds " ()]
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Mathematical basis

» Examples:

“Acircle:x =acost, y=asint e Y
X = —asint,y = acost, x’+y’=a%xy—yi=a>2 - s
iy —yi 1

=2 +y2)32  q
= An ellipse: x = acosf, y=bsinf
X =—asinf,y=>bcos0, ,
x2+y2= a?sin%? 6 + b2 cos?0, !
1y — yx = ab |
_ Xy —yx ab .
(%2 +92)3/2  (a?sin?6 + b2 cos? 6)3/2 ‘\\
» Special cases:
a b
k(@ =0m) =3,  K6=1n/2)=—
If b = 2a (see figure):

p(6 =0,m) =%= 40,9(9 = iz) =%=_'_
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Mathematical basis

» Property in the vicinity of tangent point C
(p —db)? + dt? = p*
= On develop and neglect the second order

1 1
dé = —dt? = —kdt?

2p 2
In the case of a circle we have:
1 :
dd = —dt? ; o
2R
Remember well this result, P
1 P
dé = —kdt? G~
> \EF —
C d H

That is very helpful to understand
the curvature of a surface.
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Mathematical basis

» Surface and fundamental forms
Surface (2 variables):
r(uv) = (x(w,v),y(W,v),z(u,v)))
First fundamental form:
@, =ds*?=dr-dr =r, -r,du*+2r, - r dudv + 1, 1, dv?

E=r,-r,
F=r,r,
G=r,r1,
E F\/du
2 _
ds? = (du, dv) (F G) (dv)
Normal of the surface:
— ruxrv
- lr xr_|
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Mathematical basis

» Surface and fundamental forms

Second fundamental form:
20 =¢p,=n-r'ds’=n-r, du*+2n -r dudv+n-r,dv?
L=n-r,, M=n-r,, N=n-r,
The curvature of the surface depends on the direction of the curve on the surface. We call the minimum
and maximum curvatures as the principal curvatures and the corresponding directions as the principal
directions. which are respectively the eigenvalues and eigenvectors of the equation:
|L —kE M —«kF| _
M—kF N-«kGl
The principal curvatures are

0

K1z = Ky T+ Kiy — K¢

Where the Gaussian curvature k; and the mean
curvatures k;; are given by the coefficients
of the first and the second forms.

RUNIVERSITE

UMR 6614 . IV_ll
CNRS - UNIVERSITE of INSA de ROUEN




University of Shanghai for Science and Technology E#&E T KSR A A BE (2022)

Mathematical basis

» Gaussian curvature and mean curvature

LN — M?
KG:KlKZ:_EG—FZ
_K1+K2_1EN—2FM+GL

M= T3 EG-P

» Distance 6 from tangent plane

= Circular cylinder:

L M df
5= 1(db, dz) — Laa?
2 M N dz 2

= Sphere

B L M dé 1 )
§ = —(db,do) = —a(df” + sin” 0do~)
2 M N do 2

= But what relation between 6 and the (principal) curvatures?
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Mathematical basis

t in dimension of distance

/

0 adf
) ( ) = %(rﬁlazdﬂ? + Kodz?)
Ko dz

We know k; = 1/a, k, = 0, the curvature matrix is

» Curvature matrix
We rewrite the above relation as follows:

= Cylinder:

0 = (1/ a O) Curvature matrix
0O O
and we can write 1 T

= Sphere: the curvature matrix
_(1/a O
¢= ( 0 1/a)
with t = (ad#@,sin 6 d¢) since 5 é(d&d@“ﬁ) ( L M) ( 9 ) _ %ﬂ_(dgg + sin? 6d¢?)
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Vectorial Complex Ray Model - VCRM

» Fundamental laws of GO in vectors
= Snell-Descartes law:

_ The tangent component of
» Reflection: i=1i" wave vector is continuous
» Refraction: |n sini=n'sinr k _kl

= Snell-Descartes law in vector form: ¢ 4

» For refraction ray:

BC = OCk, -t

OF = 0Ck, - ©
Optical path:

BC = mOE
0Ck,-t=mOCk, -t

That is

k;-t=k, -t
Similarly for reflection ray:

k,-t=k -t
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Vectorial Complex Ray Model - VCRM

* Fresnel’s formulas:

E;;, m;cosB; —m, cos0,

r, =

E;;, m;cosB; +m, cos0,

Eyy  m, cosO; —m;cosO,

: E;y m, cos0O; + m;cosO,

. B 2m; cos 6;

= E;;, mjcos6; + m, cos0,
- Eny 2m; cos 0;

[ —

E;y, m, cos0; + m; cosO,

The vector form can be derived in the similar
way as for Snell’s law by using the boundary
conditions in the first lecture. But we will not
give the details.
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We need simply note that the
normal components of the wave
vectors of the incident and refracted
rays are :

k., = myk; cos 0,
k., = m,k;cos0,

Fresnel’s formulas in vector form:

r
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Vectorial Complex Ray Model - VCRM

» Wave front equation -

Cylindrical wave incident on a plane surface (VCRM2D) y

= ¥ and X’ are respectively the wave fronts of the incident
and refracted rays.

= The distance of a point on the wave front to its tangent

|
i
i
i
i
j
2
i
i
i
i
|
i
|

lane are: -
' 5,_@_1082_112005291_
i 4 - 2 i - 2 Pi . |
olea The optical path b/t two wave fronts is constant:
N — _ 1EG 112 cos® 6, W > 1T

2 pr 2 Pr

" - _ / Refraction law
ie.
So the distances OE and AC are: t2 cos? 6, 2 cos? 6 l

r

o t2 cos? 6, ki 2 + kit sint; = ky 2o + kytsin 6,
OF = tsinf, + T
This is what we obtain cos? 6 cos? 6,
- t2cos? 0, . with geometrical optics. — 'lf-z'—_ — :lf-;r—
AC = B + tsin 0; p; =04, p,.= 0A' 0i Dr
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Vectorial Complex Ray Model - VCRM

» Wave front equation -
Cylindrical wave incident on a plane surface (VCRM2D)

Similar as above by adding the relation:

1 OC2 1 t%cos? 6
HC == —

2 p. 2 »p.
* The optical path between two wave fronts is constant:
myAH = mpOE

Refraction law

" ('t ind 1 30:3 O 12 (:0:'52 9 1 1‘2 cos? b; teings — t2 :::os Gi)
ZPC 2!‘}1 2’(_}0
We find finally: .
T‘Tl 371
Term of the Pc v\ In components
curved diopter of wave vectors

MUNIVERSITE
= 'DEROUEN




University of Shanghai for Science and Technology

Vectorial Complex Ray Model - VCRM

» Wave front equation:

L@ T K FFRAAE 3 E (2022)

Summary of VCRM

can be derived by
phase matching with
help of differential
geometry.

But we will omit it
here and give directly

all formulas necessary

e Fundamental laws
1. Wave front equation:

for Ray theory of waves.

We will focus on
its usage by some
simple examples.

MUNIVERSITE
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(k-K)C=k'0TQ'0-kO'QO | 1
2. Law of Snell-Descartes in vectors: Incident wave
_ ki=k! |
e Amplitude: Divergence factor:
A= \/58 _ R,R, RiR,, RigRsq
* Phase: RRy, RisRys  RyRy
D=, + Dy +D . +D, Fresnel coefficients: €
e Totalfield: - _ 1% —k, - _ Mk, —k,
E =Sun +Zsi * kn+IZr'1 ” rﬁzkn+IZ,;

All expressed in wave vector components.
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Vectorial Complex Ray Model - VCRM

. . O k. k k. cos B, — k;cos b;
» Applications to a sphere and a cylinder B Ra 3
The divergence factor of GO by VCRM. kycos® 6y _ kicos®6; , ky costy — kycosb,
B, R; 2
= Sphere 2 2 2
» Reflection: p, = p,=a,R;, = Ri = o, k;cos0;, = —kicos0 ., 0, =a
- __acosa o 1 D 1 Derive these results from the
Ry =- 2 07 9ac0sg - 4 wavefront equations (see below)
» Refractionp=1:6,=a,0,=pf >
After 1st refraction: R, =- amcos” jf R, =- am
mcos  —CoS« mcos [ —cosa
» Divergence factor: ~ msin(2a)cos B Check these byJ
4sin[2(8 - )] (cos & — mcos f3) yourself.
= Cylinder R,=c0:
D - acosa
» Reflection : 9
_ mcosacosf
» Refraction p=1: ~ 2(cosa —mcos j)

L 2E
. N,
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Ray theory of waves

> General view rays model (Geometrical optics)

— +
Key point: : Curvature of wave front
. trinsic property ©
an in T *
Vectorial Complex Ray Model (VCRM)
N/
e EM/light Scattering
Phys.lcal Ray _—» Optical metrology
Optics
theory of — Optical force/torque
- / waves — Imaging/non-imaging
SR
Incident /"’ Y \ Shaped beam modelling
Wave FErIpe-s 0020200 W
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Ray theory of waves

» Ray theory of waves for rainbow - Recall of Airy theory (lecture 2)
» with approximation the vicinity of @, the phase is a cubic function:

. h_173 ) . (p2—1)2 (pz_m2)1/2
U=_ with h = T D)3
» And assuming a constant amplitude for all emergent rays, the amplitude of the scattered wave is give by

(extending v to infinity):

f ? ¢ — k(8 —60) +ikhe®[3a® g,

— Q0

1| G.O. e The version of van de Hulst (1957)
Airy theory permits to predict the profile,

* But the absolute or relative intensity?

O &.m 0
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Ray theory of waves

Perpendicular polarization

» Reexamination of Airy theory Hovenac & Lock 1992
Airy differs from Debye and difference increases with p
= Amplitude factor: o
_7\\‘\ | ) ‘ / Air)

» Some typical results in the literature: —

» Tricker in “Introduction to meteorological optics” 1970: A~\/a/A 1
» Nussenzveig (JOSA 1979):  A~(a/A)7/6 Y
» Hovenac & Lock (JOSA A 1992): disagree with Nussenzveig. “1  wtonolsee0n 1 eperer
» R. Lee (Appl. Opt. 1998): “I must normalize theory’s results”. - R

" 2=1000

o . Parelle polarization
" Falls 1n parallel pOIarlzatlon Nussenzveig PRL (1974), JOSA A (1979)

Airy fails for pparallel polarization!!

= Two approximations in Airy theory S ————
» Cubic phase function obtained for v ~ 0, integration to o s TR AR
» Constant amplitude.

Mie

A
g7 ‘\Alry

r/’ / 1L ! v f. \ j—
Vol v ! . b
A/ ! b 11 3
/ a=1500 > 4=2¢0 2 1 I
f
I

iy ! v

£ b i .
] I
v b i 1!':'
; I | 1
A" | I |°J [11 | L di

" Questions:
» Why Airy theory suffers so much?
» Are these due to the ray model or the diffraction procedure?
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Ray theory of waves

e
» Physical optics for rainbow - Huygens-Fresnel for the field of rainbow (Goodman):
U1
E(0) = kj Ay »,(v) expli®r(v)]dv
Vo

where the amplitude

AX,p (v) = |EX,p|\/ Dp,vir

®,(v) = —kvsin(6 — 6) + P(v)

In VCRM Rlilgorou(s1
- the Fresnel factor €y ,, (v) phase an

- the divergence factor D, ;- (V) “""":;;"‘:‘* """"""

and the phase

- the phase on the virtual line ®(v)

can all be calculated rigorously in the sense of ray model.
So the scattered field E (@) is also rigorous.
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Ray theory of waves

» Preliminary test of our method

o0

E(0) = kC _Ooexp(—ikv(Q—HR)+ikhv3/3a2)dv

where
C = |EX,,,|
Enhance factor from Divergence factor of GO
1D to 2D (Tricker) cylinder to sphere
By changing variables as t3> = khv3/a?, we obtain naturally
. 21 sin B\ —a7/6 [(—a?/3(0 — 0R)
Eairy @ =g, ) am A\ T

where €y ,, is the Fresnel factor at rainbow angle, Ai(.) is the Airy function.
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Ray theory of waves

» Rigorous phase and amplitude on the virtual line by VCRM
Local coordinate:

acost
V= —acos 7y

- cos(6—-6R)

o\
P A

»
>

Phase:
O(V) =P, +Dp + D¢ +AD; — DR

where the supplementary phase b/t CD is
AD, ;. =kacosztan(6—6R)

The phase and the amplitude are calculated
rigorously with VCRM on the line v.

u Emergent wave front Vv
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Ray theory of waves

» Physical optics
= Airy theory in RTW
-- Numerical results

Phases and amplitudes near
rainbow angles calculated by
the cubic function and VCRM.

Parameters:

order: p =2

radius: a =100 um
Refractive index: m = 1.333
wavelength: A = 0.6328 pm
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20
o VCR-Mphase
4 Airy phase
10 :
(}— nnnnnnumnhﬂ--ﬁ-g-g -------------------
gRARRST :
| =225
I:In a
L A
_[(}_.A.ﬁ ....................................................................................
h
-20 T T T T T T
=20 -10 0 10
v [um]
Phase in | polarization
0.4 -
o VCRM amplitude :
4 Airy amplitude
i o®%%g
o"” éu
: o :
03 kanaana A'A'A'zzy/_\; 'A'A'A'A‘A’A‘g’o:'g'AA'AA'A'A'A'Ai ABRANBNALL
: o
uun
ao®
oo®
oo
()2_:': ...................
Amphtude b/tOZ 0.36
almost constant
01 i i .
=20 -10 0 10
V [um]

Amplitude in L polarization

o VCRM phase
4 Airy phase

: pha‘:e shift of h:a]l‘ wave loss

phase [rad]

AABnnnnaauannunﬁ
A

Phase in || polarization

o VCRM umplllud&.
A Airy ampllludu

— Amplltude b/t 0 ~:
~0:37 almost constant

Amplitude

Effect OFBrawstu s Angle ‘
‘o

ARBQAAAAA AAAAAAAéAAAAAAAAAAAAAAAAA:

Amplitude in || polarization
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Ray theory of waves

» Scattering diagrams of an infinite circular cylinder:

v Perpendlcular polarlzatlon . Parallel polarization
1074 T ) T ] Wy
] | | | — Debye theory ] | | Debye theory
; | — Airy theory 103_: ,,,,,,,,,,,,,,,,,,,,,,,, N ,,,,,,,,,,,,,,,,,,,,,, —— Airy theory
rrrrrrr | —/VCRM —— VCRM
VCRM+PO ] VCRM+PO
> ] > 102-5 """"""""""" N NI NN ANNANARARNA R R f s
% ‘D ] \f
c c
I3 IS i
i
0 145 150 15'55 160 140 145 155 160

Scattering angle [deg.] Scattering angle [deg.]

The results of RTW are in perfect agreement with the Debye theory for both polarization.
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Ray theory of waves

» Scattering diagrams for a sphere of dlfferent 51ze

Intensity

Perpendicular polarization

m=1333, A=0. 6328 Hm.

107 5 3
E a=100 um | Debye theory |3
] | | | = Aiiry theory
103 _E """""""""" " """""""""""" " """""""""""" " — VCRM =
] VCRM+PO
10" 5
10° - :
135 140 145 160

Scattering angle [deg.]

Airy theory is not precise for large angle

what ever the particle size.

VCRM+PO is precise for particle as small as 5A.
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Intensity

Intensity

| '—Airytheory
a= 1ooo Um | —— VCRM
104V N\ ~ ~ VCRM+PO |
1004/t YY"
102_E ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
o ; ; ; ; g
1375 138.0 1385 139.0 1395 159.5 160.0
10° i

10'4,~

100 ,,,,,,,,,,,,,

Debye theory
a=10 p_m —— Airy theory 1
"""" e —— VCRM 7
: f —— VCRM+PO ]

10+
135

140 145 150 155 160
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Ray theory of waves

» Scattering diagrams for a sphere in Parallel polarization — detailed examination

m = 1.333, a=50 pm ®g: phase shift of w at Brewster angle D,,;: amplitude on virtual line
A =0.6328 um A amplltude by Fresnel factor VCTM: rlgorous phase and amplltude
T ol L AAARR,
> > 10
Z g |
£ E |
- [t | = P | | |
10"4 —— Debye theory 1 | —— Debye theory
] —— Airy theory with @, —— VCRM+PO with D =1
1 Alrytheorywnhq) andA L | | | ‘ —— VCRM+PO
w—-—-r—r—
136 138 140 142 144 146 148 150 152 154 156 158 160 101136 1§8 1210 1212 Y ) e e L L
Scattering angle [deg.] Scattering angle [deg.]

Therefore, with rigorous phase, Fresnel factor and divergence factor
we obtain a result in perfect agreement with the rigorous Debye theory.
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Ray theory of waves

» Experimental validation
Figure 3 in Onofri et al, Opt. Exp. 2015

Shadowgraph detection

CCD camera

&

(1 . -
Rainbow detecti cus
n—0 E  Telecentric lens Alow qefection ¢ !
Chip-CCD camera R
v Fourier "
lens [
Diaphragm (({( ((( (@
A Collection 2 B
Zoom on the | B Jenses e
oblate droplets | ‘* ; ]
Reflector « T

Interference

Ultrasomc J
filter

levitator >4

Emitter, -

Shadowgraph emission
Collimating optics

Beam expander
. o YAG laser beam
Rainbow emission

Flash lamp
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Ray theory of waves

» Generalized rainbow patterns

AN~
: -x\"\-‘\\
ik \\\‘ >
3 -
= Airy bows
(d)
HU focus
B0 \\}_b.'. l / —
= Q(«x (Q'_ s (1!

. .
iry \hm\ S —

Ve

150 160 170 IR0 150 160 170 |80
0 |deg. 0 |deg.
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Duan et al OL 2021

Comparison with experiment

= = = -
2 —(a) Skeleton o
— 1 - two-ray zone & oY SWE - =
oD v~ §
N 0= —— four-ray zone
R T
=9 e
I >
- : 1
p(b) Simulation
—: 4
% W
= 0 «’\ 0.5
= 1 -5 Ripple fringes

) [deg.]

( ‘ gt el
-3 Ripple fringes "’L’uﬁicc‘ -
S

f o

_Airy b ‘>
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Ray theory of waves

» Generalized rainbow

patterns

Quantitative
comparison

of VCRM with
experiment.

Excellent
agremment
except near
rainbow
angles.
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Ray theory of waves

i ' Zhang, Rozé & Ren, ELS 2021
> Generalized rainbow patterns ang, Roze & Ren

= Ray theory of waves (full 3D VCRM + PO) is in perfect agreement with the experiment in all
range.

= VCRM2D+ considers only rays in the symmetric plane, not good in 4 ray region.
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Conclusions and perspectives

Conclusions:

>

>

>

Ray theory of wave is very promising for the scattering of larges non-spherical particles. It composed
of two parts: VCRM and Physical optics

VCRM is well established and has been applied to predict the scattering patterns of typical non-
spherical liquid particles.

Ray theory of wave (VCRM + PO) is validated:
Airy theory revisited with VCRM.

Excellent agreement b/t simulated and measured Generalized rainbow patterns for a spheroidal drop.

Perspectives:

>
>
>

Applications of RTW to scattering of EM waves.
Combination/relation of RTW with GTD

Applications of RTW to other domains:
liquid jet/drop imaging et characterization
imaging/non-imaging
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