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Introduction
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J. F. Nye, Nature (London) 312, 531 (1984)

Rainbow scattering from spheroidal
drops—an explanation of
the hyperbolic umbilic foci
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P. L. Marston, E. H. Trinh, Nature (London) 312, 529 (1984)
Hyperbolic umbilic diffraction
catastrophe and rainbow
scattering from sphgroidal drops

Marston, Opt. Lett. 1985
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Scattering of a circular cylinder

» Deviation angle of an emergent ray
Order p of emergent ray : the number of interactions minus 1.
rand 77 are respectively the complementary angles of the incident and the refraction angle:
T =90°-0,1t =90°-0,
“p = 0:0 =21
p =1: 0 = 2t- 27

= For any p: Hp :22’—2pz"
» Intensity - Fresnel factor
€ex = ?\ p=20
€y = i‘” D1—r2)2 p>1

X represents the polarization sate
(L or ||), ry Fresnel coefficients.
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Scattering of a circular cylinder

» Optical path and phase

Reference ray: a virtual ray incident and emergent in the same direction and passing by the
center as if no particle.

Optical path in the particle:

Ay in = 2pmasint’

Optical path:
A, = 2asint — 2pmasint’
Phase shift of optical path:
2 : :
D, = %d(sm T—pmsinz’)

Phase due to reflection:
Phase of the complex number: ry

Phase due to focal lines:
Phase jump 1t/2 at each focal line.
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Scattering of a circular cylinder

> Intensity - Divergence factor

= Energy balance:

with

We obtain

l, dS, =1, dS,

dS; =asinzdrdz, dS,=rd6 dz

LA T K3 ERAE#EE (2022)

dSl':(,l

\\

dtdzsint

We note the divergence factor:
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Scattering of a circular cylinder

» Phase due to focal line
The phase due to the focal line depends only on p and the sign of the derivative s = sign(d6,/dr):

1 .
O = [1)— 3(1 — s)]

| =

.

N

—

» Diffraction field (non polarized)
o = 2na/\ S, = 1 + cos# sin(asinf)
2 sin

» Total scattered field )
Phase: ®, = @, + @, + ®, (resp.phases of Fresnel coefficients, focal lines and optical path)

Amplitude of emergentray: A = VD, &y
Total complex amplitude: N _
A =Y \Je,Doe ™ +5,

p=0

N is the total number of rays arriving at the angle 6;.
Note: the interpolation is needed in the last step.
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Scattering of a sphere

Only the divergence factor and phase of focal lines are different.

° ° dS — Zd d .
> Intensity - Divergence factor i \“ Tfﬂ SinT

Energy balance: _ e
gy IS,pdSS - IOgX dSI //
with dS;, =a’coszsinzdzde, dS,=r*sing,d6 de
We obtain

2 : 2
e dS;  loeya“coszsinzdrde  a

=—l,e, D
s, 2 a: 2 0¥X=p
" dS, r‘sing do de r

The divergence factor:

cosgsinz dSs = r?sin6,d0,de

" sing, |dg; /d7] | -
> Phase of focal lines: ) ~ Ditfraction field:
(l)[ — '-; |:/, - ")/"I’ L 1)[\ — (11'}:| ‘S,d _ (}:2 ']1 ((l‘ﬁ S1T1 0)

(v sin ¢

» Total field is calculated in the same way as for the cylinder.
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Scattering of a sphere

» Scattering diagram according to geometrical optics / P=0

Without
interference
between
different
modes

Intensite de diffusion

e Sphere of water
e Polarization L
e Intensity — «
at rainbow angle
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Scattering of a sphere

» Scattering diagram according to geometrical optics
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Scattering of a sphere

» Scattering diagram according to geometrical optics

= Comparison with rigorous theory.
Forward direction First rainbow
b ? ' R s 1
Ev. il “ | | ). D | ! t ;
' ‘, ; I ' 1 ‘ I }l Hy | || 4 i ” 1 | E: |J “ ’| .II [|| ill ll U
: Ay i I | |
' e | f
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Scattering of a sphere

> Scattering diagram according to geometrical optics
Total intensity: a'=50um, m = 1.33

10

o«

-- Lorenz-Mie theory
.- GO with interference A sphereof

logl0 [(i1+i2)2)

water )
: ™ |l Problem in
InCident plane WwavVe. A = 06328 pm s |lo 2lo ;o 410 slo 610 710A g:})dcd% mL:)?dcg::o llo I;O 140 iﬁso\m\i.s\ra]nbow
5 le and
St?‘ate : a=50um, m=0.75 ang
o Fng s T i
_ angle.
A air bubble £° ;
Typical example in the water =
Airy theory for
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Scattering of a sphere

=

> Ex er Ci se Under what condition can the geometrical optics be_ used?_ S _
2. Alight ray arrives on a surface separating two media of different refractive indices. The two figures

below represent the reflection coefficients as a function of the incident angle i in the two cases: from a
more refractive medium to a less refractive and from a less refractive medium to a more refractive.

- To which case does each of these two figures correspond?

- What does each of the two curves represent in the figures?

- Why is there a plateau in the right figure from 41.8°? Deduce the ratio of the refractive indices of the

two media.

- What is the angle of 56.3° in the left figure and 33.7° in the right figure? Explain this phenomenon.
A light ray of wavelength A= 0.488 um penetrates into a medium of index m = 1.35-0.001i. What is the
speed of light in this medium? What is the characteristic depth of penetration defined by 1(8) = 1(0)/e?

Answer: _ eflecton . 0.
1. Wavelength h less than di ' f object: 3 3 ..
davelengtn mucn 1ess than dimension or objec . B 11m1t angle

AKLL . A
04 |
- see Figure. 0.2

2. -A->(C)and B -> (D). 06
8 ] -
3. The speed of light: v = 22 |

- Upper lines for 1| and lowers for |[|.
- Plateau in B is due to total reflection.
=2.22 x 108 m/s — % . . . . .
: 135 161 / i “ Hoeas N % i }/ Tloeg) ®
The penetration depth: is ST = 355 pm. N

0.8-
0.6

0.4

Brewster angle
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Rainbow theories

Myth: different myths in different culture, Physics of rainbow

Art, literature: A rich source of art in all the cultures, _ :
Rainbow in nature

Science:

— Meteorology since ancient time
— Optical metrology in recent days

Mathematics:

- Geometry

— Airy function

- Watson transform ...

Colors of rainbow

Incident
rays

Physics:

- Ray optics,

- Interference

— Diffraction

— Phase at focal line
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Rainbow theories
» GO theory of Rainbow E
Descartes (1637) gave the first satisfactory explanation: g ‘
Extreme deviation + dispersion of the water HBIr T A RZEN A E 5] 2R LR
This figure is well known and cited often, st ) L
But few know about the method used by Descartes: A -~ MW ey
T 8200 41° 10
That is the numerical simulation! . : e
*+ \&500 41° 30
. Caustic :

- Or Rainbow angle

1000 l 2000 I 3000 | 4000 FOOO ‘ 6000

| ONP | 5° 40’ |11° 19'|17° 56'|22° 30'iz7° 52“32: 56'

Incident
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Rainbow theories

> GO theory of rainbow 2 reasoning with analytical math:

1. Divergence factor 4o 1/11 337{1 1 gzo 12%3()9
Cylinder: 5 __sine Sphere: D, - cosé,sint 11 : :
" |de; /dq] sin g, |0, /d] 656.3 1.3311 137.6° 129.6°

2. Extreme deviation: cosT =1mcosT

o dr’ (f'r’ sin 7 tan T

msin7T  tan 7’

m’ 1
tanz, =, |— ey tanz', =p
P p*- Defaults of GO model:
Both methods lead to the same results = Rainbow angle: « It can only give the positions,
‘9R ( D, m) _ 2TR _2 DT IR * The r."eal pqsztzons dep(.enclis on size.
* The intensity tends to infinity!
[ m2 -1 [ m2—1
th(p.m) = ’ \1(tun <\ . g, ) — parctan (1'\'.' . ,“._,) + q7
| RUNIVERSITE =

« "DEROUEN
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Rainbow theories

Can we observe
personally a
whole rainbow?

Why ?

How?

How this photo has
been taken?

Photo of rainbow by a drone
- a unmanned aircraft
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Rainbow theories

Cubic
function

» Airy theory
* Geometrical Optics
1. deviation angle: 0 = 275 — 2pt
2. phase: ® = 2ka(sinty — pmsint)
 Airy theory (1838) = GO + PO:
1. Phase expanded in Taylor series at @p:
AV = khv®/3a?
2. Amplitude constant along v line.

Sir George Airy
(1801-1892)
12348

J'm E—ih(ﬂ—ﬂu)-!—ﬂcﬁvs!aa’ dv I

— 20

» Thisis a work of several researchers.

* Itis often considered as a standard in math and physics.

* From late 19 to early 20™ century, many researchers
were wondering about its precision (Mascart, Boitel, Msibus, ...).

C And tried to improve 1t: Tanacadate, Sassen, Mobbs, Konnen, Nussenzveig, ...). O

, Oy (M)
JJ "UNIVERSITE ’

“DEROUEN
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Rainbow theories

> Airy theory and Young’s model k™

Comparison of the three models:

Descartes (1637):
Only intensity of reflection and refraction

Young (1804):
Interference between two rays

Imperfect of interference — I
Airy (1838) — Youno

GO + PO;

Diffraction iSO

Refractive index; 1.333
Particle radius: 100 pm.

137 139 141 143 145
Scattering angle ()

P. Laven Appl. Opt. 2017

u MUNIVERSITE
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Rainbow theories
» Airy theory and modified Young’s - =i -

Young modified by the phase shift of 7.
Refractive index: 1.333 s
Particle radius: 100 um.

P. Laven Appl. Opt. 2017

137 139

15t supermiimarary - —— Debye

—— Young (mod.)

nd supesnumerary

Sed supormumerary

Su(B)f

107 109 141 140 145
Scattering angle (')
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Rainbow theories

Cubic
> Mascart method: functio

» The intensity at the angle &is just the interference of
the 2 rays arriving at that angle.

For a spherical particle, these calculation can be
done with a programable calculator

Table 2: Peak positions (in deg.) of supernumerary bows of a sphere
(refractive index m = 1,333, A = 0.6328 pym).

a=50um a =500 pm _ ConCI Sions

K| Airy |VERM#PO| Debye | K| Airy |VCRM+7O| Debye . : u

0| 13950 | 13947 | 13947 | o0 13826 | 135326 138.26 The precision of Airy theory depends on the angle |6—

1 ‘ 142.98 142.88 | 142.87 1| 139.01 ‘ 139.00 | 139.00 QR‘ but httle on partlcle Size_

2 | 145.41 147.24 | 147.23 | 21| 14513 | 144.98 | 149.99 The integral (PO) is only necessary for the first

a | 14937 | 14901 14899 | 41[149.14 | 148.81 | 14881 b 1 the oth b

6 | 152.72 152.14 | 152.12 61 | 152.53 151.97 | 151.97 e _OW’ all the others can be

g8 | 155.73 154.91 | 154.88 | 81| 155.55 | 154.76 | 154.76 calculated by the interference of two rays.

10 | 15851 | 157.43 | 157.39 | 101 | 158.34 | 157.29 | 157.29 The Ray theory of Waves permits a better

12 | 16110 | 139.77 }4159.72 | 121 | 16035 | 139.64 | 339.64 understanding of the scattering mechanism and

Discrepancy of 1.3° for the two particles the calculation of rainbow/generalized rainbow of
The discussion of particle size limit for Airy theory is a false issue! a non-spherical particle.
RUNIVERSITE CO/
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Rainbow theories

Perpendicular polarization

» Revised Airy theory: absolute intensity: Hovenac & Lock 1992
) Airy differs from Debye and difference increases with p
e Tricker (1970): A~\/a/A -
e Nussenzveig: josa1979): A~(a/X)7/6 5
e Wang and van de Hulst: (appl. opt. 1992): o
ues at the GU rainbow ray. ‘1'he size aepenaence oI tne =
rainbow peak intensity of ~x7/ in Eq. (21) agrees with 10°
the size dependence in amplitude of ~x7/¢ in Eq. (2.4) . .
of Refs. 13 (8 is our x). Nussenzveig's comment (i) to ¢ 1 Firstrainbow
this factor might convey the impression that the ad- =1000 = a=1602A
vanced theory deviates progressively by an enhance- > v v st v =k
ment factor of x/¢ (in amplitude) from the Airy theory. .
is i . Instead, if 6 is the rainbow angle 18 " = e
by GO, the main Airy peak and each supernumerary \ »
peak changes position as ML::E& Since, in the 1
absence of any diffraction effects, the GO intensity
near the divergence point is (8 — 6p)~'/2, this immedi- 10°
ately explains why the intensity is enhanced as x*'/°, =
- - i o - 2
e Hovenac & Lock (josa A 1992): =
same factor as above, other reason, see Figs. ' Second rainbow
a=1000 = a=160 A
e R.Lee: Appl. Opt. 1998 ' Ge s s s e 1k e
20 March 1998 / Vol. 37, No. 9 / APPLIED OPTICS 1507
Airy & Mie For a given A, r, and range of 6, Tanacadate (1907 T
the two theories 1 1 i intensity ( i ) (* + ") /*(2e8)
maxima, s€_must normalize one theory’s resulf®in Paper no any citation
order to compare them WitiT tire oter 5.
MUNIVERSITE CQo
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Rainbow theories

» Revised Airy theory: amplitude variation Parallel polarization
Nussenzveig PRL (1974), JOSA A (1979)

Mascart (1889), ~ ﬁllryfallsforparglie,lu polgg@@ng’_ .
followed by Mébius (1891), o e j
van de Hulst (1957) different method, IF Mu il W ¢ | \
but not complete. vl

10"

Tanacadate (1907): =/ R
phase and amplitude 5% order, EA:[ a=1500 > a= 240\7\: Ly .
but not scattering pattern, Lo i ol el Lty A()TL'L | _’:u' .

MObbS, Sassen ... Konnen and De Boer in 1979, Appl Opt.

Nussenzveig (1974): @ o myooms[iawrosmiaiar] ol

CAM from Debye and Mie

Konnen (Appl. Opt. 1979):
reflection coefficient expended in higher orders...
but no comparison with rigorous method Bk L.
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Rainbow theory

» Airy theory questioned
e Why Airy theory suffers so much?
e Are these due to the ray model or the diffraction procedure?

Two approximations in Airy theory: G. B. Airy, “On the intensity of light in the neighbourhood of

1. Cubic phase function obtained forv ~ 0 a caustic”, Trans. Cambridge Phil. Soc. 6 (1838), pp379-402
2. Constant amplitude © o — ko0 —6p) -+ ikho%[3a? 7, refore, the expression for the whole
Airy argued (page 388): Cw i disturba s o
So k — oo while it does “work” for a~ 102 . ﬁ“h “‘W"E’-nfxsﬁ'-: ip.)h

.'l‘hplim‘&rougﬁ mmmmamu,mamm

Lee resumed (1998) the limit of particle radius a in Airy: . wﬁn to_i‘ a sensible ‘:dwﬁty”wﬂve.mmd on

- van de Hulst 0.5 mm because of no computer,

- Kénnen (1979): 0.14 mm,

- Nussenzveg: requires only small correction for 15t bow,
- Wang & van de Hulst (1991): 0.1 mm,

2 Why the precision depends on the size and order of rainbow?
2 Why it fails completely for parallel polarization?

1 PUNIVERSITE
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Summary

» Geometrical can be applied to the scattering of particle.
» The different kinds of phase shifts are to be considered
» The intensity of emergent rays affected by two factors:
The reflection and transmission on the particle surface
The divergence / convergence of the waves
» The precision is very good except in the vicinity of caustics.

» Geometrical optics can predict only the geometrical rainbow angle, which is
independent of particle size but the real main peak depends on particle size.

» Airy theory can remedy the problem of infinite intensity, but the intensity
maxima are npt precise and it fails for parallel polarization.

MUNIVERSITE
DEROUEN




