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➢ 几何光学可用于粒子散射计算吗？

▪很少有人用几何光学直接计算散射问题，

▪作为高频方法，几何光学应用在一些简单场合，

▪也发展了几何绕射理论等，

▪… …

➢ 彩虹—几何光学与物理光学的结合

▪彩虹原理--几何光学 (笛卡尔1637)

▪艾里理论—几何光学+物理光学(1838)

▪彩虹测量技术

▪彩虹研究三个半世纪，
如今仍然蓬蓬勃勃。

Introduction
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Introduction

➢ 经典模型的局限性

▪几何光学可获得球形粒子直径与相位差之间的关系（如相多普勒仪），但对非
球形粒子举步维艰；

▪而自然界存在大量非球形粒子；

▪实际工业和科研中遇到大量非球形粒子，如雨滴、血球、雾化等，

▪大量的电波传播与探测、光学测量与设计和辐射压力计算等等都需要解决大的
非球形粒子的散射问题

Rain drops

Red blood cells Airplane
Optical tweezers and 

knifes
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Introduction

➢ 对新模型的思考

Marston, Opt. Lett. 1985

一个典型的非球形
问题的例子

能否理论计算精细结构？

为了回答这些问题，我们先考察经典模型：

几何光学的光散射
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Scattering of a circular cylinder

➢ Deviation angle of an emergent ray
Order p of emergent ray : the number of interactions minus 1.

 and  ’ are respectively the complementary angles of the incident and the refraction angle: 
 = 90°−𝜃𝑖, ‘ = 90°−𝜃𝑟

▪ 𝑝 = 0: 𝜃 = 2𝜏

▪ 𝑝 = 1: 𝜃 = 2 − 2‘

▪ For any 𝑝:

➢ Intensity - Fresnel factor

X represents the polarization sate

(⊥ or  || ), rX Fresnel coefficients.
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➢ Optical path and phase 

▪ Reference ray: a virtual ray incident and emergent in the same direction and passing by the 
center as if no particle.

▪ Optical path in the particle:

▪ Optical path: 

▪ Phase shift of optical path:

▪ Phase due to reflection:
Phase of the complex number: rX

▪ Phase due to focal lines:
Phase jump p/2 at each focal line.

Scattering of a circular cylinder
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Scattering of a circular cylinder

➢ Intensity - Divergence factor

▪ Energy balance:

with

We obtain

We note the divergence factor: 

II-8

0 0
, 0

sinX i X
s p X p

s p

I dS I a d dz a
I I D

dS rd dz r

   



= = =

, 0s p s X iI dS I dS=

sin ,    i s pdS a d dz dS rd dz  = =

sin
p

p

D
d

d







=


τ

𝑑𝑆𝑠 = 𝑟𝑑𝜃𝑝𝑑𝑧

𝑑𝑆𝑖 = 𝑎𝑑𝜏𝑑𝑧 sin 𝜏
𝜃𝑖



上海理工大学国际合作讲座(2022)University of Shanghai for Science and Technology

Scattering of a circular cylinder

➢ Phase due to focal line

▪ The phase due to the focal line depends only on p and the sign of the derivative s = sign(dp/d):

➢ Diffraction field (non polarized)
 = 2p𝑎/

➢ Total scattered field
▪ Phase: 𝑝 = 𝐹 +𝑓 +𝑃 (resp. phases of Fresnel coefficients, focal lines and optical path)

▪ Amplitude of emergent ray: 𝐴 = 𝐷𝑝𝜀𝑋
▪ Total complex amplitude:

N is the total number of rays arriving at the angle 𝜃𝑠 .

Note: the interpolation is needed in the last step.
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Only the divergence factor and phase of focal lines are different.

➢ Intensity - Divergence factor

▪ Energy balance:

with

We obtain

The divergence factor: 

➢ Phase of focal lines:

➢ Total field is calculated in the same way as for the cylinder.

Scattering of a sphere
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Scattering of a sphere

➢ Scattering diagram according to geometrical optics
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• Sphere of water
• Polarization  ⊥
• Intensity →

at rainbow angle
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Scattering of a sphere

➢ Scattering diagram according to geometrical optics
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water droplet: 

a=50µm, =0.6328, m=1.333
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Scattering of a sphere

➢ Scattering diagram according to geometrical optics

▪ Comparison with rigorous theory.
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Forward direction First rainbow

LMT - Rigorous theory

GO – approximate method
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Scattering of a sphere

➢ Scattering diagram according to geometrical optics

Total intensity:

-- Lorenz-Mie theory

-- GO with interference

Incident plane wave: 𝜆 = 0.6328 μm
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A air bubble 
in the water 

A sphere of 
water 

Problem in 
rainbow 
angle and 
critical 
angle.

𝑆𝑡𝑟𝑎𝑡𝑒𝑔𝑦:
GO + PO

Typical example
Airy theory for 

rainbow
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Scattering of a sphere

➢ Exercise

II-15

1. Under what condition can the geometrical optics be used? 

2. A light ray arrives on a surface separating two media of different refractive indices. The two figures 

below represent the reflection coefficients as a function of the incident angle i in the two cases: from a 

more refractive medium to a less refractive and from a less refractive medium to a more refractive.

- To which case does each of these two figures correspond? 

- What does each of the two curves represent in the figures? 

- Why is there a plateau in the right figure from 41.8°? Deduce the ratio of the refractive indices of the 

two media. 

- What is the angle of 56.3° in the left figure and 33.7° in the right figure? Explain this phenomenon.

3. A light ray of wavelength = 0.488 µm penetrates into a medium of index m = 1.35−0.001i. What is the 

speed of light in this medium? What is the characteristic depth of penetration  defined by I() = I(0)/e2.

n’>n

n

n

n’<n

A B

𝜃1 𝜃2

𝜃3

Brewster angle

limit angle

Answer:
1. Wavelength much less than dimension of object: 

𝝀 ≪ 𝒍.
2. - A-> (C) and B -> (D).

- Upper lines for ⊥ and lowers for ||.
- Plateau in B is due to total reflection.
- see Figure.

3. The speed of light: 𝑣 =
3×108

1.35
= 2.22 × 108 m/s

The penetration depth: is 𝛿
0.16𝜆

𝑚𝑖
= 355 µm.

(C)

(D)
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Rainbow theories

• Myth: different myths in different culture,

• Art, literature: A rich source of art in all the cultures,

• Science: 

– Meteorology since ancient time
– Optical metrology in recent days 

• Mathematics:
– Geometry
– Airy function
– Watson transform … 

• Physics:
– Ray optics,
– Interference 
– Diffraction
– Phase at focal line
– …

Simulated rainbows

Rainbow in nature

Physics of rainbow

R2

m
Incident 

rays

R3

Colors of rainbow
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Rainbow theories

➢ GO theory of Rainbow
Descartes (1637) gave the first satisfactory explanation:

Extreme deviation + dispersion of the water

This figure is well known and cited often, 

But few know about the method used by Descartes:

That is the numerical simulation!

II-17

彩虹乃自然之奇观自古引圣贤索其源
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Rainbow theories

➢ GO theory of rainbow 2 reasoning with analytical math:

1. Divergence factor
Cylinder:                                   Sphere:

2. Extreme deviation: 

Both methods lead to the same results → Rainbow angle:
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486.1  1.3371   138.5° 128.0°
589.3  1.3330   137.9° 129.1°
656.3  1.3311   137.6° 129.6°

Defaults of GO model:
• It can only give the positions, 
• The real positions depends on size.
• The intensity tends to infinity!
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Rainbow theories

II-19

Can we observe 

personally  a 

whole rainbow?

Why ? 

How?

How this photo has 

been taken?

Photo of rainbow by a drone 
- a unmanned aircraft
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Rainbow theories

➢ Airy theory 

• Airy theory (1838) = GO + PO:
1. Phase expanded in Taylor series at 𝜃𝑅:

2. Amplitude constant along v line.

• Geometrical Optics
1. deviation angle:  = 2𝜏0 − 2𝑝𝜏
2. phase:  = 2𝑘𝑎(sin 𝜏0 − 𝑝𝑚 sin 𝜏)

• This is a work of several researchers.
• It is often considered as a standard in math and physics.
• From late 19th to early 20th century, many researchers 

were wondering about its precision (Mascart, Boitel, Möibus, …).
• And tried to improve it: Tanacadate, Sassen, Mobbs,  Können, Nussenzveig, …).
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Rainbow theories

➢ Airy theory and Young’s model

Comparison of the three models:

Descartes (1637): 

Only intensity of reflection and refraction

Young (1804): 

Interference between two rays

Imperfect of interference

Airy (1838): 

GO + PO:

Diffraction

Refractive index: 1.333

Particle radius: 100 µm.

P. Laven Appl. Opt. 2017
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Rainbow theories

➢ Airy theory and modified Young’s

Young modified by the phase shift of 𝜋.

Refractive index: 1.333

Particle radius: 100 um.

P. Laven Appl. Opt. 2017
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Discrepancy of 1.3° for the two particles

The discussion of particle size limit for Airy theory is a false issue!
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Rainbow theories

➢ Mascart method:
▪ The intensity at the angle  is just the interference of 

the 2 rays arriving at that angle.

v

u



Cubic 
functio

n

R

For a spherical particle, these calculation can be 
done with a programable calculator

Conclusions
▪ The precision of Airy theory depends on the angle |−

R| but little on particle size.
▪ The integral (PO) is only necessary for the first 

supernumerary bow, all the others can be 
calculated by the interference of two rays.

▪ The Ray theory of Waves permits a better 
understanding of the scattering mechanism and 
the calculation of rainbow/generalized rainbow of 
a non-spherical particle.
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Rainbow theories

➢ Revised Airy theory: absolute intensity:
• Tricker (1970): 𝐴~ 𝑎/λ

• Nussenzveig: (JOSA 1979 ): 𝐴~(𝑎/λ)7/6

• Wang and van de Hulst: (Appl. Opt. 1992):

• Hovenac & Lock (JOSA A 1992):

same factor as above, other reason, see Figs.

• R. Lee: Appl. Opt. 1998

Airy & Mie

Perpendicular polarization
Hovenac & Lock 1992

Airy differs from Debye and difference increases with p

First rainbow
=1000  → a=160 λ

Second rainbow
=1000  → a=160 λ

Tanacadate (1907)
Paper no any citation
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Rainbow theories

➢ Revised Airy theory: amplitude variation Parallel polarization
Nussenzveig PRL (1974), JOSA A (1979)

Airy fails for parallel polarization!!

=1500 → a=240 λ

Mascart (1889), 
followed by Möbius (1891),

van de Hulst (1957) different method, 
but not complete.

Tanacadate (1907): 
phase and amplitude 5th order,
but not scattering pattern,

Mobbs, Sassen …

Nussenzveig (1974): 
CAM from Debye and Mie

Können (Appl. Opt. 1979): 

reflection coefficient expended in higher orders…

but no comparison with rigorous method

Können and De Boer in 1979, Appl. Opt.
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Rainbow theory

➢ Airy theory questioned 
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• Why Airy theory suffers so much?

• Are these due to the ray model or the diffraction procedure?

Two approximations in Airy theory:

1. Cubic phase function obtained for v ~ 0
2. Constant amplitude

Airy argued (page 388):

So k → while it does “work” for a~ 102 .

G. B. Airy, “On the intensity of light in the neighbourhood of 
a caustic”, Trans. Cambridge Phil. Soc. 6 (1838), pp379-402

Lee resumed (1998) the limit of particle radius a in Airy:

- van de Hulst 0.5 mm because of no computer,

- Können (1979): 0.14 mm,

- Nussenzveg: requires only small correction for 1st bow,

- Wang & van de Hulst (1991): 0.1 mm,

Why the precision depends on the size and order of rainbow?

Why it fails completely for parallel polarization? 

Ray theory of waves will provide 

a full and satisfactory solution. 
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Summary

➢ Geometrical can be applied to the scattering of particle.

➢ The different kinds of phase shifts are to be considered

➢ The intensity of emergent rays affected by two factors:

▪The reflection and transmission on the particle surface

▪The divergence / convergence of the waves

➢ The precision is very good except in the vicinity of caustics.

➢ Geometrical optics can predict only the geometrical rainbow angle, which is 
independent of particle size but the real main peak depends on particle size.

➢ Airy theory can remedy the problem of infinite intensity, but the intensity 
maxima are npt precise and it fails for parallel polarization.
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