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Theoretical investigation on isomer formation probability
and free energy of small C clusters”
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Molecular dynamics simulations and free energy calculations are employed to investigate the evolution, formation
probability, detailed balance, and isomerization rate of small C cluster isomer at 2500 K. For Cj, the isomer formation
probability predicted by free energy is in good agreement with molecular dynamics simulation. However, for Cyq, C3,
and Cjsg, the formation probabilities predicted by free energy are not in agreement with molecular dynamics simulations.
Although the cluster systems are in equilibrium, detailed balance is not reached. Such results may be attributed to high
transformation barriers between cage, bowl, and sheet isomers. In summary, for mesoscopic nanosystems the free energy
criterion, which commonly holds for macroscopic systems in dynamic equilibrium, may not provide a good prediction for
isomer formation probability. New theoretical criterion should be further investigated for predicting the isomer formation

probability of a mesoscopic nanosystem.
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1. Introduction

Decades ago, the structure of nanoclusters was essential
to modern nanotechnology. For example, catalysts used in fuel
cells are based on Pt or Pt alloy clusters!!=] which always ex-
hibit very complex structures. In 1985, Cgg fullerene was first
prepared by Kroto ez al.[®! from laser ablation of graphite in He
buffering. In this well-known experiment, the formation prob-
ability of Cy clusters was obviously affected by He pressure,
and by an integration cup to maximize the cluster reaction, the
products became mainly Cgg and a few C7o. However, at very
high pressure small C clusters will aggregate to large amor-
phous nanoparticles.!”-8! In fact, the influence of experimental
conditions on cluster structure may be difficult to extrapolate.
Therefore, theoretical investigations should emphasize on the
kinetics of formation and isomerization. For example, Slanina
et al. used free energy criterion to predict isomer formation
probability of a Cy cluster.”) Nowadays, such a method has
been widely applied to various kinds of clusters.!!%1?] How-
ever, since the topography of global potential energy surface
is complicated, the cluster system needs a long time to reach
ergodicity.[!3 Therefore, the isomer formation probability in
thermal equilibrium and its relation with isomer free energy
should be carefully examined before using them as theoret-
ical criterion. In our previous work, we found that for Pt
cluster isomers the prediction of free energy criterion is in
good agreement with equilibrium molecular dynamics (MD)
simulations.!"*! However, in the study of C clusters>:!>-16] we
found that for Cs¢ isomers the free energy criterion can only
roughly give the differences in formation probability among

DOI: 10.1088/1674-1056/24/6/068201

cage, bowl, and sheet isomers, but fails to quantitatively pre-
dict the formation probability of each isomer.!!”! In this case,
we even develop a time-going-back method!'®! and a statis-
tical model!'! to predict C isomer formation probability. In
a word, the validity of free energy criterion should be further
examined.

In this work, MD simulation and free energy calculation
by the Metropolis Monte Carlo method are employed to in-
vestigate the evolutions, formation probabilities, detailed bal-
ances, and isomerization rates of Cjq, Cp9, C30, and Csg cluster
isomers at 2500 K. For Cjy, the isomer formation probability
in MD is in good agreement with the prediction of free en-
ergy criterion. However, for Cyg, C39, and C3g the free energy
criterion fails to quantitatively predict the formation probabil-
ity. The detailed balance between isomers is not reached. For
example, the cage fullerene of Cpy (i.e., an isomer that has
not been found in the product of laser ablation of graphite for
a long time, finally was synthesized by chemical method?"")
was never formed in MD simulations, while the free energy
criterion predicts that it may be found. For Csg, the most prob-
able isomer in MD is the one with D2d symmetry, while the
free energy criterion proposes the one with D6A symmetry. In
summary, the difference between MD simulation and the free
energy criterion reminds us to use the free energy criterion
cautiously. For mesoscopic nanosystems, the free energy crite-
rion which commonly holds for macroscopic systems may not
provide a good prediction for isomer formation probability. In
future research, we need to provide a new theoretical criterion
for predicting the isomer formation probability of mesoscopic
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nanosystems.

2. Methods
2.1. MD simulation

To investigate the formation and isomerization of C clus-
ter, MD simulation is performed for isolated C atoms in He
buffer gas. The interaction between C atoms is described by
the Brenner potential, and Leonard-Jones potential is applied
to the He-He and C-He interactions. N isolated C atoms
and 160 He atoms are randomly placed in a cubic with a
side length of 40 A (the pressure of He gas is about 100 atm
(1 atm=1.01325x10° Pa) at 300 K) and periodical boundary
condition is used. Both the C and He atoms are initially set to
be at 2500 K, and a thermal bath at the same temperature was
applied to the He atoms. In time steps of 0.2 fs, the simulation
takes 300 ns. During the evolution, the structure of the Cy sys-
tem is sampled once every 5 ps and cooled down to 0 K. For
a given N, the formation probability of each isomer can be de-
rived by counting the sampling number in running simulations
many times.

It is worth noting that the statistic results are taken from
simulations taking only 300 ns. To verify whether the simula-
tion time is long enough for the system to arrive at equilibrium,
we perform the same MD simulations starting from an isomer,
instead of starting from C atomic gas. Such simulations are
also run for 300 ns. If such simulations provide the same iso-
mer formation probability distribution as the simulations from
C atomic gas, such an isomer formation probability distribu-
tion will no longer change considerably even if the simulations
are extended to infinite time.

2.2. Reaction path and rate

To obtain the reaction path and corresponding rate of
transformation between isomers, MD simulations are per-
formed using the technique in Subsection 2.1, starting from a
given isomer instead of starting from C atomic gas. The time
taken by the transformation from the isomer to another one
is recorded. By repeating the simulations a thousand times,
probable reaction paths from a given isomer to other isomers
are all obtained, and the average reaction rate of each path is
derived. Finally, the energy profiles of minimum energy paths
are calculated by the nudged elastic band (NEB) method.!?!->?!

2.3. Free energy

In equilibrium, the formation probability of cluster iso-
mer is corresponding to the free energy. In an isothermal-
isobaric ensemble, the Gibbs free energies of isomer a and
b satisfy

Gb—Ga = —len(Nb/Na), (1)

where T is the temperature, and N, and N, are the molecule
numbers of a and b respectively. Similarly, in an isothermal-
isovolumic ensemble the Helmholtz free energies satisfy

Fb — Fu = —kT ll’l(Nb/Na). (2)
When the cluster molecules are treated as an ideal gas, then

beGa = F-F+BV,-FV,
:beFa+ka7kTa:Fb7Faa 3
and the ratio N, /N, in isothermal—isobaric equals that in the

Then, by F = —kTInQ
(where Q is the molecular partition function) the ratio reads

= 0p/Qa- “

isothermal—-isovolumic ensemble.

Ny/N, = e —(Fy—F,)/kT _

In the following discussion we focus on the classical partition
function Q and compare it with classical MD simulations.

At low temperature, by the rigid-rotor and harmonic-
oscillator approximation Q can be decomposed into

0 = OrQrQve B/ )

where Ej is the potential energy (PE) of isomer at 0 K; Or,
Or, and Qv are the translational, rotational, and vibrational
partition functions, respectively. Here,

(2aMKT)3/?V
h3

where M is the molecular mass and V is the volume of simu-

Or= ; 6)

lation box, and

3

h3s
where I, Iy, and I, are the molecular principal moments of

Or = (8KT)3 L, I, 7

inertia, and & is the rotational symmetry number. The quan-
tum mechanical expression for the vibrational partition func-
tion reads

31-6 o —hvi/2kT

Ov = E m, (8)

where v; is the canonical vibrational frequency of mode i. In
the classical limit, it becomes

3n—6 kT
= _— 9
ov =115, ©)

At high temperature, O can be calculated numerically.
For the atoms located at r; ~ 7, with mass m; ~ m, and mo-
mentum p; ~ p,, the total energy reads

E= Z

where U is the interaction potential, and the classical partition

U( 10
zml + 1“1,7“2, )7 ( )

function reads

0=

JEIF / efE/derl dry,...,dr,dpdpa,...,dp,
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S

i=1

X (/ eU/de'rld'rg,...,dr,,> .

Then, to separate the translational motion new coordinates

/
n

(1)

/ / /
TN=T1, Ty =Ty —T|, T3 =T3—T1, ..., T, = Ty —

r1 are employed. According to the translational symme-
try U(ry,rp,73,7,) = /), the final factor in

Eq. (11) reads

!/ /!
U(0,r5,75,...,

A(ry,r2,...,1y)

drtdrs,... dr!
a(ry,ry,....rh) IR0 B

— / er(O,ré,rg,...,r;,)/kT

12)

n?

/ ! !
= V/e_U(O”"Z’W'“"’")/kTdr/z,...,d'r’

in which the Jacobian

&(7’177"2;7%)

ERALRILE A T
‘9(?"'177“5 Th)

Next, the rotational motion is separated by another transfor—
(0,0,r), 5 =
(p,0,s), and arbitrary 7} ~ 7, any molecular orlentatlon can

mation stated as follows. Starting from r; =
be produced by a 3-2-3 Euler rotation. Let us rotate 75 ~ 7,
by { about the z axis, and by 6 about the y axis, and then by ¢
about the z axis. The produced r; = Rr; are presented by the
rotation matrix

cos@cosBcos§ —sinpsin{ —cos@cosOsin{ —singcos{ cos@sinf
R= singcosOcos{+cos@sin{ —sin@cosOsin+cos@cos{ sin@sind (13)
—sin6cos{ sin@sin cos 6
‘ a / /
By ‘ e ’drd@d ‘ 3 ‘
-2 o |23 __|dpdsd¢
. d9(r,0,9) a(p,s.¢)
0 rcos@sin 0 or' 119! P
h=R| 0| = rsingsin6 (14) Tl 20 dppdes, . dr
r rcos 6 Iy |[ors ar;
and = r?sin@drd0do-pdpdsd{ - drjdrs,...,dr:. (16)
p Then, according to the rotational symmetry U (0,75, 75,...,7),) =
!/
3=R|0 U(0,73,73,...,7,) the final factor in Eq. (12) becomes
s
p(cos@cosBcos —sin@sin{) +scos @sin O /e*U(OvT'sz§7-~-7TL)/kTdrfz’._.7d7,"1
= | p(singpcosBcos{ +cos@sing)+ssingsin® |, (15)

—psinBcosf +scosO

the integral element in Eq. (12) reads

drhdry, ... dr)

n

_ / e VO rsr)/AT )2 Go g drdodg

*
dr,

xpdpdsd{-drydrs,...,
- 87:2/r2pe*U<0=T3v"é‘v~-v’°Z>/’<Tdrdpdsdr;;dr;,...,dr;.

B a(ry,rh,....rp) a7
a(r,0,¢,p,5,8,7;,7%,...,1h)
x drd0dedpdsd{drydrs,...,dr; Combining Egs. (11), (12), and (17), we have
|
8 2V (& (V2rmkT
” (H( i ) >(/rpe UOr3r3em) KT pdp dsdr drt, ... drn> (18)
i=1
and
[r*pexp vr_t e Ui drdpdsdridr: dr;
o)  [Ppe Y/ldrdpdsdridr,....dr} K\T, D 4505 B 19)
o(Ty)  [rlpe U/Midrdpdsdridr,...,dr; [r2pe-U/Midrdpdsdr;drs,...,dr;; ’

in which the term on the right-hand side can be treated as the

(U/k)(1/Ti=1/T2) in the canonical ensemble at

average value of e
T.
Based on the above theory, a technique is developed to

calculate the partition function Q of an isomer at a given tem-

\
perature. At 7 = 300 K, Q is calculated by Eqgs. (5)—(7), and

(9). Then, equation (19) is employed to accurately calculate O
values from low to high temperature. By the Metropolis Monte
Carlo method, the calculation temperature 73 is increased to
500, 700, 900.. .., 2500 K while keeping 71 = 7,-200 K, and
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then the formation probability of each isomer at 2500 K, i.e.,
the free energy criterion is evaluated by Eq. (4). Note, for iso-
mers with chirality, Q is taken as the sum of both enantiomers.

3. Results and discussion
3.1. Cyg cluster

In MD simulations for N = 10, the C atoms condense into
a Cjg cluster in about 0.3 ns. Figure 1(a) shows the evolution
of isomer PE sampled in MD, in which the points with the
same PE correspond to the same isomer. In most of the time,
the Cig system stays in the isomer form with the lowest PE.
Sometimes it transforms to a state with higher PE and then
falls down immediately. By counting the sampling number of

2
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>
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-
2
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E
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2
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) H | ” ‘
0
0.819 eV
10 20 30 Co

Time/ns

each isomer, the four isomers with the lowest PEs are found
to be most probable, denoted as 1, 2, 3, and 4 in Fig. 1(b)
with their PEs and symbols of molecular point group. In the
MD simulations, the sum of the formation probability of these
four isomers is about 99.5%, while other isomers with higher
PEs seldom appear. The relative formation probabilities of
isomers 1, 2, 3, and 4 are 0.990, 5.53x 1073, 1.80x 1073, and
2.32x1073. According to free energy calculations and the free
energy criterion Eq. (4), the predicted formation probabilities
of isomers 1, 2, 3, and 4 are 0.991, 3.01x1073, 4.57x1073,
and 1.60x1073, which are in proximity to the MD values
[Fig. 1(c)]. The above results indicate that the C;q system is in
thermal equilibrium at 2500 K.

2
(b) g 100
E 1 mm by MD (c)
é 107 by free energy
2 o 9
0375 v o 107
D2h =z
g 10-3F
Pt
L
o 1074
3
4 < 107°
1.676 eV /& 2 3 4
C2v Isomer

Fig. 1. (a) The PE of Cj( isomers sampled during the MD simulation, in which the lowest PE is set to be 0. (b) The four C;g isomers of the lowest PE,
with corresponding PEs and symbols of the molecular point group marked. (c) The relative formation probabilities of the isomers 1, 2, 3, 4 in panel (b)

from the MD simulations and free energy calculations.

3.2. Cy cluster
In MD simulations for N = 20, the C atoms condense into

a Cpg cluster in less than 0.3 ns, then frequently transform be-
tween isomers. In the evolution at 7 = 2500 K, more than
5000 isomers are found. These isomers can be classified into
bowls, sheets, and irregular shapes. By sampling isomer PEs,
it is found that the isomerization of Cy is much more frequent
than that of Cy, and the Cy( system seldom stays at the state of
the lowest PE [Fig. 2(a)]. The structures of the seven isomers
of the lowest PE (denoted as 1-7) are shown in Fig. 2(b) with
their PEs and symbols of molecular point group. By sampling
isomers in MD simulations, the relative formation probabili-
ties of the sixteen isomers of the lowest PE (denoted as 1-16)
are derived (shown by the black columns in Fig. 2(c)). The re-
sult indicates that the isomer formation probabilities are obvi-
ously unrelated to the level of PE. To confirm that the system
is in equilibrium, MD simulations are performed by starting
from 1, 2, and 3 instead of starting from C atomic gas. By run-
ning the simulations many times, the same isomer formation
probability spectrum as the simulations from C atomic gas is
reproduced. It indicates that such an isomer formation proba-
bility spectrum will no longer change even if the simulations

are extended to infinite time.

According to free energy calculations and the free en-
ergy criterion Eq. (4), the predicted formation probabilities
of isomers 1-16 (shown by the white columns in Fig. 2(c))
are not in accordance with the MD results. For some iso-
mers, the difference between the formation probability by the
free energy criterion and that by MD simulations is even in
one order of magnitude. It is worth noting that the cage
fullerene (denoted as cage in Fig. 2(b)), which is considered

201 js not found in MD simulations.

as the smallest fullerene,!
However, with a free energy of 0.651 eV higher than 1, a
considerable formation probability of cage is predicted to be
Neage /Ny =4.86 x 10~2. The above facts indicate that the free
energy criterion is not suitable for the Cpo system at 2500 K.
However, the free energies of some sheet isomers (e.g. 4, 6,
10, and 16) are almost lower than those of bowls (e.g. 1, 2,
3, 5, and 7), and the formation probabilities of some sheet
isomers are actually higher than those of bowls. Generally
speaking, the free energy criterion can only roughly give the
formation probabilities of different isomer classes, but fails to
quantitatively predict the formation probability.
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Fig. 2. (a) The PE of Cyg isomers sampled during the MD simulation, in which the lowest PE is set to be 0. (b) The 7 Cy isomers of the lowest
PE (denoted as 1-7) from the MD simulations and the fullerene (denoted as cage) of Cpp, with corresponding PE and symbols of molecular point
group for symmetric structures marked. (c) The relative formation probability of the 16 Cyg isomers of the lowest PE (denoted as 1-16) from the MD
simulations (black column), and the corresponding theoretical values from the free energy calculation (white column). (d) The potential energy profile
of the reaction path from isomer 6 to b via an intermediate state a, with corresponding isomer structure shown. (e) The potential energy profile of the
reaction path from isomers 1 to 3 via an intermediate state 2, with corresponding isomer structure shown.

Then, the detailed balance between C,( isomers is inves-
tigated. As an example, we choose the most probable isomer
6 and perform the simulation introduced in Subsection 2.2,
and a most probable reaction path to an isomer b via an in-
termediate state a is found. By the NEB method, the po-
tential energy profile of 6—a—b along the reaction coordinate
is obtained and shown in Fig. 2(d). In MD simulations, we
derive a rate kg_,, = 4.79 x 10'% s~! for the transformation
from isomer 6 to isomer a, and k,_¢ = 2.45 x 10'2 s~! for the
transformation from isomer a to isomer 6. However, the ratio
N, /N¢ = 3.80 x 1072 of the formation probability of 6 isomer
and isomer @ in MD is far from k¢, /ks—6 = 1.96 X 1072,
which means detailed balance is not reached. Such a situation
is also found for the transformation between isomers a and b,
for which N, /N, = 2.30 is also far from k,_p/kp—q = 11.7
(kgp=2.53x10"% 571, ky ,, = 2.17 x 10'" s71). The trans-
formation from isomer 1 to isomer 3 via isomer 2 as an in-
termediate (corresponding potential energy profile is shown
in Fig. 2(e)) is found as another example. It is found that
Nz/Nl = 1.03, kli)2/k2‘>1 = 0.278, and N3/N2 = 0.558,
ky—3/ks—» = 0.807. Such a deviation between the ratio of
formation probabilities and isomerization rate further indicates
that the free energy criterion is not suitable for the Cyg system.

3.3. C;3¢ cluster

In the evolution at 2500 K, more than 9000 Cjq iso-
mers are found, which can be classified into cages, bowls,

and sheets. Generally, cages have lower PEs than bowls and
sheets, but the Csp system seldom stays at cage states. Fig-
ure 3(b) presents the structure of isomer a (which has the low-
est PE in all isomers) and the six most probable isomers b—
g. By sampling isomers in MD simulations, it can be clearly
seen that during the evolution the PE of C3( system is always
about 4 eV higher than the lowest value (the upper panel of
Fig. 3(a)). The relative formation probability of a—g in MD
is shown by the black columns in Fig. 3(c). To confirm that
the system is in equilibrium, we also perform MD simulations
starting from a instead of starting from C atomic gas, and find
that a quickly transformed into sheet isomer with increasing
the PE (the lower panel in Fig. 3(a)) in about 2 ns via irregular
isomer as an intermediate state. In the following evolution, an
isomer formation probability spectrum similar to the previous
MD simulations is reproduced. This result indicates that the
C3p system is in equilibrium and isomer formation probabil-
ity spectrum will no longer change even if the simulations are
extended to infinite time.

Then, free energy calculations are performed for isomers
a—g to examine the free energy criterion Eq. (4). The pre-
dicted formation probabilities are shown by white columns in
Fig. 3(c). Although the free energy of isomer a is not the low-
est, it is not a stable structure due to some dynamic reason.
Comparing the MD simulations with the free energy criterion,
it is clearly shown that the free energy criterion fails to quan-
titatively predict the formation probability. However, its crite-
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rion can roughly give the formation probabilities of different
types of isomers (cages, bowls, and sheets). For example, the
free energies of isomers e, f, and g (sheets) are lower than

those of isomers a (cage) and b, c, and d (bowls). And the for-
mation probabilities of isomers e, f, and g are actually higher
than those of isomers a, b, ¢, and d.

(a) 10 =
=100
S 2 [ by free energy (c)
i) s _, | = by MD
2 2 10
2 i
& 100 110 120 = 1072,
© Time/ns eV 3. 423 eV 3. 460 v 35ilev 8
E g 1073
= 10 5]
<] -
3 < 10+
A S5f aé
& f -
— g
00 i B 3. 5606 eV 3,587 eV 3. 759 eV é Isomer
s Cc2 C
Time/ns v °

Fig. 3. (a) Upper: the PE of C3( isomers sampled during the MD simulation, lower: the PE of C3( isomers sampled during the MD simulation starting
from the isomer of the lowest PE. In both panels the lowest PE is set to be 0. (b) The isomers of C3g. a represent the one of the lowest PE and b—g refer
to the 6 most probable isomers, with corresponding PE and symbols of molecular point group for symmetric structures marked. (c) The relative formation
probabilities of a—g from the MD simulations (black column), and corresponding theoretical values from the free energy calculation (white column).

3.4. Csg cluster

For C3¢ system at 2500 K, the isomers can be also classi-
fied into cages, bowls, sheets, and irregular shapes. According
to the sampling in MD simulations, the PE of the system jumps
in a short time [Fig. 4(a)], but for a long time, i.e., the simu-
lation duration 300 ns, the ergodicity is achieved. This point
can also be proved by MD simulations starting from a chosen
isomer instead of starting from C atomic gas. By any chosen
isomers, the same formation probability spectrum as that from

(a)

Potential energy/eV

160 70 180
Time/ns

C atomic gas is reproduced, indicating that the system is in
equilibrium. In the above simulations, the isomer of the low-
est PE is isomer 1 with D6h symmetry in Fig. 4(b), i.e., just
the one found in experimental preparation. >3 In Fig. 4(b), the
eight most probable C3¢ isomers are shown, in which isomers
1-6 are of cages and isomers 7 and 8 are of sheets. The most
probable one is isomer 2 with D2d symmetry. According to
the sampling in MD simulations, the corresponding formation
probability is shown by the black columns in Fig. 4(c).

>
5
= 10° I by free energy (c)
= m by MD
e}
2 102
a
£ 10+
<
g
:é 106
)
>
= 108 L
= 1 2 3 45 6 7 8
7 ~ Isomer
5.355 eV 5.391 eV
Cs Cs

Fig. 4. (a) The PE of Csg isomers sampled during the MD simulation. (b) Isomers 1-8 represent the 8 most probable isomers, with corresponding PE and
symbols of molecular point group for symmetric structures marked. (c) The relative formation probabilities of isomers 1-8 from the MD simulations (black
column), and corresponding theoretical values from the free energy calculation (white column).

Then, free energy calculations are performed for isomers
1-8 to examine the free energy criterion Eq. (4). The pre-
dicted formation probabilities are shown by white columns in
Fig. 4(c), which are not in agreement with MD simulation re-
sults either. At2500 K, the isomer 1 has the lowest free energy.
But in MD simulations it is not the most probable one. In sum-
mary, the free energy criterion fails to quantitatively predict
the formation probability. However, its criterion can roughly
give the formation probabilities of different types of isomers.
For example, the free energy of isomer 1 (cage) is lower than
those of isomers 7 and 8 (sheets). And the formation prob-

abilities of 7 and 8 are actually higher than that of isomer 1.
Overall, for mesoscopic nanosystems the free energy criterion
may not provide a good prediction for isomer formation prob-
ability. In future research, a new theoretical criterion should
be investigated.

4. Conclusions

In this work, MD simulations and free energy calcula-
tions by the Monte Carlo method are employed to investigate
the evolutions, formation probabilities, and isomerization rates
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of small C clusters at 2500 K. For C clusters of a few atoms,
e.g. Cjo, ergodicity is achieved in hundreds of ns and the sys-
tem is in equilibrium. The isomer formation probabilities pre-
dicted by free energy are in good agreement with MD simu-
lations. However, for larger C clusters, e.g. Cyg, C3g or Csg,
the formation probabilities predicted by free energy are not in
good agreement with those from MD simulations and detailed
balance is not reached. Such results may be attributed to the
transformation barriers between cage, bowl, and sheet isomers
because of their large difference in geometry. The structure
transformation from one isomer to another may go through
some high-energy intermediate states, and thermal equilibrium
is difficult to achieve for so many structures. In summary,
the free energy criterion can only roughly predict the forma-
tion probabilities between different types of isomers, but fail
to quantitatively predict them. In the future research, a new
theoretical criterion should be further investigated.
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