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1. Introduction

All graphs discussed in this paper are finite, undirected, and loopless. For notation or terminology not explicitly defined
here, we follow those used in Bondy [4].

In a family G, Ga, ..., Gy (not necessarily distinct) of graphs sharing the same vertex set V, a cooperative coloring is a
selection of one independent set I; from G; for each i € [m] such that U,m:] I; =V, where [m]={1,2,...,m}. Let G be an
edge-colored multigraph with an edge coloring ¢ : E(G) — [m]. An adapted coloring on G is a vertex coloring o : V(G) — [m]
in which no edge is assigned the same color as both of its endpoints. Formally, this means that for every edge uv in E(G),
we have —-(¢(uv) =o() = cr(v)). It is worth noting that only the colors used for the edges are available for use in an
adapted coloring of G. For each i € [m], let G; denote the graph with vertex set V(G) and edge set ¢—1(i). It can be verified

that a cooperative coloring of the graph family G1, Gy, ..., Gy is equivalent to an adapted coloring of G. The concept
of adapted coloring was initially introduced by Kostochka and Zhu [11] and has subsequently been extensively studied
[8,10,14,16].

Let m(d) be the minimum m such that for any family G1, G2, ..., Gy of graphs on the same vertex set, where A(G;) <

d for all i € [m], there exists a cooperative coloring. For a graph G with A(G) <d, it is possible to partition its vertex
set greedily into d + 1 independent sets. Consequently, cooperative coloring can be achieved for d 4+ 1 identical copies of
G. However, there exist d + 1 graphs, all with maximum degree d, sharing the same vertex set, yet they do not have a
cooperative coloring (Aharoni et al., [3]). Therefore, we have the lower bound m(d) > d + 2. On the other hand, Haxell [9]

* Supported by the Natural Science Basic Research Program of Shaanxi Province (Nos. 2022]JQ-009, 2023-]C-YB-001, 2023-]C-YB-054) and the Fundamental
Research Funds for the Central Universities (No. X]S220705).
* Corresponding author.
E-mail addresses: baixuging@xidian.edu.cn (X. Bai), libi@xidian.edu.cn (B. Li), xuchuandong@xidian.edu.cn (C. Xu), xzhang@xidian.edu.cn (X. Zhang).

https://doi.org/10.1016/j.disc.2024.113973
0012-365X/© 2024 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.disc.2024.113973
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/disc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.disc.2024.113973&domain=pdf
mailto:baixuqing@xidian.edu.cn
mailto:libi@xidian.edu.cn
mailto:xuchuandong@xidian.edu.cn
mailto:xzhang@xidian.edu.cn
https://doi.org/10.1016/j.disc.2024.113973

X. Bai, B. Li, C. Xu et al. Discrete Mathematics 347 (2024) 113973

proved that m(d) does not exceed 2d. When all the graphs within the graph family are locally sparse, Loh and Sudakov [12]
showed that the upper bound 2d can be improved to d + o(d).

The concept of cooperative coloring can be generalized by relaxing the constraint that all graphs must share the same
vertex set. When dealing with a family G1, G, ..., G of graphs with vertex sets V1, Va,..., V;; (not necessarily the same),
a cooperative list coloring involves selecting one independent set from G; for each i € [m] in such a way that their union
covers the vertex set V = Uf":l Vi. Bradshaw [5] introduced the notation I(d) to represent the minimum value of [ such
that every family Gy, Gy, ..., Gy of graphs with A(G;) <d for i € [m], and where each vertex v in |J{L; V(G;) belongs to
at least | graphs in this family, admits a cooperative list coloring. In this definition, the graph family must consist of at least
I graphs since each vertex must be part of at least | graphs. Bradshaw [5] summarized results about m(d) and I(d) with the
following inequality:

d+2<m(d) <Id) <2d. (1)

Even for d = 3, the precise value of m(d) remains unknown. To refine understanding of this problem, researchers have
delved into its study within specific graph classes. The first of the following definitions was introduced by Aharoni et al. [1],
while the latter was proposed by Bradshaw [5].

Definition 1.1. [1] For a graph class G, let mg(d) be the minimum value of m such that any family G1, Gy, ..., G of graphs
on the same vertex set, where G; € G and A(G;) <d for all i € [m], admits a cooperative coloring.

Definition 1.2. [5] For a graph class G, let Ig(d) be the minimum value of | such that any family G, G2, ..., Gy of graphs,
where Gj € G, A(G;) <d for all i € [m], and each v € |J[L; V(G;) belongs to at least | graphs in this family, admits a
cooperative list coloring.

Obviously, mg(d) <Ig(d) for any graph class G. A chordal graph is defined as a graph in which every cycle of length
greater than three contains at least one chord, which is an edge not part of the cycle. Aharoni et al. [1-3] explored the
values of mg(d) when G is represented by the class of chordal graphs, paths, trees, and bipartite graphs, respectively. In this
paper, we specify the default base for logarithms as the natural number e when the base is missing.

Theorem 1.3. [2] Let C be the class of chordal graphs. Then mg(d) =d + 1 ford > 1.
Theorem 1.4. [3] Let P be the class of paths. Then mp (2) = 3.

Theorem 1.5. [1] Let T be the class of trees and I3 be the class of bipartite graphs. Then for d > 2,
log; logy d <m7(d) < (1+o0(1))logy3d,

log,d <m (d)<(1+o(1))2—d
G20 =mpld) = logd”

Let F be the graph class of forests. Aharoni et al. [1] showed that m7(d) = mx(d) for d > 2. It follows from 7 C F
that m7(d) < mxz(d). Conversely, consider m := my(d) forests Fq, Fp, ..., Fp with the maximum degree d. When d > 2,
we can augment each F; by adding edges to obtain a tree F; that maintains the maximum degree, for every i € [m]. By
the definition of m7(d), the graph family F, F/, ..., F;, admits a cooperative coloring. This implies that the graph family
F1, Fa,..., Fy also admits a cooperative coloring, therefore mr(d) <m.

Bradshaw and Masafik [6] investigated the upper bound on mg(d) for the class G of degenerate graphs. Since every tree
is a 1-degenerate graph, the following result generalizes Theorem 1.5 at the expense of a constant factor.

Theorem 1.6. [6] Let G be the class of graphs and every graph in G is at most k-degenerate. Then mg(d) < 13(1 + klog, (kd)).

Bradshaw [5] also studied the value ms(d) for the class S of star forests, which improves the lower bound on my(d) in
Theorem 1.5.

Theorem 1.7. [5] Let S be the class of star forests. Then,

logd

ms(d) = (1+o0(1)) loglogd

In Section 2, we study mg(d) for small values of d within specific graph classes G. For the class of trees, denoted as
T, the exact value of my(d) remains undetermined, except for the cases where d < 2. Specifically, when d = 3, it can be
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(b) Hz

Fig. 1. In our construction illustrating that m+(3) > 4, these two graphs are elemental subgraphs. It is easy to check that H; does not admit an adapted
coloring using color set {1, 2}.

Fig. 2. This is a graph that has been edge-colored with three colors and does not admit an adapted coloring.

deduced from Theorems 1.3 and 1.4 that 3 <my(3) <4 since P €7 CC. Although the proof of Theorem 1.7 in [5] gave
a better construction to improve the lower bound of m7(d), this construction method cannot prove that m7(3) > 4. We
show that m7(3) > 4, leading to the conclusion that my(3) = 4. Furthermore, we prove that myy (4) =5, in which W is the
class of graphs whose components are wheels. In Section 3, we study mpgs(d) and m,(d), where B* represents the class of
graphs whose components are balanced complete bipartite graphs, and £ represents the class of graphs whose components

are generalized theta graphs. Specifically, we show that mp«(d) = O (logyd) and m.(d) = O(lol;ﬁ)‘;d).

2. Trees and wheels

For the sake of clarity in our discussion, most of the proofs are presented in terms of adapted coloring. By showing that
the edge-colored graph in Fig. 2 does not admit an adapted coloring, we can establish the lower bound m+(3) > 4.

Lemma 2.1. Let o be an adapted coloring of the edge-colored multigraph H, depicted in Fig. 1(b). If o (s) # 3, then o (t) # 3.

Proof. The subgraph H»[s, u1, uz,us] depicted in Fig. 1(b) does not admit an adapted coloring when using the color set
{1, 2}. Consequently, color 3 must be assigned to one of the vertices in {s, uq, up,us}. If o(s) # 3, then at least one of
{uq, uz, us} must be colored with 3. By the definition of adapted coloring, we can deduce that o (t) #23. O

Theorem 2.2. Let T be the class of trees. Then m7(3) > 4.

Proof. Let (G, ¢) be the edge-colored graph using colors from {1, 2, 3} in Fig. 2. Observe that each monochromatic induced
subgraph of (G, ¢) is a forest of maximum degree 3. Suppose there exists an adapted coloring o of (G, ¢).

If o(s) # 3, then o (x;) #3 for 1 <i <4 by Lemma 2.1. Since G[x1, X2, X3, X4] is isomorphic to H; in Fig. 1(a), it is evident
that G[x1, X2, x3, X4] does not admit an adapted coloring using colors from {1, 2,3}\{3}, a contradiction. If o (s) = 3, then
0 (Yo) # 3. Therefore, o (y;) #3 for 1 <i <4, by Lemma 2.1. Similarly, G[y1, y2, 3, y4] does not admit an adapted coloring
using colors from {1, 2, 3}\{3}, a contradiction. [J

It follows from Theorems 1.3 and 1.4 that 3 <my(3) <4 since P €7 C C. Together with Theorem 2.2, we have the
following conclusion.
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Fig. 3. In the graph depicted, each dotted line represents three edges that are colored differently. For instance, in W3, every pair of vertices is connected by
three edges, each assigned a distinct edge color from {1, 2, 3}. The graphs labeled as Hy, H, H3, and H4 are copies of W3 with edge colorings that have
been shifted.

o= 1--0 O--2--0 O--3--0 O 4--0
1 H 1 2 H, 2 3 Hs 3 4 Hy 4
&1 &--2--0 6--3-0 &--4-0

Fig. 4. An edge-colored multigraph using four colors, where vertex v is connected to each vertex in H; by an edge colored i for each 1 <i <4. This graph
does not admit an adapted coloring.

Corollary 2.3. m1(3) = 4.

A wheel W, is the join of a cycle C,, and a single vertex, i.e., W, = C, Vv Ky, where n > 3. It is worth mentioning that the
construction in the proof of the lower bound of Theorem 2.4 is similar to the construction presented in Theorem 1 of [5].

Theorem 2.4. Let YV be the class of graphs whose components are wheels. Then,
myy(4) =5.

Proof. First, we show that myy (4) < 5. Given a graph family G1, G2, ..., G5 of W on the same vertex set, where A(G;) <4
for i € [5], it can be checked that each G; is either a C3 v K1(£ K4) or a C4 Vv K1(C K5 —e). Both K4 and K5 — e are chordal
graphs. Thus each G; is a subgraph of a chordal graph G} with the maximum degree at most 4. It follows from Theorem 1.3
that the graph family G}, G5, ..., G% admits a cooperative coloring. Consequently, the graph family G1, G2, ..., G5 admits a
cooperative coloring.

Next, we construct an edge-colored graph G with a color set {1, 2, 3, 4} such that its maximal monochromatic subgraphs
are graphs in WV with the maximum degree at most 4. Afterward, we show that G does not admit an adapted coloring. By
the relation of adapted coloring and cooperative coloring, we get my (4) > 5.

We denote the edge-colored multigraph depicted in Fig. 3(a) by W3, and denote its edge-coloring be ¢. It can be verified
that (W3, ¢) does not admit an adapted coloring using the color set {1, 2, 3}. For 1 <i <4, the shift function v; : {1, 2,3} —
{1,2, 3,4} is defined as:

X, 1<x<i-1,
(x) =
Vit x+1, i<x<3.

By applying these shift functions, we can generate four disjoint copies of W3 denoted as Hy, H,, H3, and H4 (as shown in
Fig. 3). Each H; is edge-colored using the function ¥; o ¢. It is easy to see that (H;, ¥ o ¢) is isomorphic to (W3, ¢) as an
edge-colored graph. Therefore, (H;, ¥ o ¢p) does not admit an adapted coloring using the color set {1, 2, 3, 4} \ {i}.

The edge-colored multigraph G (see Fig. 4) is obtained by the following construction. First, add a 4-cycle C; in H; for
each i € [4]. At the same time, add a new vertex v and join v with each vertex of UleH,-. Next, assign color i to edges
between to v and H; for i € [4]. In this construction, each component of the monochromatic subgraphs of G is either a W3
or a W4. In any adapted coloring of G using color set {1, 2, 3, 4}, at least one vertex of H; must be colored with i. It implies
that no color in {1, 2, 3,4} is available at v. Therefore, G does not admit an adapted coloring using color set {1, 2,3,4}. O
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3. Bipartite graphs and generalized theta graphs

Aharoni et al. [1] investigated cooperative coloring of the class of bipartite graphs and showed that mp(d) > log, d (as
stated in Theorem 1.5). A complete bipartite graph K, n is called balanced if m =n. Let B* be the class of graphs in which
each component is a balanced complete bipartite graph, and we can get mp=(d) > log, d by the constructive proof of lower
bound on bipartite graphs in [1]. Now we show that log,d is asymptotically the best possible for mpg«(d). The following
famous Lovasz Local Lemma first appears in a weaker form in [7] and can be found in many textbooks, including for
example [15, Chapter 4].

Theorem 3.1. [15] Let BB be a set of bad events. Suppose that each event B € I3 occurs with probability at most p, and suppose further
that each event B € B is independent with all but at most d other events B’ € B. If ep(d + 1) < 1, then with positive probability, no
bad event in B occurs.

The proof of the following theorem could be proceeded using the idea of choosing independent sets in [13]. Nevertheless,
by noting that each graph in B* is a bipartite graph and each part of its components is an independent set, we present here
a bit different but more straightforward and concise proof.

Theorem 3.2. For d > 2, it holds that mp+(d) < (1 + 0(1)) log, d.

Proof. Consider a family G, G, ..., Gy of graphs on the same vertex set V, where the components of each G; are balanced
complete bipartite graphs and A(G;) <d for 1 <i<m.

Let X; be a set of vertices by choosing one part from each complete bipartite component uniformly at random in G;
for each 1 <i <m. It is evident that X; is an independent set in G;. We now show that with a positive probability,
X1, X2, ..., Xm collectively constitute a cooperative coloring of the graph family G, G2, ..., Gy. For each vertex v € V, let
By be the event that v ¢ U, X;. Then we get Pr(v ¢ U, X;) = (1/2)™ since Pr(v € X;) = % It follows from the degree
of v is at most d that B, is independent with all but fewer than 2md other events. By applying the Lovasz Local Lemma
(Theorem 3.1), if

.l m
ex | = x2md <1, (2)
2

then no B, occurs with positive probability, meaning that the sets Xi, X2, ..., X;; form a cooperative coloring. The inequality
holds when m > (1+o0(1))log,d. O

The generalized theta graph 6s, .. 5, consists of a pair of vertices joined by k internally disjoint paths of lengths sq, ..., s,
where each s; > 1. Let £ be the class of graphs whose components are generalized theta graphs. To study the value of
mg(d), we first introduce some definitions and a lemma. Given a rooted tree T with a root r, the height of a vertex v in T
is the distance from v to r, and the height of T is the maximum height achieved over all vertices v € V(T). Given integers
qg>1and h > 1, a g-ary tree of height h is a rooted tree in which every vertex of height at most h — 1 has exactly g children.
Given an integer k > 1, we write log(k) d =loglog...logd.

—

k times

Lemma 3.3. [5] Let ¢ > 2 and h > 1 be fixed integers. If H is a family of graphs with no q-ary tree of height h as a subgraph, then

logd
lyd)<Q +0q,h(1))10gT)d + 0q(1).

Theorem 3.4. Ford > 2, m(d) = (1 +0(1)) 1o§i§d-

Proof. Since no generalized theta graph contains a 3-ary tree of height 2 as a subgraph, we have m/(d) <l./(d) < (1 +
o(1)) lolgo]go‘;d by Lemma 3.3. In the following, we discuss the lower bound of m, (d).

For each t > 1, we construct a graph G; whose edges are colored with {1, 2, ..., t} using some function ¢;. In this graph,
for each i € [t], every component of the monochromatic subgraph induced by the edges of color i is a Ky s with s > 2, which
is a generalized theta graph. We then translate the edge-colored graph (G;, ¢;) into a graph family that demonstrates our
lower bound. It is worth mentioning that the construction here uses ideas from [5].

We construct the edge-colored graphs (G;, ¢;) recursively, as illustrated in Fig. 5 for (G1, ¢1) and (G2, ¢2). Let (G1, ¢1)
be a Ky, whose edge is colored with the color 1. Assume that we have constructed G; along with an edge-coloring ¢ :
E(G¢) — {1,2,...,t}, and assume that (G¢, ¢:) does not admit an adapted coloring with the color set {1,...,t}. For 1 <i <
t + 1, we define a shift function v : {1,2,...,t} = {1,2,...,t + 1} such that

5
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(G1,91)

Fig. 5. The first two graphs of the recursively constructed graphs (G¢, ¢).

X, 1<x<i-1,
(X) =
Vi) x+1, i<x<t.

We begin to construct (G¢4+1, ¢r+1) as follows: first create t 4+ 1 disjoint copies, H1, Ha, ..., H¢+1, of Gy, where each H; is
edge-colored using the function v o ¢¢. Note that (Hj, ¥ o ¢¢) is isomorphic to (G¢, ¢¢) as an edge-colored graph. Therefore,
(Hj, ¥ o ¢¢) does not admit an adapted coloring with colors from {1,2,...,i —1,i+1,...,t + 1}. Next, we add two new
vertices, u and v, and add an edge of color i joining each vertex of {u, v} and each vertex of H; for 1 <i <t + 1. We denote
the resulting graph as Gy and its edge coloring as ¢:1. With this construction, every component of the monochromatic
subgraph induced by the edges of each color in (G¢41, ¢r+1) is @ K s with s > 2. If (Gy1, ¢r41) admits an adapted coloring
with the color set [t + 1], then H; must contain a vertex colored i, and no color from [t + 1] is available at either u or v.
Consequently, (G¢+1, ¢r+1) does not admit an adapted coloring.

Now, we determine the maximum degree of each monochromatic subgraph in G;. We define V; as the number of vertices
in G; and A; as the maximum degree in all monochromatic subgraphs of G;. For G1, we have V{1 =4 and A = 2. Moving
on to the recursive case for t > 2:

Vi=tVi14+2, Ar=Vi_g.
Solving the recurrence, we have that

VR B , ¢ , ¢ N
— .t R RN . .
=Vl s gttt o oy T

=2t 1+1+l+l+ JFLJFLJFl
o 20 31 t=2)! (@¢-=1! ¢t

=(2e+o(1)) - tl.

Moreover, A; = Vi_1 = (2e + o(D))(t — 1.

Now, consider a value d, and choose ¢t so that A; <d < Ar11. We construct (G, ¢¢) as above, and let G{ be the monochro-
matic subgraph of (G¢, ¢¢) with color i for 1 <i <t. Note that each component of G{ can be regarded as a generalized
theta graph with the maximum degree at most d. Since (G¢, ¢;) does not admit an adapted coloring, the graph family
G}.G2,.... Gt does not admit a cooperative coloring.

To complete the proof, it suffices to show that d < (2e + o(1))t! implies t > (1 + o(l))lolé’ﬁ)‘;d. Let

t
t
d=R2e+o()t!= e+ o(l))VZﬂt<E> ,
and we have
1
logd =log(2e +0(1)) + 5 log2mt +tlogt —t =t(logt — 1+ 0(1)),

loglogd =logt + log (logt — 1+ 0(1)).
It follows that

loglogd  logt +log(logt —1+o0(1))
logd logt —1+0(1)

=140(1),

as required. [J
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4. Remark

Let W* be the class of graphs whose components are wheel graphs (C, v K1) or fan graphs (P, v K1), where m > 3 and
n > 1. A caterpillar is defined as a tree in which, upon removing all the pendant vertices, it results in a path. A ring star is
a graph that can be decomposed into a cycle (or ring) and a set of vertices each of them not belonging to the cycle but
adjacent to it. Let M be the class of caterpillar graphs, and R be the class of ring star graphs. Observe that each graph in
W*, M and R satisfies the property that their high-degree vertices induce a low-degree subgraph. In particular, for each
graph in W*, M and R, there is no ternary tree of height 2 as a subgraph. Let H € {W*, M, R}. Then, Lemma 3.3 implies

that my(d) is at most (1 +o(1)) lolgolgogd Furthermore, m (d) > ms(d) because any star forest F of S is a subgraph of H of
_logd

maximum degree A(F) for d > 2. Therefore, it follows from Theorem 1.7 that my (d) > (1 + 0(1)) Toglogd"
the following corollary.

Hence, we obtain

Corollary 4.1. For d > 2, m3(d) = (14 0(1)) ;2857, where 1 € W*, M, R}.

Since determining the value of m(d) can be quite challenging even when d is small, it is highly meaningful to further
investigate cooperative colorings of special classes of graphs for small values of d. Therefore, we propose the following
problem.

Problem 4.2. Determine the precise values of mg(3) and my(4) where G represents the class of bipartite graphs and 7~
represents the class of trees.
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