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1. Introduction

A 1-planar graph is a graph which can be drawn in the plane such that each edge is crossed by
at most one other edge (see Section 2 for a formal definition). This class forms a natural extension
of the class of planar graphs, and was first introduced by Ringel in 1965 [1]. His motivation was
the problem of simultaneously colouring vertices and faces of a plane graph so that each face and
vertex gets a distinct colour from all neighbouring faces and vertices. Such a colouring corresponds
to a vertex colouring of a 1-planar graph, and Ringel made progress on this problem by showing
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that every 1-planar graph is 7-colourable. The problem was later fully answered by Borodin [2],
who showed that six colours are sufficient to colour every 1-planar graph (the triangular prism has
no such 5-vertex-face-colouring).

Since its introduction, the class of 1-planar graphs has proven to be a topic of much interest, as
reflected by the large body of research in the area (some results on the topic are surveyed in [3-5]).
One reason for interest in the class is that it is closely related to the class of planar graphs, while
having a number of important qualitative differences. Most notably, whereas the classical results
of Kuratowski [6] and Wagner [7] tell us that planar graphs can be defined as exactly those graphs
with no K3 3 or Ks (topological) minor, the class of 1-planar graphs has no such characterisation.
In fact it is easy to see that every graph can be made 1-planar by subdividing its edges sufficiently
many times. Another key distinction is that planar graphs can be recognised in time linear in the
number of vertices [8], but the recognition problem for 1-planar graphs is NP-complete [9,10]. On
the other hand, 1-planar graphs are only a linear number of edges away from being planar. In fact,
whenever an n-vertex graph is drawn in the plane so that each edge is crossed at most once and
adjacent edges do not cross, the total number of crossings is at most n — 2 [11].

In extremal graph theory, determining the maximum number of edges in an n-vertex graph from
a given graph class is a fundamental problem. The classical theorem of Turan [12] asserts that in
the class of K;-free graphs, the maximum number of edges is attained (uniquely) by the complete
multipartite graph with r — 1 parts each of size | 2~ | or [ -2~ ]. In the class of planar graphs it is
a simple consequence of Euler’s formula that an n-vertex graph contains at most 3n — 6 edges. The
bound on the number of crossings in 1-planar drawings implies that n-vertex 1-planar graphs have
at most 4n — 8 edges, although this was first shown by Bodendiek, Schumacher and Wagner [13].
In the same paper, they characterised the n-vertex 1-planar graphs which achieve this bound as
exactly the graphs obtained from 3-connected planar quadrangulations by adding a pair of crossing
edges into every face.

Going beyond maximising edges it is natural to consider maximising the number of cliques
of a given size t among n-vertex graphs from a class of graphs G. Zykov [14] and Erdds [15]
independently determined this number for the class of K.-free graphs for all positive integers t
and n. Hakimi and Schmeichel [16] determined the maximum number of triangles in an n-vertex
planar graph (see Theorem 2.4), and the maximum number of cliques of size four in an n-vertex
planar graph was determined independently by Alon and Caro [17], and Wood [18]. We determine
the maximum number of cliques of any fixed size in an n-vertex 1-planar graph. Note that for n < 6,
the clique K, is 1-planar, and contains the maximum possible number of cliques of any fixed size.
It follows from Borodin’s result [2] that 1-planar graphs are 6-colourable that no 1-planar graph
contains a clique of size 7 or greater. All remaining cases are covered by the following theorems.

Theorem 1.1. Given integers k > 2 and s € {0, 1, 2}, the maximum number f3(3k + s) of subgraphs
isomorphic to K3 in a 1-planar graph with 3k + s vertices is given by

32 if3k+s=38
3k = ’
3k +s) {19/( +5s — 18 otherwise.

Theorem 1.2. Given integers k > 2, and s € {0, 1,2} and t € {4, 5, 6}, the maximum number
ft(3k + s) of subgraphs isomorphic to K; in a 1-planar graph with 3k + s vertices is given by

F3k+5) = (k— 1)(?) ¥ (st3>.

Building on these questions, it is natural to ask for a structural characterisation of the extremal
graphs. The planar graphs which maximise the number of triangles are the planar graphs which
can be formed from K3 by iteratively pasting copies of K, on facial triangles. These graphs are called
Apollonian networks, and they are also the planar graphs with the maximum number of cliques of
size four. We provide such a structural characterisation for 1-planar graphs, determining precisely
which graphs attain the bounds in Theorems 1.1 and 1.2. When the number of vertices is divisible
by three, these extremal graphs are analogous to Apollonian networks; they are the 1-planar graphs
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Fig. 1.1. Examples of extremal graphs for Theorems 1.1, 1.2 and 1.3.

formed from K5 by iteratively pasting copies of K on facial triangles © (see Fig. 1.1). We give a formal
description of all extremal graphs in Section 3.

In the class of planar graphs, the n-vertex graphs with the maximum number of cliques of
size four also have the maximum number of triangles and the maximum number of edges [14],
and therefore have the maximum total number of cliques. In fact this was Wood’s motivation
for counting cliques of size four in planar graphs [18]. The same is true of the class of K-free
graphs, where the graphs with the maximum number of cliques of size t are exactly those with the
maximum number of edges for all t between 2 and r. In the case of 1-planar graphs, the situation is
not as simple. In fact, for n at least 9 and t between 3 and 6, every n-vertex 1-planar graph which
maximises the number of cliques of size t has strictly fewer than 4n — 8 edges (i.e. the maximum
number of edges in an n-vertex 1-planar graph). Furthermore, when n is at least 7 and not divisible
by 3, there is no n-vertex 1-planar graph which simultaneously maximises the number of triangles
and cliques of size five. We nevertheless determine the maximum total number of cliques in
n-vertex 1-planar graphs. We also characterise the 1-planar graphs attaining this bound, which we
describe in Section 3. When n is divisible by three, these are the previously described graphs which
maximise the number of cliques of all fixed sizes between 3 and 6 (see Fig. 1.1).

Theorem 1.3. Given integers k > 1 and s € {0, 1, 2}, the maximum number f(3k + s) of cliques in a
1-planar graph with 3k + s vertices is given by

f(3k +5) = 56(k — 1) 4+ 2573,

We summarise our results in the context of the extremal functions for counting cliques in
1-planar graphs in Table 1.

1.1. Related extremal results

The problem of maximising cliques in a given graph class has long been an important topic
in extremal combinatorics. Motivated by the famous problem of Erdés of maximising pentagons in
triangle-free graphs (solved by Hatami et al. [19] and Grzesik [20]), the dual problem of maximising
triangles in the class of pentagon-free graphs was introduced by Bollobas and Gy6ri [21], and has
still not been resolved. There are now many graphs H for which the problem of maximising triangles
in H-free graphs has been studied, see for example [22,23]. Determining the maximum number
of cliques in a regular graph was a famous open problem of Alon and Kahn (phrased in terms of
independent sets). Kahn [24] resolved the problem under the assumption that the graph is bipartite.
The conjecture was finally settled by Zhao [25] who was able to deduce the general case from
the bipartite case. The maximum number of cliques in the class of graphs with bounded clique or
independence number was determined by Cutler and Radcliffe [26]. If only the number of edges
and vertices are fixed, then Wood [18] determined the maximum possible number of cliques.

6 We will see in Section 7 that these graphs are exactly the graphs which are isomorphic to the strong product K3 X Py,
of a triangle K3 and a path P, of length m — 1 for some positive integer m.
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Table 1
The maximum number f;(n) of cliques of size t and the maximum number f(n) of cliques in n-vertex 1-planar graphs.
n>7
n<6 n=1(mod 3) n=2 (mod 3) n=0 (mod 3)
n=7 n>7 n=_8 n>3§ n=9 n>9
n
fa(n) (2) 19 4n — 8 4n —8 27 4n — 8
A (n) 19n — 58 3 19n — 62 19n — 54
n
3 3 3 3 3
n
fa(n) (4) 5n—19 5n—20 5n—15
n
fs(n) (5) 2n—38 2n—9 2n—6
n n—4 n—>5 n—3
fe(n) (6) 3 3 3
n 56n — 176 56n — 184 56n — 144
fm) > (D) — —3 —s
t=0

A more topological example is the class of graphs embeddable on an arbitrary fixed surface,
where Huynh, Joret and Wood [27] determined asymptotically the maximum number of triangles
and the maximum number of subgraphs isomorphic to Kj. In the case of K; for t > 5 they obtained
estimates on the maximum number of subgraphs isomorphic to K; (which for t > 5 is constant
with respect to n). Dujmovi¢ et al. [28] considered the question of maximising the total number
of cliques in graphs embeddable on an arbitrary fixed surface, determining the precise asymptotic
dependence on 1, and giving a structural description of the class of extremal graphs.

Other minor closed classes have also been considered. Wood [29] determined for all t and r < 9
the maximum number of subgraphs isomorphic to K; in the class of K.-minor free graphs, as well
as the maximum total number of cliques in these classes. While giving bounds on the number of
graphs in proper minor closed classes, Norine, Seymour, Thomas and Wollan [30] obtained a bound
on the total number of cliques in a graph with no K,-minor (of the form (ar./logr)n for some
fixed constant «). A better bound, of the form 297v18")n, was obtained by Reed and Wood [31], and
used in an algorithmic problem about finding separators. Fomin, Oum and Thilikos [32] improved
the bound to 200 1o8logy This bound was further improved to 2> +°n by Lee and Oum [33],
resolving a conjecture of Wood [18], and finally to 3%"/3*°"n by Fox and Wei [34], which is sharp
for n > 4r /3. This result was subsequently strengthened by Fox and Wei [35] to hold in the class of
K;-subdivision free graphs. Kawarabayashi and Wood [36] considered the class of graphs forbidding
a given odd-minor and proved a bound of O(n?) on the number of cliques, which is tight up to a
constant factor.

In this paper we emphasise only the extremal problem of bounding the number of cliques in
graph classes. However, the algorithmic problem of enumerating the cliques (or other subgraphs)
in graphs from a given graph class has also garnered much attention. In particular, Chiba and
Nishizeki [37] gave an algorithm to list the cliques in any graph, whose running time is linear in
the number of cliques and arboricity of the graph.

1.2. Overview of the proofs

We will prove Theorems 1.1, 1.2 and 1.3 by proving the stronger results Theorems 6.6, 6.9
and 6.11 stated in Section 6, which additionally give a precise characterisation of the extremal
graphs. We now give a rough overview of the proof of Theorem 6.6. The proofs of Theorems 6.9
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and 6.11 work in a similar way. We proceed by induction on the number of vertices n of an
extremal graph G. When n is at most twenty, we determine all possible extremal graphs with some
computational assistance.

For larger values of n, we fix a 1-drawing of G (a drawing of G in which each edge is crossed
by at most one other edge, see Section 2.2), with some additional useful properties (see Section 4).
Our initial strategy will be to iteratively find and delete crossed edges which are contained in at
most 3 triangles. If we can reduce G to a planar graph in this way, then we can bound the number
of triangles in G in terms of the crossing number and the extremal number of triangles in planar
graphs to complete the proof. Otherwise, G contains a subgraph such that every crossed edge is in
at least four triangles. Using the properties of the drawing and the simple observation that vertex-
disjoint triangles cross an even number of times, we are able to deduce that G contains a subgraph
isomorphic to either K ; 5 » or Kg. It turns out that no 3-connected 1-planar graph contains a proper
subgraph isomorphic to K3 ;2 2, and it is easy to show that G is 3-connected, so we deduce that G
has a subgraph isomorphic to Kg. By analysing the drawing restricted to this subgraph, we find a
triangle which separates G. This allows us to inductively deduce the structure of G from the structure
of the two sides of the separation, and thus compute the extremal function.

1.3. Structure of the paper

The paper is structured as follows. In Section 2, we formally define drawings, set up the notation
which will be used throughout the paper and collect some useful results from the literature. In
Section 3, we present the classes of extremal graphs for Theorems 1.1, 1.2 and 1.3 and briefly discuss
some properties of these constructions. In Section 4, we describe a class of 1-drawings with some
useful properties, and prove interesting facts about them. In Section 5, we compute an upper bound
for the number of cliques of any given size in a 1-planar graph with no subgraph isomorphic to Kg.
In Section 6, we complete the proofs of Theorems 1.1, 1.2 and 1.3, and additionally we show that the
classes of graphs defined in Section 3 are exactly the classes of extremal graphs. In Section 7, we give
more precise characterisations of the classes of extremal graphs in terms of tree-decompositions,
allowing us to generate the graphs in each class in polynomial time. We conclude in Section 8 with
a discussion of some open questions.

2. Preliminaries
2.1. Basic notation

Given an integer k, we denote by [k] the set of all integers i with 1 <i < k.

Let G be a graph with vertex set V(G) and edge set E(G). We denote an edge between vertices v
and w by the string vw. For a set X € V(G), we denote the subgraph of G induced on X by G[X]. We
denote by G — X the subgraph of G induced on V(G) \ X. We denote by G the complement of G, which
is the graph with vertex set V(G) and edge set {vw:v, w € V(G), vw ¢ E(G)}. We denote by A(G)
and §(G) the maximum and minimum degree of G respectively.

Let G and H be graphs. We denote by GN H the intersection of G and H, which is the graph
on V(G) N V(H) with the edge set E(G) N E(H). We denote by G U H the union of G and H, which is
the graph on V(G) U V(H) with the edge set E(G) U E(H), and we denote by G LI H the disjoint union
of G and H, which is the graph on the disjoint union of V(G) and V(H) whose edge set is the disjoint
union of E(G) and E(H). We denote by G + H the graph join of G and H, which is the union of GUH
with the complete bipartite graph with bipartition classes V(G) and V(H). We denote by G X H the
strong product of G and H, which is the graph whose vertex set is the cartesian product V(G) x V(H)
with an edge between (v, w) and (v, w’) if and only if either

e v =1 and ww’ € E(H);
e vV’ € E(G) and w = w’; or
e vV’ € E(G) and ww’ € E(H).
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We write H C G if H is a subgraph of G, that is V(H) is a subset of V(G) and E(H) is a subset of E(G).
We write N(G, H) for the number of subgraphs H' C G that are isomorphic to H.

For a non-negative integer k, we denote by Kj, a fixed clique (complete graph) with k vertices, and
if k > 1 we denote by Py, a fixed path with k vertices, and if k > 3 we denote by C; a fixed cycle with k
vertices. Given an integer £ > 2 and a family (k;:i € [£]) of positive integers, we denote by Ky, .k,
a fixed complete multipartite graph with £ partition classes of sizes kq, ..., ke, respectively.

A separation of G is a pair (A, B) of subsets of V(G) such that G[A] U G[B] = G. Its order is the
size of its separator AN B, and we call a separation of order k for some integer k a k-separation. We
say a separation (A, B) is non-trivial if both A\ B and B \ A are non-empty. For a positive integer k,
we say G is k-connected if G has at least k + 1 vertices and no non-trivial k-separation. A subset S
of V(G) is a non-trivial |S|-separator of G if G — S has at least two components, i.e. there is a non-
trivial separation of G with S as its separator. Given subsets S, X and Y of V(G), we say S separates X
and Y if there is a separation (A, B) whose separator is S with X € Aand Y C B. We call a triangle C
in G for which V(C) is a non-trivial 3-separator a separating triangle of G.

2.2. Drawings

Given a graph G, we arbitrarily fix a linear ordering < of V(G) and define a topological
space |G| as follows 7 The ground set is the disjoint union of V(G) together with the cartesian
product E(G) x (0, 1) of E(G) and the open unit interval (0, 1). A subset S of |G| is open if for
every edge e, there is an open subset S, of (0, 1) with S N ({e} x (0, 1)) = {e} x S, and for every
vertex v € S and every neighbour w of v, there is some ¢ > 0 such that {vw} x (0,¢e) CSifv < w
and {vw} x (1 —¢,1)CS if w < v. For an edge vw of G, we refer to {v, w}U ({vw} x (0, 1))
as an edge of |G|, and to the points in {vw} x (0, 1) as inner points of this edge. Note that up to
homeomorphism, changing the linear ordering of V(G) does not change |G|.

For a surface space S a drawing of G in S is a map ¢: |G| — S with the following properties:

(D1) ¢ is continuous;

(D2) ¢ is injective on the vertices of G, i.e. for every vertex v, if p(v) = ¢(x), then x = v;

(D3) there are only finitely many points x € S for which ¢~!(x) has size at least 2; we call these
points the crossings (of ¢);

(D4) each crossing x of ¢ satisfies |¢~!(x)| = 2, and the corresponding points of |G| are inner points
of distinct edges; we call these edges the edges involved in the crossing;

(D5) for each crossing x of ¢ there is an open set D with x € D such that for every open set D' C D
with x € D’ the removal of the image of one of the edges involved in x disconnects D’ such
that multiple components contain image points of the other edge involved in x.

For two edges involved in a crossing of ¢, we say these edges cross (with respect to ¢). An edge
which crosses some other edge is called a crossed edge (with respect to ¢). We may omit the phrase
“with respect to ¢” if the drawing we are referring to is clear from context.

Intuitively we think of a drawing as the image of such a map ¢ in the surface: a representation
of a graph in the surface, where the vertices of the graph are represented by distinct points and the
edges by Jordan arcs joining the corresponding pairs of points. Properties (D3) and (D4) mean that
there are finitely many points where exactly two edges cross. Property (D5) means that for each
crossing point the edges really “cross” and not just “touch”.

Let ¢ be a drawing of a graph G (in a surface S). For simplicity, we may refer to the images of
vertices or edges simply as vertices or edges, respectively, of the drawing (and similarly for other
graph structures). For a subgraph H of G we write ¢[H for the drawing of H in S which is just
the restriction of ¢ to |H| (considered as a subspace of |G|). We write ¢(H) instead of ¢(|H|) for
the image of |H|, and for simplicity, we will write ¢(e) instead of ¢(G[v, w]) for an edge e = vw.
Given another drawing ¢’ of G in S, we say ¢ and ¢’ are equivalent if there is an automorphism
of S such that ¥ (¢'(H)) = ¢(H) for every subgraph H of G. Moreover, we say ¢ and ¢’ are weakly

7 This is just the simplicial 1-complex of G.
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Fig. 2.1. The unique simple 1-planar drawings (up to weak equivalence) of Kz on the left, of K3 + C4 in the middle and
of K322 on the right.

equivalent if ¢ is equivalent to the composition of ¢’ with some automorphism of G. Moreover, we
say ¢ and ¢’ are weakly equivalent if there is an automorphism © of G and a homeomorphism v of
S such that ¥ (¢'(G[%(S)])) = ¢(G[S]) for every S C V(G).

A region R of S\ ¢(G) is a connected component of that topological space. For X C S, we denote
by cl(X) the topological closure of X in S. The boundary of a region R is cl(R) \ R. If the boundary of R
does not contain any crossings of ¢, then we call R a face of ¢. Note that if the boundary of a face
contains an inner point of some edge e of G, then it contains ¢(e). We define the degree of a face F
to be the number of edges e for which ¢(e) is contained in the boundary of F, plus the number of
edges e for which ¢(e) is contained in the boundary of F and not contained in the boundary of any
other region of S \ ¢(G). If the boundary of a face is equal to ¢(C) for a cycle C C G, then we call C
a facial cycle with respect to ¢. Note that if G is 2-connected, then the boundary of each face of ¢ is
a facial cycle with respect to ¢. If the drawing is clear from the context, we may refer to the faces
of the drawing or facial cycles with respect to the drawing by faces or facial cycles, respectively, of
the graph.

We say ¢ is simple if no two adjacent edges cross. Given a non-negative integer k, we say ¢ is a
k-drawing (of G in S) if no edge of G is involved in more than k crossings.

Remark 2.1. A graph has a 1-drawing (in S) if and only if it has a simple 1-drawing (in S). O

If ¢ is a drawing of a graph G in the 2-dimensional sphere S?, we call ¢ just a drawing of G. From
now on we will only consider such drawings.

Note that there is a natural correspondence between drawings in the plane and in S2.

Given a non-negative integer k, a graph G is called k-planar if there is a k-drawing ¢ of G. Note
that the O-planar graphs in this context are precisely the planar graphs. The minimum integer k for
which a graph G is k-planar is the local crossing number of G.

A graph G is an edge-maximal k-planar graph if G is k-planar and no proper supergraph of G on
the same vertex set is k-planar.

Building on earlier work of Schumacher [38], Suzuki [39] studied which edge-maximal 1-planar
graphs have unique 1-drawings, up to weak equivalence. We will use the following lemma.

Lemma 2.2 ([39, Lemma 17 and Corollary 4]). The graphs Ks, K5 + C4 and K>3 5 2 each have a unique
simple 1-drawing up to weak equivalence.

From Lemma 2.2 and Figs. 2.1 and 2.2 we obtain the following corollary.
Corollary 2.3. Let G be isomorphic to a graph in {Ks, K3+ C4, K2.2.2.2} and let ¢ be a simple 1-drawing
of G. The following statements hold.

(i) Every edge which is not crossed with respect to ¢ is incident with two edges which cross each
other.

(i) If the boundary of some region R of S* \ ¢(G) contains at least three vertices, then the boundary
of R is a facial triangle with respect to ¢, and G is not isomorphic to K3 3 7 ».

7
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Fig. 2.2. A simple 1-planar drawing of K3 4+ C4 on the left and of K3 + K; 3 on the right.

(iii) If G is not isomorphic to K3 3 2 2, then exactly two triangles are facial with respect to ¢ and these
are vertex-disjoint. O

Given a drawing ¢ of a graph G, we define the true-planar skeleton S(¢) of ¢ to be the subgraph
of G containing exactly the edges of G which are not crossed. We will always consider S(¢) to be
drawn with the restriction ¢ [S(¢), which is a planar drawing of S(¢). For all figures in this paper
we use black edges for the true-planar skeletons of the drawings depicted.

2.3. Extremal results for planar and 1-planar graphs

We now collect some results from the literature which will be needed in the upcoming proofs.
A planar graph G is an Apollonian network if it is isomorphic to K3 or it contains a vertex v of
degree 3 such that G — v is an Apollonian network.

Theorem 2.4 ([16]). For an integer n > 3, every n-vertex planar graph has at most 3n — 8 triangles,
with equality if and only if it is an Apollonian network.

Theorem 2.5 ([17,18]). For an integer n > 4, every n-vertex planar graph has at most n — 3 subgraphs
isomorphic to Ky, with equality if and only if it is an Apollonian network.

Theorem 2.6 ([13]). Given a non-negative integer n, the maximum number f>(n) of edges in a 1-planar
graph with n vertices is given by

() ifn <6,
f(n)=14n—-9 ifne{7,9},

4n — 8 otherwise.

Lemma 2.7 ([11]). A simple 1-drawing of an n-vertex graph has at most n — 2 crossings.

Theorem 2.8 ([40]). A 7-vertex graph is 1-planar if and only if it has no subgraph isomorphic to K, + Ks.
The following corollary is simple to deduce.

Corollary 2.9. A graph with at most 7 vertices is 1-planar if and only if it is isomorphic to a subgraph
of either K3 + C4 or K3 + Ky 3. O

3. Constructing the extremal graphs

In this section, we will construct the extremal graphs for Theorems 1.1, 1.2 and 1.3. In order
to do this, we must first give some definitions. The following simple lemma describes a method
of combining two 1-planar graphs to form a larger 1-planar graph which is fundamental to our
constructions.
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Lemma 3.1. Let G; and G, be 1-planar graphs such that Gy N G, is a clique K with at most three
vertices. For each i € [2] let ¢; be a 1-drawing of G; such that K is contained in S(¢;) and ¢i(G; — V(K))
is contained in a unique region of S* \ ¢i(K). Then G := G; U G, has a 1-drawing ¢ whose restriction
to G; is equivalent to ¢; for i € [2], such that no edge of G; crosses any edge of G,.

Proof. For each i € [2], let D; and denote a subset of S homeomorphic to an open disc such
that ¢;(G) € cl(D;) and ¢;(G) \ D; = ¢i(K) (which exists since K € S(¢;)). Let ¢ be an automor-
phism of S such that ¥ o (¢21K) = 911K and ¥(D;) = S? \ cl(D;). The unique 1-drawing of G such
that ¢ |G = @1 and ¢ [G, = Y o ¢, satisfies the claim. O

This lemma motivates the following definition.

Definition 3.2. Given 1-planar graphs H; and H,, a graph G is a stitch of H; and H, if there is a
simple 1-drawing ¢ of G and there are proper subgraphs G; and G, of G isomorphic to H; and H,
respectively, such that Gy UG, = G and T := G; N G, is a facial triangle with respect to both ¢ |G,
and ¢[G,. We say that (Gq, Gy, T, ¢) witnesses that G is a stitch of G; and G,.

Lemma 3.1 guarantees that given graphs H; and H, with 1-drawings ¢; and ¢, respectively
which both have at least one facial triangle, there is some stitch of H; and H,. Furthermore, every
stitch of H; and H; has a 1-drawing ¢ such that all but one facial triangle of ¢, and all but one
facial triangle of ¢, corresponds to a facial triangle of ¢. This allows us to iteratively take stitches of
copies of a graph H, provided H has a 1-drawing with at least two facial triangles. For example, we
observe that the strong product of a triangle and a path is 1-planar by iteratively stitching copies
of K¢ together, see Fig. 1.1, where the graph in the middle is a stitch of two copies of the leftmost
graph, and the rightmost graph is a stitch of the leftmost graph and the graph in the middle.

On the other hand, we can identify whether a graph is a stitch of two smaller graphs by finding a
1-drawing for which the true-planar skeleton contains a separating triangle, as the following lemma
illustrates.

Lemma 3.3. Given a graph G, there exist graphs H, and H, such that G is a stitch of H, and H, if and
only if there is a simple 1-drawing ¢ of G such that S(¢) contains a separating triangle of G.

Proof. If there exist graphs H; and H, of which G is a stitch, then the desired 1-drawing and
separating triangle can be read off from a witness as in Definition 3.2.

Now suppose G has a simple 1-drawing ¢ such that S(¢) contains a separating triangle T of G.
If T is facial with respect to ¢, let (A, B) be any non-trivial separation of G satisfying AN B = V(T).
Otherwise, let Ry and R, be the two regions of S? \ ¢(T), and let A be the set of all vertices v € V(G)
such that ¢(v) € cl(Ry) and B be the set of all vertices v € V(G) such that ¢(v) € cl(Ry). In either
case, G is a stitch of G[A] and G[B], witnessed by (G[A], G[B], T, ¢). O

We now define classes & for t € {3,4,5,6} and & which we will show are the classes of
extremal 1-planar graphs for cliques of size t and for the total number of cliques, respectively.

Definition 3.4. We define the classes &3, &4, &, & and & recursively as follows. Let &3 be the class
consisting of

e every graph with at most two vertices;

e every graph isomorphic to one of K3, Ku, K5, K, K3 + C4 or K32.2.2;

e every graph G which is a stitch of some graphs Hy, H, € £ U {K, + Ps} such that for each
i € [2] there exist integers k; > 2 and s; € {0, 1, 2} with s; + s, < 2 and |V(H;)| = 3k; + s;.

Let & be the class consisting of

e every graph with at most three vertices;
e every clique with at most six vertices;
e every graph isomorphic to K3 + Cy;
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e every graph G which is a stitch of some graphs Hq, H, € & such that for each i € [2] there
exist integers k; > 1 and s; € {0, 1, 2} with s; = 0 and |V(H;)| = 3k; + si.

Let & be the class consisting of

e every graph with at most four vertices;

e every graph isomorphic to one of K5 or Kg;

e every graph G which is a stitch of some graphs Hy, H, € & such that for each i € [2] there
exist integers k; > 1 and s; € {0, 1, 2} with s; = 0 and |V(H;)| = 3k; + si.

Let & be the class consisting of

e every graph with at most five vertices;

e every graph isomorphic to Kg;

e every graph G which is a stitch of some graphs Hy, H, € & such that for each i € [2] there
exist integers k; > 1 and s; € {0, 1, 2} with s; + s, < 2 and |V(H;)| = 3k; + s;.

Let € be the class consisting of

e every clique with at most six vertices;

e every graph isomorphic to K3 4 Cy4;

e every graph G which is a stitch of some graphs Hq, H, € £ such that for each i € [2] there exist
integers k; > 1 and s; € {0, 1, 2} with s; = 0 and |V(H;)| = 3k; + s;.

It is worth noting that since stitches are defined in terms of 1-drawings, the above definitions
do not immediately provide an easy way of generating all of the graphs of a given size in any of
these classes. In order to generate such a list, one would need a method of determining for each
graph in the class which of its triangles are facial with respect to some 1-drawing, and thus which
stitches are possible. In Section 7, we discuss in more detail how to generate the n-vertex graphs
in these classes, and provide alternative structural descriptions for them.

4. Rich 1-drawings and their true-planar skeletons
Consider the following basic observation about 1-planar graphs.

Lemma 4.1 ([41, Lemma 3]). If G is an edge-maximal 1-planar graph and some edge vw crosses some
edge xy in some simple 1-planar drawing of G, then {v, w, x, y} induces a K4 in G.

This fact motivates the following definition. A 1-drawing ¢ of a graph G (in a surface S) is called
quasi-rich if it is simple and for every pair vw and xy of edges which cross, no other edges in
G[{v, w, x, y}] are crossed, and is called rich 8 if it is quasi-rich and for every pair vw and xy of
edges which cross, G[{v, w, x, y}] is isomorphic to Kj.

Lemma 4.2. Let ¢ be a simple 1-drawing of an edge-maximal 1-planar graph G such that G is 4-
connected or ¢ has the minimum possible number of crossings among all 1-drawings of G. Then ¢ is
rich. In particular, every edge-maximal 1-planar graph has a rich 1-drawing.

Proof. Let vw and xy be a pair of edges which cross. By Lemma 4.1, {v, w, x, y} induces a Ky
in G. Suppose for a contradiction that ¢ is not rich. Without loss of generality, the edge vx is
crossed by some edge e. Since vw and xy cross each other and no other edges, there is a region
of $? \ ¢(G) whose boundary contains both v and x. Hence the number of crossings could be reduced
by redrawing vx through this region, so we may assume that G is 4-connected. However for some
endvertex z of e, the set {v, x, z} is a 3-separator of G, a contradiction. O

8 Note that richness is a property of a 1-drawing, and not a graph. Similar concepts appear in the literature, for
example the drawings defining “kite-augmented” 1-planar graphs in [42] or “partial 4-framed” graphs in [43], but there
are some technical differences between all of these notions.

10
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Note that not all simple 1-drawings of edge-maximal 1-planar graphs are rich, see for example
Fig. 4.1. Lemma 4.2 and Corollary 4.5, which we prove at the end of this section, together imply that
for 3-connected edge-maximal 1-planar graphs, rich 1-drawings are exactly the 1-drawings with the
fewest crossings. However this is not the case for 1-planar graphs in general. Indeed some 1-planar
graphs, such as Ks 3, contain no cliques of size 4, and hence have no rich 1-drawings. However it
is easily seen that deleting crossed edges from a 1-drawing preserves richness, which leads to the
following observation.

Remark 4.3. If ¢ is a rich 1-drawing of a graph G and S(¢) € H C G, then ¢[H is rich.

The following lemma establishes a strong connection between 3-connected 1-planar graphs with
at least five vertices and the true-planar skeletons of their rich 1-drawings, in fact allowing us to
completely recover the original graph from the true-planar skeleton.

Lemma 4.4. Let ¢ be a rich 1-drawing of a 3-connected edge-maximal 1-planar graph G with at least
five vertices. The following statements hold.

(i) S(¢) is 3-connected;
(ii) no face of S(¢) has degree greater than 4;
(iii) the number of faces of S(¢) of degree 4 is equal to the number of crossings of ¢;
(iv) the number of triangles in G is at most the number of non-trivial 3-separators of S(¢), plus four
times the number of faces of S(¢) of degree 4, plus the number of faces of S(¢) of degree 3.

Proof. Let H := S(¢). For (i), suppose for a contradiction that there is a non-trivial separation (A, B)
of H of order at most 2. Since G is 3-connected, there is an edge in G — E(H) between A\ B
and B\ A. Consider such an edge vw, and let xy be the edge which crosses vw in ¢. Since ¢ is
rich, {vx, vy, wx, wy} € E(H), so {x,y} = ANB. In particular, vw is the unique edge crossing xy
in ¢, so (A, B) is a separation of G — vw. Since ¢ is rich, no edge incident with a vertex in A\ B
crosses any edge incident to a vertex in B\ A. Also, since xy ¢ E(H), no edge incident to x crosses
any edge incident to y. Let R be a region of S? \ ¢(G) whose boundary contains x, a segment of an
edge e incident to x in G[A \ {y}] and a segment of an edge ¢’ incident to x in G[B\ {y}]. Note that
the boundary of R contains a vertex v’ in A \ B (either an endvertex of e or an endvertex of an edge
which crosses e). Similarly, the boundary of R contains a vertex w’ in B \ A. Since G is edge-maximal,
we have v'w’ € E(G) \ E(H), and so v'w’ crosses xy, and hence {v/, w'} = {v, w}. Now x and y lie in
different regions of S? \ (R U ¢(vw)). Hence, every component of G — {v, w, x, y} has at most two
neighbours in {v, w, x, y}, contradicting that G is 3-connected.

For (ii), suppose for a contradiction that some facial cycle C of H has length at least 5. Since K5
is not planar, some pair of vertices of C are not adjacent in H. Since G is maximal, there is a crossed
edge between some pair of vertices on C which are not adjacent in H. Since H is 3-connected, this
crossed edge is drawn in the face bounded by C. Hence, since ¢ is rich there is a 4-cycle in H
containing only vertices of C. Some edge of this 4-cycle is not in C, and deleting the endvertices of
this edge disconnects H, contradicting (i).

For (iii), consider a pair of edges e and f which cross in ¢. Since ¢ is rich, these edges have four
distinct endvertices in total which, by (ii), induce a facial cycle of H. Now consider a facial cycle C
of H of length 4. Since there is no facial cycle of length 4 with respect to any planar drawing of K4,
there is a pair of vertices of C which are not adjacent in H. As G is maximal, there is a crossed edge
between some pair of vertices of C which are not adjacent in H. Since H is 3-connected, this crossed
edge is drawn in the face bounded by C. Now, since every face of H has degree at most 4, there is
a one-to-one correspondence between crossings of ¢ and faces of H of degree 4.

For (iv), observe that trivially the number of triangles of G whose vertices all lie on a facial cycle F
of H is at most four if F has length 4, and at most one if F has length 3. Consider a triangle T of
G whose vertices do not all lie in any facial cycle of H. If no edge of T is crossed in ¢, then T is a
non-facial triangle of H, and hence a separating triangle of H. Suppose instead that some edge vw
of T is crossed by an edge v'w’. The vertices v, w, v' and w’ are all on the facial cycle of H in which
this crossing is drawn, so by assumption neither v’ nor w’ is a vertex of T. Hence, ¢(v') and ¢(w’) are

11
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in different regions of S? \ ¢(T). It follows that v’ and w’ are in separate components of H — V(T).
Hence, if T is a triangle of G such that V(T) is not contained in a facial cycle of H, then V(T) is a
non-trivial 3-separator of H. O

Corollary 4.5. A rich 1-drawing ¢ of an edge-maximal 3-connected 1-planar graph G on at least 5
vertices has exactly |[E(G)| — 3|V(G)| + 6 crossings.

Proof. Let H := S(¢). By Lemma 4.4, H is a 3-connected planar graph with no face of degree more
than 4. Hence, H can be extended to a planar triangulation by adding exactly one edge for each
facial cycle of length 4. The result then follows from Lemma 4.4(iii). O

5. Bounding the number of cliques in 1-planar graphs excluding Kg

In this section, we bound the number of cliques of any and all sizes in 1-planar graphs excluding
subgraphs isomorphic to Kg. The key tool which allows us to do this is the following lemma. While
it only references triangles, it is easy to bound the number of cliques of any size which contain a
given edge in terms of the number of triangles which contain it.

Lemma 5.1. Let ¢ be a rich 1-drawing of a graph G with at least one crossing. If every crossed edge
of G is contained in at least four triangles, then G has an induced subgraph H isomorphic to either Kg
or K2,2,2,2-

Proof. We first observe the following easy fact.

(1) Every 1-drawing of a graph restricted to the union of two vertex-disjoint triangles has 0 or 2
crossings.

Let v1v, and x1x, be two edges which cross, chosen if possible such that vy, vy, x; and x, have
a common neighbour. Since ¢ is rich, {vq, vy, X1, Xo} induces a K4 in G. Note that v; and v, (and
likewise x; and x,) have at least four common neighbours since by assumption the edge between
them is in at least four triangles. Choose distinct common neighbours w; and w, of vy and v,
in G — {x1, x>}, and distinct common neighbours y; and y, of x; and x, in G — {vq, v,}, so that
{w1, wa} N {y1,y2}| is maximised.

First, suppose {w1, w2} = {y1,¥2}. By (1), for some i, j € [2], the edge wqv; crosses wyx;. Hence,
since ¢ is rich, wq and w; are adjacent. It follows that H := G[{vy, v2, wy, wo, X1, X3}] is isomorphic
to Ks (see Fig. 5.1(a)).

Suppose instead that |{wi, wo} N {y1,y2}| = 1. Without loss of generality, we may assume
that wy = y1. By (1), without loss of generality, v,w; crosses x;y,. Since ¢ is rich, wqx; and v,x, are
edges of G which are uncrossed with respect to ¢. Now by (1) applied to w,viv,w, and wqx1x, w1, for
some i € [2], the edges v;w;, and x,w; cross with respect to ¢. By (1), there is no triangle containing
X1y which is vertex-disjoint from wv,Xx,w. Hence, x,y, is a crossed edge which is contained in
at most three triangles (see Fig. 5.1(b)).

Finally, suppose {wi, w2} N {y1,y2} = @. By (), for every i,j € [2] there exist k, £ € [2] such
that vjw; crosses xxy,. Without loss of generality, x;y; crosses viwj. Since ¢ is rich, x;wq, y1v1
and y;wq are all uncrossed edges of G. Hence, by our choice of w4, w;, y; and y, we have that y;
is not adjacent to v, and that w; is not adjacent to x,. Applying (1) to the triangles x1x;y2X1
and vivwqvy, we find that wyv, crosses y.x;, and hence v,y, and wyy, are uncrossed edges of G.
Similarly w,v; crosses y1x, and finally w,v, crosses y.x;, and so w,y;, wyX, and wyy, are all
uncrossed edges of G.

Now consider the pair of crossing edges y,x; and vyw;. Let w} and w’, be the two common neigh-
bours of v; and w; distinct from x; and y;, and let ¥} and y, be the two common neighbours of x;
and y distinct from vy and w4. By our choice of v1v; and x;x,, we know that {w}, w}} N {y], y,} = 0.
Applying (1), there are at least four pairs of crossing edges such that one edge is contained
in A == {vyw], viw), wiw}, wiw)} and the other is contained in B := {x1y/, 15, ¥1¥}, ¥1¥5}. There-
fore each edge in A crosses exactly one edge in B, and vice versa. Observe that v, € {w}, w}},
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so vow; € A, which means x1y, € B, so y,y; is an edge in B. Similarly, w,w, is an edge in A, and by
process of elimination these edges cross. Now H := G[{v1, v2, w1, w2, X1, X2, Y1, ¥2}] is isomorphic
to K3 2.2.2 (see Fig. 5.1(c)). O

Lemma 5.2. Let n > 3 be an integer, let G be a 3-connected n-vertex graph with no subgraph
isomorphic to Kg and let ¢ be a rich 1-drawing of G with exactly c crossings. Then

3c+3n—8 ift =3,
NG K)<13c+n—-3 ift =4,
c ift =5.

Furthermore, if t € {3, 4} and equality holds, then G has exactly c 4+ 3n — 6 edges.

Proof. First suppose that G contains a subgraph H isomorphic to K3  » ». By Corollary 2.3(i) no edge
in E(G) \ E(H) crosses any edge of H.

Suppose for contradiction that n > 9, and let C be a component of G — V(H). Note that there is
some region R of S? \ ¢(H) which contains ¢(C). Note that every region of S? \ ¢(H) has exactly two
vertices in its boundary by Corollary 2.3(ii). The two vertices in the boundary of R separate V(C)
from V(H) in G, contradicting the 3-connectivity of G. Therefore n =38, and so G = K222 by
Theorem 2.6. Note that N (G, K3) = 32, N(G, K4) = 16 and NV(G, K5) = 0, as required.

Now suppose that G contains no subgraph isomorphic to K> ,,,. Let t € {3,4, 5}, let Gy :=G
and for each i € [c], let G; be a graph obtained from G;_; by deleting an edge e; which is crossed
in ¢|Gj_1 and subject to this is contained in as few triangles of G;_; as possible. By Remark 4.3
and Lemma 5.1, for all i € [c], the edge e; is contained in at most three triangles and hence in at
most (:2) copies of K; in Gi_1. It follows that M (Gg, K;) < ([fz)c + N(G, K;). Since ¢ has exactly ¢
crossings, G is an n-vertex planar graph and hence contains no copy of Ks, at most 3n — 8 copies
of K3 by Theorem 2.4, and at most n — 3 copies of K4 by Theorem 2.5. This yields the required bounds
for N(G, K;). Furthermore, if t € {3, 4} and equality holds, then G, is an Apollonian network, and
thus the number of edges in Gisc+3n—6. O

The following is an immediate corollary of Lemma 4.2, Corollary 4.5, Theorem 2.6 and Lemma 5.2.

Corollary 5.3. Ifn > 5 and G is a 3-connected edge-maximal 1-planar graph with n vertices and no
subgraph isomorphic to Kg, then

6n—14 ift =3,
NG, K) < {4n—-9 ift =4,
n—2 ift =5.

In particular, G contains at most 16n — 32 cliques. Furthermore, if G has less than 4n — 8 edges, then G
contains at most 16n — 40 cliques. O

6. Maximising cliques in 1-planar graphs

In this section we complete the proofs of all of our main theorems. The following lemma is an
important tool in each of these proofs, allowing us to apply Lemma 3.3 to extremal graphs which
contain subgraphs isomorphic to Ks.

Lemma 6.1. If G is a 1-planar graph with a proper subgraph H isomorphic to Kg, then either there is
a simple 1-drawing ¢ of G such that S(¢) contains a separating triangle of G, or there are at least three
components of G — V(H) which have at most two neighbours in H.

Proof. Let G’ be an edge maximal 1-planar graph containing G as a subgraph, let ¢’ be a rich
1-drawing of G’ and let ¢g be the restriction of ¢’ to G. By Corollary 2.3(i) no edge in E(G) \ E(H)
crosses any edge of H in ¢o.
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Let s be the number of components of G— V(H), and let {C;:i € [s]} be the set of these
components. Note that since H is a proper subgraph of G, we have thats > 1. Now, for i € [s], there is
aregion R of §? \ ¢o(H) containing ¢o(C;). The vertices in the boundary of R separate V(C;) from V(H)
in G. If the boundary of R is a face of ¢o[H of degree 3, then its facial triangle is a separating triangle
of G contained in S(¢y), as desired. Otherwise, such a component has at most two neighbours in H
by Corollary 2.3(ii), so we may assume that s < 2. For i € [s], let S; be the set of neighbours of G
in H, and let G; := G[V(C;) U S;]. Now there are at most two edges of H in [ J{G;:i € [s]}, so there
is a 1-drawing ¢* of H in which each of these edges is in a facial cycle by Corollary 2.3(iii) and
the symmetry of Kg. By considering the restriction of ¢, to G;, with s applications of Lemma 3.1 we
obtain a simple 1-drawing ¢ of G such that ¢[H is equivalent to ¢*. Now some facial cycle with
respect to ¢* contains Sy, and this is a separating triangle of G. O

6.1. Maximising triangles in 1-planar graphs

Lemma 6.2. Let G be a graph with at least four vertices and at least (19|V(G)| — 62)/3 triangles.
If (A, B) is a separation of G of order at most 2, then for some X € {A, B} we have that G[X] has at
least (191X| — 53)/3 triangles.

Proof. Since (A, B) is a separation of order at most 2, we have that
N(G, K3) = N(G[A], K3) + N(GIBI, K3).
Suppose for a contradiction that A (G[X], K3) < (19]X| — 53)/3 for each X € {A, B}. Then

19(/A| + |B)) — 106 _ 19(|V(G) +2) — 106 _ 19|V(G)| — 62
< .
3 = 3 3

N(G, K3) <

Lemma 6.3. Let k, s and n be integers such that k € {1, 2}, s € {0, 1,2} and n = 3k + s, and let G be
a 1-planar graph with n vertices. If G contains at least 19k + 5s — 18 triangles, then G is isomorphic
to one of K3, K¢, K3 + C4, Kz + P or K, 222 In particular, G contains exactly 19k 4+ 5s — 18 triangles
unless G is isomorphic to K3 3 2 5.

Proof. The cases where n < 6 are trivial, so we assume k = 2 and s € {1, 2}. If s = 1, the claim
follows easily from Corollary 2.9. If s = 2, note that no proper subgraph of K, + Pg or K322 has
at least 30 triangles (since every edge of K, + Pg is in a triangle and every edge of Ky222 is in
more than two triangles), so we may take G to be an edge-maximal 1-planar graph. If G has a
2-separation (A, B) with |A| = 7, then G[A] has at most 22 triangles by Corollary 2.9, and so G has
at most 23 triangles. If G has a 2-separation (A, B) with |A| € {5, 6}, then the number of triangles
in G is at most (%4) + ("°3"), and is therefore at most 24. Hence, G is 3-connected. Let ¢ be a rich
1-drawing of G. By Lemma 2.7, we know that ¢ has at most 6 crossings. If ¢ has at most 4 crossings,
then G has at most 3 -4 + 3 - 8 — 8 = 28 triangles by Lemma 5.2.

If ¢ has exactly 5 crossings, then by Lemma 4.4, S(¢) is a 3-connected planar graph with 8
vertices with 5 faces of degree 4, whose other faces each have degree 3. Note that the number of
edges of a 3-connected planar graph can be determined from the degrees of its faces, and then the
number of vertices can be deduced from Euler’s formula. Since G has 8 vertices, we can deduce
that S(¢) has exactly two faces of degree 3, and exactly 13 edges. Furthermore, the number of
non-trivial 3-separators in S(¢) is at least 30 — 4 -5 — 2 = 8, by Lemma 4.4(iv). Using the program
plantri written by Brinkmann and McKay [44], we find that there is a unique 3-connected 8-vertex
planar graph with 13 edges, faces of degree at most 4 and at least eight non-trivial 3-separators.
The unique maximal 1-planar graph with this true-planar skeleton is K, + Pg (see Fig. 3.1), since it
is formed by adding edges between all pairs of vertices of S(¢) that share a face.

If ¢ has exactly 6 crossings, then by Lemma 4.4, S(¢) is a 3-connected planar quadrangulation.
The cube is the unique 3-connected planar quadrangulation on 8-vertices, and K 7 » is the unique
maximal 1-planar graph with this true-planar skeleton. O
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Fig. 3.1. A simple 1-drawing of K, + Ps. We will show in Section 7.2 that this drawing is unique (up to weak equivalence).

A A

Fig. 4.1. Simple 1-planar drawings of K3 + K; 3, the one on the left is not rich, the one on the right is rich.

Y1/
<

()

2

Fig. 5.1. The three cases in the proof of Lemma 5.1.

Lemma 6.4. Let k, s and n be integers such that 3 <k <6,s € {0, 1,2} and n =3k +s, and let ¢
be a rich 1-drawing of an edge-maximal 1-planar 3-connected graph with n vertices. If G contains at
least 19k + 5s — 18 triangles, then S(¢) contains a separating triangle of G.

Proof. By Lemma 6.1, we may assume G has no subgraph isomorphic to Ks. Hence, by Lemma 5.2, G
has at most 3c + 3n — 8 triangles, where c is the number of crossings of ¢. It follows that ¢
> n — (10 + s — k)/3. Note that (10+s — k)/3 < 3 with equality if and only if n = 11, and
that ¢ < n — 2 by Lemma 2.7. It follows that eithern = 11 and c = 8,0orc =n — 2.
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Suppose that n =11 and ¢ = 8. Note that the number of triangles in G is at least 49. By
Lemma 4.4, S(¢) has exactly eight faces of degree 4, and the other faces of S(¢) are of degree 3.
Thus there are exactly two facial triangles of S(¢), by Euler’s formula. By Lemma 4.4(iv), there are at
least 49 — 4 - 8 — 2 = 15 non-trivial 3-separators of S(¢). Using plantri [44], we find that there are
only three planar graphs® satisfying the conditions on S(¢), each of which contains a separating
triangle of S(¢). Note that since no edge of S(¢) is crossed with respect to ¢, every separating
triangle of S(¢) is a separating triangle of G.

Suppose instead that c = n — 2. By Lemma 4.4, S(¢) is a 3-connected planar graph with n — 2
faces of degree 4, and therefore a 3-connected planar quadrangulation. Furthermore, the number
of triangles in G is at most 4(n — 2) plus the number of non-trivial 3-separators of S(¢). Again
using plantri to generate all 3-connected planar quadrangulations on at most 20 vertices, it is quick
to computationally verify that no such quadrangulation has the requisite number of non-trivial
3-separators. O

Lemma 6.5. Let k, s and n be integers such that k > 1, s € {0, 1,2} and n = 3k + s, and let ¢ be a
rich 1-drawing of a graph G with n vertices and at least 19k + 5s — 18 triangles. Then G either contains
exactly 19k + 5s — 18 triangles or is isomorphic to K3 3 3 ».

Furthermore, if k > 3, then for each i € [2] there exist integers k; > 2 and s; € {0, 1,2} with
s1+ 53 <2 and a (3k; + s;)-vertex graph H; with exactly 19k; + 5s; — 18 triangles such that G is a
stitch of Hy and H,.

Proof. We proceed by induction on n. For n < 8 the result follows from Lemma 6.3, so we
assume n > 9.

We first show that G is 3-connected. Suppose for a contradiction that G has a non-trivial separa-
tion (A, B) of order at most 2. By Lemma 6.2, we may assume without loss of generality that G[A] has
at least (19|A| — 53)/3 triangles. Let k’ and s’ be integers such that |A] =3k’ + s and s’ € {0, 1, 2}.
Note that 19k’ + 55’ — 18 is strictly less than (19|A| — 53)/3, and 32 (the number of triangles
in K;2.22) is strictly less than (19 - 8 — 53)/3 = 33. Hence, by induction, |A| < 2. It follows that
the number of triangles in G equals the number of triangles in G[B]. However, 5 < |B| <n — 1, so
the number of triangles in G[B] is less than

(19]B] — 53)/3 < 19(3k+53 D=5 ok yss— 18,
a contradiction. Hence, G is 3-connected.

If no subgraph of G is isomorphic to K, then 19k + 55 — 18 < 6n — 14 by Lemmas 2.7 and 5.2. It
follows that k < 6, and so there is a separating triangle T of G contained in S(¢) by Lemma 6.4. If G
contains a subgraph isomorphic to Ks, then S(¢) contains a separating triangle T of G by Lemma 6.1.

By Lemma 3.3, there are graphs H; and H, such that G is a stitch of H; and H,. The number of
triangles in G is equal to the number of triangles in H; plus the number of triangles in H, minus
one. For i € [2], let k; > 1 and s; € {0, 1, 2} be integers such that |V(H;)| = 3k; + s;.

Since T is a facial triangle with respect to ¢[H;, by Corollary 2.3(ii) we have that H; is not
isomorphic to K3, ,. It follows that the number of triangles in H; is at most 19k; + 5s; — 18, by
induction. Note that either s; +s; =s and k; +k, =k+ 1, or s1+5S, =s+ 3 and ky + k, = k.
However, in the latter case, the number of triangles in G is at most

19(ky + ka) + 5(s1 + s2) — 37 = 19k + 55 — 22 < 19k + 55 — 18.
Hence s = s; + s, and k1 + k; = k + 1, and the number of triangles in G is given by
N(Hq, K3) + N(Hy, K3) — 1 < 19(k1 + ko) + 5(s1 + 52) — 37 = 19k + 55 — 18.
Since equality holds, for each i € [2] applying Lemma 6.3 to H; implies that k; > 2. O

9 These graphs are true-planar skeletons of rich 1-drawings of a stitch of Kg and K, + Pg and the two possible stitches
of K3 + C4 and itself.
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The following theorem immediately implies Theorem 1.1.

Theorem 6.6. Let n, k and s be non-negative integers with s € {0, 1, 2} and n = 3k + s. An n-vertex
1-planar graph G contains the extremal number f3(n) of triangles if and only if G € &;. In particular,
() if n <6,
f3(n) = 32 ifn=38,
19k + 5s — 18  otherwise.

Proof. We proceed by induction on n. The result is trivial when n < 6, and follows from Lemma 6.3
when n € {7, 8}, so we may assume that n > 9.

Consider an n-vertex graph G in &;. By definition, for each i € [2] there are integers k; > 2
and s; € {0, 1, 2} with s; +5s, <2 and a graph H; € & U {K; + Pg} with |V(H;)| = 3k; +s; such
that G is a stitch of H; and H,. Since s; +s; < 2 and |V(G)| = |V(H1)| + |V(Hz)| — 3, we have k;+k;
—1=kands; + s, =s.Now N (G, K3) = N(Hy, K3) + N(H, K3) — 1. Note that K, + Pg has 19-24-5-
2—18 triangles, and that neither H; nor H, is isomorphic to K3 , » » by Corollary 2.3(ii). By induction,
we have

N(G, K3) = 19(k1 + k) + 5(s1 + 52) — 37 = 19k + 55 — 18.

Now suppose that G is an n-vertex graph containing f3(n) triangles. To complete the proof, we
will show that G € &;. Note that N(G, K3) > 19k + 5s — 18 by the previous argument. By Lemma 6.5,
for each i € [2] there exist integers k; > 2 and s; € {0, 1, 2} with s; + 5, < 2 and a (3k; + s;)-vertex
graph H; with exactly 19k; 4+ 5s; — 18 triangles such that G is a stitch of H; and H,. By the induction
hypothesis and Lemma 6.3, we have that k; and k; are each at least 2 and H; and H, are isomorphic
to graphs in &3 U {K; + Ps}, and hence G € &;, as desired. O

6.2. Maximising larger cliques in 1-planar graphs

Lemma 6.7. Let k, s and t be integers with k> 1, s€ {0,1,2} and t € {4,5,6} and G be a
graph with 3k + s vertices, and for i € [3] let (A;, Bi) be non-trivial separations of G of order at
most 2 such that the sets A; \ B; are pairwise disjoint and |ﬂi€m B;| > 3. If there do not exist inte-
gersk' > 1ands' € {0, 1, 2} such that some induced subgraph of G with 3k’ + s’ vertices contains more
than (k' — 1)() + (s/:ﬁ) subgraphs isomorphic to K., then G contains fewer than (k — 1)(°) subgraphs
isomorphic to K;.

Proof. For each i € [3], we may assume that (A;, B;) has order exactly 2. Let G; := G[A;], let G4 ==
G[Micr3 Bi] and for i € [4] let k; and s; be integers with k; > 1 and s; € {0, 1, 2} such that |V(G;)| =
3k; + s;. Let k* and s* be integers with k* > 1 and s* € {0, 1, 2} such that Ziew si = 3k* + s* and
note that since 3k +s — 6 = » ;. 4(3ki + s;), we have that } ., ki = k + 2 — k*. Therefore,

NGK) < ((Iq - 1)(?) + (Si Jtr 3))
i€(4]

€
(k-2 — k) 6>+3k +3<5)

t 2 t
6 . 3(5 6
— (k- 1)(t> e+ 1) (5@ - (t))
<(k—1) 6) 0
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Lemma 6.8. Let k, s and t be integers with k> 1, s€{0,1,2} and t € {4,5,6}, let G be a
graph with 3k + s vertices, and let (A, B) be a non-trivial separation of order 3 of G. For X € {A, B}
let kx and sx be integers with kx > 1 and sx € {0, 1, 2} such that |X| = 3kx + sx. If G contains at
least (k — 1)(%) + (**°) subgraphs isomorphic to K;, then one of the following holds

t
(1) for each X € {A, B}, the graph G[X] contains exactly (kx — 1)(°) + (%) subgraphs isomorphic
to K;, and either O € {sy, sg}, or botht = 6 and s, = sg = 1;
(2) for some X € {A, B}, the graph G[X] contains more than (kx — 1)(7) + (*;**) subgraphs isomor-
phic to K.

Proof. Assume that (2) fails. Observe that N(G, K;) = N(GIA], K;) + N(G[B], K;). Assume for a
contradiction that s4 + sg > 3, and hence ks + kg = k. Now, since sa, sz < 2 and t € {4, 5, 6}, we

have
N(GIAL. Ko) + N(GIB]. Kp) < (ks + kg — z)(f) + (S*‘ :r 3) + (sB ;L 3)

< (k— 2)(?) + <f) + <S—:3> < N(G, K;),

a contradiction. So sy + sg < 3, and hence k4 + kg = k+ 1 and s, + sg = s. Since t > 4,

6 3 3
N(GIA]. K:) + N(GIB]. K:) < (ka + ks — 2)<t> + (S"j > + (Sﬂj )

< (k- 1)(?) + <SA i +3) < NG, Ko).

Since equality holds, we deduce that (1) holds. O

The following theorem immediately implies Theorem 1.2.

Theorem 6.9. Let n, k and s be non-negative integers with s € {0, 1,2} and n =3k +s and
let t € {4,5,6}. An n-vertex 1-planar graph G contains the extremal number f(n) of subgraphs
isomorphic to K; if and only if G € &. In particular, if n > 3 then

filn) = (k 1)(?) ¥ (Sta).

Proof. We proceed by induction on n. The claim is trivial when n < 6, so assume n > 7.

Consider an n-vertex graph G in &. If G = K3 + C4, then t = 4 and N(G, K4) = 16, as required.
Otherwise, for each i € [2] there exist integers k; > 1 and s; € {0, 1,2} with s; +5, <2 and a
graph H; € & with |V(H;)| = 3k; 4+ s; such that G is a stitch of H; and H,, with either s; = 0ort = 6.
Since s; + s, < 2 and |V(G)| = |[V(Hy)| + |V(H3)| — 3, we have that k; + k, — 1 =k and s; + s, = s.
Now N(G,K;) = N(Hy, K;) + N(Ha, K;) since t > 3. Note that (*'*°) =0, (?}°) =0 and (?}°)
= (**’). By induction, we have

NG, K) = (la 1)<6> - (Sl +3) T (ke — 1)<6> . (52 +3)
t t t ¢
6 s+3
=(k_1)<t)+( t )

Now suppose that G is an n-vertex graph containing f;(n) subgraphs isomorphic to K;. To
complete the proof, we will show that G € &. By the previous argument we have that N(G, K;)
> (k=1)() + (7)-

First, assume that G is 4-connected. By Lemma 6.1, G has no subgraph isomorphic to Kg. This
is a contradiction if t = 6. By Corollary 5.3, we deduce that t = 4 and n = 7. By Corollary 2.9, G is
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isomorphic to a subgraph of K3 + K; 5 or of K3 4+ C4. Every proper subgraph of each of these contains
strictly fewer subgraphs isomorphic to Ky, so G = K3 + C4, as desired.

Suppose instead that G is not 4-connected, and consider a non-trivial 3-separation of (A, B) of G,
not necessarily minimal. By Lemma 6.8 and the induction hypothesis, either t = 6 or one of |A|, |B|
is divisible by 3. Hence G has a subgraph isomorphic to K, either because (k — 1)(%) + (*1%) = 1 or
by Definition 3.4 and the induction hypothesis. Now by Lemma 6.7 and the induction hypothesis,
we obtain from Lemma 6.1 a simple 1-drawing ¢ of G such that S(¢) contains a separating triangle
of G. By Lemma 3.3, there are graphs H; and H, such that G is a stitch of H; and H,. By the induction

hypothesis and Lemma 6.8, it follows that G € &, as desired. O
6.3. Maximising all cliques in 1-planar graphs
For a graph G, we write Miques(G) for the number of subgraphs H C G that are cliques.

Lemma 6.10. Let k and s be integers with k > 1 and s € {0, 1, 2}, let G be a graph with 3k + s vertices,
and let (A, B) be a non-trivial separation of G of order at most 3. For X € {A, B} let kx and sx be integers
with ky > 1and sx € {0, 1, 2} such that |X| = 3kx + sx. If G contains at least 56(k — 1) + 2°*3 cliques,
then one of the following statements holds.

(i) The order of (A, B) is exactly 3, one of s, or sg is equal to O, and for all X € {A, B}, the graph G[X]
contains exactly 56(kx — 1) + 2%+3 cliques;
(ii) the order of (A, B) is exactly 3 and G[A N B] is not isomorphic to a triangle;
(iii) for some X € {A, B}, the graph G[X] contains more than 56(ky — 1) + 2%%3 cliques.

Proof. Assume that (iii) fails. Let k* and s* be integers with k* > —1 and s* € {0, 1, 2} such that
sa +sg — |ANB| = 3k* + s* and note that we have k4 + kg = k — k* an/d s =s* since 3k + s =
3(ks + kg) +sa + sg — |A N B|. Observe that for all s’ € {0, 1, 2}, we have 253 e {125’ + 4, 125’ + 8}.
Now
Mliques(c) = Ncliques(G[A]) + Mliques(G[B]) - Mliques(G[A N B])
< 56(ks + kg — 2) + 273 4 2%+3 _ |ANB|
<56(k—k* —2)+12(sp + )+ 16 — |JAN B|
<56(k —k* —2)+12(3k* +s+|ANB|)+ 16 — |AN B
< 56(k — 1)+ 12s — 20k* + 11|A N B| — 40.
Since  Miques(G) = 56(k — 1) + 253 we deduce that —20k* +11JANB| —40>4, and so
|ANB| =3 and k* = —1. This implies that s4 + s = s, and either s, = sz = 1, or one of s4 or s
is equal to 0. We may further assume that Miques(G[A N B]) = 8, or else (ii) holds. Now
Ntiques(GIA) + Naiiques(GIB) — 8 < 56(ka + kp — 2) +2°4%3 4 2%+ 8
<56(k—1)+ 2543 =< Ncliques(G)
and since equality holds, so does (i). O
The following theorem immediately implies Theorem 1.3.
Theorem 6.11. Let n, k and s be non-negative integers with s € {0, 1, 2} and n = 3k + s. An n-vertex

1-planar graph G contains the extremal number f(n) of cliques if and only if G € &. In particular, ifn > 3
then

f(n) =56(k — 1) 4+ 253,
Proof. We proceed by induction on n. The claim is trivial when n < 6, so assume n > 7.

Consider an n-vertex graph G in &. If G = K3 + C4, then Mgiques(G) = 72, as required. Otherwise,
for eachi € [2] there exist integers k; > 1and s; € {0, 1, 2} and a graph H; € £ with |V(H;)| = 3k;i+s;
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such that G is a stitch of H; and H,, with s; = 0. Since |V(G)| = |V(Hy)| + |[V(H3)| — 3 and s; = 0,
we have that k; + k, — 1 =k and s, = s. Now Mliques(G) = Ncliques(Hl) +-/\/cliques(H2) - Ncliques(K3 )
By induction, we have

Natiques(G) = 56(ky — 1)+ 2° +56(k, — 1) + 227> — 8
=56(k — 1)+ 2°+3.

Now suppose that G is an n-vertex graph containing f(n) cliques. To complete the proof, we will
show that G € £. Note that Miques(G) > 56(k — 1) + 25+3 by the previous argument, and that G is
an edge maximal 1-planar graph since adding edges to a graph increases the number of cliques.
Also G is 3-connected by Lemma 6.10 and the induction hypothesis.

First, assume that G contains no subgraph isomorphic to Ks. By Corollary 5.3, we deduce
that n € {7, 8}. If n =7, then by Corollary 2.9, G is either K3 + K; 5 or K5 + C4, as desired. Now
suppose for a contradiction that n = 8. First, assume that G has a vertex v of degree at most 4.
Now AViiques(G) < Neliques(G — v) + 24 < 88 by induction, and since equality holds we have that
G — v = K3+ C4 and that the degree of v is exactly 4. Since G is edge maximal, there is a rich
1-drawing ¢ of G. By Corollary 2.3(i) no edge of G — v is crossed with respect to ¢, so at least four
vertices are contained in the boundary of the region of S?\ ¢(G—v) containing ¢(v). This contradicts
Corollary 2.3(ii). We therefore can assume that §(G) > 5 and hence A(G) < 2. It was shown by
Bodendiek, Schuhmacher and Wagner [45] that the graph K, is up to isomorphism the only
8-vertex 1-planar graph with 24 edges, and since it contains exactly 81 cliques, we may assume
that G has at least 5 edges. It is straightforward to verify that of the nine 8-vertex graphs with
five edges and maximum degree at most 2, only Cs + K3 contains 88 independent sets of vertices.
However, Cs + K3 contains 31 triangles, and hence is not 1-planar by Lemma 6.3. We therefore
deduce that n # 8, as required.

So we may assume that G contains a subgraph H isomorphic to Ks. By Lemma 6.1, Lemma 3.3
and the fact that G is 3-connected, there are graphs H; and H, such that G is a stitch of H; and H,.
By Lemma 6.10 and the induction hypothesis, we deduce that G € &, as required. O

7. Generating extremal graphs efficiently with tree-decompositions

In Section 3, we gave a recursive definition of the classes of graphs which are extremal in the
sense of Theorems 6.6, 6.9 and 6.11. While this recursive definition was useful for the proofs in
Section 6, it does not by itself provide a way to generate all of the graphs in these classes. The reason
for this is that in order to determine which graphs are stitches of two extremal graphs H; and H,,
we need to determine which triangles of H; and H, are facial with respect to some 1-drawing. We
solve this problem in Section 7.1, which allows us to provide a structural characterisation of the
classes of extremal graphs in terms of tree-decompositions. In Section 7.2, we discuss how to use
these characterisations to generate the n-vertex graphs in each of these classes in polynomial time.

7.1. A structural characterisation of the extremal graphs in terms of tree-decompositions

A pair (T, V) is a tree-decomposition of G if T is a tree and V is a family (V;:t € V(T)) of sets of
vertices of G such that

(T) V(G)=UWw:
(T2) for every edge e € E(G) there is a t € V(T) such that e € E(G[V,]); and
(T3) Vs NV, € V, whenever u is a node on the unique path from s to t in T.

We call the sets in V the parts of (T, V). We call the sets Vs N V; for each edge st € E(T) the
adhesion sets of (T, V). We call V(T) the set of nodes of the tree.

Definition 7.1. We define sets A(&3), A(E4), A(Es), A(Es) and A(€) as follows:
A(€3) == {Ks, K3 + C4, K3 + Ps};
A(&4) = {Ka, Ks, K, K3 + C4};
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.A(Ss) = {K4, Ks, KG};
A(&s) = {K3,Kg} U {H € Ks5: H is 3-connected};
A(E) = (K4, Ks, K¢, K3 + C4}.

Lemma 7.2. Let C be one of &, &4, &5, £ o1 E. Every 3-connected graph G € C with at least 9 vertices
has a tree-decomposition (T, V) with the following properties.

(a) For each node t € V(T) the graph G[V;] is isomorphic to a graph in A(C) \ {K3};
(b) each graph in H .= {G[Vs; N V;]:st € E(T)} is a triangle;
(c) one of the following holds:

e at most one part induces a graph not isomorphic to Kg;

e C is & and two parts each induce a subgraph isomorphic to K5 + C4 and all other parts
induce a subgraph isomorphic to Kg;

e C is & and two parts each induce a subgraph isomorphic to K4 that share no triangle and
all other parts induce a subgraph isomorphic to Kg.

Proof. Since the stitch of two graphs is 3-connected if and only if both of them are, by the
definition of C we inductively obtain a tree-decomposition 7 = (T, V) of G satisfying properties (a),
(b) and (c), except that if C is &, then two distinct parts Vy and V, with G[V,] = G[V,] = K4 may
share a triangle D. In this case, for any distinct nodes s and t on the unique path P from x to y
in T, we have D = G[V; N V;] by property (b) and (T3). We now define a tree T’ from T by first
deleting the edge in E(P) incident to x, adding a new edge between x and y and contracting
that edge to a new node z. Moreover, we define V/ :=V; for all t € V(T’)\ {z} and V, := V, U V.
Now G[V,] is a stitch of two copies of K4, and hence is isomorphic to a graph in A(&s). Hence, the
tree-decomposition (T', (V{: t € V(T'))) satisfies all desired properties. O

The following lemma now completes the picture, allowing us to determine when a graph with
a tree-decomposition as in Lemma 7.2 is in the given class C.

Lemma 7.3. Let G be a 3-connected graph with tree-decomposition (T, V) as in Lemma 7.2. Let D be
a set of triangles in G and let F C E(G). The following statements are equivalent.

(1) There is a 1-drawing ¢ of G with respect to which all triangles in D are facial and no edge in F
is crossed.
(2) e D and H are disjoint;
e for each D € H, there is a unique edge st € E(T) such that G[V; NV;] = D;
e for every node t € V(T) there is a 1-drawing of G[V;] with respect to which all trian-
gles D C G[V;] in D U H are facial and all edges in E(G[V;]) N F are uncrossed.

Proof. Suppose that (1) holds. We may assume that ¢ is quasi-rich, since redrawing a crossed
edge so that it is no longer crossed can only increase the set of facial triangles. In particular, we
may assume that ¢|G[V;] is quasi-rich for every node t of T. Consider a triangle D in H. Note
that by property (c) in Lemma 7.2, at most one part of (T, V) induces a graph which contains D
and is not isomorphic to a graph in {Ks, K5 + C4}. Let k be the number of distinct parts of (T, V)
containing V(D), and let {H;:i € [k]} be the graphs induced on these parts, so that every graph in
{H;:i € [k — 1]} is isomorphic to a graph in {Ks, K5 + C4}. Note that k > 2 by the definition of #.
Let x e [k — 1] and y € [k] \ {x} and let H := Hy U H,. By Corollary 2.3(i) applied to ¢Hx no
edge of H, crosses any edge of Hy, since ¢[H is quasi-rich. It follows that for every component C
of H, — V(D) there is a unique region R of S? \ @(Hy) containing ¢(C). Since H, is 3-connected,
the boundary of R contains V(D). The intersection of ¢(Hy, — E(D)) with the boundary of R is V(D).
Since Hy is 3-connected, the boundary of R is a simple closed curve. It follows that we can redraw
the edges of D inside R, so that they do not cross any edge of H, forming a new quasi-rich drawing ¢’
of H. Again by Corollary 2.3(i), no edge which is crossed with respect to ¢[Hy can be redrawn so
that it is uncrossed. In particular, the edges of D are uncrossed with respect to ¢[(H). Note that for
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each edge vw € E(D), at most one of the regions of S? \ (¢(vw) U ¢'(vw)) contains a point of ¢(H),
since H is 3-connected. It follows that ¢’ and ¢ [H are equivalent. Hence ¢(D) is the boundary of the
region of S? \ ¢(Hy) containing ¢(C), and by symmetry is the boundary of every region of S? \ ¢(Hy)
containing ¢(C’) for any component C’ of H, — V(D). Since H is 3-connected, it follows that one
region of S? \ ¢(D) contains ¢(Hy — V(D)), the other region of S? \ ¢(D) contains ¢(H, — V(D)),and D
is not facial with respect to ¢. In particular, D ¢ D. Since no edge of Hy crosses any edge of Hy with
respect to ¢, it follows that D is a facial triangle with respect to both ¢[H, and ¢|H,, and hence D
is facial with respect to the restriction of ¢ to any subgraph of G induced on a part of (T, V) which
contains V(D). If k > 3, then by the pigeonhole principle we can find distinct i and j in [k] such that
¢(H; — V(D)) and ¢(H; — V(D)) are contained in the same region of S?\ ¢(D), a contradiction. Hence
there is a unique edge st € E(T) with D = G[V; N V;]. Uncrossed edges with respect to ¢ are still
uncrossed in all restrictions ¢ to subgraphs of G, so (1) implies (2).

It is an easy consequence of Lemma 3.1 that (2) implies (1). O

Corollary 7.4. Each tree-decomposition as in Lemma 7.2 also satisfies

(d) for each D € H, there is a unique edge st € E(T) such that G[Vs N V,] = D;
(e) for each node t € V(T), the graph G[V;] has a 1-drawing with respect to which all triangles
D C G[V,] in H are facial.

Proof. By property (c) of Lemma 7.2, for each edge st € E(T) either G[V;] or G[V;] is isomorphic to
a graph in {Kg, K3 + C4}. The result now follows from Lemma 7.3. O

Now for the classes &3, & and &, these results immediately yield a characterisation in terms of
these tree-decompositions.

Proposition 7.5. Let C be one of &, &, or £. A graph G with at least 9 vertices is in C if and only if it
has a tree-decomposition (T, V) with the following properties.

(a) For each t € V(T) the graph G[V,] is isomorphic to a graph in A(C);

(b) each graph in H .= {G[Vs; N V;]:st € E(T)} is a triangle;

(c) the number of nodes t € V(T) such that G[V;] is not isomorphic to Kg is at most two, and this
inequality is strict unless C is £ and two distinct parts each induce a subgraph isomorphic
to K3 + C4,'

(d) for each D € H, there is a unique edge st € E(T) such that G[Vs; N\ V;] = D;

(e) for each node t € V(T), the graph G[V;] has a 1-drawing with respect to which all trian-
gles D C G[V,] in H are facial.

Proof. First note that each G € C with at least 9 vertices is 3-connected. Hence the existence of
such a tree-decomposition is given from Lemma 7.2 and Corollary 7.4.

For the other direction, if G has a tree-decomposition (T, V) with these properties, then it follows
easily from Lemma 3.1 that G is 1-planar. Using property (c), a simple induction on |V(T)| lets us
conclude that GisinC. O

Note that not all sufficiently large graphs in & and & are 3-connected, so a structural character-
isation in terms of tree-decompositions needs to take separations of order less than 3 into account.
Generalising the well-known notion of the block-cutvertex tree, Tutte [46] proved a decomposition
theorem about “3-blocks” in graphs, for which we will use the following special case.

Theorem 7.6 ([46]). Let G be a 2-connected graph in which every non-trivial 2-separator induces a
clique. Then G has a tree-decomposition of adhesion 2 in which every part induces a 3-connected graph
or a triangle.

Corollary 7.7. Let G be an edge-maximal 1-planar graph, and let ¢ be a rich 1-drawing of G. Then G
has a tree-decomposition in which each part induces a triangle or a 3-connected subgraph, and each
adhesion set induces a subgraph isomorphic to K, whose unique edge is uncrossed with respect to ¢.
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Proof. Let (A, B) be a non-trivial separation of order at most 2 and let R be a region of $? \ ¢(G[A])
containing a vertex in B\ A. We may assume that no vertex of A\ B is on the boundary of R, or
else we could draw a new uncrossed edge from A\ B to B\ A inside R, contradicting the edge-
maximality of G. Now the boundary of R contains a simple closed curve but contains at most two
vertices of G[A], so in particular it contains a crossing of ¢[G[A]. It follows that A N B consists of
exactly two vertices v and w, and that some edge incident to v crosses some edge incident to w.
Since ¢ is rich, G[A N B] = K5, and the edge in G[A N B] is uncrossed with respect to ¢. The result
now follows from Theorem 7.6. O

This allows us to complete our characterisation for the classes £ and &. Note that for the sake
of simplicity the following characterisation only characterises the graphs in the respective class up
to possible deletion of a small constant number of edges that are not contained in any copy of one
of the respective cliques.

Proposition 7.8. A graph G with n > 3 vertices is in & if and only if it is a spanning subgraph of some
graph G' with N (G, Ks) = N(G, Kg) which has a tree-decomposition (T, V) satisfying the following
properties.

(a) For each node t € V(T), the graph G'[V,] is isomorphic to a graph in A(&);

(b) each graph in H = {G[V; N V;]:st € E(T)} is a clique of order 2 or 3;

(c) there are exactly |(n — 3)/3] nodes t € V(T) such that G'[V,] is isomorphic to Kg;

(d) for each triangle D € H, there is a unique edge st € E(T) such that G'[Vs N V] = D;

(e) for each node t € V(T), the graph G'[V,] has a 1-drawing with respect to which all trian-
gles D C G[V;] in H are facial and all edges of G'[V:] N |JH are uncrossed.

Proof. If there is a supergraph G’ with such a tree-decomposition, then G contains [(n — 3)/3]
subgraphs isomorphic to Kg by (c). Hence, by Theorem 6.9 it is sufficient to show that G’ is 1-planar.
This follows easily from Lemma 3.1.

For the other direction, suppose G is in &, and let G’ be an n-vertex edge-maximal 1-planar graph
containing G. By Theorem 6.9, G’ is also in &. Let 7' := (T, (V{ : t € V(T))) be a tree-decomposition
of G’ as in Corollary 7.7. It is easy to construct a 1-planar graph G” with a tree-decomposition
(T’, (V{:V(T))) such that each adhesion set has size two, for each t € V(T) the graph G[V/'] is in &
and |V/'| = |V{|. Hence, by Theorem 6.9, each part of 77 induces a graph in &.

By Lemmas 7.2 and 7.3, for each t € V(T’), the graph G[V,] has a tree-decomposition 7° :=
(T, (V) satisfying properties (a), (b), (d) as well as

(¢') for each node s € V(T") the graph G'[V{] has a 1-drawing with respect to which all trian-
gles D € G'[V{] in # are facial and all edges of G'[V!]N|J#  are uncrossed, where H' :=
{G'[V. N V/]:st € E(T')}.

We now construct a tree T as the disjoint union of the trees T* for all t € V(T’) by adding for
each edge st of T’ an edge between some arbitrary nodes u € V(T*) and v € V(T") for which VSN V!
= V/ N V/. Setting for each s € V(T) the part V; to be equal to the part V! for the unique t € V(T’)
with s € V(T") yields a tree-decomposition that is easily seen to satisfy properties (a), (b), (d) and (e).
By Theorem 6.9, it also satisfies (c). O

For the class & we observe the following.

Proposition 7.9. An n-vertex graph G is in & if and only if G € & and either n is congruent to 1
modulo 3 or G € £.

7.2. Efficiently generating the extremal graphs

We begin by observing that the 3k-vertex extremal graphs for any integer k > 2 are isomorphic
to the strong product of a triangle and a path of length k, as mentioned in the introduction.
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Fig. 7.1. On the left, the unique simple 1-drawing of Ks (up to weak equivalence), and on the right, the only simple
1-drawing of K3 + K> (up to weak equivalence) such that the separating triangle is facial.

Corollary 7.10. Let C be one of &3, €4, &s, £ or £ and let k > 2 be an integer, then a 3k-vertex graph G
is in C if and only if G is isomorphic to the strong product of a triangle and a path of length k — 1.

Proof. By the characterisations given in Propositions 7.5, 7.8 and 7.9, a 3k-vertex graph G in C
has a tree-decomposition (T, V) in which each part is isomorphic to Kz with a drawing in which
each adhesion set is a distinct facial triangle. By Corollary 2.3(iii), each part has at most two such
triangles, and these triangles are vertex disjoint. Hence T is a path of length k — 2, and the result
now follows from the definition of the strong product. O

If n is not divisible by 3, Propositions 7.5, 7.8 and 7.9 still allow us to generate all extremal graphs
of size n in polynomial time.

If C is &3, we observe that K3 4 C4 has a unique 1-drawing which has exactly two facial triangles
(see Lemma 2.2 and Corollary 2.3(iii)). Moreover, by Lemma 4.2, each 1-drawing of K, + Ps is rich,
and there is a unique rich 1-drawing of K, + P up to weak equivalence by the computer search
in Lemma 6.3. Hence, the tree T in the tree-decomposition from Proposition 7.5 is again a path of
length | n/3]. With the restrictions on the parts given in the characterisation in Proposition 7.5, we
conclude that we can generate all n-vertex graphs in & in polynomial time.

If C is either & or &, then as there is at most one part inducing a graph not isomorphic to Kg,
we observe that T is the subdivision of a star. Moreover, K4 contains only four triangles, and since
every simple 1-drawing of Ks is rich by Lemma 4.2, and it is easy to observe that the drawing
depicted in Fig. 7.1 is the unique 1-drawing of K5 up to weak equivalence, we conclude that T has
maximum degree at most 4. As before, the restrictions on the parts given in the characterisation in
Proposition 7.5 allow us to generate all n-vertex graphs in &4 or £ in polynomial time.

In the case of &, note that the only non-planar graphs in .A(&g) are Kg and Ks. In a planar drawing
of a graph, every non-separating triangle is facial. Thus in order to apply Proposition 7.8, the only
remaining graph to consider is K5 + K3, since this is the only graph in A(&) with a separating
triangle. It is easy to show that there is only one 1-drawing up to weak equivalence such that the
separating triangle is facial, see Fig. 7.1. Thus we can again generate all n-vertex graphs in & in
polynomial time.

By Proposition 7.9, we can extract all n-vertex graphs in & from the previously generated lists.

8. Concluding remarks

For 1-planar graphs, our results show that for any t and t’ in {3, 4, 5, 6}, there is not much
difference between maximising cliques of size t and maximising cliques of size t’. In fact, when n
is divisible by 3, the n-vertex graphs with f;(n) copies of K; also have fi(n) copies of K. This
behaviour is similar to what we observe for planar graphs, where Apollonian networks are the
graphs maximising both triangles and cliques of size 4. Interestingly however, the 1-planar graphs
which maximise cliques of any size greater than 2 do not maximise the number of edges. The n-
vertex 1-planar graphs with 4n — 8 edges, called optimal 1-planar graphs, form an interesting class
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Fig. 8.1. A 2-planar drawing of K;. The black edges are the edges of the true-planar skeleton, the blue edges are crossed
exactly once and the red edges are crossed exactly twice. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

in their own right. Indeed, much of the research into 1-planar graphs has focused explicitly on this
subclass. We therefore pose the following question.

Question 8.1. Let n and t be positive integers with t € {3, 4,5} and n > 10. What is the maximum
number of subgraphs isomorphic to K; in an n-vertex 1-planar graph with 4n — 8 edges?

For t = 3, Lemma 4.4 implies that this question is equivalent to maximising the number of non-
trivial 3-separators in a 3-connected planar quadrangulation. In this case, we suspect the answer is
given by following construction. Let Hy be the 4-cycle vyvivyv300, let ¢ be a planar drawing of Hy,
and let Ff and F20 be the faces of ¢q. For each positive integer i, let H; be obtained from H;_; by adding
a new vertex vj;3 adjacent to v;;, and the non-neighbour of v, in the boundary of F;” and let ¢;
extend ¢;_1 to a drawing of H; by drawing the new vertices and edges inside F;_l. Let F{ = F;_l and
let Fé be a face of ¢; whose boundary contains v;,3, (chosen arbitrarily). Finally let G; be obtained
from H; by taking two disjoint copies of the cube Qs, and identifying a 4-cycle in the first copy
with the boundary cycle of F{ and a 4-cycle in the second copy with the boundary cycle of F;. We
will call the class of graphs G; constructed this way G*. Every graph in G* is a 3-connected planar
quadrangulation, and it can be shown that n-vertex graphs in G* have exactly 4n — 14 non-trivial
3-separators. Lemma 4.4 and Lemma 5.2 together imply that this is within ten of the maximum
possible value. We conjecture the following.

Conjecture 8.2. For n > 14, the n-vertex 3-connected planar quadrangulations with the maximum
number of 3-separators are exactly the n-vertex graphs in G*.

In another direction, it is natural to consider extending our results to k-planar graphs for higher
values of k. For k > 3, not even the maximum number of edges is known for n-vertex k-planar
graphs, so counting larger cliques is likely to be an extremely difficult problem. However, counting
triangles in 2-planar graphs is a logical next step toward broadening our understanding. Here, we
conjecture the following.

Conjecture 8.3. For n > 7, the maximum number of triangles in an n-vertex 2-planar graph is at most
(17n — 49)/2.

The bound in Conjecture 8.3 is achieved by the 2-planar graphs formed by stitching copies of K7
together. This stitching is possible since K7 has a 2-drawing with two facial triangles, see Fig. 8.1.
It may even be the case that for all positive integers k, maximising copies of the largest k-planar
cliques also maximises triangles, up to an additive constant, and vice versa.
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