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1 \Z8Gq �� ��8Gq ��*TgU+�Y�8G�:J+�|>��8t�	��VÆfM [1], H�u��*TgU+�CDQJ��{���q "	J8G�fH�u��*TgU+n(DQJ��{���q "+zJ8G�H�i G JVR�`�*TgU+� G J��`u��*TgU+�:J�8t���u��CDQJ�*TgU+adr G �u�Xi� 2 JVR�u�n(DQJ�*TgU+adr G �u�+zJVR�H�i 0, 1, · · · , k �`�q J8G (+zJ8G�JWo+z?�Ju�8G�H8G 0 w8G 1), �8Gq ��&#�� 2020 � 9 } 4 EeD�2021� 3 } 10 EeD�y}�
∗ �7+:`H(LÆR(L (11871055), !d`30��$�T2� (2018-6), �7~H(L���~H (m�H�)(201906965003) ($-��
† �J1��



4% �5�lO�"i�u#x!<�Ix�X|<M 553� G JVR�����/ar G �JC�R w, 8 {0, 1, · · · , k} �E���yu
c(w)a(O=���℄HC uv ∈ E(G)[�o |c(u)− c(v)| ≥ 2,C u� v �:JXi 2[�o |c(u)− c(v)| ≥ 1. Yeh [2] �
 VR����*�J L(2, 1)-��������
Griggs � Yeh[3] p�5��f��J L(p, q)- ����. (��C p = q = 1 [�{adJS2�CDQ&	n(DQJu��*TgU+�q "	J8GJ L(1, 1)-�����f5h����*���8�To'�iJdi�a\S� L(1, 1)- ����JS2� L(2, 1)- �����JS2SK�
T1rE{+�^�J�)r	QJ^��Y6DK! L(1, 1)- �����JS2�/���CDQJu��*TgU+�q "	J8G “
�S2K!� “~C�CDQJu��*TgU+�q +	J8G�AP�w�*TgU+n(DQJJ|�*TgU+�q +	J8G (Y�8Gry)”. o[rJ�
�6S2Yik�3w+aI�JY}=N�:O=d� [4], fJY}=NT��LSJ"S�F���i V (G), E(G), ∆(G) � δ(G) q��` G JVR,��,�0>℄�01℄�i dG(x) �`VR x ∈ V (G) � G �J℄ (�"`*)\J-�&�VÆ;4�
d(x)), i Cn � Kn q��`Wo n �VRJ6��8� G J 0>"\℄mad (G)� G Jzo*J"\℄J0>��/

mad (G) = max{2|E(H)|/|V (H)|
∣

∣ G ⊇ H 6= ∅}.H� H Y��8 G �O2R�O2�&	fx� (�JV��u�^Rfx�V�R) Jk_HE��* H  G JV� *_. ��1)J(sW\&t�\%� [5,6]. G J Æ( k- =N �℄i k  NNa G JVRO==N�℄H G �C[u�+zJRz℄iJNN"+	� G J Y} k- =N �.Y&u��=J=N	 (1) { G JÆ( k- =N (2) arC[℄p�T� 2 JR v, (zR,�T�qu NN� G J Npχ(G) & Y}Npχd(G) q�℄H G WoÆ( k- =N&Y} k- =NJ01�p k. (;� χ(G) ≤ χd(G). ��8 Kn �J���S&IV�R
(/����iV�)℄� 2 J�?�) zHEJ*� Kn J 2- %q�FZP��
Kn J 2- %qJNp� 2, A(Y}Np� n. 
�� χd(G) � χ(G) �:J'�YC[>�#�JsNWk��C�"�JNp0d� 4. nisNWk� Kim, Lee �
Park[7] ��wC�℄r C5 J"�JY}Np0d� 4 (%	 χd(C5) = 5). wG�p� Kim, Lee � Oum[8] Æ��"� K5- *_J�/C�℄r C5 J"� K5- *_JJY}Np0d� 4.

2009��Akbari, Ghanbari� Jahanbekam[9] �1wy�Y}=NJ{��g'�ar G JC[VR v, ut(V�YNN�yuJ,��*�VR v J NNy�, 4�
L(v). H� G 9�V�Y}=N c, ℄H c(v) ∈ L(v), �* G  Y} L- = J�	[* c � G  Y} L- =N. H�arC[ )℄� k Jy�L(/arC[ v ∈ V (G),[o |L(v)| = k),  G [Y} L- =J��* G  Y} k- E J� G J y�



554 a f m F F � 45YY}Npchd(G) ℄H G Y} k- EJJ01�p k.

2011 �� Kim � Park[10] ��w"�Jy�Y}Np0d� 6, ��wSJ�
Kim, Lee � Park [7] A� 5. Kim � Park[10] "��wH� G �. mad (G) < 8/3, &	 G �)�T� 7 J"���(y�Y}Np0d� 4,  q�wwG��zV.Ju�J 8/3 � 7 [0kJJ�;f�mr C5 J0>"\℄� 2 /y�Y}Np� 5[9], _5 Kim � Park JSlPV�G�; J�H�V�J��s�q�[℄r C5 J (/w C5 "	�), �*(� $�, s�*(� �h. ����H&G��(q�w�h Kim� ParkJSlG��MoJV$yho�9D 1 H� G �. mad (G) < 8/3 J$��� chd(G) ≤ 4,  /53Ju�SJ 8/3 w 4 [0kJ�|Vk�� Song LA [11] r 2014 ���w$y"= (/"� K4- *_J) Jy�Y}Np0d� 6. �����H&G��zO Song LAJG��9D 2 H� G $y"=/$��� chd(G) ≤ 4,  /53JSJ 4 0kJ�mr�hY C5 �s�q�J� / C5 Jy�Y}Np� 5, 8fG�Wk 1wWk 2 HEH&�8�PJG�	9D 3 H� G �. mad (G) < 8/3 J&	$y"=��

chd(G)

{

≤ 4, H� G $��
= 5, H� G �h�

2 8C 1^8C 26aF℄D 1[9]

chd(Cn) =















3, n ≡ 0 (mod3);

4, n 6≡ 0 (mod3) and n 6= 5;

5, n = 5.℄D 2 H� G J01℄�T� 2 / G �℄p� 2 JVRJzRJ℄p�T� 4, � mad (G) ≥ 8/3.l 9HwG�"+p�/ mad (G) < 8/3, �
∑

v∈V (G)

(d(v) − 8/3) < 0. (1)ar G JC[R v, ut(.^7� ω(v) = d(v)− 8/3. X ω′(v) �R v ��=H&7&X��J0�7��
(R) H� uv ∈ E(G) / d(u) = 2, �R v �R u � 1/3.H� d(v) = 2, �m (R) � ω′(v) = 2 − 8/3 + 2/3 = 0. H� d(v) = 3, � v w℄p�

2 JVR"+z�8f ω′(v) = ω(v) = 3 − 8/3 = 1/3. H� d(v) ≥ 4, � v 0dw d(v) �



4% �5�lO�"i�u#x!<�Ix�X|<M 555℄p� 2 JVR+z�8fm (R) � ω′(v) ≥ d(v)− 8/3− d(v)/3 = (2d(v)− 8)/3 ≥ 0. ,Szl�
∑

v∈V (G)

ω(v) =
∑

v∈V (G)

ω′(v) ≥ 0, (2)w (1) �b����℄D 3[12] C�$y"= G [�oY&�:�V	
(a) ℄p0d� 1 JVR�
(b) � uv ∈ E(G), (� d(u) = 2, 2 ≤ d(v) ≤ 3;

(c) )℄� 4 J6 uxvyu, (� d(v) = d(u) = 2;

(d) Wo��VRJJu�LB; uwxu � vwyv, (� d(v) = d(u) = 2, d(w) = 4.℄D 4 X G V�$�/9�V�)℄� 4Jy� L, ℄H G"Y} L-=J�A G JC�$�J�*[Y} L- =J��	
(1) G s��
(2) δ(G) ≥ 2;

(3) G "V�6�
(4) G �C�u�℄p� 2 JVR"+z�
(5) J G ��V� 4 6 uxvyu / d(u) = 2, � d(v) ≥ 3;

(6) J uv ∈ E(G) / d(u) = 2, � d(v) ≥ 4;

(7) G "��Wo��VRJJu�LB; uwxu � vwyv, (� d(v) = d(u) =

2, d(w) = 4.l (1) 9X G �T��u�s�q��mr G $��{JCVs�q�\" C5, _5{JCVs�q�Y} L- =J�� G J��s�q�JY} L- =N� *g/HE G JY} L- =N��b�_5��D&gJ���[�,D Gs�J�
(2) 9X9� uv ∈ E(G) / d(u) = 1. H� G − {u} $���(WoV�Y} L- =N c. H� d(v) ≤ 1, � G /� K2, (;Y} L- =J��b�8f

d(v) ≥ 2. 5[�} c(u) ∈ L(u) \ {c(v), c(w)} (
m w � v J"	r u J|V�zR),�� c f-Ew G JY} L- =N��b�H� G − {u} �h��m G Js�>�� G − u V�)℄� 5 J6�4(� vwxyzv. _5� G V�Wo 6 �VRJ�(� d(w) = d(x) = d(y) = d(z) = 2. W63 c(w) ∈ L(w), c(x) ∈ L(x) \ {c(w)},

c(y) ∈ L(y) \ {c(w), c(x)}, c(v) ∈ L(v) \ {c(w), c(x), c(y)}, c(z) ∈ L(z) \ {c(v), c(x), c(y)},

c(u) ∈ L(u) \ {c(v), c(z)}, ��>w G �Y} L- =N c, �b�
(3) 9X G V�)℄� n J6�� n 6= 5, 8fm`k 1 ��(y�Y}Np�d� 4, _5 G JY} L- =J��b�
(4) 9X9� uv ∈ E(G) / d(u) = d(v) = 2. } u1 w v1 q�� u w v J|V�zR�H� u1 = v1, � u1 J℄p�T� 3 (s� G V�)℄� 3 J6�w (2) �b). H� u1 6= v1, �E�V��q u � v J�/�R (V��S24u�^R�JzoVR\*��R) J℄p8� 2 J0)� P . _� δ(G) ≥ 2 / G "V�6�� P Ju�^



556 a f m F F � 45YR��ToV�J℄p�T� 3. _5���Sl� 1e�-�� G ��EV��
xyy1 ℄H d(x) = d(y) = 2 / d(y1) ≥ 3. } G′ = G − {x, y}.g'9X G′ �$��� G′ WoV�Y} L- =N c. X x1  x JV�℄r y JzR (x1 w y1 �+	), x2 � x1 J"	r x� y JzR (%[�/℄ x1 6= y1, x2 w y1T�+	). H� dG′(y1) ≥ 2,� y1 � G′ �JzR,�T℄iw 2 NN�_5�W63 c(x) ∈ L(x) \ {c(x1), c(x2), c(y1)}, c(y) ∈ L(y) \ {c(x), c(x1), c(y1)}, �� c f-Ew
GJY} L-=N��b�H� dG′(y1) ≤ 1, � xw y1 +z�W63 c(x) ∈ L(x)\ {c(y1)},

c(y) ∈ L(y) \ {c(x), c(y1)}, �� c f-Ew G JY} L- =N��b�|Vk��9X G′ ��V�)℄� 5 J6 C 2�{JV�s�q��� C ��q x1 & y1. "l9X C �q x1 (C �q y1 [J��htJ). 5[� C �ou�+zJ℄p� 2 JR x′, y′ ℄H y′x1 ∈ E(G)  / G − {x′, y′} $��_5�H�q��-V_��J x, y, y1 i x′, y′, x1 ?��� Æ�w�-+	J~��
(5) 9X d(v) ≤ 2, �m (2) � d(v) = 2. g'�H� G′ = G− {u} �$��� G′WoV�Y} L- =N c. mr x w y  u � G′ �JMoJu�zR�	 c(x) 6= c(y).3 c(u) ∈ L(u) \ {c(x), c(y), c(v)}, �� c f-Ew G JY} L- =N��b�|Vk��H� G′ �h��{V�)℄� 5 J6 xvyy1x1x. mr x1 w y1  G �+zJu�℄p� 2 JR�	wG�w (4) �b�
(6) 9X d(v) ≤ 3, �m (4) � d(v) = 3. } u1 � u J2 v ��J|V�zR� v1� v2 � v J2 u ��JzR/ d(v1) ≤ d(v2), (�� u1 �w v1 & v2 +	�} u2 �

u1 J2 u � v �J|VzR�m (4) �� d(u1) ≥ 3.HA 1 d(v1) = d(v2) = 2.m (4) � u1 6∈ {v1, v2} . i v3 w v4 q��` v1 w v2 J2 v ��J|V�zR�m (5) �� u1 6∈ {v3, v4}. } G′ = G − {u, v, v1, v2}.H� G′ $��� G′ WoV�Y} L-=N c. H� v3 6= v4,�m d(v3), d(v4) ≥ 3

(5G�m (4) /H) � v3 w v4 � G′ �J℄p�T� 2, 8f v3 w v4 � G′ �JzR,�T�� 2  NN�&�W6a v, v1, v2 � u O==N�/3 c(v) ∈ L(v) \

{c(u1), c(v3), c(v4)}, c(v1) ∈ L(v1) \ {c(v), c(v3)}, c(v2) ∈ L(v2) \ {c(v), c(v1), c(v4)} c(u) ∈

L(u) \ {c(v), c(u1), c(u2)}, �� c f-Ew G JY} L- =N��b�H� G′ �h�� G′ ��oV� C5 2�s�q��m (1) w (4) �� u1, v3w v4 \
� C5 s�q�JVR�s�� G �W9�u�+zJ℄p� 2 JVR
x′, y′, /{�"	r u1, v3 w v4, 
w (4) �b�
�� u1, v3 w v4 ��ToV�w 3�℄p� 2 JVR+z��U
L�VRJa*>"lXwR� u1. 5[�OV#XSl�.J C5 s�q�� u1xv3v4yu1, (� x � y \�℄p� 2 JVR�_5�
G V�m 9 �VR�+J�8f��� G �J 9 �VR v3, v4, x, u1, v, v1, v2, y �
u W6O==N�/3 c(v3) ∈ L(v3), c(v4) ∈ L(v4) \ c(v3), c(x) ∈ L(x) \ {c(v3), c(v4)},

c(u1) ∈ L(u1) \ {c(v3), c(v4), c(x)}, c(v) ∈ L(v) \ {c(u1), c(v3), c(v4)}, c(v1) ∈ L(v1) \

{c(v), c(v3)}, c(v2) ∈ L(v2) \ {c(v), c(v4), c(v1)}, c(y) ∈ L(y) \ {c(u1), c(v3), c(v4)}, c(u) ∈

L(u) \ {c(u1), c(v), c(y)}, �HEw G JV�Y} L- =N��b�



4% �5�lO�"i�u#x!<�Ix�X|<M 557HA 2 d(v1), d(v2) ≥ 3.H� G′ = G − {u, v} $��� G′ WoV�Y} L- =N c. W63 c(v) ∈

L(v) \ {c(u1), c(v1), c(v2)}, c(u) ∈ L(u) \ {c(v), c(u1), c(u2)}, �� c f-Ew G JY}
L- =N��b�%[Sl~���%1) u1 ∈ {v1, v2} J1e�A{ "e,Sl��J�lw0�JG��|Vk��H� G′ = G−{u, v}�h�� G′ ��oV� C5 2�s�q��m
(4)��u1, v1 w v2 \
� C5 s�q�JVR (5 u1 6∈ {v1, v2}[), s�� G�W9�u�+zJ℄p� 2 JVR x′, y′, /{�"	r u1, v1 w v2, 
w (4) �b�_5��U GJs�>�{V�m 7 �VR�+J�H� u1 w 3 �℄p� 2 JVR+z��$Ew1e 1 (i u2 3?1e 1�R vJM�). r�Ua*>��A^�V 1e�/Sl�.J C5 s�q�� u1xv1yv2u1, (� d(x) = d(y) = 2. 8f��� G�J
7 �VR v1, v2, x, y, u1, v w u W6O==N�/3 c(v1) ∈ L(v1), c(v2) ∈ L(v2) \ {c(v1)},

c(x) ∈ L(x) \ {c(v1)}, c(y) ∈ L(y) \ {c(v1), c(v2), c(x)}, c(u1) ∈ L(u1) \ {c(x), c(v1), c(v2)},

c(v) ∈ L(v) \ {c(v1), c(v2), c(u1)}, c(u) ∈ L(u) \ {c(u1), c(v), c(v2)}, �HEw G JV�Y} L- =N��b�HA 3 d(v1) = 2 / d(v2) ≥ 3.X v3 � v1 J2 v ��JzR�m (5) �� u1 6= v3. mr d(v3) ≥ 3 (m (4) /H),

v3 � G′ = G − {u, v, v1} �J℄p�T� 2.H� G′ �$��� v3 � G′ �JzR,�T℄iw 2  NN�8fW63
c(v) ∈ L(v) \ {c(u1), c(v2), c(v3)}, c(v1) ∈ L(v1) \ {c(v), c(v2), c(v3)}, c(u) ∈ L(u) \

{c(v), c(u1), c(u2)}, �� c f-Ew G JY} L- =N��b�%[Sl~���%1) u1 = v2 J1e�A{ "e,Sl��J�lw0�JG��H� G′ �h�� G′ ��oV� C5 2�s�q��m (4) �� u1 6= v2. 8f u1, v2 w v3 \
� C5 s�q�JVR (5 u1 6∈ {v1, v2} [), s�� G �W9�u�+zJ℄p� 2 JVR x′, y′, /{�"	r u1, v2 � v3, 
w (4) �b�_5��U G Js�>�{V�m 8 �VR�+J�H� u1 & v3 w 3 �℄p� 2JVR+z��$Ew1e 1(i u1 & v3 3?1e 1 �R v JM�). _55[MY&V 1e�/Sl�.J C5 s�q�� u1xv2yv3u1, (� d(x) = d(y) = 2. 8f��� G �J 8 �VR v2, v3, x, y, u1, v, v1 w u W6O==N�/3 c(v2) ∈ L(v2),

c(v3) ∈ L(v2) \ {c(v2)}, c(x) ∈ L(x) \ {c(v2), c(v3)}, c(y) ∈ L(y) \ {c(v2), c(v3), c(x)},

c(u1) ∈ L(u1) \ {c(x), c(y), c(v2)}, c(v) ∈ L(v) \ {c(u1), c(v2), c(v3)}, c(v1) ∈ L(v1) \

{c(v), c(v2), c(v3)}, c(u) ∈ L(u) \ {c(u1), c(v)}, �HEw GJV�Y} L-=N��b�
(7) 9X G ��Wo��VRJJu�LB; uwxu � vwyv, (� d(v) = d(u) =

2, d(w) = 4. m (6)��d(x), d(y) ≥ 4. 8fq�w G′ = G−{u, v}$��_5�G′WoV�Y} L- =N c. _� x & y � G′ �J℄p�T� 3, 8f x & y � G′ �JzR,�T�q 2 NN�rW63 c(u) ∈ L(u)\{c(x), c(w)}, c(v) ∈ L(v)\{c(y), c(w)},�� c f-Ew G JY} L- =N��b����ef 1 dlh 9X G Wk 1 JV�VRp0TJho�/9�V�)℄�
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4 Jy� L, ℄H G "Y} L- =J�A G JC�$�J�*[Y} L-=J�m`k 4 J (2) � (6) �� δ(G) ≥ 2 / G �℄p� 2 JVRJzRJ℄p�T� 4. 8fm`k 2 H mad (G) ≥ 8/3, �b�mrC n 6≡ 0 (mod 3) / n 6= 5 [��U`k 1 � Cn JY}y�Np� 4, _5Wk 1 ��rY}y�NpJSJ 4 0kJ�|Vk��mr�8 K5 J 2- %q0>"\℄� 8/3 J$�/(y�Y}Np 5, 	Wk 1 ��r0>"\℄JSJ 8/3 T0kJ����ef 2 dlh 9X G Wk 2 JV�VRp0TJho�/9�V�)℄� 4Jy� L, ℄H G"Y} L-=J�A GJC�$�J�*[Y} L-=J�m`k 4J (2), (5), (6) w (7)��`k 3 �z�EJ$y"=Js �;["9��_5HE�b��rWk 2 �Y}y�NpJSJ 4 J0k>q�	S����
3 ?;YSNÆH�P 1 E�z�E� Kim, Lee � Park [7] ��w chd(G) ≤ 5 arC�"�
G +p�#�J Wagner Wk�1�V�"�C/MC(5	o K5- *_T	o
K3,3- *_�_5����1H&��	TO 1 chd(G) ≤ 5 sarC�"�o K5- *_J&	"�o K3,3- *_J+p�%[E��JWk 2 JLSa/$y"=�/"�o K4- *_J�_5H&��T�HOV#^�	TO 2 s9�Kr K4 w K5 �:Js� H (/ K4 ⊂ H ⊂ K5), ℄HC G "�o H- *_/�$�[�o chd(G) ≤ 4?4 � R W
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List Dynamic Coloring of Sparse Graphs

and Series-Parallel Graphs

ZHANG Xin† LI Yan

(School of Mathematics and Statistics, Xidian University, Xi’an 710071, China)

(†E-mail: xzhang@xidian.edu.cn)

Abstract The (list) dynamic coloring, an important research direction in graph theory and

theoretical computer science, can be used to solve some critical problems on the channel

assignment problem. Kim and Park (2011) announced that the list dynamic chromatic

number of every graph with maximum average degree less than 8/3 is at most 4. However,

this result is incorrect since the cycle C5 on five vertices has maximum average degree 2 and

list dynamic chromatic number 5. In this paper, we correct this flaw by proving that the

list dynamic chromatic number of every graph with maximum average degree less than 8/3

is at most 4 (being sharp) if it is a normal graph, which is a graph having no component

isomorphic to C5. Meanwhile, we prove that every series-parallel graph has list dynamic

chromatic number at most 4 if it is a normal graph, and exactly 5 otherwise, which improves

a result of Song et al. (2014) that states that the list dynamic chromatic number of every

series-parallel graph is at most 6.

Key words channel assignment problem; dynamic coloring; list coloring;

maximum average degree; series-parallel graph
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