
_ 44 l _ 6 I � � � n n � Vol. 44 No. 6

2021 9 11 " ACTA MATHEMATICAE APPLICATAE SINICA Nov., 2021

�{h�w�~
ktoq���	 ∗*&( * ) † ' ,
(P�eYsFKo�o�1Go��P� 710071)

(†E-mail: xzhang@xidian.edu.cn)� � e {
4t�Ng'D(6�V$+�`p�T/{C�+5�4? 1-tD(4�e {
4t�Ng'D(6�V_(

T/'�X��b�+5�4? IC- tD(4�e {
4t�Ng'D(6�V_(

T/`p�X{
��b�+5�4? NIC- tD(4� 1- tD(4� IC- tD(4� NIC- tD(4�l}NxX3 tD(4�!&'/x;��wT;�%{L;�q�UNxX���4X����?��4X=A�t�-K�ixo>X`tX���!�.�;�FjeX{
Nx-���Dq� 1- tD(4� IC- tD(4� NIC- tD(4XY��%��VRXY�h�;,�!&X���|#`p� 13, 11 �
12.pri 1- tD(4
 IC- tD(4
 NIC- tD(4
3 tD(4
���
MR(2010) �
my 05C69; 05C10; 05C75��my O157.5

1 ��Lq�T~�℄[7�f0y<��yU<�'|M<�\J!l<��j	�Q�[zuF*7_7���}O6w[T~�℄<���Sjy\mQ�zuF*7[=�[�'�tw*[H(�|Ærv�u�RQ�[zuF*7�2^6� 4!uF*7[1] , rQ�[zuF*7==/"VH�s[U0[���:57LU0[}*Uz|adi)i���f�f!|�7u�Oh)F*7�W%,�aq�U0 k D�,6�7� k-uF*7, �7 ^B,PRU0�au[F*Oh6� k- F*7. '$^� 0- uF*7DuF*7�rO k ≥ 1 }� k- uF*7u8e)	uF*7��~s�� 1- u�E 2020 : 2 # 25 
�S�2020 : 5 # 24 
�Sh���
∗ �J[Yso<_)r<_WQZ2 (11871055), �J�o<_B�?�o (yGo4) Z2 (201906965003)&P�
s_S:℄+9gG4WQZ2 (2018-6) WQ�
† .rb4�



6I 02P�0`�=d�l}3 tD(4XY�AK��� 839F*7���"	4!uF*7L[|�z1Oy[7��WT�-q7�p5[�v�R�s"[� 1- uF*7W�[FU�
�C [2,3], vCT7[�i�t�v3�[�gJ�CE)"�\Pqw*�f [4,5].)O`[1�<}M�/s<�d�7�^'$�[\d�/s<�	��i[/d�C/d�O[/

��7�|Ærv�/s$
>�[3!	)/s<�[/d7BG=/��W/s<�L[%�/dy"B�=/�y"�B�=/[/d�O�/

�W	�=�$
7�[r��/s$
>�J>BGau��[=/�JT�J[/s℄!��H(u�S9�7�[�vad+��i)|���*|�7 G, ML%�gdn	/s<�[|�/d�%,�n	W	Æ�/d�O[/

��=/[a�*fH(\N�)7 G L3|��#gd�a\[gdZ�W , �W7 G L[%�dy"��Z� W , y"	 W L1�d[�d� ^s�,P[Z�W 6�7 G [ a\>B�, M�#[gd�6�7 G [ >B�, I� γ(G).)T~L�|�/s<�)u8|A�9V�$[$
T#�"u8��,w�;�"%$
\d�QFML1^/

�[�2��B���yq3|�.�|/�/s<�)u8H)
��2R[Gkg�D%&/s<�)
T�;}	~b8�9�$[T#�EG75[Vl|p� 'u8)T�/s<�L4^/dB�=/�N	?U6^B�=/[/d8�℄��9�<��5" 'jyEuQmqu,/

�,8�W9�/s<�[/sg8S℄�rBA�/sg8[S℄C[e	/s<� (7) [>B�[.L���B}f!/s$
>�8jy�</s<�[/2,��jy.L=/[���Er�Hjy�Æq[3h�=�B�
� Bauer \^ [6] � Fink \^ [7] }$� 1983 ;� 1990 ;k�^�h�<� (7) [���[�<�7 G[ ���b(G) 	�W γ(G−M) > γ(G) [i�au��[7 G [��+[Z� M ��#[���9k6��)7 G LH) b(G) ,��O"'E7 G Lp?0�WT[7[>B��7 G [>B�u	L��|w*�f!E7 G `�p?)4" b(G) − 1 ,��,WT[7[>B���7[>B�|F�z G 	|�7�}$Æ V (G), E(G), δ(G), ∆(G) "�"[d�+���+�a\l�aLl�z v 	7 G[|�gd�Æ NG(v)"�gd v )7 GL[�d[�+�Æ
dG(v) = |NG(v)| "�gd v )7 G L[l�z u � v 		/7 G L[`�Æ�gd�ÆEgd u Tgd v �b"[au�[,�"�6Æ�d�O[ j�, I� dG(u, v).z u 	7 G [|�gd�� u j�� 2 [gd6� u [ 2- �d. Bauer\^ [6] � Fink\^ [7] }$k�^<.�n�`)#���d[7 G j� b(G) ≤ ∆(G) + δ(G) − 1.

Kang � Yuan[8] <.� b(G) ≤ min{8,△(G) + 2} n	/[uF*7 G 7�� Huang �
Xu[9] <.� b(G) ≤ 8 n�aq#� 3 �U0[7 G 7����7[���[M�W�[!u.r Xu[10] [\��F�) [11] L� Ma, Zhang � Wang a� b(G) ≤ 12 n	/[ 1- uF*7 G 7��Zr��Fn� 1- uF*7[���[s℄[<.	IN[�R�T� [11] [
5')<.["8LAW�Æ�fRCL<.[�m	z v 	 1- F*7 G [|�l�^�
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3 T 6 �O[gd�,u�) NG(v) �Q=[ G [Z7L*L1^�|)H)[���WWT[7 G′ }Z	 1- F*7�&R� NG′(v) �Q=[ G′ [Z7	 2- 	/[��~s���m	IN[��f�)7 1 ��[ 1- F*7 G L�Md 1 [�d�	
{2, 3, 4, 5, 6, 7},Rd� {2, 3, 4}� {5, 6, 7}�OJ��&R)6Æ�d��O*L`)|,��WT[7R)&	 1- F*7 (�B�f!)s��mLVd v �7 1 [d 1, ,
G′ ' G W0). R�T� {2, 3, 4, 5, 6, 7}Q=[ G [Z7)		/[���7	s��m[|�u��

Æ 1 
 1 Y�
?�P;YX5(��-Y=�B����FRE�:|�Vlr� 1- uF*7CMW�7� IC- uF*7
[12] � NIC- uF*7 [13,14] [���H(��~s� IC- uF*7� NIC- uF*7z	Æ�Oy[4!uF*7�Mi�fR	
IC- x��� u�Oh)F*7�W`)Æ�U0)�Y��d[7 (��%�U0	�7[Æ,��|7[��%�U0����gd�6"'��U0[ ��d), &6M ^�,P[U0�au[Oh� IC- F*7.

NIC- x��� u�Oh)F*7�W`)Æ�U0�Yaq|���d[7�&6M ^�,P[U0�au[Oh� NIC- F*7.�F�S)a 2 XLr� 1-uF*7� IC- uF*7� NIC- uF*76m�4!uF*7[[�H( (i� 1, i� 2 �i� 3), Z0R)a 3 X	Æ6^[!WT��6m�4!uF*7[���[[� (i� 4).

2 �zg�v�}�jsnz G 	|� 1- F*7�f!R7 G L[��U0jS5�l�� 4 [gd�,WT�|�F*7 G×, 6M� 1- F*7 G [ ��F*7. G× L5^�7 G LS9r|[b[l�� 4 [d6�7 G× L[ Md, M�d6�7 G× L[ 8d. 7 G× L��Md[*6� M*, M�*6� 8*. Æ F (G×) "�F*7 G× [��*[�+�
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dG×(f) "�7 G× L* f [l��D f )7 G× L��[�[�� (��H�ÆD). f!7 G× L[1d (*) [l�� k, :Eu� k, :Eq� k, ,6M� k- d (*) �:
k+- d (*) �: k−- d (*). �FM�i�iJ'Æ�.�n.r [15].l| 1 `� 1- uF*7 G jH)|,�d uvw �W

min{dG(u) + dG(v), dG(u) + dG(w), dG(v) + dG(w)} ≤ 14.+ )xz G 		/[ 1- uF*7�&Mz7 G [`)|,�d uvw j ^
min{dG(u) + dG(v), dG(u) + dG(w), dG(v) + dG(w)} ≥ 15. (1)n�7 G [��F*7 G× L[%�d v �%�* f , }$��:�XB ch(v) =

dG×(v) − 4 � ch(f) = dG×(f)− 4, ,�>{��u? ∑

x∈V (G×)∪F (G×)

ch(x) = −8. R*n
V (G×) ∪ F (G×) L��� x [XB}hfR[XS~�,adf9�&Æ ch

′

(x) "��� x [aMXB�
R1. 7 G× [%� 6−- d (Md?:) : 8+- d["W��[%� 3- *S~XB 1

2 ;

R2. 7 G× [%� 7- d["W��[%�M 3- *S~XB 1
2 ;

R3. z uvw 	7 G [|,�d�f! dG×(u) ≤ 6, , v [d u S~ 1
2 − 4

d
G× (v) , R

w /" v [d u S~ 1
2 − 4

d
G× (w) .��XBD) V (G×) ∪ F (G×) L[��OadS~�ErXB[℄'�9) �D

∑

x∈V (G×)∪F (G×)

ch′(x) =
∑

x∈V (G×)∪F (G×)

ch(x) = −8 < 0.R< ch′(x) ≥ 0 n�%� x ∈ V (G×) ∪ F (G×) 7��Er�s�!o�f! f 	 4+-*�,�� f ).�XS~�,�Er� ch′(f) = ch(f) = dG×(f)−4 ≥

0. f! f 	8 3- *�,� (1) u?M)u80}��Æ� 7- d�Er� R1 u?
ch′(f) ≥ 3 − 4 + 2 × 1

2 = 0.f! f 	M 3- *�,� R1 � R2 u?M��[Æ�8dL[%|�jR[ f S~ 1
2 , Er� ch′(f) = 3 − 4 + 2 × 1

2 = 0.f! u 	 1- d�,M)�� 3- *�R� (1) u?�M) G L[�d v 	 14+- d�R v [M��dn� 14+- d�Er� R3 u? ch′(u) ≥ 1 − 4 + 14 × (1
2 − 4

14 ) = 0.f! u	 k-d (2 ≤ k ≤ 6),,Maq�� k� 3-*�R� (1)u?�M) GL[�d� 2-�dj	 (15−k)+-d�Er� R1� R3u? ch′(u) ≥ k−4− k
2 +k(15−k)(1

2−
4

15−k
) =

−k2+8k−8
2 > 0.f! u 	 7- d�,Maq�� 6 �M 3- *�R� (1) u?M)	`) 6−- d[�d:5 2- �d�Er� R2 u? ch′(u) ≥ 7 − 4 − 6 × 1

2 = 0.f! u 	 k- d (k ≥ 8), ,Maq�� k � 3- *�n� u [`)|��d v, �
(1) u?�) {v} ∪ NG(v)\{u} Laq�|� 6−- d�Er� R1 � R3 u? ch′(u) ≥

k − 4 − k
2 − k(1

2 − 4
k
) = 0.



842 � � � m m � 44l<��� 1 ��H) 7- :,[ 1- uF*7 [16], Eri� 1 L[s℄ 14 	a�[��| 1 z v 	 IC- uF*7 G [|�gd�, v ) G× Laq��Æ�M 3- *�+ 
h	 IC- uF*7[i�u?� v ) G× Laq�|�MdW���BMaq��Æ�M 3- *�<��l| 2 `� IC- uF*7 G jH)|,�d uvw �W
min{dG(u) + dG(v), dG(u) + dG(w), dG(v) + dG(w)} ≤ 12.+ )xz G 		/[ IC- uF*7�&Mz7 G [`)|,�d uvw j ^
min{dG(u) + dG(v), dG(u) + dG(w), dG(v) + dG(w)} ≥ 13. (2)n�7 G [��F*7 G× L[%�d v �%�* f , }$��:�XB ch(v) =

dG×(v)− 4 � ch(f) = dG×(f)− 4, ,�>{��u?∑

x∈V (G×)∪F (G×) ch(x) = −8. R*n V (G×) ∪ F (G×) L��� x [XB}hfR[XS~�,adf9�&Æ ch
′

(x) "��� x [aMXB�
R1. 7 G× [%�8d["W��[%�8 3- *S~XB 1

3 ;

R2. 7 G× [%�8d["W��[%�M 3- *S~XB 1
2 ;

R3. z uvw 	7 G [|,�d�f! dG×(u) ≤ 6, , v [d u S~ 2
3 − 13

3d
G× (v) , R

w /" v [d u S~ 2
3 − 13

3d
G× (w) .��XBD) V (G×) ∪ F (G×) L[��OadS~�ErXB[℄'�9) �D

∑

x∈V (G×)∪F (G×)

ch′(x) =
∑

x∈V (G×)∪F (G×)

ch(x) = −8 < 0.R< ch′(x) ≥ 0 n�%� x ∈ V (G×) ∪ F (G×) 7��Er�s�!o�f! f 	 4+-*�,�� f ).�XS~�,�Er� ch′(f) = ch(f) = dG×(f)−4 ≥

0. f! f 	8 3- *�,M�� 3 �8d�Er� R1 u? ch
′

(f) = 3− 4 + 3 × 1
3 = 0.f! f 	M 3- *�,M�� 2 �8d�Er� R2 u? ch′(f) = 3 − 4 + 2 × 1
2 = 0.f! u 	 1- d�,M)�� 3- *�R� (2) u?�M) G L[�d v 	 12+- d�R v [M��dn� 12+- d�Er� R3 u? ch

′

(v) ≥ 1− 4 + 12× (2
3 − 13

3×12 ) = 2
3 > 0.f! u 	 k- d (2 ≤ k ≤ 6), ,��� 1 u?Maq�� 2 �M 3- *�R� (2)u?�M) G L[�d� 2- �dj	 (13 − k)+- d�Er� R1–R3 u? ch′(u) ≥

k − 4 − 1
2 × 2 − 1

3 × (k − 2) + k(13 − k)(2
3 − 13

3(13−k) ) = −2k2+15k−15
3 > 0.f! u 	 k- d (k ≥ 7), ,Maq�� 2 �M 3- *Rn� u [`)|��d v,� (2) u?�) {v} ∪ NG(v)\{u} Laq�|� 6−- d�Er� R1–R3 u? ch′(u) ≥

k − 4 − 1
2 × 2 − 1

3 × (k − 2) − k(2
3 − 13

3k
) = 0. <��� 2 ��H) 6- :,[ IC- uF*7 [12], Eri� 2 L[s℄ 12 	a�[�
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2d

G× (v)

3 ⌋ �M
3- *�+ Dj<.	f! f1, f2, f3 	 v ) G× L	l��[m� 3- *�,"')u80}	M 3- *�~,�z f1 = vv1v2, f2 = vv2v3, f3 = vv3v4 n�M 3- *�� NIC- uF*7[i�u?�) G× L`)Æ�Md)W��Er v1 � v3 0}	Md�:5 v2� v4 0}	Md�
hn6g�Dr� v1 � v3 0}	Md[Uz�B}� v � v2 j	 G L[U0 v1 [��d�zj	 G L[U0 v3 [��d�B� NIC- F*7[i�!o�<��l| 3 `� NIC- uF*7 G jH)|,�d uvw �W

min{dG(u) + dG(v), dG(u) + dG(w), dG(v) + dG(w)} ≤ 13.+ )xz G 		/[ NIC- F*7�&Mz7 G [`)|,�d uvw j ^
min{dG(u) + dG(v), dG(u) + dG(w), dG(v) + dG(w)} ≥ 14. (3)n�7 G [��F*7 G× L[%�d v �%�* f , }$��:�XB ch(v) =

dG×(v) − 4 � ch(f) = dG×(f)− 4, ,�>{��u? ∑

x∈V (G×)∪F (G×)

ch(x) = −8. R*n
V (G×) ∪ F (G×) L��� x [XB}hfR[XS~�,adf9�&Æ ch

′

(x) "��� x [aMXB�
R1. 7 G× [%�8d["W��[%�8 3- *S~XB 1

3 ;

R2. 7 G× [%�8d["W��[%�M 3- *S~XB 1
2 ;

R3. z uvw 	7 G [|,�d�f! dG×(u) ≤ 6, , v [d u S~ 5
9 − 4

d
G× (v) , R

w /" v [d u S~ 5
9 − 4

d
G× (w) .��XBD) V (G×) ∪ F (G×) L[��OadS~�ErXB[℄'�9) �D

∑

x∈V (G×)∪F (G×)

ch′(x) =
∑

x∈V (G×)∪F (G×)

ch(x) = −8 < 0.R< ch′(x) ≥ 0 n�%� x ∈ V (G×) ∪ F (G×) 7��Er�s�!o�f! f 	 4+-*�,�� f ).�XS~�,�Er� ch′(f) = ch(f) = dG×(f)−4 ≥

0. f! f 	8 3- *�,M�� 3 �8d�Er� R1 u? ch
′

(f) = 3− 4 + 3 × 1
3 = 0.f! f 	M 3- *�,M�� 2 �8d�Er� R2 u? ch′(f) = 3 − 4 + 2 × 1
2 = 0.f! u 	 1- d�,M)�� 3- *�R� (3) u?�M) G L[�d v 	 13+- d�R v [M��dn� 13+- d�Er� R3 u? ch

′

(v) ≥ 1 − 4 + 13 × (5
9 − 4

13 ) = 2
9 > 0.f! u 	 k- d (2 ≤ k ≤ 6), ,��� 2 u?Maq�� ⌊ 2k

3 ⌋ �M 3- *�R�
(3) u?�M) G L[�d� 2- �dj	 (14 − k)+- d�Er� R1–R3 u? ch′(u) ≥

k − 4 − 1
2⌊

2k
3 ⌋ − 1

3 (k − ⌊ 2k
3 ⌋) + k(14 − k)(5

9 − 4
14−k

) ≥ −5k2+39k−36
9 > 0.



844 � � � m m � 44lf! u 	 k- d (k ≥ 7), ,��� 2 u?Maq�� ⌊ 2k
3 ⌋ �M 3- *Rn� u [`)|��d v, � (3) u?�) {v} ∪NG(v)\{u} Laq�|� 6−- d�Er� R1–R3 u? ch′(u) ≥ k − 4 − 1

2⌊
2k
3 ⌋ − 1

3 (k − ⌊ 2k
3 ⌋) − k(5

9 − 4
k
) ≥ 0. <��

3 �zg�v�}�j���
Hartnell � Rall[17] <.�fR[�	�| 3 b(G) ≤ dG(x) + dG(y)− 1 n�7 G L`)|nj�aq� 2 [gd x � yj7��}$
hi� 1, i� 2 �i� 3 u?	f! G	 1-uF*7�,7 GH)j�aq� 2[gd x� y�W dG(x)+dG(y) ≤

14. f!G	 IC-uF*7�,7GH)j�aq� 2[gd x� y�W dG(x)+dG(y) ≤

12. f! G 	 NIC- uF*7�,7 G H)j�aq� 2 [gd x � y �W dG(x) +

dG(y) ≤ 13.�B��� 3 �vu8=fR[�	l| 4

b(G) ≤















13, f! G 	 1- uF*7�
11, f! G 	 IC- uF*7�
12, f! G 	 NIC- uF*7�f u � �
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The Structure and the Bondage Number

of Three Classes of Beyond-planar Graphs

ZHANG Huaqiang ZHANG Xin† NIU Bei

(School of Mathematics and Statistics, Xidian University, Xi’an 710071, China)

(†E-mail: xzhang@xidian.edu.cn)

Abstract A graph that can be drawn in the plane so that each edge is crossed at most

once, or any two crossings do not share a common incident vertex, or any two crossings share

at most one common incident vertex is 1-planar, or IC-planar, or NIC-planar, respectively.

1-planar graphs, IC-planar graphs, and NIC-planar graphs are three famous classes among

beyond-planar graphs, which have many applications to the modular networks, social net-

works and bio-networks. The bondage number of a graph is the minimum number of edges

such that the removal of them from the graph makes the domination number increases. It
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is an useful parameter to measure the vulnerability of the network. In this paper, the struc-

tures of 1-planar graphs, IC-planar graphs, and NIC-planar graphs are described, which are

later applied to prove that the bondage number of every 1-planar graph, IC-planar graph,

and NIC-planar graph is at most 13, 11, and 12, respectively.
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