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An incidence of a graph G is a vertex-edge pair (v,e) such that the vertex v is incident
with the edge e. A proper incidence k-coloring of a graph is a coloring of its incidences
involving k colors so that two incidences (u,e) and (w, f) receive distinct colors if and
only if u=w, or e= f, or uw € {e, f}. In this paper, we present some idea of using the
incidence coloring to model a kind of multi-frequency assignment problem, in which each
transceiver can be simultaneously in both sending and receiving modes, and then establish
some theoretical and algorithmic aspects of the incidence coloring.
Specifically, we conjecture that if G is the Mycielskian of some graph then it has a
proper incidence (A(G) + 2)-coloring. Actually, our conjecture is motivated by the “(A +2)
conjecture” of Brualdi and Quinn Massey in 1993, which states that every graph G has a
proper incidence (A(G) + 2)-coloring, and was disproved in 1997 by Guiduli, who pointed
out that the Paley graphs with large maximum degree are counterexamples (yet they are
all known counterexamples to the “(A + 2) conjecture”, and are not Mycielskians of any
graph).
To support our conjecture, we prove in this paper that if G is the Mycielskian of a graph
H with |H| > 3A(H) + 2, then we can construct a proper incidence (A(G) + 1)-coloring of
G in cubic time, and if G is the Mycielskian of an incidence (A(H) + 1)-colorable graph
H with |H| < 2A(H), or the Mycielskian of an incidence (A(H) + 2)-colorable graph H
with |H| > 2A(H) + 1, then G has a proper incidence (A(G) + 2)-coloring. The minimum
positive integer k such that the Mycielskian of a cycle or a path has a proper incidence
k-coloring is also determined.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

The frequency assignment problem is an important problem that arises in the design of the wireless radio network
consisting of a group of transceivers in space communicating with each other via the link between them [2,6,7,10,19]. In

the standard model, each transceiver can

be in either sending or receiving mode but not both at the same time, and it is

required that adjacent transceivers are assigned distinct frequencies so as to avoid collisions of simultaneous transmissions
over the same frequency [5,24,25]. This can be modeled by the proper vertex coloring of graphs, which becomes, however,
invalid if each transceiver can be simultaneously in both sending and receiving modes (for example, this phenomenon may
appear in the two-way radio network). So it is necessary to revise the model to adapt to such a situation.
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For two adjacent transceivers T and T, in the wireless radio network, image that there are two directed links (T, T>)
and (T, T1) between them. If data transfers from T; to T, (imaging that Ty is in sending mode and T, is in receiving
mode), then a frequency Fi; would be assigned to the link (Tq,T2) from Tq to T, and in the other direction, if data
transfers from T, to T; (imaging that T; is in receiving mode and T> is in sending mode), then we assign another frequency
F21 to the link (T2, Tq) from T, and Tq. We call Fi; (resp. Fp 1) the sending frequency of T; through (Tq, T2) (resp.
T, through (T2, T7)), and thus the receiving frequency of T, through (Tq, T,) (resp. T1 through (T, T1)). To avoid the
communication interference, this wireless radio network shall naturally obey the following requirements:

(a) for each pair of adjacent transceivers T; and T, the sending frequency of Tq through (Ti, T3) is different from the
sending frequency of T through (T2, T1);

(b) for three distinct transceivers Tq, T, and T3 such that T; is adjacent to both T, and T3, the sending frequency of T,
through (T, T,) is different from the sending frequency of T; through (T1, T3);

(c) for three distinct transceivers Tq, T2, and T3 such that T, is adjacent to both T1 and T3, the receiving frequency of T»
through (Tq, T7) is different from the sending frequency of T, through (T3, T3).

Surprisingly, this can be modeled by the incidence coloring of graphs, which was initially introduced by Brualdi and Quinn
Massey [4] in 1993.

In this paper, all graphs we consider are finite and simple. We denote the set of vertices and edges of G by V(G) and
E(G), respectively, and the maximum degree of G by A(G). We use |G| and |G| to indicate |V (G)| and |E(G)|, and use
Cy, Py, and K, to denote a cycle, a path, and a complete graph on n vertices, respectively. Throughout this paper, [k] denotes
the set {1,2, ..., k}. For terminologies not given here, we refer the readers to [3].

An incidence of a graph G is a pair (v, e) such that v € V(G), e € E(G), and v is incident with e. Two incidences (u, e)
and (w, f) are adjacent if u=w, or e = f, or uw € {e, f}. For a vertex u and an edge e = uw, the incidence (u, e) is called
a strong incidence of u, and the incidence (w,e) is called a weak incidence of u. The set of incidences of G is denoted by
I(G). A proper incidence k-coloring of a graph G is a mapping ¢ : [(G) — {1,2,...,k} such that ¢o(u,e) # @(w, f) if (u,e)
and (w, f) are adjacent. The smallest integer k such that G admits a proper incidence k-coloring (or saying in other words
that G is incidence k-colorable) is the incidence chromatic number of G, denoted by ¥;(G).

In the above mentioned multi-frequency assignment problem, we model each transceiver into a vertex of a graph G and
then for each edge uv € E(G) we assign two colors «;, and «, to the incidence (u,uv) and (v, uv), respectively. Here «,
(resp. «ry) stands for the sending frequency of the transceiver u (resp. v) through the link from u to v (resp. from v to u).
It is easy to see that a proper incidence k-coloring of the graph G just corresponds to a multi-frequency assignment of the
network with k frequencies satisfying the requirements (a), (b), and (c). Therefore, it is interesting to do some necessary
investigations into the theoretical and algorithmic aspects of the incidence coloring.

Now let us come back to graph theory. It is easy to see that x;(G) > A(G) + 1 for every graph G (looking at the strong
and weak incidences of a vertex with the maximum degree). The first result concerning the upper bound for x;(G) is due to
Brualdi and Quinn Massey [4], who proved that x;(G) <2A(G) for every graph G. In 1997, Guiduli [9] improved this bound
to A(G) + 20log A(G) + 84, and showed that Paley graphs have incidence chromatic number at least A(G) + Q2(log A(G))
(by applying a result of Algor and Alon [1] on the star arboricity of graphs). This disproved the following conjecture of
Brualdi and Quinn Massey [4].

Conjecture 1.1. [4] For every graph G, x;(G) < A(G) + 2.

Although Conjecture 1.1 is false in general, finding graphs G with x;(G) < A(G) + 2 is still interesting and this topic has
attracted much interest in recent years. More specifically, x;(G) < A(G) + 2 holds for the following classes of graphs:

(i) paths, cycles, trees, and complete graphs [4];
(ii) complete multipartite graphs [14];
(iii) graphs with maximum degree at most three [21];
(iv) square meshes, honeycomb meshes, and hexagonal meshes [13];
(v) toroidal grids [23];
(vi) pseudo-Halin graphs [16];
(vii) n-dimensional hypercubes [8,20];
(viii) squares of cycles [18];
(ix) partial 2-trees (and thus also outerplanar graphs) [12];
(x) graphs with maximum average degree less than 3 (and thus also planar graphs with girth at least 6) [11,15];
(xi) graphs with maximum average degree less than 10/3 and A(G) > 8 (and thus also planar graphs with girth at lest 5
and A(G) > 8) [15].

We refer the readers to a real-time online survey contributed by Eric Sopena [22] for more information about the recent
progresses of the study of incidence colorings.
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The Mycielskian M(G) of a graph G with V(G) ={v1, va,..., vy} is a supergraph of G with

V(M(G)) ={v1,Vva,..., Vn, U1, U2, ..., Up, W}, and
E(M(G)) = E(G) U{u;v; | i and j are integers such that v;v; € E(G)} U{wu; | 1 <i <n}.

Sometimes we call M(G) the Mycielskian of G based on the ordering v1, va, ..., vq of V(G).
To our best knowledge, the only known counterexamples to Conjecture 1.1 are Paley graphs with large maximum degree
[1,9], and they are not Mycielskians of any graph. This motivates us to conjecture the following.

Conjecture 1.2. If G is the Mycielskian of some graph, then x;(G) < A(G) + 2.

This paper is organized as follows. In Section 2, we prove that if G is the Mycielskian of a graph H with A(H) <
(JH| —2)/3 then we can construct a proper incidence (A(G) + 1)-coloring of G in cubic time. In Section 3, we show that if
G is the Mycielskian of a graph H with A(H) > (|H| — 1)/3 then we can give a reasonable upper bound for y;(G), the gap
between which and the one in Conjecture 1.2 (i.e., A(G)+2) is at most x;(H) — (A(H) + 1). This implies that Conjecture 1.2
satisfies if G is the Mycielskian of a graph H with x;(H) = A(H) + 1. In Section 4, we confirm Conjecture 1.2 if G is the
Mycielskian of a cycle or a path, by determining the incidence chromatic numbers of M(C;) and M(Py).

2. Mycielskians of sparse graphs

A proper incidence k-coloring ¢ of a graph G is amicable if there are k distinct vertices y1, ¥2, ..., yk such that the color
i does not appear in any strong incidence of y; for each 1 <i <k. We call the vertex set {y1, ¥2,..., Y} an amicable set of
the coloring ¢.

Let A be a positive integer and let G be a graph such that A(G) < A. By the well-known Vizing’s theorem, we can give
a coloring ¢ with color set {1,2,..., A+ 1} on the edges of G so that adjacent edges receive distinct colors. Based on ¢,
we construct a (2A + 2)-coloring ¢ on I(G) as follows. If ¢ (uv) =1i, then color the incidences (u,uv) and (v,uv) so that
{o(u,uv),p(v,uv)} ={i,i’} (sets are unordered throughout this paper).

Proposition 2.1. ¢ is a proper incidence (2A + 2)-coloring of G.

Proof. If (u,e) and (w, f) are two adjacent incidences, then either e = f or e and f are adjacent. If e = f, then

{p@,e), p(w, Y ={¢(e),p(e)'}).
If e and f are adjacent, then ¢ (e) # ¢ (f). This implies

{pw. e} n{pw, N} S {pE), ¢@E)IN{p(), ¢} =9.

Hence ¢(u, e) # ¢(w, f) in each case and thus ¢ is a proper incidence (2A + 2)-coloring. O

In the following, a Vizing-based incidence coloring of G is a proper incidence (2A + 2)-coloring of G using col-
ors from {1,2,...,A+1,1,2',...,(A + 1)’} such that for each edge uv € E(G), {¢(u,uv),p(v,uv)} = {i,i’} for some
ie{1,2,..., A+ 1}. Proposition 2.1 guarantees that every graph G has a Vizing-based incidence coloring.

Lemma 2.2. Let A be a positive integer and let G be a graph such that |G| > 2A + 2 and A(G) < A. If ¢ is a Vizing-based incidence
coloring of G and S is a set of 2A + 2 vertices of G, then there is a set E of edges (E may be empty) such that exchanging the colors of
(u, uv) and (v, uv) for each uv € E results in an amicable Vizing-based incidence coloring of G with amicable set S.

Proof. We prove it by applying induction on ||G]||. If ||G]| =1, then G has only two incidences and the desired conclusion
follows. We may henceforth assume |G| > 2.

Let uv be an edge of G and let G’ = G —uv. Without loss of generality, assume ¢ (u, uv) = j and ¢(v, uv) = j'. Restricting
the coloring ¢ to G’, we obtain a Vizing-based incidence coloring ¢ of G'. Since ||G’|| < |G|, |G'| = |G| = 2A + 2 and
A(G') < A(G) < A, by the induction hypothesis, there is a set E’ C E(G’) such that ¢ can be modified, via exchanging
the colors of (u,uv) and (v,uv) for each uv € E’, into an amicable Vizing-based incidence coloring ¢’ of G’ so that S =
{¥1,¥2,...,Y2a42} is an amicable set of ¢’, and the color i or i’ does not appear in any strong incidence of y; for each
1<i<A+1or A+2=<i=<2A+2, respectively.

We can extend ¢’ to a Vizing-based incidence coloring of G in two possible ways. The first way is to color (u,uv)
and (v,uv) with j and j/, respectively, and we denote such an extended incidence coloring of G by ¢i. The second way
is to color (u,uv) and (v,uv) with j/ and j, respectively, and we denote this extended incidence coloring of G by ;.
If SN{u,v}=0, or SN{u,v}={u} and u#yj, or SN{u,v}={v}and v # yaqjs1, or SN{u,v}={u,v}, u#y;j and
V # YA4j+1, then @q is amicable Vizing-based incidence coloring of G so that S is an amicable set of ¢1. Since ¢1(u, uv) =

3
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¢(u,uv) and @1(v,uv) = @(v, vu), in this case the set E’ acts as the desired set E satisfying the lemma. On the other hand,
if SN{u,v}={u} and u=yj, or SN{u,v}={v} and v=yaqjp1, or SN{u,v}={u,v} and u=yj, or SN{u, v} ={u, v}
and v =ya4jt1, then ¢ is an amicable Vizing-based incidence coloring of G so that S is an amicable set of ¢, and in this
case E’ U {uv} is the desired set E satisfying the lemma, since ¢, (u, uv) = @(v,uv) and @o(v,uv) = @(u, vu). O

Based on the proof of Lemma 2.2, for any given parameters G, S, and A satisfying the conditions of Lemma 2.2, we
can release Algorithm 1 that outputs an amicable Vizing-based incidence coloring of G using colors from {1,2,..., A +
1,1,2,..., (A + 1)} such that S is an amicable set of this coloring. Using the algorithm of Misra and Gries [17], one can
construct in O (mn) time a proper edge coloring of G using A 4+ 1 colors and thus line 1 in Algorithm 1 can be done in
0 (mn) time, where n = |G| and m = ||G||. It is easy to see that lines 2-8 of Algorithm 1 take O(m) time. Since m < 0 (n?),
Algorithm 1 is indeed a polynomial-time algorithm, with running time O (mn)+ O(m) = O (mn) < 0 (n3).

Algorithm 1: Construct Amicable Vizing-Based Incidence Coloring CAVBIC(G, S, A).

Input: An integer A, a graph G with |G| >2A +2 and A(G) < A, and a set S={y1,¥2,...,Y2a+2} of 2A + 2 vertices of G;
Output: An amicable Vizing-based incidence coloring ¢ of G using colors from {1,2,...,A+1,1,2,..., (A + 1)’} such that S is an amicable set
of this coloring.

1 Construct a proper edge coloring ¢ of G using A + 1 colors;
/* edges of G are ej=UujVi,ex =U2V2,...,6m =UnVy, where m=|G]|. */
2 fori=1tom do
3 if SN {uj, vit=0or SN {u;, vi} = {ui} and uj # Yp(e;) or SN {ui, vi} = {vi} and vi # yatge;+1 0r S N {ui, vi} = {ui, vi}, ui # yy(ei), and
Vi # Yatg(e)+1, then
‘ B (ui,e) < (e);
d(vi,e) < p(ei);
else
(i, e) < (ei);
@ (vi,ei) < @(ei).

NS A

Algorithm 2: Incidence Color the Mycielskian ICM(G, A).

Input: An integer A, a graph G with |G| >3A +2 and A(G) < A;
Output: A proper incidence coloring of M(G) using |G|+ 1 colors.

/* vertices of G are Vvi,V2,...,Vy, where n=|G|. */
1 CAVBIC(G, {v1,V2,...,Vaat+2}, A);
/* coloring outputted from Line 1 is denoted by ¢. */
2 fori=1ton do
3 l<1;
4 for j=1ton do
5 if vivj € E(G), then
6 @i, ujvi) < L";
7 L @Uuj, ujvi) < @(vj, vivj);
8 <—C+1;

9 o, wup) < (A+1)";
10 if 1<i<A+1, then
1 |_ o(w, wuy) < i;

12 if A+2<i<2A+2, then

13 | ow, wuy) « (i—A—1);
14 if 2A +3 <i<3A +2, then
15 | ow, wup) « (i—2A-2)";
16 if 3A +3 <i<n, then

17 | ow, wuy) «i—-2A—1.

While constructing a proper incidence coloring of M(G), we distinguish the incidences of M(G) by five types as follows:

Type 1 incidences of G;

Type 2 incidences (v, ujv;) with 1 <i# j<n;
Type 3 incidences (uj, u;v;) with 1 <i# j<n;
Type 4 incidences (u;, wu;) with 1 <i <n;
Type 5 incidences (w, wu;) with 1 <i<n.
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Theorem 2.3. If G is a graph such that |G| > 3A + 2 and A(G) < A, where A is a positive integer, then x;(M(G)) < |G|+ 1.

Proof. It is sufficient to show that Algorithm 2 returns a proper incidence coloring ¢ of M(G). Since line 1 outputs a proper
incidence coloring of G, any two adjacent Type 1 incidences receive different colors.
If two Type 2 incidences (vj,,uj,vi) and (vj,, uj,v;,) are adjacent, then j; = jp, and thus

P, ujvip) # 9V, Ujy Vip)
by lines 4-8.
If two Type 3 incidences (uj,,uj, vy,) and (uj,, uj,Vv;,) are adjacent, then ji = j». It follows that

Q) Uuj Vi) =@, Vip Vi) F @V, Vip Vi) = @(Uj,, Uj, Viy)
by lines 1 and 7.
If (uj,,uj,vi) is a Type 3 incidence adjacent to a Type 1 incidence (vj,, vi,Vj,), then iy = jo. This implies

(/)(Ujl > Ujy vi]) = §0(le » Viy Vj]) # (/)(Vil » Viy Vi1) = (P(ijv Vi, ij)
by lines 1 and 7.

Since the color set used by Type 2 incidences is a subset of {1”7,2”,..., A”} by line 6, and the color set used by Type 1
or Type 3 incidences is chosen from {1,2,...,A+1,1,2',..., (A + 1)’} by lines 1 and 7, every Type 2 incidence is colored
with a color different from the color of any Type 1 or Type 3 incidence.

One can see from line 9 that all Type 4 incidences are colored with (A + 1)”. Lines 10-17 imply that any two Type
5 incidences receive different colors, and moreover, the color set used by Type 5 incidences is a subset of {1,2,..., A +
1,1,2,...,(A+1),1",2",...,A"}US, where S=0if |G|<3A+2,0or S={A+2,...,|G| —2A — 1} if |G| >3A + 3.
Therefore, the color of a Type 4 incidence is different from the color of its every adjacent incidence.

Let

J(i) ={evi, vive) | vive € E(G)}

and

J i) = {p(ui, ujve) | ujve € E(M(G))}
By the definition of M(G), and by lines 1 and 7,

Jvp=Jw) <{1,2,...,A+1,1.2, ..., (A+ 1)}

for every 1 <i <n. Since line 1 outputs an amicable Vizing-based incidence coloring ¢ of G using colors from {1,2,..., A+
1,1,2,...,(A+ 1)} such that {vy,vy,...,vaa42} is an amicable set of ¢, i ¢ J(vi)=Ju) if1<i<A+1and (i—A—
1) ¢ J(vi) = J(u;) if A+2 <1i<2A + 2. Moreover, it is clear that (i — 2A —2)" ¢ J(u;) if 2A +3 <i <3A + 2, and
i—2A—1¢ Ju) if3A+3<i<n.

Since any Type 1 or Type 2 incidence is not adjacent to any Type 5 incidence, the final task is to check that if a Type 3
incidence is adjacent to a Type 5 incidence then they receive different colors. If (u;, u;vj,) is a Type 3 incidence adjacent to
a Type 5 incidence (w, wuy), then ¢ =i. Lines 10 to 17 guarantee that

pw, wug) = @(w, wuy) ¢ J(Uui) 2 o, uivj,),
implying
P(w, wue) # (Ui, uivj,),

as desired. O

We claim that Algorithm 2 is a cubic-time algorithm. Actually, for a graph G having n vertices and m edges, line 1 takes
O (mn) time by the complexity of Algorithm 1. Since lines 3 and 9-17 can be done in O(1) time, and lines 4-8 take O(n)
time, lines 2-17 can be populated in O (n?) time. Hence the running time of Algorithm 2 is O (mn) + 0 (n?) < 0 (n3).

Theorem 2.4. If G is a graph such that |G| > 3A(G) + 2, then x;(M(G)) = A(M(G)) + 1, and a proper incidence (A(M(G) + 1)-
coloring can be constructed in cubic time.

Proof. Taking A = A(G) into Theorem 2.3, we can construct a proper incidence (|G| + 1)-coloring ¢ of M(G) by Algorithm 2
in cubic time. It follows that

Gl +1> xi(M(G)) > A(M(G)) + 1 =max{2A(G), |G|} +1=|G| + 1.
This implies that x;(M(G)) = A(M(G)) + 1 and ¢ is a proper incidence (A(M(G) + 1)-coloring of M(G). O

5
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3. Mycielskians of dense graphs

Lemma 3.1. For every graph G, there is an ordering v1, va, ..., vy of V(G) and a proper incidence coloring of G using x;(G) colors so
that the color i does not appear in any strong incidence of v; foreach 1 <i < A(G) + 1.

Proof. Let u € V(G) such that N(u) ={y1,y2,..., ¥a()} and let ¢ be a proper incidence coloring of G using x;(G) colors.
Since ¢ is proper, @(u, yju) # @(u, yju) for each i # j. Hence by redistributing the colors of ¢, we can construct a new
proper incidence coloring ¢ of G using x;(G) colors such that ¢ (u, yju) =i for each 1 <i < A(G). Since (u, y;ju) is a weak
incidence of y;, the color i would not appear in any strong incidence of y; under ¢ for each 1 <i < A(G). One can also
see that the color A(G) + 1 does not appear in any strong incidence of u, therefore, y1, y¥2,...,Ya() U, ... is the desired
ordering of V(G) and ¢ is the desired proper incidence coloring of G. O

Theorem 3.2. If G is a graph such that |G| <3A(G) + 1, then

; — >
Xi(M(G)) < {X:(G) +1G| = A(G) ifIG] _.ZA(G) +2,
Xi(G)+ A(G) +1 otherwise.

Proof. According to Lemma 3.1, there is an ordering v1, va,..., v, of V(G) and a proper incidence x;(G)-coloring ¢ of G
such that the color i does not appear in any strong incidence of v; for each 1 <i < A(G) + 1. Let M(G) be the Mycielskian
of G based on the ordering v1, vy, ..., v4. Note that ¢ constructs a proper coloring of the Type 1 incidences of M(G). We
extend ¢ to an incidence coloring (still denoted by ¢) of M(G) as follows.

For each i € [n], if the neighbors of v; among {uq,...,up} are {uj,,...,u;}, then let ¢(v;, uj,v;) =¢” for each ¢ € [s].

For each pair i, j € [n] such that u; is adjacent to v; in M(G), let @(uj,u;v;) = @(vj, v;vj), and for each j e [n], let
@(uj, wuj) = (A(G) +1)". For each j € [n], let

J if1<j<A(G)+1,
pw,wuj) =1 —-AG)-1)" IfAG)+2=<j<2A(G)+1
(j—2A(G)—1) ifj>2A(G)+2

By similar arguments as that in the proof of Theorem 2.3, one can show that every two adjacent incidences of M(G)
receive different colors under ¢, and thus ¢ is a proper incidence coloring.
By the construction of ¢, the set of colors used by Type 1 and Type 3 incidences is

S1e3=1{1,2,..., xi(G)},

the one used by Type 2 incidences is a subset of

S ={1",2",...,A(G)"},

and the one used by Type 4 incidences is

Sa={(AG)+1)"}.

If |G| >2A(G) + 2, then Type 5 incidences involve the set of colors

Ss=1{1,2,....,AG)+1,1",2", ..., AG)", 1",...,(IG| — 2A(G) — 1)/}
CS1e3USU{T,..., (1G] —2A(G) — 1)'}.

This implies xi(M(G)) < xi(G) + A(G) + 1+ (|G| —=2A(G) — 1) = xi(G) + |G| — A(G).
On the other hand, if |G| < 2A(G) + 1, then the set of colors used by Type 5 incidences is a subset of S1g3 U S2, which
implies xi(M(G)) < xi(G) + AG)+1. O

We show the sharpness of the two bounds in Theorem 3.2. First, let G be a graph with 2A(G)+2 < |G| <3A(G)+1 and
Xi(G) = A(G) + 1. By Theorem 3.2, x;(M(G)) < xi(G) + |G| — A(G) = |G| 4+ 1. On the other hand, x;i(M(G)) > A(M(G)) +
1 =max{2A(G), |G|} + 1= |G| + 1. Hence x;(M(G)) = |G|+ 1= xi(G) + |G| — A(G). Second, if G is Py, then it satisfies
|G| <2A(G)+1 and M(G) =Cs, and thus xi(M(G))=4=24+1+1= xi(G) + A(G) + 1.

To end this section, we prove the following theorem, which can be seen as an interesting corollary of Theorem 3.2, and
a powerful evidence supporting our Conjecture 1.2.

Theorem 3.3. Let G be a graph such that |G| <3A(G) + 1, then
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(1) If|G| = 2A(G) + 1 and xi(G) = A(G) + 1, then xi(M(G)) = A(M(G)) + 1.
(2) IfIG]| > 2A(G) + 1 and xi(G) = A(G) + 2, 0r |G| < 2A(G) and x;i(G) = A(G) + 1, then xi(M(G)) < A(M(G)) + 2.

Proof. If |G| > 2A(G) + 2, then A(M(G)) = max{2A(G), |G|} = |G|. By Theorem 3.2,

AMG) +1 if xi(G) = AG) + 1,

AM(G)) +1 =< xi(M(G)) < xi(G) + |G| — A(G) = {A(M(G)) +2 i xi(G) = AG) +2.
If |G| = 2A(G) + 1, then A(M(G)) = max{2A(G), |G|} = |G|. By Theorem 3.2,

AM(G) +1 if xi(G)=A(G) +1,
AM(G) +2 if xi(G) = A(G) + 2.

AM(G)) +1 = xi(M(G)) = xi(G) + AG) +1= {
If |G| <2A(G) and x;(G) = A(G) + 1, then A(M(G)) = max{2A(G), |G|} = 2A(G), and thus
Xi(M(G)) < xi(G) + A(G) + 1=2A(G) +2 = AM(G)) + 2
by Theorem 3.2. O
4. Applications

Combining Theorems 2.4 and 3.3, we are easy to conclude that Conjecture 1.2 satisfies if G is not a graph with

(1) 2A(G)+1<|G| <3A(G) +1 and x;(G) > A(G) + 3, or
(2) |G| <2A(G) and x;(G) = A(G) + 2.

In this section, we apply Theorems 2.4 and 3.2 to determine the incidence chromatic number of the Mycielskian of a cycle
or a path.

4.1. Mycielskians of cycles

Lemma 4.1 (Folklore).

3 ifn=0mod 3,
4 otherwise.

Xi(Cn) = {

Lemma 4.2. M(Cy4) is not incidence 5-colorable.

Proof. Suppose for a contradiction that ¢ is a proper incidence 5-coloring of M(C4). It follows that
(a) the weak incidences of every vertex of degree 4 are colored with a same color under ¢.

Without loss of generality, assume @(va,Vviva) = 1,0(va, vav3) = 2,9(va,u1v2) = 3,¢(va,u3vy) = 4, and thus
©(v1,Vv1Vva) = @(v3, vav3) = @(uq,uvy) = @(u3,usvy) =5 by (a). Since (vp,vqvy) is a weak incidence of v; colored
with 1 and v; has degree 4, ¢(v4, viva) = @(Uu2,uavy) = @(ua, ugvy) =1 by (a). Similarly, @ (va, v3va) = @(uz, uv3) =
@(ug,ugv3) =2 by (a), and thus ¢(usz,usvs) = 3. It follows by (a) that ¢(vs, v3va) = @(uq,u1va) = @(v1,vivs) =3,
which implies ¢(v3, upv3) =4 and ¢(v3,uqv3) = 1. This contradicts the fact that ¢(v3,usvs3) # @(u4,uqvq) =1 (note that
(v3,uqv3) and (ug4, ugqvy) are adjacent). O

Lemma 4.3. M(C3) is not incidence 5-colorable.

Proof. Suppose for a contradiction that ¢ is a proper incidence 5-coloring of M(C3). It follows that

(a) the weak incidences of every vertex of degree 4 are colored with a same color under ¢;
(b) the weak incidences of every vertex of degree 3 are colored with at most two colors under ¢.

Without loss of generality, assume @(va,v1v2) = 1,0(va, vav3) = 2,9 (va,u1va) = 3,¢(va,u3vy) = 4, and thus
©(vy,v1va) = @(v3, vavs) = (U1, U v2) = @(u3, u3vy) =5 by (a). Since (v, vqivy) is a weak incidence of v; colored
with 1 and vq has degree 4, ¢(v3, v1v3) = @(uz,uyvy) = @(us,u3vy) = 1 by (a). Similarly, ¢(vq, v1v3) = @(uq,uvs3) =
@(up, upv3) =2 by (a). This implies @ (uy, uiw) € {1, 4}, (uz,uxw) € {3,4,5}, and @(us,usw) € {2,3}. If p(uz,upw) =5,

7
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Fig. 1. Incidence coloring of M(C,) for n € {3,4,5,7}.

then [{@(u1, u1w), (uz, upw), (us, u3w)}| = 3, contradicting (b). Hence ¢(uy, uaw) € {3, 4}. By the symmetry of 3 and 4,
we may assume @(uy, upw) = 3. It follows that ¢(vq,uzvi) = @(v3,uzv3) =4 and @(v1,u3vy) = @(v3, u1v3) = 3, which
implies @(u3, u3w) =2 and thus [{@(u1, u1w), p(uz, uaw), p(us, u3w)}| = 3, contradicting (b). O

Theorem 4.4.

AM(Cp) +2 if3<n<4,

n+3 ifn=3,
XiM(C)=n+2 ifn=4. = { )
n+1 ifn>5, AM(Cp))+1 ifn>5.

Proof. Note that

n ifn>4,

A(M(Cp)) = max{2A(Cy),n} =
(M(Cn)) = max{2A(Cn). 1} {4 I

If n > 8, then n > 3A(Cy) + 2, implying x;i(M(Cp)) = A(M(Cp)) +1=n+1 by Theorem 2.4.

If n=7, then x;(M(Cy)) <8=n+1, since Fig. 1(d) gives a proper incidence 8-coloring of M(C7). In the other direction,
Xi(M(Cn)) > A(M(Cp)) +1=n+ 1. Hence x;(M(Cp)) =n+1=AM(Cp)) +1.

If n=6, then 2A(Cy) +2 =n <3A(Cyp) + 1, implying

n+1=AM(Cn) +1=<xi(M(Cn)) < Xi(Cn) +n - A(Cy) =3+n—-2=n+1

by Lemma 4.1 and Theorem 3.2. Hence x;(M(Cp)) =n+1=A(M(Cp)) + 1.

If n=5, then x;(M(C,)) <6=n+1, since Fig. 1(c) gives a proper incidence 6-coloring of M(Cs). In the other direction,
Xi(M(Cn)) = AM(Cp)) +1=n+ 1. Hence x;(M(Cp)) =n+1=AM(Cp)) +1.

If n =4, then x;(M(C,)) <6 =n+ 2, since Fig. 1(b) gives a proper incidence 6-coloring of M(C4). In the other direction,
Xi(M(Cp)) > 6=n+2 by Lemma 4.2. Hence x;(M(Cp)) =n+2=AM(Cy)) + 2.

If n=3, then x;(M(C,)) <6 =n+ 3, since Fig. 1(a) gives a proper incidence 6-coloring of M(C3). In the other direction,
Xi(M(C3)) >6=n+3 by Lemma 4.3. Hence xi(M(Cy))=n+3=AM(Cp))+2. O

8
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Fig. 2. Incidence coloring of M(P,) for n € {3, 4}.

4.2. Mycielskians of paths
Lemma 4.5 (Folkflore). x;(P,) = min{n, 3} for every n > 2.

Theorem 4.6.

xi<M(Pn))=[”+2 fa<n<s3, =[A(M(Pn)>+z =2,
n+1 ifnz4, AM(Pp)+1 ifn>3.

Proof. Note that

n ifn>4orn=2,

A(M(Pp)) = max{2A(Py),n} = {4 ifn—3

and M(Py) = Cs.
If n > 8, then n > 3A(Py) + 2, implying x;(M(Pp)) = A(M(Pp)) +1=n+1 by Theorem 2.4.
If n=6 or 7, then 2A(P;) +2 <n <3A(P,) + 1, implying

n+1=AM(Pn)+1=xi(M(Pn) < xi(Pn) +n—A(Pp) =3+n—-2=n+1

by Lemma 4.5 and Theorem 3.2. Hence xi(M(Py)) =n+1= A(M(Py)) + 1.
If n=5, then n=2A(P,) + 1, implying

n+1=AM(Pp) +1=xi(M(Pp)) < xi(Pp) + A(Pp) +1=3+2+1=n+1

by Lemma 4.5 and Theorem 3.2. Hence x;i(M(Py)) =n+1=A(M(Pp)) + 1.

If n =4, then x;(M(Pp)) <5=n+1, since Fig. 2(b) gives a proper incidence 5-coloring of M(P4). In the other direction,
Xi(M(Pp)) > A(M(Py)) +1=n+ 1. Hence x;(M(Py))=n+1=A(M(Pp)) + 1.

If n=3, then x;(M(P,)) <5=n+ 2, since Fig. 2(a) gives a proper incidence 5-coloring of M(P3). In the other direction,
Xi(M(Pp)) > A(M(Py)) +1=n+2. Hence x;(M(Pp))=n+2=AM(P,))+ 1.

If n=2, then x;(M(Pp)) = xi(C5) =4=n+2=A(M(Py)) +2 by Lemma 4.1. O
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