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Abstract An optimal planar drawing of a graph is an embedding in the plane so that
the number of crossings is as small as possible. The number of crossings in an optimal
planar drawing of a graph G is the crossing number cr(G) of G. A graph is k-planar if
it can be embedded in the planar so that each edge is crossed at most k times. Zhang
et al. (2012) proved that the crossing number of any 1-planar graph on n vertices is
at most n− 2, and this upper bound is best possible. Czap, Harant and Hudák (2014)
proved that the crossing number of any 2-planar graph on n vertices is at most 5(n−2).
In this paper, we give a better upper bound for the crossing number of 2-planar graphs
and show from the point of view of combinatorics that Kn is 2-planar if and only if
n ≤ 7 (surprisedly, this was an open problem until 2019, in when Angelini solved it
with computer assistance).
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1 vw
���������� Turán � 
��. ������!��, ������ Pál Turán

��"# 
�$, �%� ����� �&�����. �
��� ���������
'��, ������"�� !����(��. Turán ��)*� �!", "#�#+ 
!$�
���",�$%&%#� �&'��������-������. '��("

.�)�Æ$�%*&. +',(, �
/��� �(�������.)*Æ), *--�
���.+Æ). Turán � 
��Æ("Æ&+: �#".//0,-�./�,�0-+-
������1(2&# [22]. 34,, �����$+�5# (graph drawing) 60�11��
.2 [20], "7 VLSI !$ [15] (839# [21] �+1�+, /-2,2+1.

�0�-�� G 0,"./:0-;"+(+-�14�����,#, 32'0,+�
G �,4./34. � G ����+;,4./34/�����, . cr(G) Æ). <�, �0

� G �(./� (("0,"./:0-+(+-�514����), 3 cr(G) = 0.

1960 4, Guy [10] ";)5/67=5 Anthony Hill ,766�87./�������
�, 866�99:.

67 1.1 cr(Kn) = 1
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⌋

.�;'�9:� n �:?. Saaty [19] � 1964 48>=9: 1.1 .� n ≤ 10 :?. ;� 2007

4, Pan < Richter [18] ;� Saaty �@0�%=<�: 8>=9: 1.1 .� n ≤ 12 :?, )<
��="+=>>�,=@0. 5!(A, $?������-�>?B����.

@AB, �?4C%,D, Garey < Johnson [9] � 1983 48>=$?������-�
NP- ./��, 8EÆ0��C#+ 3- 93� [12] F?9@./� (AGH-D+2:+./

���) [4] <��!.

34,, "�5#60.�B2(./� (beyond planar graphs) ���EFGI, ;/ k-

(./�"'�J/@'+1�&� [7]. <�, Chimani CH [5] � 2019 4��= 1- (./�,

A(./� (quasi-planar graphs) "7I(./� (fan-planar graphs) �����JD��.

�0-��("0,"./:0-�D+,E��� k �, 32;+ k- (./�. � k- (

./�0,"./:0-�D+,E��� k ��342+*� k- ./0,, F2+ k- ./

�. <�, �FG���./�Æ� 0- ./�. !K, D� 1- (./����<'�E�B (A

5 [14, 25, 26]). <�, Zhang CH [24] 8>=.�L#+' n �)*� 1- (./� G, �'
cr(G) ≤ n − 2,

8E'B��,4�. K-H/, CE�? [2, 3, 6, 13, 16, 17] . 2- (./��@I<34�%=
-ML���. ;/, Pach < Tóth [17] 8>=+' n �)*� 2- (./�,E' 5(n − 2) D
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+, E'B��,4�. Czap, Harant < Hudák [6] 8>=+' n �)*� 2- (./� G, �'
cr(G) ≤ 5(n − 2).

L5�8>"9@):

GH 1.1 ! D �-�)*�+ n ≥ 2 � 2- (./� G � 2- ./0,, 3 D ,EM'
10
3 (n − 2) ���.

5�L#-� 2- (./��'-� 2- ./0,, �N57S 1.1 ?T(�6�9@0, <

� Czap CH�U&@0.

GH 1.2 ! G �-�)*�+ n ≥ 2 � 2- (./�, 3 cr(G) ≤ 10
3 (n − 2).

"#9P�/' (("D:�+' 12 �/�./� G, ;��/�DV 5 D+), ";��
/ v1v2v3v4v5v1 �:,, QW+ v1v3, v3v5, v5v2, v2v4, v4v1 (�� 1 (a);)), 3-�=-� 2-(

./�� 2- ./0, D. IR�, " D /O' 20 �)*"7

12 × 5 = 60 =
10
3

× (20 − 2)

���*, P7S 1.1 /D������B��,4�.

O 1 C5, C6 J C7 JNQOJXK 2- NOYÆ

K-H/, L5�L.7S 1.1 �8>�S4@0 (Æ� 2 Z�7S 2.1) ,�MR��C%
8>./� K8 5� 2- (./�, [N8>"9@):

GH 1.3 ./� Kn � 2- (./�SE\S n ≤ 7.

@AB, Auer CH [2] N6, ]T-���U� 2- (./�O#�-� NP- ���. .�
./�, 5� K7 ("0,"./:0-�D+,E���^�, PS n ≤ 7 T, Kn � 2- (.

/�; 5� K9 ' 36 D+, ;BV=+' 9 �)*� 2- (./��+�B� 5 × (9 − 2) = 35,

PS n ≥ 9 T, Kn 5� 2- (./�. UN, _HRK��, K8 �U� 2- (./�"�WT��
�-�VNW`���, ;� 2019 4, Angelini CH [1] X�X.$?aY8�H4, 8>= K8

5� 2- (./�, �N.:=7S 1.3 �$?a8>.

L5;ZYZ<7[�9. ! G �-��, [\. V (G), E(G) ,Æ)*�*bR, +bR.

. Cd Æ)W%+ d (ÆDV d D+) �c. �0^�� G1, G2 �P V (G1)∩ V (G2) = {u, v} E
uv ∈ E(G1) ∩ E(G2), 3" V (G1) ∪ V (G2) +*b, E(G1) ∪ E(G2) ++b��2+ G1 < G2

� uv- (, d+ G1 ⊕uv G2. �0 G1 � G �Q�, 3 G − G1 ('T. G − S, ;/ S = V (G1))

Æ)5)*b V (G) \ V (G1) ]6�Q�. �0 S ⊆ V (G) E V (G1) ∩ S = ∅, 3 G1 + S Æ)5
)*b V (G1) ∪ S ]6�Q�. 5/6=�;Z7[\]^_(>, e^"5` [8, 23].
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2 RS 1.1 TxU
=. G �)*� n �%_f. S n = 2 T, G �L# 2- ./0,�5g14��, ��@

):?. =h!@).�)*�a� n � 2- (./�:?, 88>)*�+ n ≥ 3 � 2- (./

��L# 2- ./0, D ,EM' 10
3 (n − 2) ���. �0 D 5&b, 3i D �-�&b[V

D1, 8!;)*�+ n1. 5� D1 < D − D1 e+H� 2- (./�� 2- ./0,, P5_fh
!(>, " D1 < D − D1 /[\,E'

10
3

(n1 − 2) < 10
3

(n − n1 − 2)

���, �N D ���W�,E+
10
3

(n1 − 2) +
10
3

(n − n1 − 2) =
10
3

(n − 4) <
10
3

(n − 2).

X!, 9/h! D �&b�. `�-a, 5b! D �j��, ÆLR&' D �^�5Jk�*

;-����5Y� 2- (./�.

Z[ 1 �"-D>��+ uv ∈ E(D), 0- D − {u, v} 5&b.

! D1 + D − {u, v} �-�&b[V. �0 D∗
1 = D1 + {u, v} E |D∗

1 | = n1, 3'
|D − D1| = n − (n1 − 2) = n − n1 + 2.

5� D∗
1 < D −D1 e+H� 2- (./�� 2- ./0,, P5_fh!(>, " D∗

1 < D −D1

/[\,EM'
10
3

(n1 − 2) < 10
3

(
(n − n1 + 2) − 2

)

���. 5� D = D∗
1 ⊕uv (D − D1) E uv 5���+, �N D ���W�,E+

10
3

(n1 − 2) +
10
3

(
(n − n1 + 2) − 2

)
=

10
3

(n1 − 2) +
10
3

(n − n1) =
10
3

(n − 2).

Z[ 2 .�L#-D>��+ uv ∈ E(D), D − {u, v} ��&b�.

D /�+�0���-�, 32;+ I- +, �0���^�, 32;+ II- +. D /���
*�0�5-D I- +(-D I- +��14�, 32;+ (I, I)- ��*, �0�5-D I- +(K

K-D II- +��14�, 32;+ (I, II)- ��*, �0�5-D II- +(KK-D II- +��

14�, 32;+ (II, II)- ��*.

! xy �-D� x � y c�lV^���* p ( q � II- +, 2 x +��* p �3cDV

*, +��* q �\cDV*. �0 II- + uu′ < II- + vv′ �����* p E u < v e+ p �

3cDV*, 32 p + {u, v} �DV��*.

]y 1 �0 uv ∈ E(D) �>��+, 3 {u, v} ,E' 2 �DV��*.

z^ ! p1 + {u, v} �-�DV��*, 35)* u, v "7��* p1 ;I:��-�d

e�dCm0 
uvp1 . 5� u < v e+ p1 �3cDV*E uv �>��+, Pn')*g0,
"m0 
uvp1 �:, (U3 D − {u, v} 5&b, <� 2 �h!of). ! p2 + {u, v} �KK
-�DV��*. eS, 5)* u, v "7��* p2 ;I:�dedCm0 
uvp2 �:,5�"
� G �*. X!, �0 {u, v} p'�d�DV��* p3, 3 p3 " 
uvp1 < 
uvp2 �K,. 5
�fg up1, vp1, up2, vp2 5g���E5)* u, v "7��* p3 cUI:-�de�dCm0
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uvp3 , P1q p1 " 
uvp3 �:,, 1q p2 " 
uvp3 �:,. X!, D − {u, v} 5&b, <� 
2 �h!of. 8h.

IR��0 p �-� (II, II)- ��*, 3i'^�)* u ( v 0- p + {u, v} �DV��
*. �0 uv �∈ E(G), 3ghY8 D + uv cU� 2- (./� (X+fg up < vp �5���,

P(�+ uv 1(2&i_ upv �%0,, �N5g14 ���), !< D �j�jof. X
! uv ∈ E(D). 92 uv +��* p DV�jk+, 2 p ++ uv �jk*.

]y 2 �� (II, II)- ��*DVr= 1 Djk+.

z^ 5 (II, II)- ��*<jk+�7[;'Æ-.

]y 3 �0 uv ∈ E(D) �>��+, 3;,E' 2 �jk*.

z^ 5T$ 1 Æ-.

="X.l`mH48>7S 1.1. X7, k D /����*lla 1. ;�, 7[�9�l

`mm3:

R1 �0 p �-� (I, I)- ��*, 3 p n;DV��D I- +`mla 1
2 ;

R2 �0 p �-� (I, II)- ��*, 3 p n;DV� I- +( II- +[\`mla 2
3 < 1

3 ;

R3 �0 p �-� (II, II)- ��*, 3 p n;DV��D II- +(jk+e`mla 1
3 .

5 R1 ( R2 (>, �0 p �-� (I, I)- ��*F? (I, II)- ��*, 3"b%.B&l`m
m3n;oc�lar=+ 0. 5 R3 <T$ 2 p(>, (II, II)- ��*"b%.B&l`mm3
n;oc�la<+ 0.

]y 4 �0 e �-D I- +, 3"b%.l`mm3n;la,E+ 2
3 .

z^ ! e �+ e′ ��� p. �0 e′ � I- +, 3 p � (I, I)- ��*, �N e odm3 R1

���* p -� 1
2 . �0 e′ � II- +, 3 p � (I, II)- ��*, �N e odm3 R2 ���* p -

� 2
3 .

]y 5 �0 e �-D II- +, 3"b%.l`mm3n;la+ 2
3 .

z^ ! p1 < p2 � e B�^���*. 5 R2 < R3 (>, p1 < p2 [\n e `m 1
3 . X

!, e �,ela+ 2
3 .

]y 6 �0 e �-D>��+, 3"b%.l`mm3n;la,E+ 2
3 , 8E)���

i�SE\S e r=' 2 �jk*.

z^ 5�>��+f(2bVm3 R3 s-la, N5T$ 3 >;,E("' 2 �jk

*. X!, pt R3, ;,ela,E+
2 × 1

3
=

2
3
.

5T$ 4–6 (>, "b%.l`mm3n D ��D+�la,E+ 2
3 , X!�B�Wla

,E+ 2
3m, ;/ m + D �+�. IR�b%l`mm3Un�/�Wla5/, Nqqla

r=+�B���*��� Φ, ��'
Φ ≤ 2

3
m.

5�+' n �)* m D+� 2- (./��PDu
m ≤ 5(n − 2),
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�N'
Φ ≤ 10

3
(n − 2).

8h.

Æ 1 �0 G �-� 3- &b�j� 2- (./�, D � G �-� 2- ./0,, 3 D �L

#^�)* u, v ��P D −{u, v} �&b�)�Du, �� D �P� 2 ;67�1v. X!,

0.er�8>V$?T("-��9-�`w�@).

GH 2.1 ! G �-�+�+ m � 3- &b�j� 2- (./�, 3 G �L#-� 2- ./

0,,EM' 2
3m ���*, �N

cr(G) ≤ 2
3
m.

k7� H, ��/L#^�x85BV 2 �*-�&B+ (�0*--�,yqn'+�
z), �!-���2+� H �.H�. ! G �-�sW (�/,rc�W%) O#+ 5 EL#

^�/5O.^DJk+�./�. 5� G ���/ f �+�I:-�de�m0, <{��

/�-�c Cd, ;/ d = dG(f) + f " G /�%�, Æ;" G /DV�+�D�, P("� G

���/ f �:,$;;.L�+�c�.H�, d-���+ G′. �0 u < v �� G �H�

/ f Bx8+ 2 �)*, Æ�"* x 0- uxv �� f �+�B, 3 u < v 5g�� G �KK

-�/ f ′ Bx8+ 2 �)*. U3, �"* y 0- uyv �� f ′ �+�B. �0 y �= x, 3 uxvyu

I:� G �-�W%+ 4 �c, <� G �sWO#+ 5 of. X! y = x, [N/ f </ f ′ O

.^DJk�+ ux < vx, <� G �tgHuof. )(>� G′ n'++, Æ G′ �-�|s

�. 92sWO#+ 5 EL#^�/5O.^DJk+�./� G �/(.H�, ;.L��
G′ + G �/.H0,.

ghD6, B&t$" G ���/;.L�c Cd �:, h= d D+, 8E hW��D
+��r=��^�, N14�����<� d (� 1 k6=S d = 5, 6, 7 T�)R�). �N G′

/M'���W�+
Φ =

∑
f∈F (G)

dG(f) = 2|E(G)|.

K-H/,

|E(G′)| = |E(G)| +
∑

f∈F (G)

dG(f) = 3|E(G)|.

�N

Φ =
2
3
|E(G′)|.

@AB, '@)p("�KK-�C%-�. IR� G′ /��D��+�� II- +, �D>

��+�r='^�jk��*, X!",yqk����*lla 1 8b%B/;7[�l
`mm3n, �/��D+�,ela�� 2

3 , �NWla+ 2
3 |E(G′)|. 5�l`mm35</

Wla, PqqWla Φ C�,eWla 2
3 |E(G′)|.

i.7S 2.1, L5'�99::

67 2.2 7S 2.1 /D���*��"7��� cr(G) �B�(i�SE\S G �H�

/(.H��/.H0,.
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3 jkl K8 mn 2- opqlT{r|SsxU
LZ�MR��C%,8>7S 1.3. @AB, \v8> K8 5� 2- (./�. h! K8 �

2- (./�8! D �*� 2- ./0,, 357S 2.1 (> D /�����,E+ 2
3 × 28 < 19

(�N,E+ 18). !K, 5�9: 1.1 .� n = 8 :?, P

cr(K8) = 18.

X!, D /6=�����r=+ 18, E�D+,E��� 2 �. K-H/, Guy [11] 8>= K8

�;'r=M' 18 ����./0,�u5eI�34\' 3 *, ;/�*34/��"-D
+��� 3 � (wA5 [11, � 9, � 10 <� 11]). X!, )d*34�5(2� D. B&of(

> K8 5� 2- (./�, 8h.

}t vxywHuzvxL5ww866yz�{9}|. vx Casey Tompkins n$?
x,'5/;}7���. vx Pascal Gollin, Kevin Hendrey "7 Abhishek Methuku 66�

~E4�}|. vx{|~}����; (Institute for Basic Science) "$?~���ky�V
�<z{.
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