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1. Introduction

The minimization problem in graph theory so-called the equitable list tree-coloring problem can be used to formulate
a structure decomposition problem on the complex network with some security considerations. Precisely, our task is to
partition the network into many smaller disjoint pieces so that each piece has a tree-like property and thus we may
identify the possible node failures efficiently. Typically, the fewer number of the pieces the better, and sometimes we try
to make as small difference between the scales of any two pieces as possible so as to manage each piece of the network
with some uniform policies. Moreover, if we are given beforehand a rule for every node in the network on which kinds of
tree-like pieces may it belongs to, then we can further use the equitable list tree-coloring model that was introduced by
Zhang [16] in 2016 to formulate it.

We begin with some graph-based notations and definitions. For a graph G, V(G) and A(G) denote the set of vertices in
G and maximum degree of G, respectively. By |G|, we denote the value of |V (G)|. Two subsets U, W C V(G) are disjoint if
UNW =, and for two disjoint subsets U, W C V(G), e(U, W) denotes the number of edges that have one end-vertex in U
and the other in W. A graph G is w-degenerate if every subgraph of G contains a vertex of degree at most w. For a graph H,
if we replace some edges of H with new paths so that the inner vertices of those paths have degrees 2, then we result in a
subdivision of H. If a graph G contains a subdivision of a graph H as a subgraph, then we say that H is a topological minor
of G. For the unmentioned notations and definitions, we refer the readers to the classic book due to Diestel [5].

Let k be a positive integer and let L be a function on V(G) such that |[L(v)| =k for each vertex v € V(G), where L(v) is
a list of colors available for v. We call such a function L a k-uniform list assignment of G. A graph G has an equitable k-list

* Corresponding author.
E-mail addresses: y.li@stu.xidian.edu.cn (Y. Li), xzhang@xidian.edu.cn (X. Zhang).
1 Supported by the National Natural Science Foundation of China (No. 11871055) and the Youth Talent Support Plan of Xi'an Association for Science and
Technology (2018-6).

https://doi.org/10.1016/].tcs.2020.11.016
0304-3975/© 2020 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.tcs.2020.11.016
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/tcs
http://crossmark.crossref.org/dialog/?doi=10.1016/j.tcs.2020.11.016&domain=pdf
mailto:y.li@stu.xidian.edu.cn
mailto:xzhang@xidian.edu.cn
https://doi.org/10.1016/j.tcs.2020.11.016

Y. Li and X. Zhang Theoretical Computer Science 855 (2021) 61-67

a b | % Q Q @ @ %
b d

Fig. 1. Two distinct tree-decompositions of Cg with width 2.

tree-coloring, or is equitable tree k-choosable if, for each k-uniform list assignment L of G, we can choose for each v € V(G)
a color from its list L(v) so that the resulting coloring of G satisfies (i) each color class (i.e., the set of vertices with a same
color) induces a forest, and (ii) the size of any color class is at most [|G|/k]. The minimum integer k such that G is equitable
tree k-choosable is the equitable list vertex arboricity of G, denoted by p;~(G). The notions of the equitable list tree-coloring
and the equitable list vertex arboricity were first introduced by Zhang [16], who put forward the following conjecture.

Conjecture 1. p~(G) < [2G*]

1 for every simple graph G.

This conjecture was settled by Zhang [16] for complete graphs, 2-degenerate graphs, 3-degenerate claw-free graphs
with maximum degree at least 4, and planar graphs with maximum degree at least 8. Drgas-Burchardt et al. [6] verified
Conjecture 1 for d-dimensional grids with d € {2, 3, 4} and for graphs with (edge) arboricity 2. Moreover, they proved that

= G < max { 8A(G)—2 7A(G)—7 }
)= 7 6

for every simple graph G. This is an interesting result because it is the first one giving an upper bound on p;~(G) in a
general case, although it is a bit far away from Conjecture 1. Recently, Kaul, Mudrock and Pelsmajer [9] verified it for
powers of cycles.

On the other hand, many large networks including social network and the communication network are often thought of
as having tree-like structure, see [1,2,10,11,13], and there are many relative papers in the literature on the structures of the
bounded treewidth networks, such as metabolic networks [4] and Bayesian networks [7]. This motivates us to investigate
the equitable list tree-coloring problem for bounded treewidth networks, i.e., graphs with bounded treewidth.

A tree-decomposition of a graph G = (V,E) is a pair (T, X) where T is a tree, and X ={X; | i € V(T)} is a family of
subsets of V, called bags, such that

. UieV(T) Xi=V;
o for any edge uv € E, there is a bag X; (for some node i € V(T)) containing both u and v;
o for any vertex v € V, the set {i € V(T) | v € X;} induces a subtree of T.

The width of a tree-decomposition (T, X) is max;ev (1) |Xi| — 1, and the treewidth of G, denoted by tw(G), is the minimum
width over all possible tree-decompositions of G.

For example, Fig. 1 gives two distinct tree-decompositions of the cycle Cs on 8 vertices with width 2. In each picture,
the nodes of the tree T are marked by numbers as to make V(T) = {1, 2, 3, 4, 5, 6}. Furthermore, for the tree-decomposition
(T, X) as shown in the upper right corner, we have X; ={a,b, h}, Xo ={b,c,h}, X3 ={c, g, h}, Xa={c, f, g}, X5 ={c,d, f},
and Xg ={d, e, f}. It is easy to check the first two rules in the definitions of tree-decomposition are definitely satisfied. For
the last rule, we shall verify it for every vertex of Cg. For example, for the vertex c € V(Cg), the set {i € V(T) | c € X;} is
exactly equal to {2, 3,4,5} C V(T), which induces a subtree of T.

Treewidth is commonly used as a parameter in the parameterized complexity analysis of graph algorithms. The graphs
with treewidth at most w are also called partial w-trees [8,14]. Here a partial w-tree is a subgraph of a w-tree, which
defines a graph formed by starting with a complete graph on w + 1 vertices and then repeatedly adding vertices in such
a way that each added vertex v has exactly w neighbors U such that U induces a complete graph on w vertices. By the
definition, it is easy to say that graphs with treewidth at most w is w-degenerate. It is known that there is a linear time
algorithm [12] to decide whether a given graph G is w-degenerate for a given variable w, however, it is NP-complete [3] to
determine whether a given graph G has treewidth at most @ for a given variable w.
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In the next sections, we give an upper bound on o (G) that is very close to the one in Conjecture 1 for graphs with
bounded treewidth (see Theorem 6 and Corollary 8), and meanwhile, confirm Conjecture 1 for K3 3-topological-minor-free
graphs G with treewidth w € {2, 3,4} and maximum degree at least 6w — 3 (see Theorem 7 and Corollary 9).

2. Structural lemmas
For a vertex v € V(G), N(v) denotes the set of neighbors of v in G. For a subset U C V (G), let
NWU)={veV(G)—U:Nwv)NU # 0@}
and
N[U]=NU)UU.
Clearly, by the definition of N(U), we have
NU)NU=4.

To begin with, we introduce an useful lemma that was given by Zhang [16].

Lemma 2. [16, Lemma 2.2] If there exists a set S = {z1,---,zx} € V(G) of k distinct vertices such that G — S is equitable tree k-
choosable and |N(z;) — S| <2i — 1 foreach 1 <i <k, then G is equitable tree k-choosable.

In this paper, we use a symmetric form of the above lemma, which is easier to be applied in the remaining arguments.

Lemma 3. If there exists aset S = {x1, - - - , Xx} € V(G) of k distinct vertices such that G — S is equitable tree k-choosable and |N (x;) —
S| <2k —1i)+1foreach 1 <i <k, then G is equitable tree k-choosable.

Proof. Let z; =x,1_; with 1 <i <k. Since |[N(x;) — S| <2(k—i)+1, [IN(zi) — S| = |IN(Xk41-i) = S| <2(k—(k+1—-i)+1=
2i — 1 and thus the result holds by Lemma 2. O

The following lemma due to Pelsmajer [15] describes a local structure of graphs with treewidth w > 2.

Lemma 4. [15, Lemma 7] If G has treewidth w > 2 and |G| > 3w — 1, then there is a subset U C V(G) such that w < |U| <2(w — 1)
and IN(U)| < w + 1. Moreover, if IN(U)| = w + 1, then no vertex of U is adjacent to all of the vertices in N(U).

The following structural lemma is an useful tool for our latter proofs of the main theorem.

Lemma 5. Let G be an w-degenerate graph with maximum degree at most A and let U be a subset of V(G) such that w < |U| <
2(w — 1) and IN(U)| < w + 1. Suppose that h, k are two integers such that h > 0, k > (AT*h] and k> 3w — 1. IfIN(U)| < L%J +1
or there are sets

Z<NWU)

{z;:25j5|2|—m}gz

{‘. . [|N(U>—Z|—1”
uj:0<j< — cu

and

such that

(1) IN(zj)N(ZUU)| >2j—1,and
(2) INwj)N(NWU) - 2)| <2j+1,

then there exists S = {x1, ..., xx} € V(G) such that IN(x;) — S| <2(k — i)+ 1 foreach1 <i <k.
Proof. We divide the proof into two cases as follows.
Case 1. [IN(U)| < [&] +1.
Since [IN(U)| + |U| < 3w —1 <k and NWU)NU =@, we can assume that N(U) = {x1,x2,....Xnw)} and U =

{Xk—juj+15 --» Xk} Let Hinwy+1 = G — N[U] and let xyw)+1 be a vertex of degree at most w in H|yw) 41 if this graph
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is not empty (note that such a vertex always exists since G is w-degenerate). For [N(U)|+ 1 <i <k — |U| (if exists), we
let Hi;1 = H; — {x;} and let x;;1 be a vertex that has degree at most w in H;;1. At this stage we have assigned k distinct
vertices to S = {xq, ..., Xx} and our goal is to check that [N(x;) — S| <2(k —i)+ 1 foreach 1 <i<k.

Since G — S is a subgraph of H; for each [IN(U)|+1<i <k —|U| and x; has degree at most w in Hj, [IN(x;) — S| <w <
Ul <2(k—Kk—|UD)+1<2(k—i)+1for INU)|+1<i<k-—|U|.

For 1 <i <|N(U)|, since |N(x;) "NU|>1 and k > [AT”’] > AT”’, we conclude that [N(x;) — S| <A —-1<2k—(h+1)<
2k— QINU)|=1) <2k —i)+ 1.

For k—|U|+1<i <k, itis clear that [N(x;) — S| =0<2(k—i)+ 1 since N(U) CS.

Case2. [INU)| > [4] +1.

If|Z] < L%J, then add vertices from N(U) — Z to Z until |Z| = L%J + 1. This operation still preserves (1) and (2) and thus
we can proceed the proof using this updated set Z. Therefore, we can assume, in advance, that |Z| > L%J +1.

Let Z = {X1,---, X{n/2)41, X{h/2)+2, - - » X|z|}, Where X; = z;_ 2 for ng + 2 <i<|Z| (if such i exists), and let U =
(Xk— U415 > Xk [(INU)—Z]~1)/2]> Xk—[(N(U)—Z|~1)/2]+15 - ** » Xk}, Where x; = uy_; for k — [%1 < i<k (if such i ex-
ists). Since (k—|U|) — |Z| =k — (JU|+ |IN(U)]) =k — (Bw —1) >0, Z and U are well represented by the above two sets as
they satisfy the condition Z N U = @. Next, we complete the set S by choosing x; for |Z| <i <k — |U]| (if such i exists) from
G — (ZUU) by the w-degeneracy of G such that [IN(xj) — S| <w <|U| <2(k— (k—|U])) +1<2(k—1i)+ 1. The detailed
analysis of the step-by-step choices can be proceeded similarly as what we have done in Case 1, so we do not repeat it here.
In the following, we remain to check that |[N(x;) — S| <2(k —i) + 1 for each 1 <i <|Z| and for each k— |[U|+1 < i <k.
Note that ZUU C S.

For 1<i<|[f]+1,

IN(xi) = S| < IN(xi) — (ZUU)| = [Nx)| — IN(xi) N (ZUU)|
<A—[N@x)N(ZUU)| <2k —=h)—|NX) N (ZUU)|
<2k—h—-1<2k—Q2i—2)—1=2(k—1i)+1.

Recall that x; € Z € N(U) in this case and thus N(x;) "U # .

For L%J +1 <i<|Z|, since X; = zj_|x/2), we conclude by (1) that

INGi) — S| = IN@i—{n/2)) — S|
<IN@i_pj2) —(ZUU)| =INZi—|ns2))] = IN@Zi—pj2)) N (ZUU)|

§A—<2(i—{gJ)—1)5(2]<—h)—(2i—h—1):2(k—i)+1.

For k— Ul +1<i<k N(x)—SCN@®)N(NU)— Z), since x; €U, ZUU C S, and Z S N(U). I i <k — [ NDZZ=17,
then

IN(xi) — S| < IN(xi) N (N(U) = 2)| < IN(U) — Z| <2(k — i) + 1.

On the other hand, if i > k — (%—‘ then x; = ux_; and thus we conclude by (2) that
IN(xi) — S| < IN&x) N (N(U) — Z)| = [N(ug—) N (N(U) — Z)| <2(k —i) + 1.

This completes the proof. O

3. Main results

In this section, we present our main theorems as follows.

Theorem 6. A graph G is equitable tree k-choosable for every
A(G)+2w —4
kzmax{[()—i_i—‘,&o—l}
2
if G has treewidth w > 2.
Proof. Suppose that G is a counterexample to the result with fewest number of vertices. It follows that |G| > 3w — 1
(otherwise it is possible to color the vertices of G from their lists so that they receive |G| distinct colors because k >

3w —1>|G|), and G — S is equitable tree k-choosable for any set S = {xq,---,xx} € V(G) of k distinct vertices (this is
because that G — S has less vertices than G and thus G — S is not a counterexample by the minimality of G). Note that
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graphs with treewidth w are clearly w-degenerate. By Lemma 4, there is a subset U C V(G) such that w < |U| <2(w — 1)
and IN(U)| <w + 1.
In the following, we claim that

there exists S = {x1, ..., X} € V(G) such that |[N(x;) — S| <2(k —i)+1foreach1 <i <k. (%)

Therefore, G is equitable tree k-choosable by Lemma 3, contradicting the fact that G is a counterexample.

Let h = 2w — 4. We may assume that [N(U)| > L%J + 2 = w, because otherwise () holds by Lemma 5. We now consider
two major cases.

Case 1. N(U) contains a vertex, say z», such that it has at least three neighbors in U.

Note that w < IN(U)| <w + 1. If IN(U)| = w, then let Z =N@U). If IN{U)| =w + 1, then let Z= N(U) — {zo}, where
zo € N(U) and zg # z3. In any of the above subcases,

Zé{lz}z{zjlzfjflzl—{g”

vz fuoz < [BOo2-1))
and

IN(z2) N (ZUU)| = [N(z2) " U| = 3.

Therefore, () holds by Lemma 5.
Case 2. Every vertex in N(U) has at most two neighbors in U.
Since INU)| <w + 1 and |U| > w, e(U"mU)) < 2";’&?” < 2(‘”&}“1) < 3. This implies that there exists ug € U such that
IN(ug) NN(U)| < 2. Let zg € N(U) be a neighbor of ug if N(ug) NN (U) # @, or let zg € N(U) be an arbitrary vertex otherwise.
If IN(U)| = w, then let Z=N(U) — {zp}. If IN(U)| =w + 1, then let Z= N(U) — {20, z1}, where z; € N(U) \ N(up). Note

that such z; exists because |[N(ug) "N(U)| <2 and |[N(U)| =w + 1 > 3. In each of the above subcases,

ZQ@zizj:ZSJ'SIZI—E“

UQ{UO}Q{uj:O§j<’7%—H

and

IN(uo) N (N(U) — Z)| <1 (note that N(uo) N (N(U) — Z) < {zo}).
Therefore, () holds by Lemma 5. O

Theorem 7. A graph G is equitable tree k-choosable for every

kzmax”%c)—‘,%o—l}

if G has treewidth w € {2, 3, 4} and K3 3 is not its topological minor.

Proof. Choose the minimal (in terms of the number of vertices) counterexample G to the result and the same U as the one
in the beginning of the proof of Theorem 6. Our final goal is to prove (x) again.

Case 1. N(U) contains a vertex, say z», such that it has at least three neighbors in U.

Recall that w < |U| <2(w—1) and [IN(U)| < w + 1.

If IN(U)| <2, then let Z= N(U).

If IN(U)| =3, then let Z=N(U) — {20}, where zo € N(U) and zp # z5.

If IN(U)| =4 (this case implies w > 3), then choose two distinct vertices a,b € N(U) — {z2} and a vertex ug € U such
that [N(ug) N{a,b}| <1, and let Z = N(U) — {a, b}. Actually, such a, b and ug exist. If we fail to find them, then every vertex
in U is adjacent to every vertex in N(U) — {z»}. Since |U| > w > 3 and |[N(U) — {z2}| =3, we find a copy of K33 in G,
contradicting the fact that G does not contain a K33 as a topological minor.

If IN(U)| =5 (this case implies w = 4), then choose three distinct vertices a,b,c € N(U) — {zp} and a vertex ug € U such
that [N(up) N{a,b,c}| <1, and let Z=N(U) — {a, b, c}. Actually, such a, b, c and ug exist. If we fail to find them, then every
vertex in U is adjacent to at least three vertices in N(U) — {z2}.

Let {v1,Vv2,v3} C N(zz) NU and let N(U) = {z2, 51, S2, 53, S4}. By Lemma 4 and the above conclusion, any vertex in
N(zz)NU is adjacent to exactly three vertices in {s1, S2, 53, S4}. Assume, without loss of generality, that N(v{) NNU)\ {z2} =
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{s1.52,s3}. Since G does not contain K33 as a subgraph, either N(v2) N N(U) \ {z2} # {51, 52,83} or N(v3) N N(U) \ {22} #
{s1,52, 53}, and we assume the former one. In such a case, we can assume that N(v2) "N(U)\ {z2} = {s1, S2, S4} by symmetry,
which follows that {sq, s2} ,(Z N(v3)NN(U) (otherwise G contains a copy of K3 3). By the symmetry of s; and s, at this stage,
we assume that N(v3) NN(U) \ {z2} = {51, S3, Sa}.

Let v4 € U \ {v1, V2, v3} (note that |U| > w =4, and we do not mind whether v4 is in N(z2) or not). Suppose first
that s; € N(v4). Since v4 is adjacent to at least three vertices in {s1, Sy, 53, S4}, either s3 € N(v4) or s4 € N(vq). If 53 €
N(vy4), then sp;v4s3v3 is a path from sy to vs, and if s4 € N(v4), then syv4s4vs is a path from s; to vi3. In each case,
{v1,Vv2,v3} € N(z2) N N(s1), {v1,v2} € N(sp) and there is a path from s, to v3 that does not pass the vertices among
V1, V2,22 and si. So, there is a K3 3-subdivision in G, a contradiction. Therefore we conclude that s, ¢ N(v4) and thus
N(4)NNU)\ {z2} = {51, S3, S4}. In this case, {s1, 53,54} € N(v3) N N(va), {S1,54} C N(v3) and there is a path, say v,zyv1S3
from v, to s3. This results in a K3 3-subdivision in G, a contradiction.

In each of the above subcases, |Z| <2, IN(U)—Z| <1 if IN(U)| <3,and 2 < |N(U) — Z| <3 if IN(U)| = 4, which implies

22{22}2{Zj:2§j§|2|}

INU) - Z] -1
2

IN(U) - Z| -1
2

UQQJ:{uj:O§j<[ “ile(U)|§3

UQ{uo}:{uj:0§j<’7 —Hif|N(U)|z4.

Since we already have

IN(z2) N (ZUU)[ = N(z2)"U| =3

and have proved (by the choice of ug)

IN(uo) "(N(U) — 2)| =1

for the case [N(U)| > 4, we conclude that () holds by Lemma 5.

Case 2. Every vertex in N(U) has at most 2 neighbors in U.

Since “”igf”” < 2%‘{" < 2D 3 there is a vertex uo € U such that [N(up) N N(U)| < 2. If [N(up) N N(U)| =2, then
let Z ={zo}, where zo € N(U) is a neighbor of ug. If [N(up) N N(U)| <1, then let Z = {zo}, where zg is an arbitrary vertex
chosen from N(U). In each subcase, we have |Z| =1, [IN(U)| <w+ 1 and thus [%1 < fWT_W.

If w € {2, 3}, then

Zzﬂz{zj:2§j§|2|}

{ . PN(U)—Z|—1”
U2 {uo)2juj:0<j<|———"— L.

2
Since |N(ug) N (N(U) — Z)| <1 by the choices of ug and Z, (*) holds by Lemma 5.
If w =4, then
e(U —fuo}, N(U)) _ 2N(U) _2(w+1) 10 -4
|ul—1 “|uj-1- w-1 3

which implies that there is a vertex u; € U — {ug} such that [N(u1) N N(U)| < 3. Note that
zz@==zj:25js|2|}

2

Since [N(up) N (N(U) — Z)| <1 by the choices of up and Z, and |[N(u1) N (N(U) — Z)| < |N(uq) N N(U)| < 3, we conclude
that (+) holds by Lemma 5. O

UQ{Uo,U1}2{Uj30§j< IVM—H

From Theorems 6 and 7, we immediately deduce the following corollaries.

Corollary 8. If G has treewidth «w > 2, then

[297 4w -2, fAG)>4w+1;

=(G
Pt )§[3w—1, if A(G) < 4.
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Corollary 9. If G has treewidth w € {2, 3, 4} and K3 3 is not its topological minor, then

[2E7, if AG) = 6w —3;

P (G) <
P 3w—1, ifAG)<6w—4.
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