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Abstract A graph G is outer-1-planar with near-independent crossings if it can be
drawn in the plane so that all vertices are on the outer face and |M g (c;) NMg(c2)| < 1
for any two distinct crossings c1 and ¢; in G, where M (c) consists of the end-vertices
of the two crossed edges that generate c. In Zhang and Liu (Total coloring of pseudo-
outerplanar graphs, arXiv:1108.5009), it is showed that the total chromatic number of
every outer-1-planar graph with near-independent crossings and with maximum degree
atleast 5 is A + 1. In this paper we extend the result to maximum degree 4 by proving
that the total chromatic number of every outer-1-planar graph with near-independent
crossings and with maximum degree 4 is exactly 5.

Keywords Outerplanar graph - Outer-1-planar graph - Local structure - Total coloring

1 Introduction

Graph coloring is an important optimization problem with many applications in com-
puter science, such as frequency assignment in optical communication networks,
computation of Hessian matrix, and pattern matching. There are various kinds of
coloring, such as vertex coloring, edge coloring, total coloring, and so on.

A total coloring of a graph G is an assignment of colors to the vertices and edges of
G such that every pair of adjacent or incident elements receive different colors. A total
k-coloring of a graph G 1is a total coloring of G from a set of k colors. The minimum
positive integer k for which G has a total k-coloring, denoted by x”(G), is the rotal
chromatic number of G. It is easy to see that x”"(G) > A(G) + 1 for any graph G
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by looking at the color of a vertex with maximum degree and its incident edges. On
the other side, it is natural to look for a Brooks’-typed or Vizing-typed upper bound
for the total chromatic number in terms of maximum degree. However, it turns out
that the total coloring version of maximum degree upper bound is a difficult problem
and has eluded mathematicians for nearly 50 years. The most well-known speculation
is the total coloring conjecture, independently raised by Behzad (1965) and Vizing
(1968), which asserts that every graph of maximum degree A admits a total (A + 2)-
coloring. This conjecture remains open although many beautiful results concerning
it have been obtained (cf. Yap 1996). In particular, the total chromatic number of
outerplanar graphs has been determined completely by Zhang et al. (1988) and that of
series-parallel graphs has been determined completely by Wu and Hu (2004).

A graph is outer-1-planar (0lp) if it can be drawn in the plane such that all vertices
are in the outer face and each edge is crossed at most once, see Auer et al. (2016). For
example, K> 3 and K4 are outer-1-planar graphs.

Outer-1-planar graphs were first introduced by Eggleton (1986) who called them
outerplanar graphs with edge crossing number one, and were also investigated under
the notion of pseudo-outerplanar graphs by Zhang et al. (2012), who proved that the
edge chromatic number of every outer-1-planar graph with maximum degree A > 4
is A and the linear arboricity of every outer-1-planar graph with maximum degree
A > 5is [A/2]. Zhang and Liu [10] showed that the total chromatic number of
every outer-1-planar graph with maximum degree A > 5is A + 1, and this result was
recently generated to its list version by Zhang (2013).

A drawing of an outer-1-planar graph in the plane so that its outer-1-planarity is
satisfied and the number of crossings is as few as possible is an outer-1-plane graph,
and we call this drawing a good drawing. Note that every crossing in an outer-1-plane
graph G is generated by two mutually crossed chords, thus for every crossing c¢ there
exists a vertex set M (c) of size four, where Mg (c) consists of the end-vertices of the
two chords that generate c¢. For two distinct crossings c¢; and ¢; in an outer-1-plane
graph G, it is easy to check that |Mg(c1) N Mg(c2)| < 2 by the definition of the
outer-1-planarity.

A graph G is outer-1-planar with near-independent crossings (Nicop) if G is outer-
1-planar and |[Mg(c1) N Mg(c2)| < 1 for any two distinct crossings ¢ and ¢ in G.
We define outer-1-plane graph with near-independent crossings as a “good” drawing
of a Nicop graph. Note that every Nicop graph is olp, and on the other hand, Nicop
can also be seen as the combination of outerplanar and planar with near-independent
crossings that was introduced by Zhang (2014).

In this paper, we first investigate the local structures of Nicop graphs, and then prove
that every Nicop graph with maximum degree A > 4 has total chromatic number A+-1.

2 Preliminaries
From now on, when saying that a graph is Nicop we always mean that it is an outer-
1-plane graph with near-independent crossings.

Let G be a 2-connected Nicop graph. Denote by vy, ..., v|g| the vertices of G
with clockwise ordering on its boundary. Let V[v;, v;] = {v;, viy1,...,v;} and
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Fig. 1 Graphs defining co-crossed chords
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Fig. 2 The definitions of I-clusters and II-clusters

V(vi,vj) = Vv, vj]\{vi, v;}, where the subscripts are taken modulo |G]|. Set
VIvi, vi] = V(G) and V(v;, vi) = V(G)\{v;}.

A vertex set V[v;, vj] withi # jisnon-edgeif j =i+1andv;v; ¢ E(G),is path
if vgvr41 € E(G) foralli < k < j, and is subpath if j > i + 1 and some edges in
the form vivg4q fori < k < j are missing. An edge v;v; in Gisachordif j —i # 1
or 1 — |G|. By C[v;, vj], we denote the set of chords xy with x, y € V[v;, v;]. For
a vertex set V, G[V] denotes the subgraph of G induced by V. In any figure of this
paper, the degree of a solid (or hollow) vertex is exactly (or at least) the number of
edges that are incident with it, respectively. Moreover, solid vertices are distinct but
two hollow vertices may be identified unless stated otherwise, and the edges drawn as
crossed have to cross and the curving edges are chords.
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Fig. 3 Local structures in Nicop graphs with maximum degree at most 4

Let v;v; and vv; be two chords in a Nicop graph G so that v;v; crosses vyv; and
Vi, Vg, vj and vy liein aclockwise ordering. If v; vg, vkvj, vjv; € E(G),l—j = j—k =
k—i = 1and d(v) = d(vj) = 3, Or vjvg, VkVj, VjUr, UkVk+1, Vi1V € E(G),
l—j=k—i=1,j—k=2,d(vy) =d(vj) =4and d(viy1) = 2, then we call that
v;v; co-crosses vvy, and v; v}, viv; are co-crossed chords in G, see Fig. 1.

We call H a I-cluster in G if H is either a left I!-cluster, or a right Il-cluster, ora
left 1>-cluster, or a right I>~cluster, see Fig. 2. The II-cluster is defined similarly.

We use [vr, vg]; and [vr, vg]> to denote a I-cluster and II-cluster, respectively,
where L and R are the subscripts of the far left vertex and the far right vertex on the
boundary of G (see in a clockwise direction from left to right). The width of a cluster
in Fig. 2 is defined to be the value of |V[vr, vr]|. For example, the width of the left
I!-cluster [vj, viy3]1 inthe figureis (i +3) — j +1 =i — j +4, and the width of the
right I!-cluster [v;, v;j]; in the figure is j — i + 1. Of course, the final values should
be taken modulo by |G]|.

We now introduce some useful lemmas that are frequently used in the next sections.
From now on, when mentioning the configuration G; with I < i < 15 we always
refer to the corresponding picture in Fig. 3. Saying that G contains G;, we mean
that G contains a subgraph isomorphic to G; such that the degree in G of any solid
vertex in that picture is exactly the number of edges that are incident with it there. In
particular, saying that a good drawing of a Nicop graph G contains G 19, we also mean
that G contains a subgraph isomorphic to Gy with yw not being a chord (so yw is
not crossed).

Lemma 2.1 (Zhang et al. 2012) Let v; and v; be vertices of a 2-connected Nicop
graph G. If there are no crossed chords in Clv;, v;] and no edges between V(v;, v;)
and V(vj, v;), then V[v;, v;] is either non-edge or path.

Lemma 2.2 Let V[v;, v;] with j — i > 3 be path in a 2-connected Nicop graph G
with A(G) < 4. If there are no crossed chords in Clv;, v;] and no edges between
V(vi, v;) and V(vj, v;), then G contains G or G, as a subgraph.
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Proof If Clv;, v;\{viv;} = @, then d(v;11) = d(vi42) = 2 and G appears. If there
is at least one chord in C[v;, v;]\{v;v;}, then choose one, say v, v, with a < b, so
that there are no other chords in C[v,, vp]. By the absences of the configurations G|
and G, we have b —a = 2, d(vg+1) = 2 and d(v,), d(vp) > 4. Without loss of
generality, assume that b # j. Let v, be a vertex so that v, v, is a chord. If b < ¢, then
¢ —b =2andd(vp4+1) = 2, otherwise G| occurs. This implies the appearance of the
configuration G in G. If b > ¢, then a # i, which implies that there is a vertex vg so
that v, v, is a chord with d < a. Afterwards, a copy of G| occurs if a —d > 3, and
G, occurs if a — d = 2, in which case we have d(v,_1) = 2. O

Lemma 2.3 Let v;v; and vgv; withi < k < j < | be two crossed chords in a 2-
connected Nicop graph G with A(G) < 4 so that v;v; crosses viv; and there is no
other pair of crossed chords contained in the graph induced by V[v;, v;]. We have

(1) at most one of V[v;, vkl, V[vk, vl and V[v;, v/] is non-edge;

(2) if one of V[v;, vi], V[vk, vj] and V[v;, v/] is non-edge, then G has a subgraph
isomorphic to either G or G3;

() if all of V[vi, vil, VIvk, vj] and V[vj, v(] are paths, then either v;v; co-crosses
vy in G, or G has a subgraph isomorphic to one of the configurations among
G1, Ga, G4, G5 and Ge.

Proof The results (1) and (2) are proved in Zhang et al. (2012). We now prove (3).
Suppose that G is a counterexample. By Lemma 2.2, max{k —i, j —k,[ — j} < 2.
Set X = Clv;, vi/]\{v;v;, vrv;} and let x = | X|. Itis clear that x < 2since A(G) < 4.
Assume that v;v; does not co-cross vgv;. If x = 0, then G appears. If x = 1, then
G or G5 appears. If x = 2, then one of the configurations among G, G4 and Gg
appears. All are contradictions. O

3 Local structures

Let G be a 2-connected Nicop graph with A(G) < 4. If there are no crossings in G,
then G is outerplanar, and the following result is immediate.

Lemma 3.1 (Wang and Zhang 1999) If there are no crossings in G, then G contains
either G or G».

Suppose that G contains a crossing. Choose one pair of crossed chords v;v; and
v vy such that

(a) vjv; crosses viv; in G and v;, vk, v; and v; lie in a clockwise ordering,

(b) there are no crossed chords contained in C[v;, v;] besides v;v; and vv;.

Lemma 3.2 If chords v;v; and vy satisfy the conditions (a) and (b), then v;v; co-
crosses vxv; unless G contains one of the configurations among G1 — Ge.

Proof This follows directly from Lemmas 2.1 and 2.3. O

In the following arguments, we assume that G does not contain any of the config-
urations among G| — G1s.
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By Lemma 3.2, we assume, without loss of generality, that v;v; co-crosses v;v; in
G andi = 1. Since G7 — G g are absent, d(v;) = 4 and thus there is a chord v;vg with
s > 1.

Looking at the graph induced by V[v;, v;] and v;v,, we can find that it is a I-cluster
in G. If there is another I-cluster contained in the graph induced by V[v;, vg] with
shorter width, then we consider that instead of the previous one. Hence the following
assumption is natural.

Assumption 1 [v;, vg]; is the shortest I-cluster contained in the graph induced by
Vi, vs].

Claim 3.3 v;v; is a crossed chord.

Proof If vjvy is not crossed, then there are no edges between V (v, vy) and V(vy, vy).
If s —1 = 2, then d(v;4+1) = 2, which implies the appearance of G or Gy. If
s —1 > 3, then by Lemma 2.2, there is a pair of co-crossed chords v;:v; and v vy
withl < i’ <k’ < j' <l <s, otherwise G| or G; appears. Since A(G) < 4 and
G7— Gy are forbidden in G, i’ # [ and by Assumption 1, there is a chord v/v; with
I’ < t' < s.Since G is Nicop, there is no chord in the form vyvy with s’ > /. By
the absences of G7 — G, there is a chord vy vy with I’ < s’ < ¢/, which contradicts
Assumption 1. O

Suppose that v;v; is crossed by a chord v,v; with ! < r < s. Since G is a Nicop
graph, ¢t # i and thus ¢ > s. Note that the graph induced by V[v;, v;] and the chords
v Vs, Uy vy 1s a [I-cluster denoted by [v;, v¢]>. Again, the following assumption is nat-
ural.

Assumption 2 [v;, v;]> is the shortest II-cluster contained in the graph induced by
VIvi, v].

Claim 3.4 There are no crossed chords in Clvy, v,].

Proof Suppose that v,vp, crosses v.vg withl <a <c <b <d <r.ByLemma 2.2,
we can properly choose v, v, and v, v, so that one co-crosses the other. By Assumption
1, the fact that A(G) < 4 and the absences of G7 — G, there are chords v,vg and
vgvg With! < @ < a andd < B < r. This contradicts the definition of the Nicop. O

Claim3.5 r — [ =1.

Proof By Lemma 2.1 and Claim 3.4, V[v;, v,] is non-edge or path. If V[v;, v,] is
non-edge, then r — [ = 1. If V[v;, v,] is path, then by Lemma 2.2 and the absences of
Gi1and Gp, we alsohave r — [ = 1. 0

Claim 3.6 There are no crossed chords in Clv,, vg].

Proof Suppose that v,vj, crosses vevg withr < a < ¢ < b < d < s. By Lemma
2.2, we can assume that v,vp co-crosses v.vg. If @ = r, then d # s by the definition
of the Nicop. Since G7 — G are forbidden, there is a chord vgv, Withd < o <'s,
which contradicts Assumption 1. Hence a # r, and by similar reason, d # s. By
Assumption 1 and the absences of G7 — G, there are chords v,vg and vyv, With
r <a <aandd < B <s. This again contradicts the definition of the Nicop. |
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Claim 3.7 v,vs € E(G) and s — r < 2 with equality only if vjvy, Uy V41, Up41Vs €
E(G).

Proof By Lemma 2.1 and Claim 3.6, V[v,, vs] is non-edge or path.

If V[v,, vs] is non-edge, then v;v, € E(G), otherwise v, has degree one, contra-
dicting the 2-connectivity of G. This implies that v, has degree two, and thus G or
G 12 appears.

If V[v,, vs] is path, then Lemma 2.2, s —r < 2.If s — r = 1, then v, vy € E(G).
If s — r = 2, then the graph induced by v,, v+ and vy is a triangle, and moreover,
vvr € E(G), otherwise d(v,+1) = 2 and d(v,) < 3, which implies a copy of G;. O

Claim 3.8 There are no crossed chords in Clvy, v;].

Proof 1f this claim is false, then there is a pair of co-crossed chords v;v ;- and v vy
in Clvs, v,] with s < i’ < k' < j/ <1’ < t. By the absences of G7 — G 19, there are
chords vy vy and vyrvy with s” £ k', i” and ¢’ # j/, 1.

First, assume that!’ < s < r and, without loss of generality, that there are no chords
in the form vy vy with I’ < s” < s’. By Claim 3.3, vy vy is crossed. By Assumption
2, we have to assume that vy vy is crossed by a chord v, v, with I’ < m < s’ and
s < m' < i'. By the definition of the Nicop, m" # i’. This implies that m’ <’ < i/,
and then by Claim 3.3 and Assumption 2, vy vy is crossed by a chord incident with
vy, contradicting the definition of the Nicop.

Hence, if I’ # t,thens < s’ < ¢’ < i’. By Claim 3.3 and Assumption 2, vy vy
is crossed by a chord incident with v/, which contradicts the definition of the Nicop.
Therefore, I’ = ¢, and i’ = s by symmetry. However, the definition of the Nicop
declines this case. O

Claim 3.9 V[vs, v/]ispathandt —s < 2.

Proof By Lemma 2.1 and Claim 3.8, V[v;, v;] is either non-edge or path. Suppose
that V[vy, v;] is non-edge.

If s —r = 2, then by Claim 3.7, d(vs—1) = 2 and d(vs) = 3, which implies a copy
of Gy.

If s —r =1, then v,vy € E(G) by Claim 3.7. This implies that d(vs;) = 2 and
d(vy) < 3. Hence G appears, a contradiction.

Therefore, V[v;, v;] is path, and  — s < 2 by Lemma 2.2. O

Lemma 3.10 The graph induced by V|[v;, vi] contains one of the configurations
among G1 — G5, and furthermore, v; or v; cannot be the solid vertex of any such
configuration.

Proof If t — s = 1, then vgv; € E(G) by Claim 3.9. If s — r = 1 and v,vs € E(G),
then vjv, € E(G) by Claim 3.5, otherwise G| appears. This contradiction implies
that the graph induced by V[v;, v;] contains a copy of G4 or Gi5. Hence s —r = 2
and v, Vy41, Ur4+1s, U-Us € E(G) by Claim 3.7. Under this condition we have v;v, €
E(G) by Claim 3.5, otherwise G| appeas, a contradiction. This implies that the graph
induced by V[v;, v;] contains a copy of G13. Therefore, t — s = 2 by Claim 3.9. This
implies that d (vg4+1) = 2.
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If vsv; € E(G),thens —r = 1 and v,v; € E(G) by Claim 3.7, otherwise vg has
degree five, contradicting the fact that A(G) < 4. If vjv, ¢ E(G), then v, has degree
two and G3 appears. If vjv, € E(G), then the graph induced by V[v;, v;] is a copy of
G's. In each case we obtain contradictions. Hence vsv; ¢ E(G).

If s —r = 1, then by Claim 3.7, v, vy € E(G). This implies that vs has degree three
and thus G| appears. Hence s — r = 2.

By Claim 3.7, v, vy41, vs induce a triangle with d(v,4+1) = 2. Now the graph
induced by V[v,, v;] is a copy of G4, a contradiction.

At last, one can check that the proofs of any claims or lemmas in the previous
arguments grantee that v; or v; is not a solid vertex in such configuration. O

Theorem 3.11 Every Nicop graph with minimum degree at least 2 and with maximum
degree at most 4 contains one of the configurations among G| — G1s.

Proof Let G be a Nicop graph with maximum degree at most 4. If G is 2-connected,
then this result holds by Lemma 3.10. Hence we assume that G is not 2-connected
and is a counterexample to the result.

Choose an end-block H of G with an unique cut vertex, say vy, and let vy, ..., vy
be the vertices of H with clockwise ordering on its boundary.

Suppose that there is a pair of crossed chords v;v; and v v; so that v;, vg, v; and vy
lie in a clockwise ordering. Without loss of generality, assumethat 1 <i <k < j < L.

If there is another pair of crossed chords vy v; and vpvy with i’ < k' < j' < I’
contained in C[v;, v/], then set i :=i’, j := j’,k := k’ and [ := I’. In other words,
we always assume that there are no crossed chords contained in C[v;, v;] besides v;v;
and vgv;. Hence by Lemma 3.2, v;v; co-crosses viv;.

By the absences of G7 — G, there are chords v;vs and v;v, with s # k,i and
t # j, 1. By the definition of Nicop, v;vs does not cross v; vy, thus either vy ¢ V(v;, vg)
or vi ¢ V(vy, v;). By symmetry, we assume, without loss of generality, that v; ¢
V(v vy).

If s # 1, then by Claim 3.3, vjvs is crossed by a chord v,v; with [ < r < s,
otherwise the graph induced by V[v;, vs] (and thus G) contains one of the required
configurations. By Lemma 3.10, r > 1, because otherwise the graph induced by
V[vi, v;] (and thus G) contains one of the required configurations. This implies that
1 <m < i.By Claim 3.3, v;v, is crossed by a chord vyv, withg <m < p < i.
Since t > 1, ¢ > 1, which implies that v; ¢ V(v,, v;). Hence by Lemma 3.10, the
graph induced by V[v,, v7] (and thus G) contains one of the required configurations.

Therefore, s = 1, which implies that v ¢ V(v,,, v;). Hence by similar arguments
as previous paragraph, we also have m = 1. This implies that v; vy is not crossed, and
thus by the proof of Claim 3.3, the graph induced by V[v;, vs] (and thus G) contains
one of the required configurations.

Hence, H is outerplanar.

If H contains no chords, then G contains two adjacent 2-valent vertices, a contra-
diction.

Let v;v; with 1 < i < j be a chord so that it is the unique chord in C[v;, v;]. It
is easy to see that j —i = 2 and d(vj+1) = 2, because otherwise G contains two
adjacent 2-valent vertices. By the absence of G1, there are chords v; vy and v;v;. Since
H is outerplanar, either vy ¢ V(v;, v,) or vy ¢ V(vs, v;).
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Without loss of generality, assume that v; ¢ V(v;, v;). By same reason as above,
we have r — j =2 and d(vj+1) = 2. This implies a copy of G in the graph induced
by V[v;, v;], a contradiction, and this completes the proof of the theorem. |

In what follows, we list some important facts that are frequently used in the argu-
ments of the next section.

Fact 1 Deleting edges or vertices from a Nicop graph results in a Nicop graph.
Proof This is obvious by the definition of the Nicop. O

Fact 2 If G is a Nicop graph with uv ¢ E(G) and G + uv is an outer-1-plane graph
so that uv is non-crossed, then G + uv is a Nicop graph.

Proof Since this operation does not generate new crossings and Mg (¢) = MG+, (c)
for any crossing c in G, G 4 uv is a Nicop graph. O

Fact 3 If G is good drawing of a Nicop graph with maximum degree 4 and G contains
the configuration G, then the graph obtained from G by deleting u, v and identifying
x and y is still a Nicop graph.

Proof 1f d(x) = 3, then the conclusion is obvious. Hence we assume that d(x) = 4
and let z be the fourth neighbor of x.

Let G’ be the graph obtained from G by deleting u, v and identifying x and y into
a common vertex xy. It is clear that this operation do not generate new crossings and
thus G’ is outer-1-planar. One can also check that x, has degree exactly two in G,
and x,w is a non-crossed edge in G’ by the definition of the configuration G (recall
its definition mentioned before Lemma 2.1).

If x,zisnotcrossedin G', then for any crossing ¢ in G, we have x, ¢ M (c), which
implies that M/ (c) = Mg (c). Hence |Mg/ (c1)NMg(c2)| = [Mg(c1)NMg(c2)] <1
for any two distinct crossings ¢y and ¢; in G’, and thus G’ is a Nicop graph.

If xyz is crossed in G’, then Xy € Mg (co), where ¢ is the crossing on xyz. Let ¢;
and ¢ be two distinct crossings in G’. If ¢; # ¢o and ¢ # o, then xy & Mg/ (c1) and
Xy ¢ Mg (c2), which implies that |Mg:(c1) N Mg (c2)| = [Mg(c1) N Mg(c2)| < 1.
If ¢ = ¢, then we also have |Mg/(c1) N Mgr(c2)| < 1. Otherwise, we assume that
Mg (co) N Mgi(c2) = {s1,s2}. Since x, € Mg/ (co) and xy, ¢ Mg/ (c2), we have
{s1, 52} € V(G)\{u, v, x, y}. This implies that [Mg(c1) N Mg (c2)| = |{s1, s2}| = 2,
a contradiction. O

4 Total coloring

Let G be a Nicop graph with maximum degree at most 4 satisfying:

(1) G does not admit any total 5-coloring, and

(2) any Nicop graph H with maximum degree at most 4 and with smaller order or
size than G has a total 5-coloring.

It is easy to see that G is 2-connected.

Lemma 4.1 G does not contain a 2-valent vertex adjacent to a 3-valent vertex.
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Proof Suppose, to the contrary, that uv € E(G),d(u) = 2 and d(v) < 3. By Fact 1
and (2), G — uv has a total 5-coloring.

Delete the color on u and denote the resulting partial coloring by c. Since uv is
incident with at most four colored elements under ¢, uv can be colored properly.
Since u is incident with four colored elements after coloring uv, u can also be colored
properly. Therefore, we obtain a total 5-coloring of G, a contradiction. O

Lemma 4.2 G does not contain a cycle of length 4 with two nonadjacent vertices of
degree 2.

Proof Suppose, to the contrary, that there is a cycle uxvy of length four with d(u) =
d(v) = 2. By Fact 1 and (2), G — {u, v} has a total 5-coloring c.

Since every edge in the cycle is incident with at most three colors, there are at
least two available colors for each of them, which is sufficient for coloring the edges
of the cycle uxvy. At last, we color u and v properly. This can be easily done since
d(u) = dWw) = 2 and uv ¢ E(G). Therefore, we obtain a total 5-coloring of G, a
contradiction. O

Lemma 4.3 G does not contain a triangle uvw with d(v) = 2 and u adjacent to a
vertex x of degree 2.

Proof Suppose, to the contrary, that there is a triangle uvw with d(v) = 2 and u
adjacent to a vertex x of degree 2. By Lemma 4.1, d(u) = d(w) = 4. Let y and z
be vertices with uy, xz € E(G). By Fact 1 and (2), G — ux has a total 5-coloring.
Remove the colors on x and v, and denote the resulting partial coloring by c.
If{c(u), c(uv), c(uw), c(uy), c(xz)} C {1, 2, 3, 4, 5}, then ux can be colored prop-
erly and afterwards, x and v can be colored since d(x) = d(v) = 2. Therefore, we
assume, without loss of generality, that c(u) = 1, c(uv) = 2, c(uw) = 3, c(uy) =4
and c(xz) = 5.1f c(vw) # 5, thenrecolor uv with 5 and color ux with 2. If c(vw) = 5,
then exchange the colors on vw and uw, and color ux with 3. In each case we obtain
a total 5-coloring of G after coloring x and v properly, which can be easily done since
dx) =dw) =2. O

We now consider the configurations .4 and B represented by G7 and Gg without
the degree constraints.

Lemma 4.4 [f G contains A, then xy ¢ E(G).

Proof Suppose that G contains A and xy € E(G). By the 2-connectivity of G,
d(x) = d(y) = 4, otherwise G is the graph induced by A. At this stage, we obtain
a total 5-coloring of G by coloring x, vy, uw with 1, u, vw, xy with 2, w, y, uv with
3, v, ux with 4, and xv, uy with 5. Let x” and y’ be the fourth neighbor of x and y,
respectively. If x” = y/, then G is the graph induced by u, v, w, x, y and x’ by the
2-connectivity of G. We color x, vy, uw with 1, u, x’, vw, xy with 2, w, y, uv, xx’
with 3, v, ux, yx’ with 4, and xv, uy with 5, and get a total 5-coloring of G. Hence in
the following we assume that x” # y’.

Let G’ be the graph obtained from G by deleting w. By Fact 1 and (2), G’ admits
a total 5-coloring c. Without loss of generality, assume that c(x) = 1, c¢(y) = 2 and
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c(xy) = 3.If c(xx’) = c(yy’), then one can easily check that G’ cannot be properly
totally colored with only five colors, a contradiction. Hence c(xx’) # c(yy’). We
erase the colors on u, v and on its incident edges from ¢, and extend this partial total
5-coloring to G according to the following three cases.

If c(xx1) = ¢(y) = 2 and ¢(yy;) = c(x) = 1, then recolor y with a color in
{4, 5)\{c(y")}, say 4. Next, we construct a total 5-coloring of G by coloring w, uv
with 1, u, vy with 2, v, uw with 3, vw, ux with 4, and uy, vx with 5.

If c(xx1) = c¢(y) = 2 and c(yy1) # c(x) (here assume that c(yy;) = 4), then we
construct a total 5-coloring of G by coloring uw, vy with 1, w, uv with 2, u, vw with
3, v, ux with 4, and uy, vx with 5.

Ifc(xx1) # c(y)and c(yy1) # c(x) (here assume thatc(xx;) = 4andc(yy;) = 95),
then we construct a total 5-coloring of G by coloring vw, uy with 1, uw, vx with 2,
w, uv with 3, u, vy with 4, and v, ux with 5.

Hence xy ¢ E(G) if G contains .A. O

Corollary 4.5 G does not contain any of the configurations among G| — G4 and Go.
Proof This is a direct corollary from Lemmas 4.1, 4.2, 4.3 and 4.4. |
Lemma 4.6 If G contains A or B, then d(x) = d(y) =4

Proof Suppose that G contains .4 and d(x) < 3. By the 2-connectivity of G, we shall
assume that d(x) = 3. Otherwise G is isomorphic to the graph induced by u, v, w, x
and y, and this graph is totally 5-colorable, since it is just the graph obtained from K5
by removing two adjacent edges. Without loss of generality, assume that d(y) = 4.
Let x1, y1, y2 be vertices with xx1, yy1, yy2 € E(G). Delete u, v, w from G and add
anew edge xy. By Fact 1, Fact 2 and (2), the resulting graph G’ has a total 5-coloring
c. Without loss of generality, assume that c(x) = 1, ¢(y) = 2 and c(xy) = 5.

Ifc(xx1) =2and 1 € {c(yy1, c(yy2))} (here assume that c(yy;) = 1 and c(yy>) =
3), then recolor x with a color in {4, 5}\{c(x1)}, say 4, and then extend this updated
partial coloring to a total 5-coloring of G by coloring u, xv with 1, w, uv with 2, v, uw
with 3, vw, uy with 4, and ux, vy with 5.

Ifc(xx;) =2and 1 ¢ {c(yy1, c(yy2))} (here assume that c(yy;) = 3 and c(yy2) =
4), then extend c to a total 5-coloring of G by coloring vw, uy with 1, w, uv with 2,
u, xv with 3, v, yw with 4, and ux, vy with 5.

Ifc(xx;) Z#2and 1 € {c(yy1, c(yy2))} (here assume that c(xx1) = 3and c(yy;) =
1), then extend c to a total 5-coloring of G by coloring w, uv with 1, vw, ux with 2,
v, uw with c(yy2), u, vy with {3, 4]\ {c(yy2)}, and vx, uy with 5. Note that c(yy;) €
{3, 4}.

Ifc(xx;) #2and 1 ¢ {c(yy1, c(yy2))} (here assume that c(xx1) = c(yy1) =3
and c(yy2) = 4), then extend c to a total 5-coloring of G by coloring vw, uy with 1,
w, uv with 2, v, uw with 3, u, xv with 4, and ux, vy with 5.

Hence d(x) = 4,and d(y) = 4 by symmetry. By similar arguments, the same result
hold if G contains B. O

Lemma 4.7 [f G contains A or B, then the neighbors of x and y have degrees at least
3.
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Proof By Lemma 4.6, d(x) = d(y) = 4. Let x1,x2,y1, y2 be vertices with
XX1,XxXx2, y¥1, yy2 € E(G). Suppose, to the contrary, that G contains A with
d(x1) = 2. Let x3 be a vertex with x1x3 € E(G).

Delete u, v from G and add three new edges xy, wx and wy. It is easy to check
by Facts 1 and 2 that the resulting graph G’ is a Nicop graph with maximum degree
at most 4, and thus by (2), G’ admits a total 5-coloring c¢. Without loss of generality,
assume that c(yy1) = 1, c(yy2) =2, c(y) =3 and c(xy) = 5.

First, suppose that the color on x is either 1 or 2, say 1.

If 3 € {c(xx1),c(xx2)}, then 2 ¢ {c(xx1), c(xx2)}, otherwise wx and wy are
colored with 4, a contradiction. Therefore, we assume that c(xx;) = 3and c(xxp) = 4.
Remove the color on x; (which can be easily completed at the last stage) and recolor
xx1 withacolorin {2, 5}\{c(x1x3)}. Denote the resulting coloring still by c¢. We extend
c to a total 5-coloring of G by coloring w, uv with 1, vw with 2, uw, xv with 3, v, uy
with 4, vy with 5, u with ¢(xx1), and ux with {2, 5}\{c(xx1)}.

If 3 ¢ {c(xx1), c(xx2)}, then {c(xx1), c(xx2)} = {2, 4}, and ¢ can be extended to
a total 5-coloring of G by coloring w, uv with 1, u, vw with 2, uw, xv with 3, v, uy
with 4, and ux, vy with 5.

Second, suppose that the color on x is neither 1 nor 2. This implies that c(x) = 4
and {c(xx1), c(xx2)} N {1, 2} # . By symmetry, assume that c(xx;) = 1.

If c(xx3) = 3, then extend c to a total 5-coloring of G by coloring v, uw with 1,
u, xv with 2, w, uv with 3, vw, uy with 4, and ux, vy with 5.

If c(xx2) # 3, then c(xxz) = 2. Remove the color on x; (which can be easily
completed at the last stage) and recolor xx; with a color in {3, 5}\{c(x1x3)}. Denote
the resulting partial coloring still by c. If c(xx;) = 3, then extend c to a total 5-coloring
of G by coloring v, ux with 1, u, vw with 2, w, uv with 3, uw, vy with 4, and xv, uy
with 5. If c(xx1) = 5, then extend c to a total 5-coloring of G by coloring v, ux with
1, w, uv with 2, yw, xv with 3, vw, uy with 4, and u, vy with 5.

Therefore, d(x1) > 3, and by symmetry, d(x2), d(y1), d(y2) > 3. This implies that
the neighbors of x and y have degree at least 3. By similar arguments as above, one
can prove the same result if G contains B. O

Corollary 4.8 G does not contain any of the configurations among G7, Gg, G11 and
Gio.

Proof This is a direct corollary from Lemmas 4.6 and 4.7. O
Lemma 4.9 G does not contain the configuration Ge.

Proof Suppose this claim is false. If xy € E(G) or min{d(x), d(y)} = 3, then by the
2-connectivity of G, G is isomorphic to the graph induced by x, z, u, v, w and y. At
this stage, we get a total 5-coloring of G by coloring z, w, ux, vy with 1, y, uv, xz
with 2, v, uz with 3, u, vx, wy with 4, x, vw, uy with 5, and xy with 3 if it exists, a
contradiction. Hence xy ¢ E(G) and d(x) = d(y) = 4.

Let x1, y; be the vertices with xxq, yy; € E(G). If x; = yj, then by the 2-
connectivity of G, G is isomorphic to he graph induced by x, z, u, v, w, y and x;.
However, we can obtain a total 5-coloring of this special graph by coloring x, uv, yxi
with 1, y, uz, vw, xx1 with 2, v, xz, uy with 3, z, w, ux, vy with 4, u, x1, vx, wy with
5, a contradiction. Hence x| # y;.
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Delete z, u, v, w from G and add a new edge xy. It is easy to check by Facts
1 and 2 that the resulting graph is a Nicop graph with maximum degree at most 4.
Hence by (2), G’ admits a total 5-coloring c. Without loss of generality, assume that
c(x)=1,c(y) =2and c(xy) = 3.

If c(xx1) = c¢(y) =2 and c(yy;) = c(x) = 1, then we construct a total 5-coloring
of G by coloring uv with 1, uz, vw with 2, v, xz, uy with 3, z, w, ux, vy with 4,
u, vx, wy with 5.

If c(xx1) = c¢(y) = 2 and c(yy1) # c(x) (here assume that c(yy;) = 4), then we
construct a total 5-coloring of G by coloring u, w, vy with 1, uv with 2, xz, vw, uy
with 3, v, z, ux with 4, and uz, wy, vx with 5.

If c(xx1) # c(y) and c(yy1) # c(x), then we consider two subcases. First, if
c(xx1) # c(yyr) (here assume that c(xx1) = 4 and c¢(yy;) = 5), then we construct a
total 5-coloring of G by coloring w, uz, vy with 1, xz, uv with 2, u, vx, wy with 3,
vw, uy with4, and v, z, ux with 5. Second, if c(xx1) = c(yy1) = 4, then we construct
a total 5-coloring of G by coloring vw, uy with 1, uv, xz with 2, z, w, ux, vy with 3,
v, uz with 4, and u, vx, wy with 5. O

Lemma 4.10 G does not contain the configuration Gs.

Proof Suppose this claim is false. If xy € E(G), or d(y) = 3, or d(x) = 2, then by
the 2-connectivity of G, G is isomorphic to the graph induced by u, v, w, x and y. At
this stage, we get a total 5-coloring of G by coloring w, ux, vy with 1, y, uv with 2, v
with 3, u, vx, wy with 4, x, vw, uy with 5, and xy with 3 if it exists, a contradiction.
Hence xy ¢ E(G),d(y) =4and2 <d(x) < 3.

If d(x) = 3, then by highly similar arguments as in the proof of Lemma 4.9, one
can obtain a total 5-coloring of G, a contradiction. Hence we have d(x) = 4. Let
X1, X2, y1 be the vertices with xx1, xx3, yy; € E(G).

Delete u, v, w from G and add a new edge xy. By Fact 1, Fact 2 and (2), the
resulting graph G’ has a total 5-coloring c. Without loss of generality, assume that
c(xx1) =1,c(xx2) =2,c(x) =3 and c(xy) = 5.

First, suppose that the color on y is either 1 or 2, say 1. We first extend ¢ to a
partial coloring ¢’ of G by coloring u, vw with 1, v with 2, uv with 3, xv with 4, and
xu, vy, w with 5. Afterwards, extend ¢’ to a total 5-coloring of G by coloring wy, uy
with 3,4 if c(yy;) = 2,2,4if c(yy1) = 3, and 3, 2 if c(yy;) = 4, respectively.

Second, suppose that the color on y is neither 1 nor 2. This implies that c(y) = 4.
We first extend ¢ to a partial coloring ¢’ of G by coloring uy, vw with 2, w with 3,
u, xv with 4, and v, xu, wy with 5. Afterwards, extend ¢’ to a total 5-coloring of G
by coloring uv, vy with 1, 3 if c(yy;) = 1, and 3, 1 if c(yy;) = 3, respectively. O

Lemma 4.11 G does not contain the configuration G .

Proof Suppose, to the contrary, that G contains Gyg. If d(x) = 3, then w is a cut-
vertex or a vertex of degree one, which contradicts the fact that G is 2-connected.
Hence d(x) = 4. By z, we denote the fourth neighbor of x in G. If z = w, then by the
2-connectivity of G, G is isomorphic to the the graph derived from Ks by removing
two adjacent edges, which admits a total 5-coloring. Hence z # w. Delete u, v from
G and identify x with y. By G’ and x, we denote the resulting graph and the common
vertex in G’ indicating x or y. By Fact 3 and (2), G’ admits a total 5-coloring c.
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Without loss of generality, assume that c(xy) = 1, c(xyz) = 2 and c(xyw) = 3.
Remove the color on x,. We now extend this partial coloring to a total 5-coloring of G
as follows. First, color x with 1, and y with a color in {4, 5}\{c(w)}, say 4. Afterwards,
we color uy with 1, u, vy with 2, v, ux with 3, vx with 4, and uv, xy with 5. This
results in a total 5-coloring of G, a contradiction. O

Lemma 4.12 G does not contain any of the configurations among G 13, G14 and G 15.

Proof We just prove that G does not contain G 13 by contradiction, since another two
results can be obtained by highly similar arguments. By the definition of the Nicop,
x # x'. By Lemma 4.6, d(x) = d(x") = 4.

If xx’ € E(G), then let x| and x| be the vertices with xx1, x'x] € E(G). Construct
a graph G’ from G by deleting u, v, w, u’, v/, w" and y. One can easily check by Fact
1 that the resulting graph G is a Nicop graph with maximum degree at most 4. Hence
by (2), G’ has a total 5-coloring c.

Without loss of generality, assume that c(x) = 1, c(x’) = 2 and c(xx’) = 3. We
extend this partial total 5-coloring to G according to the following cases.

If c(xx1) = c(x’) = 2and c(x'x]) = c(x) = 1, then we construct a total 5-coloring
of G by coloring w, w’, uv, u’v’ with 1, u, vw, u’y, v'w’ with 2, v, ', uw, v’y with
3, v, ux, vy, u'x’ with 4, and uy, vx, v'x’, u'w’ with 5.

If c(xx1) = c(x’) = 2 and c(x'x]) # c(x) (here assume that c(x'x]) = 4), then we
construct a total 5-coloring of G by coloring w, uv, u'w’, v'x’ with 1, u, vw, v'w’, u’y
with 2, v, u/, uw, v'y with 3, w’, ux, vy, u’'v’ with 4, and v/, vx, uy, u’x’ with 5.

If c(xx1) # c(x’) and c¢(x'x]) # c(x), then we consider two subcases. First, if
c(xx1) # c(x'x}) (here assume that c(xx1) = 4 and ¢(x"x]) = 5), then we construct
a total 5-coloring of G by coloring w, uv, u'w’, v'x’ with 1, w’, ux, vy, u’v’ with 2,
v, v, uw, u’y with 3, u, vw, v'y, u’'x’ with 4, and u’, vx, uy, v'w’ with 5. Second,
if c(xx1) = c(x’ x{) = 4, then we construct a total 5-coloring of G by coloring
w, uv, u'w’, v'x" with 1, w’, ux, vy, u’v' with 2, v, v, uw, u’y with 3, u, u’, vw, v'y,
with 4, and vx, uy, v'w’, u’x’ with 5.

Hence we assume that xx’ ¢ E(G).

Let x1, x2, x|, x5 be vertices with xx1, xx2, x'x{, x'x) € E(G). Delete u, v, w, u’,
v/, w’ from G and add three new edges yx, yx’ and xx’. It is easy to check by Facts
1 and 2 that the resulting graph G is a Nicop graph with maximum degree at most 4,
hence by (2), G’ admits a total 5-coloring c¢. Without loss of generality, assume that
c(x'x)) =1, c(x'x)) =2, ¢(x') =3 and c(xx) = 5.

First, suppose that the color on x is either 1 or 2, say 1.

If 3 € {c(xx1),c(xxp)}, then 2 ¢ {c(xx1),c(xxp)}, otherwise xy and x'y
are colored with 4, a contradiction. Therefore, we assume that ¢(xx;) = 3 and
c(xxz) = 4. Extend ¢ to a total 5-coloring of G by coloring w, w’, y, uv, u’v’
with 1, u’, ux, vy, v'w’ with 2, u, vw, u’w’, v'y with 3, v, uw, u’y, v'x" with 4, and
v/, uy, vx, u'x’ with 5.

If 3 ¢ {c(xx1),c(xxp)}, then {c(xx1),c(xx2)} = {2,4}, and extend ¢ to a
total 5-coloring of G by coloring w, w’, y, uv, u’v’ with 1, u, u’, vy, v'w’ with 2,
ux, vw, u'w’, v’y with 3, v, uw, u’y’, v'x’ with 4, and v, uy, vx, u’'x’ with 5.
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Second, suppose that the color on x is neither 1 nor 2. This implies that c(x) = 4
and {c(xx1), c(xx2)} N {1, 2} # @. By symmetry, assume that c(xx;) = 1, and thus
c(xxp) € {2, 3}.

If ¢(xx3) = 2, then extend c to a total 5-coloring of G by coloring u, v', vw, u’y
with 1, v, u/, uw, v’y with 2, w’, ux, vy, u'v’ with 3, w, uv, v'w’, u’x’ with 4, and
vx, uy, u'w’, v'x’ with 5.

If c(xx2) = 3, then extend c to a total 5-coloring of G by coloring u, v, vw, u’y
with 1, v, u’, ux, v’y with 2, w’, uw, vy, u’v’ with 3, w, uv, v'w’, u’x’ with 4, and
vx, uy, u'w’, v'x’ with 5. O

Theorem 4.13 Every Nicop graph withmaximum degree at most 4 is total 5-colorable.

Proof Let G be aminimum counterexample to this claim in terms of |V (G) |+ | E(G)].
By Corollaries 4.5 and 4.8, and Lemmas 4.9, 4.10, 4.11 and 4.12, G does not contain
any configurations among G| — G15. This contradicts Theorem 3.11. O

Corollary 4.14 If G is a Nicop graph with maximum degree A > 4, then x"(G) =
A+ 1

Proof Zhang’s result in [10] implies this claim for the case when A > 5, and Theorem
4.13 implies this for the case when A = 4. O

Since K4 is a Nicop graph with maximum degree 3 and total chromatic number 5,
the lower bound for A in Corollary 4.14 is sharp.
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