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Abstract A graph is 1-toroidal, if it can be embedded in the torus so that each edge is crossed
by at most one other edge. In this paper, it is proved that every 1-toroidal graph with maximum
degree A > 10 is of class one in terms of edge coloring. Meanwhile, we show that there exist class two
1-toroidal graphs with maximum degree A for each A < 8.
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1 Introduction

All graphs considered in this paper are finite, simple and undirected. By V(G), E(G), §(G) and
A(G), we denote the vertex set, the edge set, the minimum degree and the maximum degree
of a graph G, respectively. By Ng(v) and dg(v), we denote the set of neighbors of v and the
degree of v in G, respectively. For a vertex set S C V(G), let Ng(S) = U,cg Na(v). For
a plane graph G, F(G) denotes its face set and dg(f) denotes the degree of a face f in G.
Throughout this paper, a k-, k™- and k~-vertex (resp. face) is a vertex (resp. face) of degree k,
at least k and at most k, respectively. We say that u is a k-neighbor of v in G if wv € E(QG)
and dg(u) = k. Any undefined notation follows that of Bondy and Murty [1].

A proper edge coloring of a graph is an assignment of colors to the edges of the graph so that
no two adjacent edges receive the same color. The smallest number of colors needed in a proper
edge coloring of a graph G is the edge chromatic number, denoted by x'(G). A well-known
theorem of Vizing states that A(G) < x/(G) < A(G) + 1 for every simple graph G. By this
way, we can divide all simple graphs into two classes: a graph G is of class one if x'(G) = A(G),
and is of class two if x'(G) = A(G) + 1. Consequently, a major question in the area of edge
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colorings is to determine which of these two classes a given graph belongs. For a planar graph
G, it is proved that G is of class one provided that A(G) > 7 (see [13, 16]) and G can be of
class two if A(G) <5 (see [14]). In this paper, we focus on non-planar graphs.

A graph G is 1-embedded in a surface if it can be drawn in the surface so that each edge is
crossed by at most one other edge. In particular, a graph G is 1-planar if it can be 1-embedded
in the plane and is 1-toroidal if it can be 1-embedded in the torus. Usually, it is assumed that G
is non-planar here and elsewhere. The notion of 1-planar graphs was introduced by Ringel [12]
while trying to simultaneously color the vertices and faces of a plane graph G such that any pair
of adjacent/incident elements receive different colors. The structure and coloring of 1-planar
graphs have been extensively studied by many authors including [2-10, 17-26]. In particular,
Zhang and Wu [21] proved the following theorem.

Theorem 1.1 FEvery 1-planar graph with mazimum degree at least 10 is of class one.

In this paper, we aim to extend Theorem 1.1 to the following theorem. Note that every

1-planar graph is 1-toroidal.
Theorem 1.2 Every 1-toroidal graph with mazimum degree at least 10 is of class one.

Throughout this paper, for any 1-toroidal graph G, we always assume that G has already
been embedded in a torus such that every edge is crossed by at most one other edge and the
number of crossings is as small as possible. We call such an embedding of G 1-torus graph. The
associated torus graph G* of a 1-torus graph G is the graph obtained from G by turning all
crossings of G into new 4-vertices. A vertex in G* is false if it is a new added vertex and is
true otherwise. We call a face in G* false or true according to whether it is incident with a

false vertex or not.

2 Proof of Theorem 1.2
For our purpose, the following lemma of Zhang and Wu is a useful starting point.

Lemma 2.1 ([21]) If G is a 1-torus graph and G* is the associated torus graph of G, then
the following hold:

(1) For any two false vertices v and v in G*, uv ¢ E(G*).

(2) If there is a 3-face uvwu in G* such that dg(v) = 2, then w and w are both true vertices.

(3) If dg(u) = 3 and v is a false vertex in G*, then either uv & E(G™) or uv is not incident
with two 3-faces.

(4) If a 3-vertex v in G is incident with two 3-faces and adjacent to two false vertices in
G*, then v is incident with a 5" -face.

(5) For any 4-vertex u in G, u is incident with at most three false 3-faces.

(6) For any k-vertez u in G, where k > 5, u is incident with at most 2| % | false 3-faces.

Here it should be remarked that the corresponding lemma in [21] is proved for 1-plane
graphs, but the proofs are also available for 1-torus graphs.

A graph G is critical if it is connected, of class two and x'(G — e) < x/(G) for every edge
e € E(G). A critical graph with maximum degree A is a A-critical graph. The following four

lemmas on the structures of A-critical graphs play important roles in our proof of Theorem 1.2.
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In particular, Lemma 2.2 is well known as Vizing’s adjacency lemma, which will be cited as
VAL throughout this section.

Lemma 2.2 ([15]) Let G be a A-critical graph. If v and w are adjacent vertices of G and
dg(v) =k, then

(1) if k < A, then w is adjacent to at least (A —k + 1) A-vertices;

(2) if k = A, then w is adjacent to at least two A-vertices.

Lemma 2.3 ([16]) Let G be a A-critical graph. If xzy € E(G) and dg(x) + da(y) = A + 2,
then

(1) every vertex of Na(Ng(z,y))\{z,y} is of degree at least A — 1;

(2) if dg(x),da(y) < A, then every vertex of Ng(Na(z,y))\{z,y} is a A-vertez.

Lemma 2.4 ([11]) Let G be a A-critical graph with A > 5. If x is a 3-vertex in G, then there

are at least two A-vertices in Ng(x) that are not adjacent to any (A — 2)~ -vertices except x.

Lemma 2.5 ([11]) Let G be a A-critical graph with A > 6 and let x be a 4-vertex. If x is not
adjacent to any (A — 2)-vertex and one of the neighbors y of x is adjacent to dg(y) — (A — 3)

(A —2)~ -vertices, then each of the other three neighbors of x is adjacent to only one (A —2)~-

vertex, which is x.

Let G be a counterexample to Theorem 1.2 with the smallest number of edges. One can
observe that G is A-critical and §(G) > 2. For a vertex v in G, denote the degree of the
neighbors of v in G as §1(v) < d2(v) < -+ < d4,(0)(v). In what follows, we process by the
discharging method.

First of all, we assign an initial charge c(v) = dg(v) —4 to every vertex v € V(G) and ¢(f) =
dgx (f) — 4 to every face f € F(G*). By Euler’s formula |V(G*)| — |E(G*)|+ |F(G*)| =0 on
the torus graph G* and by the fact that ¢(v) = 0 for every v € V(G*)\V(G), one can easily
deduce that

Yo da)= ) (del) =D+ D (dex(f) —4)

z€V(G)UF(GX) veV(QG) fEF(GX)
= Y dex() =4+ Y (dax(f)—4)
veEV(GX) fEF(GX)
=0.

Whereafter, we define discharging rules that only move charge around but do not affect the
total charges. Let ¢’ be the final charge function on the vertices and faces after discharging.
We first prove that ¢/(x) > 0 for every x € V(G) U F(G*), and then show that there exists
a vertex v € V(G) with ¢/(v) > 0. Therefore, we would get 0 = 3>° v (UG c(T) =
2 zev(cur(gx) € () > 0, a contradiction completing the proof.

Based on the discharging procedure described as above, the proof of Theorem 1.1 (see [21,
pp. 126-128]) actually implies that every 1-toroidal graph with maximum degree at least 11 is
of class one*. Therefore, we only need consider a single case A = 10 in this section.

The discharging rules are defined as follows.

*In that paper, the authors proved the nonnegativity of every vertex and face, and in particular, they proved
that the final charge of every A-vertex is at least (A — 10)/2.
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R1 If v is a 2-vertex in G and uwv € E(G), then v receives ) from u and receives 118 from
each of the vertices in Ng(u)\{v} through w.

R2 If v is a 3-vertex and u is a 10-neighbor of v in G so that u is not adjacent to any
8 -vertices in G except v, then v receives i from wu.

R3 Let v be a 4-vertex in G and let vy, va, v3, v4 be neighbors of v in G so that dg(vy) <
da(v2) < da(vs) < dg(va).

R3.1 If dg(v1) = 8, then v receives % from each of vy, v3 and vy.

3

R3.2 If dg(v1) > 9 and vy is adjacent to exactly three 8 -vertices in G, then v receives 3

from each of v1,v9 and receives i from vs3.

R3.3 If dg(v1) > 9 and any 10-neighbor of v is adjacent to at most two 8 -vertices in G,
then v receives g from each of the neighbors of v in G.

R4 If v is a 5-vertex in G, then v receives é from each of the neighbors of v in G.

R5 Let v be a 6-vertex in G and let vy, vs,v3,v4, 05,06 be neighbors of v in G so that
da(v1) < dg(v2) < dg(vs) < dg(va) < dg(vs) < de(ve)-

R5.1 If dg(v1) = 6, then v receives é from each of vy, v3, v4,v5 and vg.

R5.2 If dg(vy) = 7, then v receives 238 from each of vy,v2 and receives éé from each of
v3, V4, U5 and vg.

R5.3 If d:(v1) > 8, then v receives § from each of the neighbors of v in G.

R6 If v is a 7-vertex in GG, then v receives 516 from each of its 8-neighbors, .2, from each of

» 70
its 9-neighbors and % from each of its 10-neighbors.

R7 If v is a 8-vertex or 9-vertex in G, then v receives 110 from each of its 10-neighbors.

R8 If f is a false 3-face in G*, then f receives % from each of its incident true vertices.

R9 Let f be a true 3-face in G* and let v, v9,v3 be vertices that are incident with f so
that dg(v1) < dg(v2) < dg(vs).

R9.1 If dg(vq) < 5, then f receives é from each of vy and vs.

R9.2 If dg(v1) > 6, then f receives é from each of v1,vs and vs.

R10 If f is a 5T-face and v is a 3-vertex incident with f, then v receives % from f.

We now prove that ¢/(z) > 0 for every z € F(G*) UV (G).

First of all, for every false 3-face f we have ¢/(f) = —14+2x ; = 0 by RS, since f is incident
with two true vertices in G*, and for every true 3-face f, we have ¢/(f) > —1+min{2x 5,3x 1}
= 0 by R9. The final charge of every 4-face in G* is exactly 0, since 4-faces are not involved
in the rules. For a 5T-face f, the number of 3-vertices that are incident with f cannot exceed
the half of the degree of f, since no two 3-vertices are adjacent in G (and thus in G*) by VAL.
Therefore, ¢/(f) > dgx (f) — 4 — ;LdGXQ(f)J > 0 by R10.

Let v be a vertex in G. If dg(v) = 2 (suppose Ng(v) = {u,w}), then by VAL, every vertex
in Ng(u,w) U {u,w} is of degree 10 except v. Moreover, v is incident with no false 3-faces
by (2) of Lemma 2.1. Thus by R1, R8 and R9, /(v) > =242 x 5 +2x 9 x i =0.

If dg(v) = 3, then by Lemma 2.4, there are at least two 10-vertices in Ng(v) that are not

adjacent to any 8 -vertices except v, so v receives at least 2 X 2 = g from those 10-neighbors

of v by R2. If v is incident with at most one false 3-face, then by R8 and R9, v sends at most
5 to its incident faces and therefore, ¢/(v) > —1+ 3 — J = 0. If v is incident with at least two

false 3-faces, then by (3) of Lemma 2.1, v is adjacent to exactly two false vertices and incident
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with exactly two false 3-faces in G*, to which v sends at most 2 x % =1 by R8 and R9. By (4)
of Lemma 2.1, v is also incident with a 5-face, from which v receives % by R10. Therefore,
dw)>-1-1+3+35=0.

If dg(v) = 4, then by (5) of Lemma 2.1, v is incident with at most three false 3-faces,
so by R8 and R9, v sends at most 3 x % = g to its incident faces. On the other hand, we
have d1(v) > 8 by VAL (otherwise, v has a 7~ -neighbor, thus by VAL, v is adjacent to at least
10—7+1 = 4, 10-vertices in G, a contradiction). If §; (v) = 8, then by R3.1, v receives 3 x ; = g
from its neighbors in G, so ¢/(v) = 0 — g + g = 0. If 61(v) > 9, then either any 10-neighbor
of v is adjacent to at most two 8 -vertices in G, in which case v receives 4 x 2 = 3 from its
neighbors in G by R3.3, or one 10-neighbor of v is adjacent to exactly three 8 -vertices in G by
VAL, in which case v receives 2 X g + g = fg > g from its neighbors in G by R3.2. Therefore,
we have ¢/(v) > 0— 3 + 3 =0.

If dg(v) = 5, then by (6) of Lemma 2.1, v is incident with at most four false 3-faces, so
by R8 and R9, v sends at most 4 X ; = 2 to its incident faces. On the other hand, v receives
5 x ; =1 from its neighbors in G by R4. Thus, ¢/(v) >1—-2+41=0.

If dg(v) = 6, then by VAL, 61 (v) > 6. Let v; be the neighbor of v in G with dg(vy) = 61(v).
If de;(v1) = 6, then by R5.1, v receives 5 x | = 1 from its neighbors in G. If dg(v1) = 7, then
by R5.2, v receives 2 x 238 +4 x éé = 1 from its neighbors in G. If dg(v1) > 8, then by R5.3, v
receives 6 X é =1 from its neighbors in G. Note that v sends at most 6 x %
faces by R8 and R9. Thus, ¢/(v) >2+1-3=0.

If dg(v) = 7, then by VAL, 6;(v) > 5. If 6;(v) = 5, then v shall be adjacent to at least
10 — 54 1 = 6, 10-vertices in G by VAL, which implies that d2(v) = 10. In this case, v sends
at most 7 x ; = ; to its incident faces by R8 and R9, and é to its adjacent 5-vertex in G
by R4. Meanwhile, v receives 6 X % = 675 from its adjacent 10-vertices in G by R6. Thus,
d(w) >3-7—-148>0. If 6,(v) = 6, then §3(v) = 10 by VAL. In this case, v sends at
most 7 X é = ; to its incident faces by R8 and R9 and receives 5 x % = ? from its adjacent
10-vertices in G by R6. Let v; and ve be the neighbors of v in G with dg(v1) = d1(v) and
de(v2) = d2(v). First of all, v sends to vy at most ., by R5 and VAL. If dg(v2) > 6, then v
sends none to vy; otherwise, vs is a 6-vertex and thus v sends to vy at most 238 by R5 and VAL.
Therefore, we have ¢/(v) >3 —7+2 —2x 2 =0. If §;(v) = 7, then §4(v) = 10 by VAL. Note
that v sends none to its neighbors in G and v is adjacent to four 10-vertices in G, from which v
receives 4 x 1 = % by R6, so by R8 and R9, we have ¢/(v) > 3+4x 1 —7x 1 > 0. If §,(v) =8,
then d5(v) = 10 by VAL, which implies that v is adjacent to three 10-vertices in G, from which
v receives 3 X % = 3 by R6. Since v receives at least 516 from each of its 8 -neighbors by R6,
we have ¢/(v) > 3+ 2 +4x & —7x 1 =0DbyR8 and R9. If 6;(v) = 9, then Js(v) = 10 by
VAL. Similarly, we can prove that ¢/(v) > 342 x ; +5x 730 —7x ! =0by R6, R8 and R9. If

= 3 to its incident

2

61(v) = 10, then it is easy to check that ¢/(v) >3 —7x 5 +7 x . >0 by R6, R8 and R9.

If dg(v) = 8, then by VAL, 61(v) > 4. If é;(v) = 4, then d2(v) = 10 by VAL. Since v

é x 8 = 4 to its incident faces by R8 and R9, and sends none to any of its

4-neighbors by R3.1, we have ¢/(v) > 4 —4 = 0. If §;(v) = 5, then d3(v) = 10 by VAL, which
implies that v has six 10-neighbors in G, from which v receives 6 x 110 = g by R7. Since v
sends at most é to each of its k-neighbors by R4, R5.2, R5.3 and R6, where k£ < 9, we have

sends at most
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d(v) >4+3—2x}—1x8>0byR8and R9. If §;(v) = 6, then d4(v) = 10 by VAL. Similarly,
we have ¢/(v) > 445 x ; —3x ; — 1 x8=0 by R5.2, R5.3 and R6-R9. If §;(v) = 7, then
d5(v) = 10 by VAL. Similarly, we also have ¢/(v) >4 +4 x | —4 x 4 — 1 x 8 >0 by R6-R9.
If 61 (v) > 8, then v sends at most 3 x 8 =4 to its incident faces by R8 and R9 and none to its
neighbors in G, so we have ¢/(v) >4 —4 = 0.

If dg(v) =9, then by VAL, 61(v) > 3. If §;(v) = 3, then d3(v) = 10 by VAL. Since v sends

at most 9 x é = g to its incident faces by R8 and R9 and none to its adjacent 3-vertex in G

by R2, we have ¢/(v) >5—J x9 =} > 0. If §;(v) = 4, then 3(v) = 10 by VAL, which implies

that v has seven 10-neighbors in G, from which v receives 7 x 110 = 170 by R7. Since v sends

at most g to each of its k-neighbors by R3.2, R3.3, R4, R5.3 and R6, where k£ < 9, we have
d(w) =5+ [ —2x3—1x9>0. If §;(v) = 5, then 64(v) = 10 by VAL and we similarly

have ¢/(v) >5+6x ) —3x [ — 1 x9>0by R4&-R9. If §;(v) = 6, then 65(v) = 10 by VAL.

In this case, one can similarly prove that ¢/(v) >5+5x ; —4x { — 3 x 9> 0 by R5-R9. If
81(v) > 7, then d(v) = 10 by VAL and we similarly have ¢/(v) > 5+4x [j —=5x 3 — 1 x9>0
by R6-R9.

If dg(v) = 10, then by VAL, §;(v) > 2. If 61 (v) = 2, then d2(v) = 10 by VAL, which implies
that v has nine 10-neighbors in G, through which v sends out at most 9 x 118 = ; by R1. Since
v sends at most 10 x % = 5 to its incident faces by R8 and R9 and % to its 2-neighbor by
R1, we have ¢/(v) > 6 — 1 —5— 1 = 0. If §,(v) = 3, then d5(v) = 10 by VAL. Let u be a
3-neighbor of v. If v sends 3 to u by R2, then d2(v) > 9 by the definition of this rule. This
implies that ¢/(v) >6— 3 x 10— 3 — > 0 by R2 and R7-R9. On the other hand, if v sends
none to u, then ¢/(v) > 6 — J x 10 — 3 > 0 by R2-R9. If 6;(v) = 4, then 4(v) = 10 by VAL.
Let u be a 4-neighbor of v. If v sends % to w by R3.1, then u has a 8-neighbor w in G. Since
da(u)+de(w) =12 = A(G)+2, by (2) of Lemma 2.3, every neighbor of v in G except u and w is
of degree 10 (note that we may have vw € E(G)), which implies that d2(v) > 8 and d3(v) = 10.
Therefore, we have ¢/(v) > 6 — 5 x 10—} — ) > 0 by R3.1 and R7-R9. If v sends § or % to u
by R3.2, then by the definition of this rule, u is not adjacent to any 8 -vertices in G and has a
10-neighbor z in G which is adjacent to exactly three 8 -vertices in G. Thus, by Lemma 2.5, v
is adjacent to only one 8 -vertex in GG, which is w. This implies that d2(v) > 9. Therefore, we
have ¢/(v) > 6—4 x10— % —2x || > 0 by R3.2 and R7-R9. If v sends J to u by R3.3, then by
the definition of this rule, one can easily confirm that v is adjacent to at most two 8 -vertices
in G, which implies that d3(v) > 9. Thus, we have ¢/(v) > 6 — 5 x 10— 3 - — | >0 by
R3-R9. We now assume that v sends none to any of its 4-neighbors in G. In this case, we can
casily obtain that ¢/(v) > 6 — ) x 10 =2 x } > 0 by R4-R9. If 61(v) = 5, then d5(v) = 10 by
VAL, which implies that ¢/(v) > 6—} x10—4 x ! > 0 by R4-R9. If 6; (v) = 6, then dg(v) = 10
by VAL. Let u be a 6-neighbor of v. If v sends é to u by R5.1, then by the definition of this
rule, u has a 6-neighbor w in G. Since dg(u) + dg(w) = 12 = A(G) + 2, by (2) of Lemma 2.3,
every neighbor of v in G except u and w is of degree 10 (note that we may have vw € E(G)).
This implies that d2(v) > 6 and d3(v) = 10. Thus, we have ¢/(v) > 6 — 5 x 10 -2 x | >0 by
R5-R9. If v sends charges (at most éé) to u by R5.2 or R5.3, then one can easily obtain that
d(v)>6—3x10— L —4x ! >0Dby R5-R9. We now assume that v sends none to any of its

!'%x10—-5x L >0by R6-R9,

6-neighbors in G. In this case, we immediately have ¢'(v) > 6 — 7
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since v sends at most % to each of its 7t-neighbors in G. If §;(v) > 7, then by R6-R9 and
VAL, we similarly have ¢/(v) > 6 — } x 10 — max{6 x 1,7 x } .8 x [/} > 0.

At this stage, we have proved that ¢/(z) > 0 for every x € V(G)U F(G*) and ¢/(v) > 0 for
every 10-vertex v with &;(v) > 3. If there exists a 10-vertex v with §;(v) > 3, then we would
get X -oev(aurex) ¢ (¢) > 0, a contradiction.

Therefore, we shall assume that ¢;(v) = 2 for every 10-vertex v € V(G). Let v be a 10-
vertex that has one 2-neighbor w in G. By VAL, the vertices of Ng(v)\{u} are all of degree 10.
Choose one vertex w € Ng(v)\{u} such that vw ¢ E(G). By (1) of Lemma 2.3, every neighbor
of w in G is of degree at least 9, which implies that §;(w) > 9, contradicting our assumption

that d;(w) = 2 (note that w is a 10-vertex in G).

3 Class Two 1-toroidal Graphs

In this section, we focus on 1-toroidal graphs with small maximum degree. To begin with, we
prove the following basic result.

Theorem 3.1 FEvery 1-toroidal graph contains a vertex of degree at most 8; the bound 8 is
best possible.

Proof We prove this theorem by contradiction. Let G be a 1-toroidal graph with §(G) > 9.
It is easy to see that |E(G)| > J|V(G)|. However, it is proved in [20] that |E(G)| < 4|V(G)|
for every 1-toroidal graph G. This contradiction implies that 6(G) < 8. Furthermore, since the
complete graph Ky is 1-toroidal (see Figure 1), the bound 8 in the theorem is sharp. O

-
bo—B—@—0

Figure 1 Ky is a 1-toroidal graph
In [18], Zhang and Liu presented examples of 1-planar graphs (and thus 1-toroidal graph)
of class two with maximum degree no more than 7. In this paper, we display that the complete
graph Ky is a class two (this can be easily checked) 1-toroidal graph with maximum degree 8.

We conclude the following theorem.

Theorem 3.2 There exist 1-toroidal graphs of class two with mazimum degree A for each
A <8.

We end this paper with an interesting conjecture, the proof of which may need much more

detailed discussions.
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Conjecture 3.3 FEvery 1-toroidal graph with maximum degree 9 is of class one.

Acknowledgements The authors want to thank the referees for their careful reading and

valuable suggestions.

References
(1] Bondy, J. A., Murty, U. S. R.: Graph Theory with Applications, North-Holland, New York, 1976
[2] Borodin, O. V.: Solution of Ringel’s problems on the vertex-face coloring of plane graphs and on the
coloring of 1-planar graphs. Diskret. Analiz., 41, 12-26 (1984)
[3] Borodin, O. V.: A new proof of the 6-color theorem. J. Graph Theory, 19(4), 507-521 (1995)
[4] Borodin, O. V., Dmitriev, I. G., Ivanova, A. O.: The height of a cycle of length 4 in 1-planar graphs with
minimum degree 5 without triangles (in Russian). Diskretn. Anal. Issled. Oper., 15(1), 11-16 (2008)
[5] Borodin, O. V., Kostochka, A. V., Raspaud, A., et al.: Acyclic colouring of 1-planar graphs. Discrete Appl.
Math., 114, 29-41 (2001)
[6] Chen, Z.-Z., Kouno, M.: A linear-time algorithm for 7-coloring 1-plane graphs. Algorithmica, 43(3), 147—
177 (2005)
[7] Fabrici, I., Madaras, T.: The structure of 1-planar graphs. Discrete Math., 307, 854-865 (2007)
[8] Hudék, D., Madaras, T.: On local structures of 1-planar graphs of minimum degree 5 and girth 4. Discuss.
Math. Graph Theory, 29, 385-400 (2009)
[9] Hudék, D., Madaras, T.: On local properties of 1-planar graphs with high minimum degree. Ars Math.
Contemp., 4(2), 245-254 (2011)
[10] Hud&k, D., Sugerek P.: Light edges in 1-planar graphs with prescribed minimum degree. Discuss. Math.
Graph Theory, 32(3), 545-556 (2012)
[11] Luo, R., Miao, L., Zhao, Y.: The size of edge chromatic critical graphs with maximum degree 6. J. Graph
Theory, 60, 149-171 (2009)
[12] Ringel, G.: Ein Sechsfarbenproblem auf der Kugel (in German). Abh. Math. Semin. Univ. Hambg., 29,
107-117 (1965)
[13] Sanders, D. P., Zhao, Y.: Planar graphs of maximum degree seven are class I. J. Combin. Theory Ser. B,
83, 201-212 (2001)
[14] Vizing, V. G.: Critical graphs with given chromatic class. Diskret. Analiz., 5, 9-17 (1965)
[15] Vizing, V. G.: Some unsolved problems in graph theory (in Russian). Uspekhi Mat. Nauk., 23, 117-134
(1968); English translation in Russian Math. Surveys, 23, 125-141 (1968)
[16] Zhang, L.: Every planar graph with maximum degree 7 is of class 1. Graphs Combin., 16, 467-495 (2000)
[17] Zhang, X., Liu, G.: On edge colorings of 1-planar graphs without adjacent triangles. Inform. Process. Lett.,
112, 138-142 (2012)
[18] Zhang, X., Liu, G.: On edge colorings of 1-planar graphs without chordal 5-cycles. Ars Combin., 104,
431-436 (2012)
[19] Zhang, X., Liu, G., Wu, J.-L.: Edge coloring of triangle-free 1-planar graphs (in Chinese). J. Shandong
Univ. Nat. Sci., 45(6), 15-17 (2010)
[20] Zhang, X., Liu, G., Wu, J.-L.: (1, \)-embedded graphs and the acyclic edge choosability. Bull. Korean
Math. Soc., 49(3), 573-580 (2012)
[21] Zhang, X., Wu, J.-L.: On edge colorings of 1-planar graphs. Inform. Process. Lett., 111(3), 124-128 (2011)
[22] Zhang, X., Liu, G., Wu, J.-L.: On the linear arboricity of 1-planar graphs. OR Trans., 15(3), 38—44 (2011)
[23] Zhang, X., Liu, G., Wu, J.-L.: Light subgraphs in the family of 1-planar graphs with high minimum degree.
Acta Mathematica Sinica, English series, 28(6), 1155-1168 (2012)
[24] Zhang, X., Wu, J.-L., Liu, G.: New upper bounds for the heights of some light subgraphs in 1-planar graphs
with high minimum degree. Discrete Math. Theor. Comput. Sci., 13(3), 9-16 (2011)
[25] Zhang, X., Wu, J.-L., Liu, G.: List edge and list total coloring of 1-planar graphs. Front. Math. China,
7(5), 1005-1018 (2012)
[26] Zhang, X., Yu, Y., Liu, G.: On (p, 1)-total labelling of 1-planar graphs. Cent. Eur. J. Math., 9(6), 1424~
1434 (2011)



