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Abstract—In order to exploit multiuser diversity in multiuser 
MIMO systems with Block Diagonalization, A novel multi-user 
scheduling algorithm, guarantee both the fairness between users 
and higher capacity of the system, is proposed in this paper. We 
provide a number of different scheduling schemes and compare 
them in the terms of average capacity and the fairness as a 
function of the number of users. Numerical results show that our 
algorithm can make perfect tradeoff between fairness and 
capacity. 

Keywords- fairness; Block Diagonalization; multiuser MIMO 
systems  

I. INTRODUCTION 
     Multiple-input multiple-output (MIMO) communication 
systems [1] have the ability to offer high spectral efficiency as 
well as link reliability. In point-to-point multiple antenna 
systems[2],[3],[4], it is well known that the capacity increases 
linearly with the minimum of the number of transmit or 
receive antennas, irrespective of the availability of channel 
state information at the transmitter. In MIMO broadcast 
channels [5], [6], it was shown that the capacity can be 
boosted by exploiting the spatial multiplexing capacity of 
transmit antennas and transmit to multiple users 
simultaneously with the help of Space Division Multiple 
Access (SDMA) [7], rather than trying to maximize the 
capacity of a single-user link.  

As we all know that the sum capacity in a multiuser 
broadcast channel is defined to be the maximum aggregation 
of all users’ data rates. Dirty paper coding (DPC) [8], an 
optimal solution, has been proven that can achieve the 
capacity region perfectly. The fundamental idea of DPC is 
that when a transmitter has perfect knowledge of the 
interference in a channel, a code can be designed to 
compensate for it availably, and the capacity of the channel is 
the same as if there were no interference. Unfortunately, DPC 
approach cannot be implemented into practice in terms of its 
complexity. An alternative and more practical precoding 
technique for downlink broadcast MIMO channels is block 
diagonalization (BD) [9], [10]. With the help of BD, each 
user’s data is multiplied by a linear precoding matrix before 
transmission and the precoding matrix of every user is 
restricted to be in the null space of all other users’ channels. 
Hence BD has made a great contribution in the field of 

interference alignment (IA) in the case of knowing the CSI of 
cell and adjacent cell [15]. On the other hand, BD is inferior 
in terms of sum capacity relative to DPC. Due to the fact that 
each user’s precoding matrix must lie in the null space of all 
other user’s channels and the number of users that can be 
simultaneously supported with BD is limited by the number of 
transmit and receive antennas. It is necessary that a subset of 
all the users in the multiuser MIMO system should be selected 
with BD. An optimal user set that maximizes the sum capacity 
requires an exhaustive search method which can exploit the 
full multiuser diversity that the sum capacity grows 
like Kloglog in a large user region, K represents the number 
of user in the systems. Unfortunately, exhaustive search 
method is not computation- ally feasible especially when the 
number of users in the system is large enough and does not 
consider the fairness among users [11], [12],[13]. 

In this paper, we proposed a novel multi-user scheduling 
algorithm for BD in the multiuser MIMO downlink system 
with the aim of maximizing the sum capacity while keeping 
both the low computational complexity and relatively fairness 
among users. The main idea of the algorithm is that it 
iteratively selects users until the maximum number of 
simultaneously supportable user is achieved. In each user 
selection step, the algorithm selects only one user who 
provides the maximum combine measurement, which contains 
capacity and fairness at the same time, with those already 
selected users. Simulation results show that the proposed 
algorithm can make a best tradeoff between fairness and the 
sum capacity by adjusting the forgetting factor and its 
complexity increases only linearly, rather than exponentially, 
with the total number of users in the multiuser MIMO 
downlink systems. 

The paper is organized as follows. Section  introduces 
the system model. The proposed multi-user scheduling 
algorithm is discussed in section . Simulation results are 
given in section . Finally, the conclusions are drawn in 
section . 

II. SYSTEM MODEL 
In this section, we describe the system model and briefly 

depict the block diagonalization scheme for multiuser MIMO 
systems. A multiuser MIMO downlink channel is considered 
in this paper, where TM  transmit antennas are located at the 
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base station and uRM ,  receive antennas are located at the u-th 
user terminal, Ku ,...,2,1 . K denotes the total number of 
users in the system. Naturally, the total number of receive 
antennas can be expressed as 

K

i
uRR MM

1
,                                (1) 

A system model for such a system is depicted in Fig.1. 
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Fig.1 System model for a multiuser MIMO downlink 

For the u-th user signal 1,uRM
u Cx , the received signal 

1,uRM
u Cy  is given as 

K
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where TuR MM
u CH ,  is the channel matrix between BS and 

the u-th user, uRT MM
u CW ,  is the precoding matrix for the u-

th user which can be obtained by BD in this paper, K is the 
number of users who can be supported simultaneously with 
BD, and uz  is the noise vector. Note that kukuWH }{  incurs 
interference to the u-th user unless the below equation satisfied 
in Equation (2): 

uRuR MMkuWH
,,

0 , ku                          (3) 

where
uRuR MM ,,

0 is a zero matrix. 

In order to meet the total transmit power constraint, the 

precoders uRT MM
u CW ,  must be unitary, Ku ,...,2,1 .Under 

the condition of Equation (3), the received signal in Equation 
(2) is now interference-free, that is 

                  ,uuuuu zxWHy    Ku ,...,2,1                    (4) 

We now discuss how to obtain K
kkW 1}{  that satisfy the 

condition in Equation (3). Let us construct the following 
channel matrix that contains the channel gains of all users 
except the u-th user 

HH
K

H
u

H
u

H
u HHHHH ])...()()...()[( 11-1

~
       (5) 

When RM = TM , that is, the total numbers of antennas 
used by all active users are the same as the number of BS 
antennas, Equation (3) is equivalent to: 

,
,, )(

~
uRuRR MMMuu WH 0    Ku ,...,2,1              (6) 

This implies that the precoder matrix uRT MM
u CW ,  must be 

designed to lie in the null space of  uH
~

.We now discuss how 
to design the precoders that satisfy Equation (6).Note that the 

dimension of the matrix TMuRMRMCH u
),(~

 is less than 
min TuRR MMM ,- , .Under the condition of TR MM , 
min TuRR MMM ,- , = uRR MM ,- .Then the singular value 

decomposition(SVD) of uH
~

 can be expressed as 

Hzero
u

zeronon
uuuu VVUH ][

~~~~~
                         (7) 

where TMuRMRMCV
zeronon

u
),(~

and 
zero
uV

~
 TMuRMC ,  are 

composed of right singular vectors that correspond to non-zero 
singular values and zeros singular values, respectively. 

Multiplying DL
uH

~
with

zero
uV

~
, we have the following 

relationship 

0
zero
uu VH

~~
                                  (8)  

From Equation (8), it can be seen that 
zero
uV

~
is in the null 

space of uH
~

, that is to say namely, when a signal is 

transmitted in the direction of
zero
uV

~
, all but the u-th user 

receives no signal at all. Thus, the precoding matrix of the u-
th user can be represented by 

zero
uu VW

~

                                     (9) 
Then, the equivalent channel of the u-th user is expressed by  

                                      uuu WHH
_

                                 (10) 
Now the capacity of the u-th user is  

|1|log)(
__

2
H
uuu HQHIuR               (11) 

where ]x[x H
uuEQu  is user u’s input covariance matrix and 

2  is the energy of noise. 

III. FAIRNESS BASED LOW-COMPLEXITY USER 
SCHEDULING ALGORITHM 

BD can be thought of as a generalization of channel 
inversion for situations with multiple antennas per user. The 
BD algorithm is being applied more broadly with its low 
complexity but is restricted to channels where the number of 
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transmit antennas ( TM ) is no smaller than the total number of 
receive antennas ( RM ) in the network. Hence, we have to 
select a subset of users which is equal to the number of 
simultaneously supportable users with BD under the condition 
that TR MM .  

In this section, we first introduce a fairness based low-
complexity user scheduling algorithm, and then analyze the 
computational complexity of the proposed algorithm in the 
end. 

A. Fairness based low-complexity user scheduling algorithm  
In order to achieve an optimal user set, all possible user set 

must be searched which does not consider the fairness and 
cannot be implemented into practice with its complexity. In 
this subsection, a fairness based low-complexity multi-user 
scheduling algorithm is proposed. The algorithm iteratively 
selects users until the maximum number of simultaneously 
supportable user is achieved. In each user selection step, the 
algorithm select only one user who provides the maximum 
combine measurement, which contains capacity and fairness at 
the same time, with those already selected users. 

Let is denotes the user index selected in the i-th iteration, 

i.e., {1,2,...K}is and Ki1 .Let  denote the set of 
unselected users and  denote the set of selected users. Let 

kV  be the basis for the row vector space of kH  after applying 
the Gram-Schmidt orthogonalization (GSO) [14] procedure to 
the rows of kH . kT  is the average capacity of user k . The 
flow chart of the fairness based low-complexity user 
scheduling algorithm is described in fig.2. Before the proposed 
algorithm begins, we should set 1k

nT , ...K}{1,2k .The 
detailed steps are shown in the following: 

1) Ready to schedule user at a certain timeslot 

Set ...K}{1,2 , and 1i . 

2) Select the first user 

The first user we select should satisfy the equation 

kk T
s

2
k

1
| |H| |maxarg .                          (12) 

Now let
1sVV , }{s- 1  and }{s1 . 

3)  Select the remaining 1-K  users 

For each k , let VVHHH H
kkk -

~
.Then kH

~
 is in 

the null space of V .We set 1ii .Now we estimate the 

value of i . If the condition Ki  is satisfied, the process 
jumps to step 4. 
for 1-:1 ij  

a) Let TT
kssss, ]H...HH...H[H

1-i1j1-j1
TTTT

ks jH ; 

b) Let ks j
W ,  be the row basis for ks jH ,  ; 

end-for 

For each s , let ks
H
kssss WWHHH ,,

~
- . Then, the i-th 

user we select in this step must satisfy the equation 

s ksk
i TT

s
2
Fk

~2
Fs

~
| |H| || |H| |maxarg                     (13) 

Set }{s- i  , }{si and TT~T ],[V
is

VV . Then 
the process is back to step 3. 

4) Transmit data and update average capacity 
Until now, the maximum number of simultaneously 

supportable user is reached. That is to say, the size of   is 

equal to K . The algorithm is terminated at current timeslot 
and the BS transmits data kx , k  to the user k  with the 
help of BD. In order to keep fairness between users and 
prepare to the next schedule timeslot in the systems, the 
average capacity for all users should be updated in time as 
follows 

kkT

RT
T

k

k

k
,)

t
1-(1

k(k),
t
1)

t
1-(1

c

cc                     (14) 

where (k)R can be obtained by Equation (11) and different 
fairness can be achieved by tuning the forgetting 
factor f which is the inverse of the time constant ct .  

Based on (14)  update
average capacity for all 

users

Based on (12) select the 
first user

Based on (13) select the 
remaining           users

Transmit data

1-K

Ready to schedule user 
at a certain timeslot

 
Fig.2  Flow chart for user scheduling 

 

B. Computational complexity analysis  
In this subsection we quantify the complexity of the 

proposed algorithm and compare with the brute-force approach 
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in detail. The complexity we considered in this paper is 
counted as the number of flops. A flop can be regarded as a 
real floating point operation. A real addition, multiplication, or 
division is counted as one flop. A complex addition and 
multiplication require two flops and six flops respectively. 
Although flop counting cannot characterize the true 
computational complexity, the order of the computation load is 
captured completely, so it is the reason that the computational 
complexity can be obtained with the aid of flops in this 
correspondence. 

For an nm  complex-valued matrix nmCH , we first 
provide the flop count of several matrix operations that are 
frequently used in the following analysis. We assume 

KK , TuR MMK , , and nm  in this section. 

 2
F| |H| |  takes mn2  real multiplications and mn2  real 

additions. Hence, the flop count for 2
F| |H| | is mn4 . 

 GSO (H) takes mnnm 2-4 2  real multiplications, 
mnnm 2-4 2  real additions, and mn2  real divisions. The 

flop count for GSO is mnnm 2-8 2 . 

 The flops count for SVD of complex-valued 
nm ( nm ) matrices, we approximate the flop count 

as 322 534824 mnmmn  by treating every operation as 
complex multiplex multiplication. 

 In order to compute the equation VVHHH kkk
*~

- , we 
need n18m2  flops. 

The detailed complexity analysis of the proposed algorithm 
in this paper is following: 

1) 1i : The Frobenius norm of K users needs TuR MKM ,4  
flops counts. 

2) 2i : For each k , we need TM2
uR,1)M-(i18  flops 

for VVHHH kkk
*~

- TuRT MMM ,
2

uR,
2 1)-(i2-M1)-(i8  

flops for ks j
W , ; 1)-(i41)M-(i18 2

uR, TM TuR MM , flops for 

2
,

*
, | |-| | Fksksss WWHH  ; and 1)-(i4 TuR MM , flops for 2

Fk
~

| |H| | . 

Therefore, the total flops n  of the proposed algorithm is  

K

i
TuRTn MMM

2
,

2
uR,

2 }1)-(i6]M1)-8(i1)-{[36(i                

TuR MM ,4K1)i-(K                                        (15) 

(K)O  

In the optimal user scheduling algorithm, an exhaustive 

search over the 
K

i
i
KC

1
 possible user sets should be 

executed. The complexity of this brute-force search method is 

]M1)-54(i

M1)M-24(iMM1)-i[48(i

3
uR,

3

2
TuR,

2
T

2
uR,

2
K

i

i
Kn C  

]M1)-54(

M1)M-24(MM1)-[48(
3

uR,
3

2
TuR,T

2
uR,

2^

K

KKKC K
K              (16) 

    )(
^K

KCO = )(KKO  

Compared (15) with (16), we can get the result that the 
proposed algorithm has the linear complexity with K , because 

no more than KK user sets need to be searched over. 

However, the complexity of the brute-force method is )(KKO .  

IV. SIMULATION RESULTS  
In this section, we compare the performance of different 

user scheduling algorithms including Frobenius norm-based 
user selection algorithm (BD n-algorithm), the use selection 
algorithm proposed in this paper (BD proposed) and the user 
selection algorithm with First-In First-Out (BD FIFO). 

For simplicity, we assume that the number of receive 
antenna with every user is the same in the system. The 

maximum number of simultaneously supportable user K  is 

equal to 
uR

T
M

M
,

 , where  is the ceiling operation. 

We set 4TM  and 2,iRM i  {1,2,...K}. The channel 
model we choose is Rayleigh Fading Channel. The users are 
divided into three parts in terms of the channel power, the 
channel power of the first part is 1, the second is 1/2 and the 
third is 1/4 respectively. The total number of channel 
realizations is 10,000.The SNR in the simulation we set is 
20dB all the time. 
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    Fig. 3 the comparison of ergodic sum capacity 
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In Fig.3 we compare the ergodic sum capacity with the 
different user scheduling schemes. We observed that the 
ergodic sum capacity of BD proposed increases as the number 
of user increases due to the multiuser diversity obtained as 
well as BD n-algorithm. However, the capacity of BD FIFO 
keeps constant all the time because of no multiuser diversity 
achieved. Looking at the BD proposed in different forgetting 
factor f .When f  increases, the capacity will be absolutely 
decreases. That is true because when the forgetting factor 
approaches 1, the algorithm approaches the round robin 
scheduler (RRS) and no multiuser diversity can be exploited 
with this setting mode, whereas fairness should be boosted 
naturally as f  approaches 1 which can be seen in Fig.4. 
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 Fig. 4 the comparison of  fairness 
As can be seen from the fairness factor versus the number 

of user in Fig.4, the fairness of BD proposed in forgetting 
factor 0.01f  and BD FIFO are almost optimal with f  
approximately equals to one. As the forgetting factor f  
decreases, the fairness of BD proposed also decreases. The 
reason is that when f  approaches 0, the algorithm now 
approaches the greedy scheduler (GS), thus achieving the 
maximum multiuser diversity of the system which can be seen 
in Fig. 2 but at the expense of the fairness. Compared to BD 
FIFO with which the users have almost the same opportunity 
to be selected, BD n-algorithm only selects the users whose 
channel condition is good, so its fairness is very poor. 

V. CONCLUSION 
In this paper, the fairness based multi-user scheduling 

algorithm is proposed. The goal is to select a subset of users to 
maximize combine measurement, which contains throughput 
and fairness, with low complexity. The main idea of the 
proposed algorithm in this paper is to select the set of users 
such that the sum of the combine measurement that 
considering both fairness and effective channel energy of these 
selected users is as large as possible. 

It is well known that the optimal multi-user scheduling 
algorithm is complete search. Unfortunately, the complexity of 

the complete search is roughly )O(K K , where K  is total 

number of users and K  is the maximum number of 
simultaneous users. BD n-algorithm can obtain a higher 
capacity at low complexity, but no fairness is considered as 
well as complete search. Compared to BD n-algorithm, BD 
FIFO can only keep the optimal fairness with no multiuser 
diversity achieved. Simulation results show that the proposed 
multi-user scheduling algorithm can make a best tradeoff 
between fairness and throughput by adjusting the forgetting 
factor f  and its complexity increases only linearly, rather 
than exponentially, with the total number of users. 
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