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(a). é¡5: −W ´ BM.

ù´Ï�

−Wt − (−Ws) = −(Wt −Ws) ∼ N(0, t − s), 0 ≤ s ≤ t

(b). g�q5: ∀ a > 0 Ú t > 0, k Wat
.

= a
1
2 Wt .

ù´Ï�

Wat ∼ N(0, at), 
 a
1
2 Wt ∼ N(0, (

√
a)2t)
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(c). �m_=5: ∀ T > 0, ½Â BM ��m_=L§

Bt = WT −WT−t , 0 ≤ t ≤ T ,

K B = {Bt : 0 ≤ t ≤ T} �´�� BM.

ù´Ï�

Bt − Bs = WT−s −WT−t ∼ N(0, t − s), 0 ≤ t ≤ T .
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Theorem

∀ t > 0, �Ä [0, t] ���y©

πn : 0 = t0 < t1 < t2 < · · · < tn = t, n ∈ N.

½Â ∆Wk = Wtk −Wtk−1
Ú |πn| = maxk=1,...,n(tk − tk−1).

e limn→∞ |πn| = 0, K

lim
n→∞

E

∣∣∣∣∣
n∑

k=1

(∆Wk)2 − t

∣∣∣∣∣
2
 = 0.

y: r.v.s ∆W1, . . . ,∆Wn ´Õá�, � ∆Wk ∼ N(0, tk).
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E

∣∣∣∣∣
n∑

k=1

(∆Wk)2 − t

∣∣∣∣∣
2
 = E

∣∣∣∣∣
n∑

k=1

[(∆Wk)2 −∆tk ]

∣∣∣∣∣
2


= E

 n∑
k,l=1

[(∆Wk)2 −∆tk ][(∆Wl)
2 −∆tl ]


=

n∑
k=1

E
[
|(∆Wk)2 −∆tk |2

]
+
∑
k 6=l

E[(∆Wk)2 −∆tk ]

×E[(∆Wl)
2 −∆tl ] =

n∑
k=1

E
[
|(∆Wk)2 −∆tk |2

]
=

n∑
k=1

[
E(∆Wk)4 − 2∆tkE(∆Wk)2 + (∆tk)2

]
= 2

n∑
k=1

(∆tk)2.
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∀ t > 0, r.v.s � {
n∑

k=1

(∆Wk)2 : n ∈ N

}

þ�Âñ� t.

þ�4� 〈W 〉t = t ¡� BM � �gC�.
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~Kµ¡e¡�þ:

V = max
{πn: n∈N}

n∑
k=1

|∆Wk |

� BM W ��gC� (½¡�C�), K

P(V = +∞) = 1.

���ááá��� ���ÅÅÅLLL§§§µµµ111nnnÙÙÙ



ÙÙÙKKK$$$ÄÄÄ

ÙÙÙKKK$$$ÄÄÄ���555���
BM ;;;������ØØØ������555
��� BM ���'''������ÅÅÅLLL§§§
BM ������ýýý

ÙK$Ä�5�

y: ^�y{. b� V < +∞, a.e., K� n→∞,

0 ≤
n∑

k=1

(∆Wk)2 ≤ V max
k=1,...,n

|∆Wk | → 0, a.e.

ù�
∑n

k=1(∆Wk)2 þ�Âñ� 〈W 〉t = t gñ.
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Theorem

� ∆t > 0, éu�½� t > 0, ½ÂOþ ∆Wt = Wt+∆t −Wt .
K ∀ x > 0 Ú�� t > 0 k

P
(

lim
∆t→0+

∣∣∣∣∆Wt

∆t

∣∣∣∣ > x

)
= 1.
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y: � r.v. ξ = ∆Wt , K ξ ∼ N(0,∆t). ^ BM ÚVÇÿÝ
5�k:
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P
(

lim
∆t→0+

∣∣∣∣∆Wt

∆t

∣∣∣∣ > x

)
= lim

∆t→0+
P
(∣∣∣∣∆Wt

∆t

∣∣∣∣ > x

)
= lim

∆t→0+
P (|ξ| > x∆t)

= lim
∆t→0+

2√
2π∆t

∫ +∞

x∆t
exp

(
− y2

2∆t

)
dy

= lim
∆t→0+

√
2

π

∫ +∞

x
√

∆t
exp

(
−z2

2

)
dz

=

√
2

π

∫ +∞

0
exp

(
−z2

2

)
dz = 1.
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L§ 1µd-� SBM:

e W 1, . . . ,W d ´ d ��pÕá� SBM, K¡

W = (W 1, . . . ,W d)

� d-� SBM.
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L§ 2µ(µ, σ2)-BM:

Bµ,σ
2

t = µt + σWt , ∀ t ≥ 0

þ�¼ê m
Bµ,σ2 (t) = µt

�'¼ê R
Bµ,σ2 (s, t) = µ2st + σ2s ∧ t
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y²µ(µ, σ2)-BM ´��L§.

y: ?� 0 = t0 < t1 < · · · < tn <∞. é k = 1..n, ½

Â ξk = Bµ,σ
2

tk − Bµ,σ
2

tk−1
. K ξ1, . . . , ξn ´�pÕá��

ξk ∼ N(µ(tk − tk−1), σ2(tk − tk−1)).

� (ξ1, . . . , ξn) Ñl n ���.
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du

(Bµ,σ
2

t1
,Bµ,σ

2

t2
, . . . ,Bµ,σ

2

tn ) = (ξ1, . . . , ξn)×Mn×n.

� (Bµ,σ
2

t1
, . . . ,Bµ,σ

2

tn ) Ñl n ���©Ù.
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L§ 3µl 0 � 0 �ÙKx:

Bbr
t = Wt − tW1, 0 ≤ t ≤ 1.

þ�¼ê mBbr (t) = 0

�'¼ê RBbr (s, t) = s ∧ t − st

ÙKx Bbr ´��L§

���ááá��� ���ÅÅÅLLL§§§µµµ111nnnÙÙÙ



ÙÙÙKKK$$$ÄÄÄ

ÙÙÙKKK$$$ÄÄÄ���555���
BM ;;;������ØØØ������555
��� BM ���'''������ÅÅÅLLL§§§
BM ������ýýý

� BM �'��ÅL§

~µl a � b �ÙKx:

Ba→b
t = a + (b − a)t + Bbr

t , 0 ≤ t ≤ 1.

þ�¼ê ma→b(t) = a + (b − a)t

���¼ê C a→b(s, t) = s ∧ t − st

ÙKx Ba→b ´��L§
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L§ 4µAÛ BM (GBM):

Bge
t = exp

(
Bµ,σ

2

t

)
, t ≥ 0.

þ�¼ê mBge (t) = exp
{(
µ+ σ2

2

)
t
}

�'¼ê RBge (s, t) = eµ(t+s)e2σ2se
σ2

2
(t−s), s < t
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L§ 5µ�� BM (RBM):

B re
t = |Wt |, t ≥ 0.

þ�¼ê:

mBre (t) =

∫ ∞
−∞
|y |ϕt(y)dy =

√
2t

π
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�'¼ê RBre (s, t):

�Ä 0 ≤ s < t. � r.v. ξ = Wt −Ws , η = Ws , K

RBre (s, t) = E[|η||ξ + η|] =

∫
R2

|y ||x + y |ϕt−s(x)ϕs(y)dxdy

=

∫ ∞
−∞

(∫ ∞
−∞
|x + y |ϕt−s(x)dx

)
|y |ϕs(y)dy
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L§ 6µc�d"-¿Ô�� (OU) L§:

Bou
t = e−αtWγ(t), t ≥ 0,

Ù¥ γ(t) =
∫ t

0 e2αsds.

þ�¼ê:

mBou(t) = E
[
e−αtWγ(t)

]
= e−αtE

[
Wγ(t)

]
= 0
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�'¼ê RBou(s, t):

�Ä 0 ≤ s < t. t → γ(t) üO, K

RBou(s, t) = e−α(s+t)E
[
Wγ(s)Wγ(t)

]
= e−α(s+t)E

[
Wγ(t)−γ(s)

]
E
[
Wγ(s)

]
+e−α(s+t)E

[∣∣Wγ(s)

∣∣2]
= e−α(s+t)E

[∣∣Wγ(s)

∣∣2]
= γ(s)e−α(s+t).
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BM ��;���ý:

∀ T > 0, é�m«m [0,T ] ��y©. ~Xùp����m
Oþ ∆T = T

N Ù¥ N ´�g,ê. ½Â tj = j ·∆T ÚO
þ ∆Wk = Wtk+1

−Wtk � k = 0, . . . ,N. � tj+1 � BM G
�:

Wtj+1 =

j∑
k=0

∆Wk , j = 0, . . . ,N.
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du ∆Wk ∼ N(0, TN ), ·�^e¡ Matlab c© �è�ý:

T

N
∗ randn(1,N)
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�ª��ý�è�:

DT = T/N; dW = zeros(1,N);
randn(’state’,0);

dW = sqrt(DT)*randn(1,N);
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Ïd BM G��þ (Wt1 ,Wt2 , . . . ,WtN ) �^Xe�è¢y:

W = cumsum(dW);

^e¡�è�xÑ�^ BM ��ý��;�:

plot([0:dt:T], [0,W], .k-.);
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